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SPECTRAL TRIPLES FOR FINITELY GENERATED
GROUPS
INDEX 0

SEBASTIEN PALCOUX

ABSTRACT. Using Cayley graphs and Clifford algebras, we are able to
give, for every finitely generated groups, a uniform construction of spec-
tral triples with a generically non-trivial phase for the Dirac operator.
Unfortunatly it’s index 0, but we are naturally led to an interesting
classification of finitely generated groups into three types.
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1. INTRODUCTION

In this paper, we define spectral triples for every finitely generated groups
such that the phase of the Dirac operator is generically non-trivial but un-
fortunatly of index 0. We use Clifford algebra and topics in geometric group
theory (see [B]) as the Cayley graph. We start giving a first construction
running for a particular class of group called C; then for the general case,
we homogenize the construction. The idea is that the more we need to ho-
mogenize, the more it increases the chances that the Dirac phase is trivial.
We are then led to classify the finitely generated groups into three types
Ap, Ay and A; according to the need of homogenization; C is a particular
class of type Ajg.
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2 S. PALCOUX

2. BASIC DEFINITIONS

Definition 2.1. A spectral triple (A, H, D) is given by a unital x-algebra A
representated on the Hilbert space H, and an unbounded operator D, called
the Dirac operator, such that:

(1) D is self-adjoint.
(2) (D*+1)~1 is compact.
(3) {a€ A | [D,a] € B(H)} is dense in A.

See the article [ of G. Skandalis, dedicated to A. Connes and spectral triple.

Definition 2.2. A group I' is finitely generated if it exists a finite gener-
ating set S C I'. We always take S equals to S~ and the identity element
egS.

We can also defined a group by generators and relations: I' = (S | R).

3. GEOMETRIC CONSTRUCTION

Definition 3.1. Let ¢ : I' — N be the word length related to S. Let G be
the Cayley graph with the distance d(g,h) = £(gh™'), see [].

Definition 3.2. Letp : T' — N with p(g) the number of geodesic paths from
g to the identity element e, on the Cayley graph G.

Definition 3.3. Let ps : I' — N with ps(g) the number of geodesic paths
from g to e, starting by s € S. Then ESES Ps = P.

Remark 3.4. If ps(g) # 0 then ps(g) = p(gs).

Definition 3.5. Let (*(T') be the canonical Hilbert space of base (e,)ger
and let Oy (s € S) be the unbounded operator definited by:

_Ps(9) oy,
Os.6g = () l(g)ey,.

0s 1s a diagonal positive operator, so i = 05 and 0s0y = Oy Os.

Example 3.6. Let ' =72, S = {a,a ',b,b7'}, R = {aba"'b"'}.
Let g = a™b™ = (n,m) with n,m € N, then {(g) = n+m, p(g) = CV

n+m?’
n— m— Czimf
pafl(g) - Cn-{—;m—l ) pbfl(g) = Cn—l—ni—h and so ﬁ(n + m) =n.
Let 01 = 0,-1 and Oy = Oy-1, then:
81€(n7m) = ne(mm) and 82€(n7m) = me(mm),

as for the canonical derivations !

Example 3.7. Let T =F,, S ={a,a ,b0,b7'}, R=0. Let g € Fy, g # e,
then p(g) =1, let s € S with ps(g) = 1, then Os.e; = {(g).e,.
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4. CLIFFORD ALGEBRA

We quickly recall here the notion of Clifford algebra, for a more detailed
exposition, see the course of A. Wassermann [[f.

Definition 4.1. Let A(R%) be the exterior algebra equals to 3% A*(R?),
with 2d = card(S) and A°(R?) = RQ. We called Q the vacuum vector.
Recall that vi A vy = —vg A vy so that v Av = 0.

