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Abstract

We are interested in a nonlocal conservation law which dessithe morphodynamics of sand
dunes sheared by a fluid flow, recently proposed by Andrew @ldfaand studied by[[l[l 2]. We
prove that constant solutions of Fowler’'s equation are limgarly unstable. We also illustrate this
fact using a finite difference scheme.
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1 Introduction

Partial Differential Equations with nonlocal or fractidraperators are widely used to model scientific
problems in mechanics, physics, signal processing and stigects, see for examplg [3] and references
therein. We consider in this paper a nonlocal conservationwhich appears in the formation and
dynamics of sand structures such as dunes and rigplgg [Namjely, Fowler ([7[]8[]9]) introduced the
following equation

2

{&gu(t, )+ 0, <%> (t,2) + T[ult, V](z) — 2 ult,a) =0 te (0,T),z R,
u(0,z) = up(z) z € R,

(1)

whereu = u(t, r) represents the dune height, € L?(R) is an initial condition,T" is any given positive
time andZ is a nonlocal operator defined as follows: for any Schwartction ¢ € S(R) and any
z € R,

+oo 1
Tlp)(x) = /0 ¢3¢ (@ — ¢)dc. @)

Equation [[1) is valid for a river flow over an erodible bottartt, ) with slow variation. The nonlocal
term appears after a subtle modeling of the basal sheas sfrass operator appears also in the work of
Kouakou & Lagrée[[Ad, 11].

The nonlocal tern¥ can be seen as a fractional power of orglés of the Laplacian with the bad sign.
Indeed, it has been provefg [1]

F (Zle] — ¢") (&) = ¥z(§)F () 3)
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where , )
Vr(§) = 4m*E% — az|€|5 + i br€l¢)3, (4)

with az, by positive constants andl denotes the Fourier transform. One simple way to estatiisHact
is the derivation of a new formula for the operafoffl]]

0

o +2) —p(x) — ¢'(x)2
BUE dz, 5)

Tl¢)(z) = Oz /

The operatgoﬁ [u] is a weighted mean of second derivatives.ofith the bad sign and has therefore an
anti-diffusive effect and creates instabilities which acatrolled by the diffusive operaterd?,. This
remarkable feature enabled to apply this model for signatgssing. Indeed, the diffusion is used to
reduce the noise whereas the nonlocal anti-diffusion id tsenhance the contrag} [3].

Remark 1. For causal functions (i.ep(x) = 0 for z < 0), this operator is up to multiplicative constant,
the Riemann-Liouville fractional derivative operator whiis defined as follows$ [1L2]

1 400 QDN(SU B 5) B d—2/3 . B d4/3
I'(2/3) /0 £1/3 dé = dr—2/3% (z) = W‘P(fﬂ), (6)

wherel” denotes the Euler function.

Recently, some results regarding this equation have betmed, namely, existence of travelling-
wavesu,(t,x) = ¢(z — ct) whereg € C}(R) andc € R represents wave velocity, the global well-
posedness fof2-initial data, the failure of the maximum principle, the &bdén-time well-posedness in
a subspace of} [fl, B] and the global well-posedness inLa-neighbourhood of’}, solving namely
for u = ug + v, with v € L%(R) [d]. For this purpose, the following Cauchy problem solveitine
perturbationv has been considered:

{&gv(t,x) + 3;6(% +ugv)(t,z) + Z[v(t, )] (z) — O2v(t,z) =0 t e (0,T),z €R,
(7
v(0,2) = vo(x) z €R,

wherevg € L?(R) is an initial perturbation and is any given positive time.

Let us note also that any constant is solution of the Fowlaaggn. We shall prove below that these
solutions are unstable.
To prove that a solution, is unstable whew is constant, we introduce the notionrofld solution(see
Definition [1) based on Duhamel's formulg (8). We also give saramerical results that illustrate this
fact.

The remaining of this paper is organized as follows: in thd section, we define the notion of mild
solution and we give some results. Secfipn 3 contains thef pfahe instability. We introduce in section
A an explicit finite difference scheme for which we give nuicedrsimulations to illustrate the theory of
the previous section.



2 Duhamel formula and some results

Definition 1. Letu, be a constant” > 0 andvy € L*(R). We say that € L>((0,T); L*(R)) is a
mild solution to ([f) if for anyt € (0, 7)),

v(t,z) = K(t,) *vo(x / O, K (t < ) (s, )(x)ds (8)
whereK (t,z) = F~1 (e~t%z()) (z) is the kernel of the operat& — 92, + u0, and ¢z (£) = 4r?¢2 —
az|€]s + i br€l€s + i 2muyk.

The expression[|(8) is the Duhamel formula and is obtainengusie spatial Fourier transform. The
use of this formula allows to prove the local-in-time exigte with the help of the contracting fixed point
theorem. The global existence is obtained thank&’a priori estimate. We refer t¢][[} 4] for the proof.

