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ON MINIMAL DECOMPOSITION OF p-ADIC POLYNOMIAL
DYNAMICAL SYSTEMS

AIHUA FAN AND LINGMIN LIAO

ABSTRACT. A polynomial of degree > 2 with coefficients in the ring of p-
adic numbers Zj; is studied as a dynamical system on Zj,. It is proved that
the dynamical behavior of such a system is totally described by its minimal
subsystems. For an arbitrary quadratic polynomial on Zs, we exhibit all its
minimal subsystems.

1. INTRODUCTION

Let Z,, be the ring of p-adic integers (p being a prime number). Let f € Z,[z] be
a polynomial of coefficients in Z, and with degree deg f > 2. It is simple fact that
f:Zy, — Zy is a 1-Lipschitz map. In this paper we study the topological dynamical
system (Zy, f). We refer to [@] for dynamical terminology and [@, @, @, @] for
notions related to p-adic numbers.

Our first theorem is a general result which shows that a polynomial system
admits at most countably many minimal subsystems. This describes to some extent
the dynamical behavior of the system (see Theorem [1.9).

Theorem A. Let f € Zy[x] with deg f > 2. We have the following decomposition

z,=A| |B| |C

where A is the finite set consisting of all periodic points of f, B = ||, B; is the
union of all (at most countably many) clopen invariant sets such that each B; is a
finite union of balls and each subsystem f : B; — B; is minimal, and each point in
C lies in the attracting basin of a periodic orbit or of a minimal subsystem.

We will refer to the above decomposition as the minimal decomposition of the
system f : Z, — Zp. A finite periodic orbit of f is by definition a minimal set. But
for the convenience of the present paper, only the sets B; in the above decomposition
are called minimal components.

There were few works done on the minimal decomposition. Multiplications on Z,
(p > 3) were studied by Coelho and Parry [E] and general affine maps were studied
by Fan, Li, Yao and Zhou [@] The minimal decomposition of a polynomial system
has been known in these cases and only in these cases. Quadratic polynomials will
be studied at the end of the present paper.

One of interesting problems well studied in the literature is the minimality of
the system f : Z, — Z,, which corresponds to the situation where A = C' = () and

B consists of one minimal component ([E, E, @, E, E, E, E, E, E, @, , @])
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2 On the minimal decomposition of p-adic polynomial dynamical systems

The above theorem shows that there are only a finite number of periodic orbits.
The possible periods are shown in the following theorem (see Theorem [i.1). The
statements 1)-3) were known to Pezda [24], the statements 1) and 2) are also found
by Desjardins and Zieve [@] in a different way. The statement 4) is new.

Theorem B. Let f € Z,[x].

1) Ifp > 5, the periods of periodic orbits are of the form ab with a|(p — 1) and
1<b<p.

2) If p =3, the periods of periodic orbits must be 1,2,3,4,6 or 9.

3) If p =2, the periods of periodic orbits must be 1,2 or 4.

4) Let p = 2. If there is 4-periodic orbit, then f(zmod 2) mod 2 should be a
permutation on Z/27. There is no 4-periodic orbit for quadratic polynomials.

What kind of set can be a minimal component of a polynomial system? In
a recent work, Chabert, Fan and Fares [E] showed that each minimal component
B; must be a Legendre set and that in general, any Legendre set is a minimal
component of some 1-Lipschtz system. We will show that for a polynomial system,
the minimal components B; are Legendre sets of special forms. Let (ps)s>1 be a
sequence of positive integers such that p,|psy1 for every s > 1. We denote by Z,_)
the inverse limit of Z/psZ, which is called an odometer. The map x — z+1 is called
the adding machine on Z, . We will prove the following theorem (see Theorem

3.
Theorem C. Let f € Zy[x] with deg f > 2. If E is a minimal clopen invariant set
of f, then f : E — E is conjugale to the adding machine on an odometer Z, )y,
where

(ps) = (k, kd, kdp, kdp®,---)
with integers k and d such that 1 < k < p and d|(p — 1).

As we have already pointed out, the minimal decomposition is fully studied for
affine maps. It seems much more difficult to study the minimal decomposition for
higher order polynomials. In this paper, we try to attack the problem for quadratic
polynomials. For an arbitrary 2-adic quadratic polynomial

f(x) =ax® +bx+c

on Zs, we find all its minimal components.
As we shall see, such a quadratic system f : Zo — Zs is conjugate to one of the
following quadratic polynomials

22—\, +br, *+ax—d

where X\ € Zy, b = 1 (mod 2) and Vd & Zy. Our results are stated in Theorems
@-@ Let us state here some of these results.

Theorem D. Consider the polynomial x> — \ on Zs.

1) If A= 0 (mod 4), then there are two attracting fixed points, one in 47y with
basin 279, and the other one in 1 + 475 with basin 1 4+ 27Z;.

2) If A =1 (mod 4), then the whole Zy is attracted into a periodic orbit of period
2 with one orbit point in 4Zo, and the other one in 3 + 47Z.

3) If A = 2 (mod 4), then there are two attracting fized points, one in 2 + 474
with basin 275, and the other one in 3 + 474 with basin 1 4+ 27Z;.

4) If A = 3 (mod 4), then the whole Zs is attracted into a periodic orbit of period
2 with one orbit point in 1+ 47+, and the other one in 2 4 4Z,.
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Theorem E. Consider the polynomial f(x) = 2® + x on Zz[z]. There is one fived
point 0. We have f(1+ 2Z2) C 272 and we can decompose 27 as

27, = {0} || | ] 2" +2"2Z

n>2
Each 2"~Y + 27y (n > 2) consists of 2"~2 pieces of minimal components:

o=l o 4 9227, t=0,...,2"% — 1.

Theorem F. Consider the polynomial f(z) = 2% +x —d with d = 3 (mod 4). Then
f(2Z2) C 14 272 and 1 4 275 is the unique minimal component of f.

The main idea used in the paper comes from Desjardins and Zieve’s work [E]
and the Ph.D thesis of Zieve [@] Let FE be an f-invariant compact set. It is now
well known that the subsystem (E, f) is minimal if and only if the induced map
fn: E/p"Z — E/p"Z is minimal (transitive) for any n > 1 (see [, ). The idea of
Desjardins and Zieve is to establish relations between f,,’s cycles and f,,+1’s cycles,
by linearizing the k-th iteration f* 11 on a cycle of f, of length k.

The paper is organized as follows. In Section E, we give a full development of
the idea in [Ebby studying the induced dynamical systems f, on Z/p"Z when
p > 3. Section { is devoted to the case of p = 2 which was not treated in . As
we shall see, the situation in the case p = 2 is not exactly the same as in the case
p > 3. In Sections @ and ﬂ, we investigate how a minimal component is formed by
analyzing the reduced maps f, (n > 1) and we prove the decomposition theorem.
In Section ﬂ, we discuss the possible forms of minimal components. In Section E, we
give a detailed description of the minimal decomposition for an arbitrary quadratic
polynomial system on Zs.

2. INDUCED DYNAMICS ON Z/p"Z (p > 3)

The main core of this section follows Desjardins and Zieve [@] We shall give
more details and rewrite some proofs for reader’s convenience. The case p = 2,
which is a little bit special, will be fully discussed in the next section.

Let p > 3 be a prime (we may replace 3 by 2 in many places). Let n > 1 be a
positive integer. Denote by f, the induced mapping of f on Z/p"Z, i.e.,

fn(z mod p") = f(z)  mod p".
Many properties of the dynamics f are linked to those of f,,. One is the following.

Theorem 2.1 ([{], B]). Let f Zplz] and E C Z, be a compact f-invariant set.
Then f : E — E is minimal if and only if f, : E/p"Z, — E/p"Z, is minimal for
each n > 1.

It is clear that if f, : E/p"Z, — E/p"Z, is minimal, then f,, : E/p™Z, —
E/p™Z, is also minimal for each 1 < m < n. So, the above theorem shows that it
is important to investigate under what condition, the minimality of f,, implies that
of fn+1'

Assume that o = (21, -+ ,2,) C Z/p"Z is a cycle of f,, of length k (also called
k-cycle), i.e.,

fn(-rl) = T2, afn(xi) = Ti41," " afn(xk) = Z1-
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In this case we also say o is at level n. Let
k
X = |_| X; where X;:={x;+p"t; t=0,---,p—1} CZ/p"T'Z.
i=1
Then
fn+1(Xi) C Xi+1 (1 <i<k-— 1) and fn-‘,—l(Xk) c X;q.