Definition 4.2. Let a, be the creation operator on A(R®) defined by:
ay(VI A AV) =0 AULA LAY and a,(Q) = v

Reminder 4.3. The dual a} is called the annihilation operator, then:

ay(vi A Av) =300 (1) (v, v)v0 A vimg A v A A, and
ay() =0

Reminder 4.4. Let ¢, = a, +a}, then ¢, = ¢ and c,¢y + cpCy = 2(v,w) 1.

Definition 4.5. The operators c, generate the Clifford algebra ClLf{R®).
Note that the operators c, are bounded and that CUff{R).Q = A(R%).

Remark 4.6. R® admits the orthonormal basis (vs)ses.
We will write ¢y instead of ¢,,, so that [cs,cy]+ = 20541.
5. CrLAss C AND DIRAC OPERATOR

Definition 5.1. Let H be the Hibert space A(R®)@¢*(T'), we define a self-
adjoint operator D on a dense domain of H by:

D:ch@)@s.

ses
Lemma 5.2. D> =1® (3, 40?).
Proof. D* = 2578,65 CsCer D0y = %Z(CSCS/+CSICS)®6868/ =I®(>.0%) O
Lemma 5.3. (D*+I)7! is compact.

Proof. First of all dim(A(R%)) = 2% < oo.

Next Y o p( 9 _ = 1, then it exists s, € S such that pszg) > 2_1d'
3 So l
Now 5 (o)1 > t(6) 22 > (40 -

Definition 5.4. Let C be the class of finitely generated group I' such that
it exists a finite generating set S C T (with S = S~ and e € S) such that
Vg e T, 3K, € Ry such that Vs € S and Vh € I' (with h # e):

|p5(gh) . ps(h)‘ < K,
plgh) — p(h) "~ £(h)
Examples 5.5. The class C is stable by direct or free product, it contains

7", F,, the finite groups, and probably every amenable or automatic groups
(containing the hyperbolic groups, see [B]).
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Warning 5.6. From now, the group I" is in the class C.
Definition 5.7. Let A= CT', acting on H by I ® u,, g €T
Proposition 5.8. {a € A | [D,a] € B(H)} is dense in A.

Proof. (D, 5.1) = . <zs€sw<gz>ps<;,g ) e
Now |£<gh>ps U — E(h)z;f((h))| > f(gh) z;;((jh I;,S((h | + W(gh) - £<h) pS( ))

< K + f( ) < K,(l(g) + 1)+ £(g). It’s bounded in h.

Now let v € A(R®) then it exists X € Cliff(R%) with v = X.
By linearity we can restrict to X = c,,...c;, withs; € Sandi # j = s; # s;.
Warning, the following commutant [., X| is a graded commutant:
D, 1u,)(0 @ en) = ([[D, uy)s X) + (~1)" XD, u))) (2@ en)
1D, ), X) = (1D, X, uy
D, X] = [ZSGSCS®887X] :Zses[csaX]®as
[cS,X] =23 (=1)M 0 5, Csp o Csy 1 Coioy e Cs,y Si 7 85 10 # j, then:
D, X] =3 X; ®0,, with X; = (—1)"2¢,...c5; ,Cs;,1---Cs,

1D, X] u,)(2 @ ex) = S[E(gh) 5 — LR 5GP 1XiQ ® egi.

Now X and X; are bounded; the result follows. O]

Proposition 5.9. D is a Fredholm operator of index 0.

tD2

Proposition 5.10. Fort > 0, the operator e™*~" 1is trass-class.

Theorem 5.11. (A, H, D) is an even 8-summable spectral triple and D is
index 0, but its phase is generically non trivial.

Proof. We use lemma p.3 and proposition p.§. The phase is generically
non-trivial, because it’s non-trivial for I' = Z? or Fs. O

6. HOMOGENIZATION AND GENERAL CASE

The class C doesn’t contain every finitely generated group, we have the
following non-automatic (see [J]) counterexample:

Counterexample 6.1. Baumslag-Solitar group B(2,1), S = {a,a™,b,b71},
R={a?ba b}, a®" =" ta?b!™, £(a®") = 2n with n > 1,

|pb(a.a2") pb(a2n)| B ‘2 2‘ 1

pla.a®)  p(a®)

It should rest to prove that such a failure is independant of the presenta-
tion...