Lemma 1. Lett > 0. Then, 0, K (t,-) € L?(R) and satisfies
102K (8, |2y < € (74 + e, ©
whereC' is a positive constant independenttof
Proof. By Plancherel formula, we have
10K () [F2my = IF (oK (t)) T2y = 1€ = 2imée™ 70|24
_ 2/+oo o §2 o9t 4ﬂ2§2_a154/3) d§.
0
Let&y > 0 such that for alt > &,
477252 _ GI§4/3 > {:2.
Then, if we denote byt = — min Re(¢7) (see Figur¢]2), we have

13 +
0K gy < 872 [ et ge gt [ gremmint st g
0 &o

2 0 2 2ta 2 e 2 _—2t£?
87 £ dE + 8 e dg,
0 0

& 4772—32/+002—2
< grPlee Ty e~ de,
< 3 7 ; 3 3

< C (t’3/2 + e20‘t) ,

IN

which completes the proof of this lemma. |

Remark 2. Using again Plancherel formula, we have for any initial datawith values inL?(R), the
following L2-estimate [JL]:

lo(t, lzz) < elvollz2(w)-



3 Instability

In this section, we give the proof of the instability.

Let us first note that a fundamental property of the kerkids the non-positivity [[L], see Figufg 1.
This feature enabled to prove the failure of the maximumgipie. We use again this property to show
that the constant solutions of the Fowler equation are blesta
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Figure 1: Evolution of the kernék for ¢t = 0.1 andt = 0.5 s

Theorem 1. Any constant solution of the Fowler equation is unstable, i.€c > 0,V > 0,3vy €
L*(R) aninitial data with ||vo|| 2ry < & and to > 0 such that||v(to,)||2®) > €, wherev(t, -) is
the solution of([d) with v(0, -) = .

Proof. We adapt the strategy used by De BouardJin [6], making it mtE@entary in our setting.
We denote by5(¢) the linear semigroup associated with equati$n (7)3.&)w = K(t,-) x w. Hence,
we have

1 [t
T(t)vg :=v(t, ) = S(t)vo — 3 /0 0K (t — s,-) % v%(s, ) ds, (10)

whereT denotes the nonlinear semigroup associated with equéifjon (
First, by Young inequality, Lemmid 1 and Rem@k 2, we have

1 t
1T (t)vo — S(t)vollr2w) < —/ 10:K (¢ = 5, ) [ 2@y l[0(5, )72 (my ds,

_/ 3/4 +ea(t—8)} 62043”,00”%2(R) ds,
< b(t)|lvol 12 k) (11)

IN

whereb(t) = Se?t(4t1/* + Leoty > 0 forall ¢ € (0,7).
Hence, we obtain foty > 0 fixed,

[T (to)vo — S(to)vol| < bollvol| 72wy, (12)

whereby = b(tp).
Assume now that the constamy is a stable solution of the Fowler equation i.e,

Ve > 0,31 >0, ||voll <n = [l 2w <,
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for all positivet. Let then
eo — 1

16by
and lety > 0 be such thaljvo|[z2®) < 7 = [[v(t,-)|| < €, for all positivet.
Let N be an integer large enough such that

O<e<

ato

1
b (13)
Let us now consider the following initial datay = dwg, whereF(wgy) = \/;Tcl[cvd]’ with0 < ¢ < d
satisfying (see Figurf 2):
e Re(¢z) (c) <Re(¢z)(d) = -8 <0,
o for all 5 € [C’ d]’ Re(qbl') (5) < —ﬁ’
e f=a—~ywhered < v < %
And ¢ is defined as
§ — e—aNto e —1 (14)
—° 4bo
The shape ofyg is given by
in(4=¢ . c .
wole) = ] 2TF T i o,
vd—c | d—c otherwise.

It follows from (@3) and [T¥) that|vo|| 2r) = 6 < 7, and thus for this initial data, we get that

o Y m o5
9
Figure 2: Behaviour of Rey7)

l[v(t, )||2m) < eforallz > 0.

Forn € {0,---, N}, we have
n—1
v(ntg) = S(nto)vo+ » S ((n—1—k)to) [v((k + 1)to) — S(to)v(kto)] ,
k=0
n—1
= S(nto)vo + »_ S ((n—1—=k)to) [T (to)v(kto) — S(to)v(kto)] .
k=0



Hence, we get using ([L2) and thé-estimate given in Remafk 2

n—1
[v(nto) — S(nto)vollL2®) < e F=U| |y ((k + 1)to) — S(to)v(kto)|| r2(r)
k=0
n—1
< ZBato(nfkfl)bd|U(kt0)||%2(R),
k=0
n—1
< eato(n—k—l)bertho ‘ ’UO‘ ’%Q(R
k=0
omto -1
— 62b eato(n 1)
exo — 17’
0
S Zeaton.
Moreover, by Plancherel formula, we have
1St voll72@) = [1K(t) *vollfo@ = |IFE(E,) *Uo)||L2(R
= [ IFEE©OF w0 P

—C

= / dé—e_Qt Ra¢z)(§)d§7

> e ||vollF2g)-

We finally infer that

[v(Nto)llzz@wy = [IS(Nto)vollr2mw) — [[v(Nto) — S(Nto)vol|r2(w),
> 5eﬂNto o éeatoN7
eato -1
160y~

which gives us a contradiction and completes the proof sfttieorem.
[

Remark 3. We can give a physical interpretation of this result: a fladfde u, = constant is unstable
under the morphodynamics described by the Fowler model.