In the following we shall study the behavior of the finite dynamics f,+1 on the
fne1-invariant set X and determine all cycles in X of f,1, which will be called
lifts of o (from level n to level n 4 1). Remark that the length of any lift & of o is
a multiple of k.

Let g := f* be the k-th iterate of f. Then, any point in ¢ is fixed by g, the
n-th induced map of g. For = € o, denote

k—1
an () :=g'(z) = H F1(f () (2-1)

o) =z _ o) o

b (z) == (22)
p" p"
The values on the cycle o = (21,...,x)) of the functions a,, and b,, are important
for our purpose. They define, for each x, an affine map
O(z,t) = bp(x) + an(z)t (x €0,t € Z/DZ).
The 1-order Taylor expansion of g at x implies
g(@+p"t) =z +p"bn(x) + pan(2)t =z +p"R(2,1)  (mod p™).  (2:3)

An important consequence of the last formula shows that g,4+1 @ X; — X, is
conjugate to the linear map

O(xy,-) : Z/pZ — Z]pZ.

We could call it the linearization of gn4+1 : X; — X;.

For any « € X (and even for any « € Z,), we can define the values of a,(z) and
bn(z) by the formulas (R-1)) and (2-J). As we shall see in the following lemma, the
coefficient a,,(z) (mod p) is always constant on X; and the coefficient b, (z) (mod
p) is also constant on X; but under the condition a,(z) =1 (mod p).

Denote by v,(n) the p-valuation of n.

Lemma 2.2. Letn>1 and 0 = (21, -+ ,x1) be a k-cycle of fn.
(i) For 1 <1i,j <k, we have

an(@:) = an(s;) (mod p7).
(ii) For for 1 <i<k and 0 <t <p—1, we have

an (@ + ") = an(z:) (mod pr)
(i) For 1 <i<k and 0 <t <p—1, we have

b + ") = bu(zs)  (mod p),

where A := min{v,(an(z;) — 1), n} = min{v,(an(z;) — 1),n} for 1 <i,j < k.
(iv) For all 1 < 1,5 < k we have

min{vp (bn(:)), A} = min{vy (bn(z;)), A}-



Consequently, if an(z;) =1 (mod p"),
min{wv, (by(z;)),n} = min{v, (b, (z;)),n}.

Proof. Assertion (i) follows directly from the definition of a,(z;) and the fact that
o= (x;, folzi), - ,fk_l(xi)). The assertion (ii) is a direct consequence of

k
an(x; +p"t) = Hf fi(x; +p™t)) = H (f7(x;)) (mod p").
j=1 Jj=1
The 1-order Taylor expansion of g at x; gives
n nyy —on [ 9\Fi) — T4 n n
oo 50~ Gt ) = 9 (BP0 gt~ 1) (mod )
Hence
bn (i + p"t) = by(2:) + tan(z;) — 1)  (mod p").

Then (iii) follows.

Write

9(f (@) = f(@:) = F(fF (@) = fai) = f(@i+ p bal@i)) — fl@i).

The 1-order Taylor expansion f at x; leads to

9(f (i) = f(zi) = p"bu(z:) f'(x:)  (mod p*).
Hence we have
b (f(2i)) = bu(a:) f'(2:)  (mod p").
Since when A = 0, the result is obvious, we may suppose that A # 0. Then
an(z;) = 1 (mod p) (for 1 < ¢ < k) which implies f/(z;) # 0 (mod p) for all
1 <i < k. Notice that f(x;) = z;+1 (mod p™). Then by (iii), we obtain (iv). O

According to Lemma R.9 (i) and (ii), the value of a,,(x) (mod p™) does not depend
on z € X. According to Lemma .9 (iii) and (iv), whether b, (z) = 0 (mod p) does
not depend on z € X if a,(z) = 1 (mod p). For simplicity, sometimes we shall
write a,, and b,, without mentioning x.

The above analysis allows us to distinguish the following four behaviors of f, 11
on X:

(a) If a, = 1 (mod p) and b, # 0 (mod p), then ® preserves a single cycle of
length p, so that f,11 restricted to X preserves a single cycle of length pk. In this
case we say o grows.

(b) If ap, = 1 (mod p) and b, = 0 (mod p), then ¥ is the identity, so fri1
restricted to X preserves p cycles of length k. In this case we say o splits.

(c) If a,, =0 (mod p), then ® is constant, so f, 11 restricted to X preserves one
cycle of length k£ and the remaining points of X are mapped into this cycle. In this
case we say o grows tails.

(d) If a,, Z 0,1 (mod p), then P is a permutation and the ¢-th iterate of ® reads

Ot (x,t) = bp(al —1)/(a, — 1) +alt

) —t = (af, — 1) <t+ anb’i 1) .

Thus, ® admits a single fixed point ¢t = —b,,/(a, — 1), and the remaining points lie
on cycles of length d, where d is the order of a,, in (Z/pZ)*. So, fn+1 restricted to

so that
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X preserves one cycle of length k£ and % cycles of length kd. In this case we say
o partially splits.

Now let us study the relation between (an,b,) and (an41,bp41). Our aim is to
see the change of nature from a cycle to its lifts.

Lemma 2.3. Let 0 = (z1,...,x1) be a k-cycle of fnand let & be a lift of o of length
kr, where r > 1 is an integer. We have

ant1(w;i +p"t) = ap(z;) (mod p"), (1<i<k0<t<p-1) (2-4)

Py (i +p"t)

=t(an(x;)" — 1)+ bn(xi)(l +an(zi)+ -+ an(xi)T_l) (mod p"). (2:5)

Proof. The formula (E) follows from
r—1 .
ani1 = (97) (@i +p"t) = (¢7) () = [ [ 9'(¢?(22)) = a, (mod p").
3=0

By repeating r times of the linearization @), we obtain
9" (i +pt) = @i + " (i, t)p"  (mod p™"),
where ®" means the r-th composition of ® as function of ¢, and
D" (z;,t) = tan(x;)" + bn(zi)(l +an(z;)+ -+ an(xi)rfl).

Thus (R-H)) follows from the definition of b, and the above two expressions. [

By Lemma E, we obtain immediately the following proposition.

Proposition 2.4. Letn > 1. Let o be a k-cycle of f, and & be a lift of o. Then
we have

1) if ap, =1 (mod p), then any1 =1 (mod p);

2) if ap, =0 (mod p), then an+1 =0 (mod p);

3) if an, £ 0,1 (mod p) and & is of length k, then an+1 Z£ 0,1 (mod p);

4) if ap, 20,1 (mod p) and & is of length kd where d > 2 is the order of a, in
(Z/pZ)*, then apy1 =1 (mod p).

This result is interpreted as follows in dynamical system language:

1) If o grows or splits, then any lift & grows or splits.

2) If o grows tails, then the single lift & also grows tails.

3) If o partially splits, then the lift & of the same length as o partially splits,
and the other lifts of length kd grow or split.

If o = (x1,- -+ ,xk) is a cycle of f,, which grows tails, then f admits a k-periodic
point zg in the clopen set X = |_|f:1(:ci +p"Z,) and X is contained in the attracting
basin of the periodic orbit g, f(z0),- -+, f¥~ (o).

With the preceding preparations, we are ready to prove the following Proposi-
tions E—@ which predict the behavior of the lifts of a cycle o by the properties of
o. We refer the reader to [[LJ] for their proofs. Otherwise we can follow the similar
proofs of Propositions @— in the case p = 2.
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Proposition 2.5 ([L0]). Let o be a growing cycle of f, and & be the unique lift of
.

1) If p>3 and n > 2 then & grows.

2) If p>3 and n > 1 then & grows.

3) If p=3 and n =1, then & grows if and only if b1(z) # ¢"(x)/2 (mod p).

According to 1) and 2) of Proposition @, in the cases p > 3,n > 2 and p >

3,n>1,if 0 = (x1, - ,xk) grows then its lift also grows, and the lift of the lift
will grow and so on. So, the clopen set
k

X= |_|(xz +p"ZLyp)
i=1
is a minimal set by Theorem @
Let
An(z) = vplan(z) —1),  Bn(x) := vp(bn(2)).

By Lemma @, for a cycle 0 = (21,...,2k), min{A,(z;),n} does not depend on
the choice of z;,1 < i < k and if B, (z;) < min{A,(z;),n} then B,(z;) does not
depend on the choice of x;,1 < i < k. Sometimes, there is no difference when we
choose z; or x; in the cycle. So, without misunderstanding, we will not mention x;
in A, and B, (see the proof of Proposition @ for the details corresponding to the
case p = 2).