Then, to obtain a construction in the general case, we need to operate a
little homogenization. Let I' = (S | R) be a finitely generated group.

Definition 6.2. Let B = {g € ' | ¢(g9) < n} the ball of radius n.
Definition 6.3. Let SE = {g € I | ¢(g9) = n} the sphere of radius n.
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Definition 6.4. Let u be the probability measure on I'defined by:

u(g) = (#(Sy)2@+1)-1

Definition 6.5. Let Er g be the set of smooth functions f : Ry — R with:
(1) F(0) =0, f >0, f'>0 and f" <0.

(2) A\f = lim,_oo(f'(2)) < 1.

(3) Vg €', 3K, € Ry such that Vs € S and Vh € T’ (wz’th h#e):

Y ps(ygh)  p(vgh) S ps (vh) K,

£(gh)) f(e | -~
]Bf(f(gh)) ’th ]Bf( o ]Bf(f(h)) ( ") ) E(h)

Remark 6.6. The condition (2) is well-defined because f' is decreasing and
manorated by 0, so convergent at infinity.

Remark 6.7. Let f € Er g, if 3o > 0 with f(a) =0 then f = 0.
Lemma 6.8. Er g is non empty.

Proof. We will show that f(z) = x +loga(x + 1) defines a fonction in Er g.

First 10f all B1092(5(9)) C (BIJ:(K(Q))-Q), then N(]BIJ:(E(Q))-Q) > M(Blom(f(g))) >
1— L
g)

(gh ih
W(gh)) vgh Bf( @h) gn) enli p(vh) w(BLE p)

s(ygh)
(/B ghy = 1) Y E “"h (r9h) 1+
veBL¢h) r(vg

h)
1 ]B Fe(h)) h ps (7
1/ Z pr) h)l

ps(vgh) vgh ps
HoY vh)| <

h
yeB!(Eah) r(vg Bf(é(h)) )

ps(ygh ps(vh
1egh) + 1/ +] Y ﬁmgh)— > 20
EF\Bf(Z(gh)) p ’yg ’“/GF\]Bf(Z(h))

ps(y Ps vh
Z vgh Z

7€F veF

< 2/(gh) +2/L(h) < 2/(€(g)é(h) + £(h)) + 2/E(h) =
The others conditions for f to be in Er g are evidents. OJ

Remark 6.9. The class C is the class of group I for which 3S with 0 €
Ers.

We are led to a classification of finitely generated groups into three types:
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Definition 6.10. Let A\r := minscrmingecp. Ay, with S and Ay as previ-
ouly. By definition A\r € [0, 1] then:

Ay: T is a type Ay group if A\p =0 and 3f with Ay = 0.

A,: T s a type Ay group if it is not Ag and 0 < A\p < 1.

Aq: T is atype Ay group if \p =1 .

Definition 6.11. Let Al be the subclass of type Ay groups with A\p = 0.

Remark 6.12. Every groups of the class C (as Z", F™ etc...) are of type
Ay.

Conjecture 6.13. Every Baumslag-Solitar groups B(n,m) are of type Ay.
Problem 6.14. Ezistence of type Ay, Ay or Ay groups.

Definition 6.15. LetI' = (S| R) be a finitely generated group, let f € Er g
be a function with (almost) minimal growth, we define D as D using:

ps wg 1(vg)
2 (BLED). J(g)es-

T 9)
er(@(q))

Remark 6.16. For the class C, we can take f =0 and so D =D.

Theorem 6.17. (A, H, D) is an even 6-summable spectral triple and D is
index 0, but its phase is generically non trivial.

Proof. The proof runs exactly as for theorem p.11]. O

Definition 6.18. Let C* be the class of groups T' such that VS, Vf € Er.g,
the phase of D s always trivial.

Problem 6.19. Eristence of groups of class C*.
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