4 Numerical simulations

The spatial discretization is given by a set of pointsj = 1, ..., N and the discretization in time is
represented by a sequence of timés= 0 < ... < t" < ... < T. For the sake of simplicity we will
assume constant step sizeanddt in space and time, respectively. The discrete solution airat pvill
be represented hy; ~ u(t", z;). The schemes consist in computing approximate vaitjesf solution
to @) on[ndt, (n + 1)5t[ [70z, (j + 1)dz] for n € Nandj € N thanks to the following relation:

u W) = (W)t — 22U+ U
J J +_( J) ( J—l) _ g+l J J—1 + Ty [u]; =0, (15)
ot 2 dx dx? 3



whereZs, is the discretization of the nonlocal teffn We use a basic quadrature rule to approximate
given by (b)

+oo
Lsolg]j = da~*/3 Z Y3 (011 — 2051 + 0j_11) - (16)

=1
Let us note that for compactly supported initial datum the $s1a finite sum. In this section, we want
to simulate the instability stated previously. To this aima must be careful to distinguish between the
instability which stems from the model and numerical in8itéds, which could be caused by a careless
discretization.
The numerical stability ensures that the difference betvike approximate solution and the exact solu-
tion remains bounded for increasindpr dx, ot given.

As noticed, the Fowler model amplifies slowly the low freqeies whereas the high frequencies are
quickly dampened. Thus, the classical notioestability (strong stability) and’-stability are not suit-
able nor desirable. A new definition of stability for this nebtias been considered [} [5] and numerical
stability criteria have been obtained.

In the following numerical test, we have to take care to ckaasanddt accurately following the
stability condition, seq]5]. We expose in Figiire B(a) theletion of an initial flat bottom disturbed by a
small bump for different times. As we can see the perturbatieates small ripples that grow with time
without bound. This result proves that the perturbed smtugioes away from the non-perturbed solution.
This illustrates the instability of constant solutions floe Fowler model[{1). Figurde 3{b) shows the log-
plot for the L2-norm evolution of this perturbed bottom, which confirmsvhaédity of the estimate given
in RemarKp.
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Figure 3: Evolution of a flat bottom disturbed by a small bump.

5 Acknowledgements

We thank Pascal Azerad and Clement Gallo for helpful comimérhe author is supported by the ANR
MATHOCEAN ANR-08-BLAN-0301-02



References

[1]

[2]

Alibaud N.; Azerad P.; D.Isebe "A non-monotone nonlocahservation law for dune morphody-
namics ", Differential and Integral Equatiord3 (2010), pp. 155-188.

Alvarez-Samaniego B.; Azerad P. "Existence of travejlwave and local well-posedness of the
Fowler equation ”, Disc. Cont. Dyn. Syst., Ser.,(2009), pp. 671-692.

[3] AzErRAD P, BOUHARGUANE A. ; CrRoOUzZET J.-F., Simultaneous denois-

[4]

ing and enhancement of signals by a fractal conservation , layreprint:
http://arxiv4.library.cornell.edu/abs/1004.5193

BOUHARGUANE A. , Global well-posedness and instability of a nonlocal coveségon law, in
preparation.

[5] AzERAD P.; BOUHARGUANE A. , Finite difference schemes for a nonlocal conservation law

[6]

[7]

(8]

[9]

preparation.

DE BOUARD A., Instability of stationary bubblesSIAM J.Math Anal.,26 no. 3 (1995), pp. 566-
582.

FowLER A.C., Dunes and drumlins GEOMORPHOLOGICAL FLUID MECHANICS EDS. A.
PROVENZALE AND N. BALMFORTH, SPRINGERVERLAG, BERLIN, 211(2001),Pr 430-454.

FOwLER A.C., Evolution equations for dunes and drumlilRev. R. ACAD. DE CIEN, SERIE A.
MAT, 96 (3)(2002),Pr 377-387.

FOWLER A.C, Mathematics and the environment LECTURE NOTES
HTTP// WWR®R MATHS OX AC. UK~ FOWLERCOURSESBMATHENVOHTML

[10] Kouakou K.K.J.; LAGRA@E P-Y, Evolution of a model dune in a shear flpeguRr. J. MECH.

B FLUIDS, 25N0. 3 (2006),PP348-359.

[11] LAGREE P-Y; Kouakou K. , Stability of an erodible bed in various shear flQESJROPEAN

PHYSICAL JOURNAL B - CONDENSED MATTER VOL. 47 (2005),PP115-125.

[12] PoDLUBNY ., Anintroduction to fractional derivatives, fractional iifential equations, to meth-

ods of their solution and some of their application8lATHEMATICS IN SCIENCE AND ENGI-
NEERING, 198 ACADEMIC PRESS SAN DIEGO, (1999).