We say that a cycle o at level n splits £ times if o splits, and the lifts of o at
level n + 1 split and inductively all lifts at level n + j (2 < j < ) split. Similarly,
one can imagine what we mean if we say a cycle grows ¢ times. That a cycle grows
forever means that it grows infinite times.

Proposition 2.6 ([ld)). Let p > 3 and n > 1. Let o be a splitting cycle of fy.

1) If min{A,,,n} > B, every lift splits B,, — 1 times then all lifts at level n+ B,
grow forever.

2) If A, < B,, and A,, < n, there is one lift which behaves the same as o (i.e.,
this lift splits and Apt1 < Bpi1 and App1 < n+ 1) and other lifts split A, — 1
times then all lifts at level n + A,, grow forever..

3) If B, > n and A, > n, then all lifts split at least n — 1 times.

Proposition 2.7 ([@]) Letp >3 andn > 1. Let o be a partially splitting k-cycle
of fn and & be a lift of o of length kd, where d is the order of a, in Z/pZ.

1) If Apt1 < nd, then & splits A1 — 1 times then all lifts at level n + Apiq
grow forever.

2) If Ap11 > nd, then & splits at least nd — 1 times.

We remark that in the partially splitting case, min{A,1(z),nd} depends only
on the lifting cycle of f,,11 of length kd but not on x (see [E], Corollary 3).

3. INDUCED DYNAMICS ON Z/p"Z, (p = 2)

In this section we focus on the special case p = 2 which is not considered in
. The first part in the preceding section (where p > 3 is not explicitly assumed)
remains true for p = 2. Notice that when p = 2, there is no partially splitting cycle.

We only need to study how a cycle grow or split. We distinguish four cases. Let
o be a cycle of f,. We say o strongly grows if a, =1 (mod 4) and b, = 1 (mod 2),
and o weakly grows if a,, = 3 (mod 4) and b, = 1 (mod 2). We say o strongly splits
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if a, =1 (mod 4) and b, = 0 (mod 2), and o weakly splits if a,, = 3 (mod 4) and
by, =0 (mod 2).

The following results hold true when p = 2. Their proofs are postponed and got
together at the end of this section.

Proposition 3.1. Let o be a cycle of f,, (n > 2). If o strongly grows then the lift
of o strongly grows. If o weakly grows then the lift of o strongly splits.

The first assertion of Proposition @ implies that if o = (21, - -, 2) is a strongly
growing cycle of f,, (n > 2), then | |(z; + p"Z,) is a minimal set.
Recall that
Ap(z) = va(an(z) — 1), Bp(x) = va(bn(x)).
In the following proposition, the x in A, (x), B,(z) can be chosen any z; of the
cycle 0 = (z1,- -, k) (see its proof).

Proposition 3.2. Let o be a strongly splitting cycle of f, (n > 2).

1) If min{A,,n} > B, then all lifts strongly split B,, — 1 times, then all the lifts
at level n + By, strongly grow.

2) If A, < B, and A,, < n, then one lift behaves the same as o (i.e., this lift
strongly splits and Ay41 < Bpy1 and Apy1 <n+1). The other one splits A,, — 1
times, then all the lifts lifts at level n + A,, strongly grow forever.

3) If B, > n and A, > n, then all lifts strongly split at least n — 1 times.

Proposition 3.3. Let o be a weakly splitting cycle of fn (n > 2). Then one lift
behaves the same as o and the other one weakly grows and then strongly splits.

To prove these propositions, we need the following lemmas.
Lemma 3.4. Let o be a growing cycle of fn, (n >2). Then
ap+1(zi) =1 (mod 4), (3-1)

2bpt1(z; + p"t) = bp(2:)(1 4+ an(z;)) (mod 4). (3-2)
Proof. Taking p =2 and r =2 in (@), we get
Uny1(z;) = a2 (x;)  (mod 2™).

Since n > 2 and a, = 1 (mod 2), we obtain (B-1]).
Taking p =2 and r = 2 in (R-5)), we get

2 i1(zi +2") = tan(2:)? = 1) + bp(2:)(1 + an(z;))  (mod 27).
Since n > 2 and a,(z;) = 1 (mod 2), we obtain (B-2). O

Lemma 3.5. Let o be a splitting cycle of fn. If A, < n, then Apy1 = A, and if
Ap > n, then Ap4q1 > n. Consequently,

min{A4,+1,n} = min{A,,n}. (3-3)
Proof. We need only to notice that we have a,+1 = ap, (mod 2™) when o splits. O

Lemma 3.6. Let 0 = (x1,...,xx) be a splitting cycle of fn,. Then for 1 <i <k
and fort =0 or 1, we have
2bp 41 (25 +2"t) = by (x;) + t(an(z;) — 1) (mod 27). (3-4)
Consequently, we have
Byi1(x; +2™t) = Bp(x;) — 1 if By (z;) < min{A,(z;), n}, (3-5)
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Proof. Since o splits, taking p =2 and r = 1 in (E), we obtain the result. (I

The following lemma concerns an elementary property of polynomials on Z.

Lemma 3.7. Let h € Zslz|. If a = b (mod 2), then h'(a) = h'(b) (mod 4).
Furthermore, if h'(a) = 1 (mod 2), then h'(a)h/(b) =1 (mod 4) .

Proof. Tt suffices to notice that the coefficient of z2**1 in h/(x) is equal to 0 (mod 2).
([

Lemma 3.8. Let o be a growing k-cycle of f,, (n > 1). Then its lift strongly grows
or strongly splits.

Proof. Let z1 be a point in 0. What we have to show is an11(z1) = 1 (mod 4).
Since o is a growing k-cycle, we have

f¥(x1) = 1 (mod 27, an(z1) = (f*)(z1) = 1 (mod 2).
So, by Lemma @, we have
ant1(w1) = (f2) (@) = (f*) (@) () (f*(21)) =1 (mod 4).

A direct consequence is the following result.

Corollary 3.9. If a cycle grows twice (maybe between the two growths, there are
several splittings), then all the lifts will grow forever.

Proof. Let & be the lift of the growing cycle o. Assume that after several times of
splitting, one of lifts of & grows (then all the lifts at the same level grow). By Lemma
@, this growing lift at a level n > 2 must strongly grow. Thus by Proposition ,
the lifts will grow forever. O

We are now going to prove Propositions B.1-B.d.

Proof of Proposition @ If ¢ grows, then by ), the lift of o strongly grows
or strongly splits. If o strongly grows, then by ), we have

2bp41(z; + p"t) = 2by(x;)  (mod 4).
Thus
bpy1(x; +p"t) = bp(z;) Z0  (mod 2).
Hence the lift of o strongly grows.
If o weakly grows, then by (@), we have

2bp41(z; +p"t) =0  (mod 4).

Thus
bpt1(z; +p"t) =0 (mod 2).
Hence the lift of o strongly splits.

O

Proof of Proposition @ First notice that if o strongly splits then a, =
1 (mod 4). Since n > 2, by Lemma R.3 we have a; = 1 (mod 4) for all £ > n.
So, all the lifts strongly grow or strongly split.

Proposition @ contains three cases which are defined by some conditions on
A, and B,. If such a condition is satisfied, we say o or (A,, By,) belongs to the
corresponding case.
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Case 1: min{A,,n} > B,. Recall that by Lemma P.9, both min{A,,(z;),n} and
min{ A, (z;), Bn(z;),n} are independent of z;. Thus in this case, we can simply
write A, and B,,. By (@), we have B, 11 = B, — 1. Thus by @)

min{A,4+1,n+ 1} > min{A, +1,n} = min{A4,,n} > B, > Bni1.

Hence the lifts of o still belong to Case 1. By induction, we know that after
¢ := B, times, B¢ =0 (i.e. by1¢ # 0 mod p). Since o strongly splits, we have
ap+e =1 (mod 4). Thus the lifts at level n+ ¢ strongly grow. That is to say all lifts
of o split B,, — 1 times, then all the lifts lifts at level n + B,, strongly grow forever.

Case 2: A, < B, and A, < n. Since A,(z;) < n for some 4, implies for all
1<i<k, Ay(z;) = An(z;). We can also deduce that if A, (x;) < By, (x;) for some
i then for all ¢ Ay, (z;) < By(z;). Otherwise, if A, (x;) > By(z;) for some j, then by
Lemma P9, B, (z;) = Bn(z;) < An(z;) = A,(z;) which leads to a contradiction.
So in this case, we can choose any 1 < i < k and we simply write 4, and B,. By
Lemma, @, we have A, 11 = A,. Since B,, > A,, there exists one ¢ such that

by +tla, —1)=0 (mod 24T1),
and the other one which we can write as 1 — t such that
by +t(an —1)#Z0 (mod 247 F1),

Hence by (@), for one lift of ¢ B,+1 > A, and for the other one B, 11 = A, — 1.
Thus for one lift, A,,41 = A, < Bpy1, and A, 1 = A, < n + 1. Therefore, this
lift belongs to Case 2. For the other one, B,11 = A, — 1 = A1 — 1 < Ay,
and Bpy1 = A, — 1 < n+ 1. Thus this lift belongs to Case 1. By induction, we
know that one lift of o behaves the same as o (i.e., strongly splits and satisfies the
condition of Case 2 at level n + 1) and the other one splits A,, — 1 times, then the
lifts strongly grow.

Case 3: B, > n and A, > n. First we notice that by Lemma @, if for some
1 < i <k, we have B,(z;) > n and A,(z;) > n, then for all 1 < ¢ < k, the
same property established. The following statement will be the same if we choose
another i. So we still simply write A,, and B,,. By the definition of b, if the cycle
splits, the order of b,, deceases at most one when the level goes up one step. Since
B,, > n, we have B,,;+1 > n—1, and if n > 2, the lifts of o still strongly split. Thus
by induction, the lifts of ¢ split at least n — 2 times. But after that we can not give
any more information. O

Proof of Proposition @ Since o weakly splits, a,t+1 = a, = 3 (mod 4). Thus
Apt1 = A, =1 <nand B, > 1= A,. Thus (A, B,) belongs to Case 2 in
Proposition @ By the proof of Proposition @, we know that for one lift of o,
Bpy1 > A, and then A, 11 = A, < B,11. Thus this lift behaves the same as o.
For the other lift, B,y1 = A, — 1 = 0. Hence this second lift weakly grows, and
then its lift strongly splits by Proposition @ Therefore, we complete the proof.
O

4. MINIMAL DECOMPOSITION

If a cycle always grows (grows forever) then it will produce a minimal component
of f. If a cycle always splits (splits infinite times) then it will produce a periodic
orbit of f. If a cycle grows tails, it will produce an attracting periodic orbit with
an attracting basin. We shall describe this more precisely.
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Let 0 = (21,...,zk) be a cycle of f,,. Recall that in this case o is called a k-cycle
at level n. Let .
X:= Ll(xl +p"Zy).
i=1

There are four special situations for the dynamical system f: X — X.

(S1) Suppose o grows tails. Then f admits a k-periodic orbit with one pe-
riodic point in each ball z; + p"Z, (1 < ¢ < k), and all other points in X are
attracted into this orbit. In this situation, if z is a point in the k-periodic orbit,
then |(f*)'(z)|, < 1 since (f¥)'(z) = am(r) = 0 (mod p™) for all m > n. The
periodic orbit (z, f(z), -, f*~!(z)) is then attractive.

(S2) Suppose o grows and its lifts always grow. Then f is transitive (minimal)
on each X/p™Z, m > n. Thus, by Theorem E, f is minimal on X. In this case,
we say that o is a starting growing cycle at level n.

(S3) Suppose o splits and there is a splitting lift at each level larger than n. Then
there is a k-periodic orbit with one periodic point in each z; + p"Z, (1 < i < k).
We say that o is a starting splitting cycle at level n. In this situation, if = is a point
in the k-periodic orbit, then (f*)'(z) = 1 since (f*)'(z) = am(x) =1 (mod p™) for
all m > n. Thus the periodic orbit (z, f(z),--- , f*~!(z)) is indifferent.

(S4) Suppose o = (x1,...,x) partially splits (p > 3). Then by Proposition
E, there is one lift of length & which still partially splits like o. Thus there is a
k-periodic orbit with one periodic point in each x; + p"Z, (1 < i < k). In this
situation, if z is a point in the k-periodic orbit formed above, then |(f*)' ()], = 1
since (f*)'(z) = am(x) #Z 0,1 (mod p™) for all m > n. Hence, the periodic orbit
(z, f(z),- -+, f¥1(2)) is indifferent.

Now we can deduce all possible periods of the polynomial systems on Z,.

Theorem 4.1. Let f € Z, with deg f > 2.

1) Ifp > 5, the lengths of periodic orbits are of the form ab with a|(p — 1) and
1<b<p;

2) If p =3, the lengths of periodic orbits must be 1,2,3,4,6 or 9;

3) If p =2, the lengths of periodic orbits must be 1,2 or 4.

4) Let p = 2. If there is 4-periodic orbit, then f1 should be a permutation on
Z/2Z. There is no 4-periodic orbit for quadratic polynomials.

Remark 1. The statements 1)-3) were due to Pezda ([R4]). By using the idea we
explained in the preceding sections which is quite different from that of Pezda,
Desjardins and Zieve ([[L0]) also gave 1) and 2). The statement 4) is new.

Proof. We only show 3) and 4), because the proofs of 1) and 2) are similar and can
be found in [[L0] and [R4].

Notice that any periodic orbit comes from an infinite sequence of splitting of some
cycle, and that the length of the periodic orbit is the length of the starting splitting
cycle. So, what we want to study are all possible lengths of starting splitting cycles.

The possible lengths of cycles at the first level (i.e. the cycles of f; on Z/27)
are 1 and 2. Notice that the growth of length must be multiplied 2, according to
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our discussion in the preceding sections. So, the possible lengths of cycles are 2%
(k > 0). However, by Corollary E, if a cycle grows twice it will grow forever.
There, any cycle of length 2* (k > 3), which must have grown twice, can not be a
starting splitting cycle. Hence the lengths of starting splitting cycles can only be
1,2,4. This completes the proof of 3).

If there is a periodic orbit of length 4, there must be a starting splitting cycle of
length 4. This is possible only in the following case: at the first level, f; admit a
2-cycle. Otherwise it needs to grow twice and then its lifts will grow forever. This
will produce a clopen minimal set not a periodic orbit. This is the first part of 4).
For the second part of 4), one can see from our study on the quadratic polynomials

in Section | (Theorems [6.1-.9). O

Theorem 4.2. Let f € Zy[x] with deg f > 2. We have the following decomposition

z,=A| |B| |C

where A is the finite set consisting of all periodic points of f, B = ||, B; is the
union of all (at most countably many) clopen invariant sets such that each B; is a
finite union of balls and each subsystem f : B; — B; is minimal, and each point in
C lies in the attracting basin of a periodic orbit or of a minimal subsystem.

Proof. We first explain that there are only finitely many periodic points. In fact,
by Theorem EI, there are only finitely many possible lengths of periods. Periodic
points are solutions of the equations f%(x) = x with {¢;} being one of possible
lengths of periods. Since deg f > 2, each equation admits a finite number of
solutions. So, there is only a finite number of periodic points.

We start from the second level. Decompose Z,, into p? balls with radius p~2. Each
ball is identified with a point in Z/p?Z. The induced map f» admits some cycles.
The points outside any cycle are mapped into the cycles. The ball corresponding
to such a point will be put into the third part C. From now on, we really start our

analysis with cycles at level n > 2. Let 0 = (z1,...,2k) be a cycle at level n > 2.
Let
k
X =| (@i +p"Zp).
i=1

SUPPOSE p > 3. We distinguish four cases.

(P1) o grows tails. Then by (S1), the clopen set X consists of a k-periodic orbit
and other points are attracted by this periodic orbit. So, X contributes to the first
part A and the third part C.

(P2) o grows. Then by Proposition B3, o is in the situation (S2). Therefore X
is a minimal component. So, X C B.

(P3) o splits. Then we shall apply Proposition @

e If o belongs to Case 1 described by Proposition E, then after finitely
many times of splitting, the lifts will grow forever and so they are in the
situation of (S2). Therefore we get a finite number of minimal components,
all belonging to B.

e If o belongs to Case 2, then there is one lift of o sharing the property (S3),
and other lifts different from the cycle containing the periodic orbit (at any
level m > n 4+ 1) find themselves in the situation (S2) after finitely many
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times of lifting. Therefore, we get a periodic orbit and countable infinite
minimal components.

e If 0 belongs to Case 3, then o splits into p™ cycles at level 2n. These
cycles at level 2n may continue this procedure of analysis of (P3). But this
procedure can not continue infinitely, because there is only a finite number
of periodic points. So, all these cycle may continue to split but they must
end with their lifts belonging either to Case 1 or Case 2 in Proposition E
So, X contributes to both A and B.

(P4) o partially splits. Then o is in the situation (S4). Thus there comes out
a periodic orbit. Suppose o, is the lift of o containing the periodic orbit at level
m > n+ 1. If o, belongs to Case 1 in Proposition E, then the other lifts different
from 0,41, will be in the situation (S1) after finite times. If o, belongs to Case
2 in Proposition E, then each of other lifts different from o, 1, split to be p™?~!
cycles at level nd. We then go to (P3) for these cycles at level nd.

SUPPOSE p = 2. We distinguish five cases.

(Q1) o grows tails. Then o is in the situation (S1). We have the same conclusion
as (P1) above.

(Q2) o strongly grows. Then by Proposition , o is in the situation (S2). We
have the same conclusion as (P2) above.

(Q3) o strongly splits. By Proposition @, the arguments are the same as (P3):
The procedures will be ended if the condition 1) or 2) in Proposition @ is satisfied.
If the condition 3) in Proposition @ is satisfied, we repeat the analysis of (Q3) for
the lifts of 0. But the procedures will be eventually ended with the condition 1) or
2), because there is only a finite number of periodic points.

(Q4) o weakly grows. Then by Proposition @, the lift of o strongly splits. We
are then in the case (Q3).

(Q5) o weakly splits. By Proposition @, then one lift is in the situation (S3)
which produces a periodic orbit, and the other lifts different from the cycle con-
taining the periodic orbit, at any level m > n + 1, will weakly grow. Then we are
in the case (Q4).

All the above procedures will stop. So, we get the decomposition in finite steps.

O

We have excluded the affine polynomials from the theorem. Exactly speaking,
the conclusion is false for affine polynomials. For example, every points in Z, are
fixed by f(z):= 2. Anyway, affine polynomials have been fully studied in [@T

Corollary 4.3. Let f € Zy[x] with deg f > 2. If f admits an indifferent fized point
or a periodic orbit, then there exists a sequence of minimal components with their
diameters and their distances from the fixed point or the periodic orbit tending to
zero.

Proof. Suppose (z1,...,zx) is an indifferent periodic orbit. Let :Eg»") € Z/p™Z and

xgn) = z; (mod p") for 1 < j < k. Then o, = (z&"), . ,z,(cn)) is a splitting or
partially splitting cycle at level n. By the procedures of the decomposition, the
cycle o, should be in the situation (S3) or (S4). That is to say o, splits for all n
or o, partially splits for all n.

Since there are only finite number of periodic orbits, for any € > 0 small enough,

there is no other periodic orbits in the e neighborhood of the orbit (xi,...,z).
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Take n such that p~™™ < e. Then the lifts of o, which are different to o,41 will
never split infinitely. Hence they will grow after finite times. Then all the lifts of
oy, which are different to 0,41, considered as union of balls, consist of finite number
of minimal components. Since these balls are contained in z; + p"Z, for each j
respectively. Thus there is a minimal component such that the diameter and the
distance to the orbit (z1,..., ) are all less than p~™. The result is obtained if we
consider infinitely n and find one minimal component for each n. (]

5. CONJUGACY CLASSES OF MINIMAL SUBSYSTEMS

Recently, Chabert, Fan and Fares [E] proved that minimal sets of a 1-Lipschitz
map are Legendre sets. We shall prove that minimal sets of a polynomial are some
special Legendre sets. A set & C Z, is a Legendre set if for any s > 1 and any
x € E/p°Zy, the number

gs := Card {y € E/p*™'Z,: y=2 mod p°}
is independent of z € E/p°Z,. Let

psi=qqe---qs (Vs >1).

It is clear that p; = Card E/p°Z,. We call (ps)s>1 the structure sequence of E.
Consider the inverse limit

Z(;Ds) = 1131 Z/pSZ.

This is a profinite group, usually called an odometer, and the map 7 : x — x + 1 is
called the adding machine on Z,,).

Theorem 5.1 ([§]). Let E be a clopen set in Z, and f : E — E be a 1-Lipschitz
map. If the dynamical system (E, f) is minimal, then f is an isometry, E is a
Legendre set and the system (E, f) is conjugate to the adding machine (Z,. ), T)
where (ps) is the structure sequence of E. On the other hand, on any Legendre set
there exists at least one minimal map.

We improve the above result in the case of polynomials by giving more informa-
tion on the structure sequence.

Theorem 5.2. Let f € Zy[x] with deg f > 2. If E is a minimal clopen invariant
set of f, then f: E — E is conjugate to the adding machine on an odometer Z,_,
where

(pS) = (ka kda kdpa kdp27 o )
with some 1 <k € Nk <p and d|(p — 1).

Proof. By our previous discussion on the cycles of f,, on Z/p™Z, a clopen minimal
set E is formed when a cycle grows forever. If n is the starting level for the cycle
to grow, then E is a union of some balls with radius p~". Therefore, for s > n,
every nonempty intersection of E with a ball of radius p~° contains p balls of radius
p~ 5tV That is to say ¢s = p. From the cycle at the first level to the starting
growing cycle at level n, the growth of cycle length is multiplied by 1, p or some d
satisfying d|(p — 1). That is to say for 1 < s < n, every nonempty intersection of
E with a ball of radius p~* contains the same number (1,p or d) of balls of radius
p~ 5tV Thus F is a Legendre set. To determine p, for 1 < s < n, we distinguish
three cases: p > 5, p=3, p=2.
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Case p > 5. In this case, when a cycle grows, its lift grows forever. A cycle at
level 1 may start with growing, several times of splitting or several times of partially
splitting and then the lifts grow forever. Therefore, there are three ways to form a
minimal set. We show the three ways by the growth of cycle length as follows (k
being the length of the cycle o at the level 1).

Case 1. o grows:

(k,kp,kp?,...),
Case 2. o splits:
(k. K, ... .k Ekp,kp?,...),
Case 3. o partially splits:
(k,kd,... kd, kdp,kdp?,...), d|(p—1),d>2.

The above three cases correspond to three kinds of adding machines. However,
by the result of Buescu and Stewart ﬂj], the adding machines in both Case 1 and
Case 2 are conjugate to (Z,,),7) where p, = (k,kp, kp?,...). In Case 3, the
adding machines are all conjugate to (Z,,),7) where p, = (k,kd, kdp, kdp?,...)
and d|(p — 1),d > 2.

Case p = 3. We distinguish four cases.

Case 1. o grows and its lift also grows:

(k,kp, kp?,...),

Case 2. o grows but its lift splits:
(k,kp, ... kp kp%,...),
Case 3. o splits:
(k7k,"'7k,kp7kp2""),
Case 4. o partial splits:
(k,kd, ... kd, kdp, kdp®,...), d|(p—1),d>2.
Then (E, f) is conjugate to (Z,,),7) where ps = (k, kd, kdp, kdp?,...) with 1 <
k<p,andd|(p—1).
Case p = 2. We distinguish twelve cases.
(1, 1,1,...1,2,22,2% . ..),
——
strongly split
1, 1 2,225,280,
-~
strongly grows

1 , 1 ,2,...2 2293 ),
~—~— ~— N )
weakly splits weakly grows gtrongly split

(1,

2 93
(L L. 2.2 225,
——
weakly grows strongly split
2 63
(1, 2,...,2 ,22,23 ..,
——

strongly split
2 o3
(1’ \ 2 ; ) 2 ) 2 ) )7

strongly grows
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2 3
(2, 2,...,2 ,22,2%,...),
——
strongly split

(2, 2 2223 ),

strongly grows

2 2 3
(2, 2, 22292 98 ),
~—~ ~— | ,
weakly splits weakly grows strongly split
2 2 3
(2, 2,922,922 93 ),
~~ —_——
weakly grows strongly split
2 2 3
(2, 22,...,22 .23, .),
—_———
strongly split
2 3
(2, 2 23800,
strongly grows
In any of these cases, the system (E, f) is conjugate to (Zg,z + 1). [

6. 2-ADIC QUADRATIC POLYNOMIALS

In this section, we undertake a full investigation on the minimal decomposition
of 2-adic quadratic polynomial systems on Zs of the form:

f(x) :=az® +bx +c (a,b,c € Za,a #0).

As we shall see, the system f(z) = ax?+bx+c is conjugate to one of the following
quadratic polynomials

22—\ 2 +br, 2*+ax—d

where \ € Zy, b= 1 (mod 2) and vd ¢ Z.

Let us state our results on the minimal decomposition of (Z,, f). The proofs are
postponed at the end of this section. By the way, we shall discuss the behavior of
f on the field Q.

If a =1 (mod 2), then lim,_, |f™(z)| = oo for any = € Zs. An elementary
calculation shows that az? 4 bz + c on Zy is conjugate to 2 + bx + ¢ on Zy through
the conjugacy x — az. If a = 0 (mod 2), then lim,,_,o0 | f™(2)| = oo for any z ¢ 17Z,
and az? + bz + c on %Zg is conjugate to 22 + ax + ac on Zy through the conjugacy
x +— ax. Thus without loss of generality, we need only to consider the quadratic
polynomials of the form

22 +bx +c (bc € Zs).
We distinguish two cases according to b =0 (mod 2) or b =1 (mod 2)

If b =0 (mod 2), % + bx + ¢ is conjugate to

2 — )\
with A = W, through the conjugacy =z — x + g.

Theorem 6.1. Consider the polynomial f(x) = x> — X on Zs.

1) If A =0 (mod 4), then f admits two attracting fized points, one in 4Zo with
274 as its attraction basin, and the other one in 1+47o with 14274 as its attraction
basin.

2) If A\ =1 (mod 4), then the whole Zs is attracted into a periodic orbit of period
2 with one orbit point in 4Zo and the other one in 3 + 47Z.

3) If A =2 (mod 4), then f admits two attracting fized points, one in 24479 274
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as its attraction basin, and the other one in 3 + 475 with 1 4 279 as its attraction
basin.

4) If A = 3 (mod 4), then the whole Zs is attracted into a periodic orbit of period
2 with one orbit point in 1 + 47Zo and the other one in 2 + 47,.

If b=1 (mod 2), then 22 + bx + ¢ is conjugate to
2 +x—d

where d = %2_40 € Zg, through z — x + %. It is clear that 22 + x — d admits

fixed points if and if only v/d € Zy. Thus we need to study the case z2 4+ z — d with
Vd € Zy and the case 22 4+ x — d with d € Zy but Vd & Zs.
If Vd € Zy (ie. 2° + x — d has a fixed point), then 2> + z — d conjugates to

22 + bz

with b= 1 — 2v/d, through z — = + V/d.
If b = 1, the minimal decomposition of 22 + z is as follows.

Theorem 6.2. Consider the polynomial f(z) = x*>+x on Zs|z]. There is one fived
point 0. We have f(1+ 2Z2) C 272 and we can decompose 2Zs into

27, = {0} || | ] 2" +2"2Z

n>2
Each 21 + 2" 75 (n > 2) consists of 22 pieces of minimal components:

on—l L pon 4 9227, t=0,...,2" 2 — 1.

Denote N* = N\ {0}. If b=1 (mod 2) but b # 1, we distinguish four subcases:
b=1—4m, m € Zs \ {0};

b=—1—4m, m € Zs with va(m) € 1+ 2N;
b= —1—4m, m € Zy with vy(m) € 2N*;
e b=—1—4m, m € Zy with va(m) = 0.

If f(z) = 2% + (=1 — 4m)x with va(m) = 0, then f is conjugate to g(x) =
22+ (=1—4(-m—1))z with vo(—m —1) = va(m+1) > 1 through x +— z —4m — 2.
Thus the last case is reduces to the second and the third case. So we need only
consider the first three cases.

Before the statement of the following results, we would like to give some termi-
nology to simplify our statements.

We say a 1-cycle (x) at level n is of type I-[k] if it splits &k times then its lifts grow
forever. In this case, the ball x + p"Z, is decomposed into p* pieces of minimal
components. Such a component is a ball of radius p~™ *. Sometimes the ball
x + p"Zy is said to be of type I-[k].

We say the a 2-cycle (z,y) at level n is of type II-[k] if it splits k times then its
lifts grow forever. In this case, the union of two balls (x + p"Z,) U (y + p"Z,) is
decomposed into p* pieces of minimal components. Such a component is a union
of two balls of radius p~™~*. The union (= +p"Z,) U (y + p"Z,) is sometimes said
to be of type II-[k]. Remark that the union (z + p"Z,) U (y + p"Z,) may be a ball
of radius p~"+1!.
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If an invariant subset ' C Z,, is a union of invariant subsets F;,, C Z,, n € J C N
where each F,, is of type I-[k], we will denote it as

E=||F,— {I-[k]}.

Similarly, if each F,, C Z,, n € J C N where each F,, is a union of two balls of type
II-[k], we will denote it as

E=||F, - {I-[k]}.
neJ

Now we are ready to state the following theorems.

Theorem 6.3. Consider f(z) = 22+ (1 —4m)x with m € Zy\ {0}. Then f admits
two fized points 0 and dm, and f(1 4 2Z3) C 2Zy. We can decompose 27z as

275 = {0, 4m} |_|E1 |_|E2 |_|E3,

where
E, = L] (2"~ +27Z) — {I[n — 2]},
2<n<va(m)+3
Br= || ("7 42"Z) = {Flea(m) + 11}
n>va(m)+3
Es= || (4m+2"""+2"Zy) — {Ffva(m) + 1]}
n>v(m)+3

Theorem 6.4. Consider f(x) = 2? + (=1 — 4m)z with va(m) € 1+ 2N. Then f
admits two fized points 0 and 4m + 2, and f(1 4 2Z3) C 2Z2. We can decompose
279 as

222 = {0,4m+2}|_|E1|_|E2|_|E3,

where

Ey=| | (4m+2+ 2772 4+ 27712,) — {111},

n>4

E, = | | (2772 4 271 Z,) — {1I-[2n — 5]},
4<n< vz (m) /2] +3

Es = | ] (2772 4+ 2771 Zy) — {II-[va(m) + 1]}.
n>|va(m)/2]+3

Theorem 6.5. Consider f(x) = x? + (=1 — 4m)z with va(m) € 2N*. Then f
admits fized points 0 and 4m + 2, and f(1 + 2Z2) C 2Zs. The invariant set 27o
admits the following form

275 = {0,4m +2}| | Ex| |Ea| | Es] | (2v2(m)/2+1 n 2uz<m>/2+222) 7
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where

Er= || (4m+242"7% 4+ 277 12,) — {II[1]},

n>4

By = | | (272 4 27 1Zy) — {1I-[2n — 5]},
4<n<wvz(m)/2+3

Bs= || (@2 +2"7'%) - {{Lfva(m) + 1]}

n>vz(m)/2+3

Denote E = 2v2(m)/2+1 4 gua(m)/2+427,

(1) If va(m) = 2 and vo(m — 4) = 3, then E is of type 1I-[4].

(2) If va(m) =2 and vo(m — 4) > 5, then E is of type II-[5].

(3) Ifva(m) =2 and va(m—4) = 4, then there exists a 2-periodic orbit with one
point x1 € 4 + 16Zo and the other xo € 12 + 16Zo; and we can decompose
E as E = {x1,22}| | F4, where

Ex= || (w1 42" +2"Zo) U (ws + 27 + 2¥Zy)) — {IL-[5]}.
k>5

(4) If va(m) > 4 and va(m —2%20™)) < vy(m) + 3, then E is of type 1-[va(m —
2v2(m)) 4 1],

(5) If va(m) > 4 and va(m — 2°2™) > wy(m) + 3, then there exists a 2-
periodic orbit with one point x| € Qua(m)/2+1 4 9va(m)/2+37, and the other
xlhy € 2u2(m)/2H+1 4 9gv2(m)/2+2 4 gu2(m)/2437, - and we can decompose E as
E = {z}, 25} | | E}, where

Ey= || (@ 42" 425 Z) U (2 + 257+ 28)) — {IT-{va(m) + 1]}
k>va(m)/2+4

Now we are left to study the polynomials f(x) = 2% + x — d with d € Zy but
Vd & Zs.

We distinguish four cases.

Theorem 6.6. Consider f(z) = 2> +x—d with d = 0 (mod 4) and \/d & Zy. Then
f(1427Z5) C 2Zo and 275 is decomposed as finite number of minimal components.
Let ng = |v2(d)/2] + 1.

(1) If va(d) =2 and va(d — 4) = 3, then 2Zy consists of three minimal compo-
nents: 474, 2 + 879 and 6 + 87Z.

(2) If va(d) = 2 and va(d — 4) = 4, then 2Zs consists of five minimal compo-
nents: 42, 2 + 16Z2, 6 + 16Z2, 10 + 16Z2, and 14 + 16Zs.

(3) If va(d) > 3 and va(d) is odd, then 2Zy = E1 | | Ea, where

E1 = |_| (2”71 + 2nZ2) - {I-[?’L - 2]}3
By = 207 (Lo — 1]}
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(4) If vao(d) > 3 and ve(d) is even, then 2Zo = E4 | | E} | | B}, where
Ei= || (@7'+2"Z) - {In-2]},

2<n<ngp—1
Eé = 2"022 — {I—[TLO — 2]},
Ey=2m0"1 4 9m07, — {Lvg(d — 2°D) — ngl}.

Theorem 6.7. Consider f(x) = 2> +x —d with d = 1 (mod 4) and Vd ¢ Zs.
Then f(2Z2) C 14272 and 3+ 475 is of type 1I-[1]. Let d =5+ 8t with t € Zs. If
va(t) <1, then 1 + 475 is of type II-[va(t) + 2]. If va(t) > 2, then

1+4Zy = {z1, 22} | |Er| | Ea| | Bs,
with the form
Er = (a+2'Zs) U (f(a) +2'Z2) — {II-[3]},
By = (b+2°Zs) U (f(b) + 2°Zs) — {II-[3]},
By = | |(z1+ 2"Zs) U (w2 + 2"Zy) — {II-[3]},

n>6
and x1,79 is a 2-periodic orbit such that x1 € ¢+ 2°Zy and w3 € f(c) + 25Z,.
Precisely,
(1) If va(t) = 2 and va(t —4) =3, then a = 1,b=25,¢ = 9.
(2) Ifva(t) =2 and va(t —4) > 4, thena=1,b=9,c = 25.
(3) If va(t) =3, thena=9,b=1,c=17.
(4) Ifva(t) >4, thena=9,b=17,c=1.

Theorem 6.8. Consider f(z) = 2% + 2z — d with d = 2 (mod 4) and Vd ¢ Zs.
Then f(1+ 2Zs) C 27Zs.
(1) If vo(d — 2) = 2, then 2Zs is of type 1I-[1].
(2) Ifva(d—2) =3, then 8ZaU(f(0)+8Zs) is of type II-[1], (44 8Z2)U(f(4)+
87Z3) consists of a 2-periodic orbit with one point ©1 € 44872 and the other
22 € f(4) + 8Z2, and for each n > 4, (x1 4 2"Za) U (x2 + 2"Zs) is of type
12
(3) Ifva(d—2) > 4, then 44-8Z2U(f(4)+8Zs) is of type I1-[1], 8Z2U(f(0)+8Z2)
consists of a 2-periodic orbit with one point r1 € 8Zo and the other xo €
f(0) +8Z2, and for each n > 4, (x1 + 2"Z2) U (22 + 2"Zs) is of type 11-[2].

Theorem 6.9. For f(x) = 2% +x — d with d = 3 (mod 4), the ball 27 is mapped
into the ball 1 + 2Zo which is the unique minimal component.

We prove Theorems @@ The proofs of Theorems @@ will be omitted
since they are similar to those of Theorems @— .

Proof of Theorem [6.]. Let f(z) = 2> — X\. Then f'(z) = 2z and (f?)'(z) =
423 — 4.

1) If A =0 (mod 4), then 2+ 4Z2 and 3 + 475 are mapped into 4Zy and 1+ 47
respectively, and 4Z, and 1+4Z5 are mapped into themselves respectively. Consider
the cycles (0) and (1) of fa. We have

a2(0) = f'(0) =0 (mod 2) and as(1) = f'(1) =0 (mod 2).

Thus cycles (0) and (1) grow tails, hence there will form two attracting fixed points,
one in 4Zs with basin 2Z,, and the other one in 1 + 475 with basin 1 4+ 2Zs.
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2)If A =1 (mod 4), then 1+ 475 and 2 + 4Z, are mapped into 4Zo and 3 + 475
respectively, and 4Zy and 3 + 47+ are mapped into 3 + 4Zy and 475 respectively.
Consider the cycle (0, 3) of fo. We have

az(0) = (f?)'(0) = 0 (mod 2).

Thus cycle the cycle (0, 3) grows tails, hence there will form an attracting 2-periodic
orbit, with one periodic point in 4Zs, and the other one in 3 + 4Z>. We also see
that the attracting basin is the whole Zs.

The proofs of 3) and 4) are similar to the proofs of 1) and 2). O

Proof of Theorem @ Let f(z) = 22 + 2. We will use a diagram to show the
structure of the dynamics of f.

6) level 1 (mod 2)

o Np

1

level 2 (mod 22%)

Co level 3 (mod 23)

/LL\

0 8 4 14 level 4 (mod 2%)
O O O U

At level n, the ”—” stands for the transformation of the elements of Z/p"Z
under f,. Thus the diagram shows that

f1(1) =0, f1(0) =0, e, f(1+2Z3)C 2Z and f(2Z3) C 2Zs.
and
F200) =0, fo(2) =2, e, f(4Zs) C 470 and f(2 + 47s) C 2 + 4.

Since f(1+2%Z3) C 2Zg and f~1(1+2Zy) = 0, we need only to consider 2Z5. From
the diagram, we also see that (0) is the only cycle of f; with length 1, and (0), (2)
are two lifts of (0).

We will start our examination from the level 2. Since

a2(0) = f/(0) =1 and by(0) = % =0,
we have a2(0) = 1 (mod 4) and
A2(0) =00 and By(0) = oco.
Thus the cycle (0) strongly splits.
Since
az(2) = f'(2) =5 and by(2) = @=2_,
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we have a3(2) =1 (mod 4) and
A3(2)=2 and Bs(0)=0.

Thus the cycle (2) strongly grows which implies that the lift of (2) still grows, and
so on. Hence 2 + 475 is a minimal component.
By induction we know that for all n > 2

An(0) =00 and B,(0)=oc.

Thus the cycle (0) of f,,_1 always splits to be two cycles (0) and (2"~ 1) of f,,, and
the number 0 should be a fixed point.
Now for n > 2, let us consider the cycle (2"71) of f,,. With the same calculations,

a, (2" =2"+1 and b,(2"') =2""2
Thus a,(2"~!) = 1 (mod 4) and
A,(2" N =n and B,(2"')=n-2.
Hence, the cycle (2"~ 1!) strongly splits and B,, < min{A,,n}. By Proposition @,
the lift of (2771) splits B,, —1 = n — 3 times then all lifts strongly grow. Thus there
are 2"~2 pieces of minimal components which constitute 2"~ 4 2"Z,. They are
on—l L gon 492727, t=0,...,2" %~ 1.
This concludes the proof of Theorem @ ]
Proof of Theorem [6.3 Let f(z) = 22 + (1 — 4m)z. We see that there are two
fixed points 0 and 4m, and 1+ 2Z, is mapped into 2Z,. We are concerned with the
invariant subset 2Z;.
Consider 2"~ 4 2"Zy (n > 2). We study the cycle (27~ 1) at level n. We have
an(2") =2" —dm+1 b, (2" ) =2""2 — 2m,
thus a, (2"~ 1) =1 (mod 4) and if 2 < n < va(m) + 3,
A, 2" H>n  B,(2" ) =n-2

If n = 2, then the cycle (2"~ !) strongly grows. If n > 2, then the cycle (2"71)
strongly splits and B,, < min{A,,n}. By Proposition B., the lift of (2"~1) strongly
splits B, —1 = n — 3 times then all lifts strongly grow. Thus we will obtain the
part E; in Theorem [5.3.

If n > va(m) + 3,

A, 2" YY) =w(m)+2  B,(2"') =we(m) + 1.

Hence, the cycle (2"~ 1!) strongly splits and B,, < min{A,,n}. By Proposition @,
the lift of (2"~ 1) strongly splits B,, — 1 = va(m) times then all lifts strongly grow.
Hence we have the part Es.

Consider 4m + 2"~ + 2775 (n > va(m) + 3). Let s, = 4m +2"~1 (mod 2") and
0 < s, < 2™ We study the cycle (s,) at level n. We have

n\°on = 4
an(8n) =28, —4dm +1 b (sn) = w,

thus a,(sp) =1 (mod 4) and

Ap(sp) =v2(m) +2 B, (sn) = va(m) + 1.
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Hence, B,, < min{4,,n}. By Proposition @, the cycle (s;,) strongly splits and
the lift of (s,) strongly splits B, — 1 = va(m) times then all lifts strongly grow.
Therefore, we have the part E3. This completes the proof. Il

Proof of Theorem [6.4. Let f(z) = 22 + (=1 — 4m)z with vo(m) € 1 + 2N. We
see that there are two fixed points 0 and 4m + 2, and 1 4 2Z is mapped into 2Z,.

Since 0 and 4m + 2 are two fixed points, there are cycles (0) and (¢,) at each
level, where t,, = 4m + 2 (mod 2") and 0 < t,, < 2". Consider the cycles (0) and
(tn—2) at level n — 2. By studying the a,_2,b,—2 of these two cycles, we know
that they weakly split. By Proposition E, after splitting, half of lifts weakly grow.
Thus we will obtain two 2-cycles: (272,272 + 277 1) and (s, sn, + 2" 1) at level
n, where s, = 4m + 2+ 2""2 (mod 2"~ 1) and 0 < s,, < 2771,

For each n > 4, we study the cycle (s,, s, +2""1) at level n. We have

Sn

an(sn) =8 (4 (?)3 —3(4m+1) (%”)2 +m(dm + 1)s, + 2m?* + m) +1

1

thus a,(s,) =1 (mod 4) and

Sn(8, — 4m — 2)(s2 — 4ms, — 4m),

An(sn) =3 B, (s,) = 1.

Hence, the cycle (s, s, + 2"~ 1) strongly splits and B,, < min{A,,n}. Therefore,
by Proposition B.d, the lift of (s, s, + 2"~') strongly splits B, —1 =1-1=10
times then all lifts strongly grow. Thus we obtain E; in Theorem @

Now we study the cycle (272,272 4 27=1) at level n > 4. We have

an(2"7?) = 25772 — 3(4m + 1)22" 73 £ m(dm + 1)2" T + 16m? + 8m + 1
bn(272) = 2(2"73 — 2m — 1)(22" 7% — m2" 7% — m).
Thus a,(2"~2) = 1 (mod 4) and for each n > |20 | 4 3,
A,(2" ) =we(m) +3  Bn(2"?%) = va(m) + 1.

Hence, the cycle (272,272 + 27~1) strongly splits and B,, < min{A,,n}. There-
fore, by Proposition B.2, the lift of (2772,27=2 + 2n~1) strongly splits B, — 1 =
va(m) + 1 —1 =wvy(m) times then all lifts strongly grow. Thus we have Ej.

For each 4 <n < L#J +3,

A, (2" =2n-3  B,(2" % =2n-5.

Hence, if n > 4, then the cycle (272,272 4+27~1) strongly splits and 4,, > B,, > n.
Therefore, the lift of (2772 ,2"~2 4 2"~1) strongly splits at least n — 1 times. But
except this we do not obtain any further more information. Thus Proposition @
is not sufficient for us. Now we do some calculations directly.

For any point 272 +¢2"~1 € 27=2 4+ 2"~17Z, with t € Zy, we have

At enh) —(2n? e =2n (1 1 2t) - O, (6-1)
where

©:=(2" 42" 7 —2m—1) (2" + 2" ) —m(2"* + 12" 1) —m).
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Since 4 <n < L%J + 3, we have v2(0) = 2n — 6, and

Rt @20+ 2" = 0 (mod 2°770)
# 0 (mod 23"7%)

Thus the cycles grow at level 3n — 5. By Corollary @, the cycles grow always.
Therefore we obtain the part Es which completes the proof. (I

Proof of Theorem [6.4. Let f(x) = 2% + (—1 — 4m)z with vy(m) € 2N*. We sce
that there are two fixed points 0 and 4m + 2, and 1 4 2Z is mapped into 2Zs.

As the proof of Theorem [p.4, we study two 2-cycles: (272,272 4 2n=1) and
(Sny 5n+2"71) at level n, where s, = 4m+2+2""2 (mod 2" 1) and 0 < 5, < 2771,
The existence of E1, Fs, E3 are the same as that of Theorem .

Consider 2772 + 27717, with n = w + 3. We are going to study the cycle
(2772 2772 4 27=1) at level n. We study the points 2772 +¢2"~1 € 2n=2 4 2n=17,,
with ¢t € Zy. With the same calculation in the proof of Theorem @, we have
the same equation (@) To continue the proof, we will distinguish two cases:
va(m) = 2 and va(m) > 4.

If va(m) = 2, then n = va(m)/2+ 3 =4 and

O = (4t —2m + 1)[(4 — m) + 16(¢ + %) — 4m(1 + 2t)].
Thus if va(m — 4) = 3, then v3(©) = 3 and

PR 4 2n ) — (272 1277 = 0 (mod 28)
# 0 (mod 2%).
If va(m —4) > 5, then v2(0) = 4 and
AP 4en ) —2n 2 42" = 0 (mod 2°)
# 0 (mod 2'9).

Hence we will obtain (1) and (2) of Theorem [.5|

Since f2(z) —x = x(x — 4m — 2)(2? — 4mx — 4m), f has 2-periodic orbit if and
only if 22 — 4mx — 4m = 0 has solutions different to 0 and 4m + 2 in Z,. But
2% — 4mzx — 4mz = 0 has solution 0 or 4m + 2 only if m = 0 or m = —1. Thus
for the case va(m) € N*, f has 2-periodic orbit if and if only A:= 16m? + 16m has
square roots in Zs. By the standard argument in number theory (see @], p.18),
this is equivalent to 272(™m(m + 1) = 1 (mod 8). By some basic calculations it
is then equivalent to va(m — 4) = 4. This is nothing but the rest case we need to
study. Thus for ve(m — 4) = 4, there exists a 2-periodic orbit.

From the equation 22 — 4ma — 4m = 0, the periodic point can be written as

o [m m(m + 1) o [m m(m + 1)
“4(3* f) “4(5 f)

Recall that we are concerned with 2"=2 + 2"~1Z, (n = 4) which is the union of
two balls 2772 + 2"Zy and 272 + 27~ ! 4 277, and we are studying the cycle
(2n=2 2772 4 27=1) at level n = 4. Thus we have r; = 4 (mod 16) and x5y =
12 (mod 16).

For each k > 5, we consider the union of the two balls (z; + 28=! + 2¥Z,) U
(g + 281 + 28Z,). We study the cycle (s, s2) where s; = 21 + 2871 (mod 2%),
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53 = x9 + 271 (mod 2F) and 0 < sy, 89 < 2%, For every point z; + 2F~1 4 ¢2F ¢
x4+ 2P 4 287, (t € Zy), we have

2y + 2871 2k — (zy + 2871 - 12F)

6-2
—93 (% 4 k-3 +t2k—2) (% L ok=2 L yok—1 _gp 1) ., (6-2)

where
@ =22, (2871 4 12F) 4 (28T 4 12R)2 —am(2F! 4128,
Here we have used the property that z; is a solution of the equation 2% — 4ma —
4m = 0.
Since va(m) = 2 and v (z1) = 2, we get va(P) = k + 2. Thus
2y + 287 1 2F) — (zp + 2871 4 12F) = 0 (mod 2FP)
Z# 0 (mod 2F+6).
Hence we have (3).
Now we are left to treat the case va(m) > 4. In this case the equation 2% —
4max — 4m = 0 admits solutions if and only if vo(m — 2920™)) > vy(m) + 3.
We still consider 2" ~24-2"~1Z, with n = 2 (27") +3. If vg(m—2"20") < vy(m)+3,
then v9(0) = va(m — 2v2(™)) and for any t € Zs
£ 2 panly - (2n2 1 gonml) = (mod 202024y
2 0 (mod 2v2(m=2"")nt2)

Then we will obtain (4
If vy (m — 2v2(M)) >

vo (m) v (m
) = 2%"'1 <2_QT)m + \/2*”2(m)m(m + 1)> ,

Ty = 925 +1 <2 2 \/2*”2(m)m(m + 1)> .

For each k > 20" 14 we consider (2] + 251 +252Z5) U (2 + 251 +2¥Z5). For
every point 2 +28~ 14128 € 21428714257, (t € Zy), we have the same calculation
as (6-9). Since k > ”ng) +4 and va(z)) = v2(2m) +1, we get v (G- +2F 73 +42872) =
w — 2 and v (®) = UZ(Qm) + k. Thus

Py +2" k) — (@) 28 +2F) = 0 (mod 2020 R
Z£ 0 (mod 2v2(m)Tk+2),

)-

2(m) +3, then 2"=2 4 2"~17, consists of a 2-periodic orbit:

Hence we have (5). This completes the proof. ([
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