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Structural optimization of thin elastic plates:
the three dimensional approach
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 Institut IMATH, Université du Sud- Toulon -Var, +83957 La Garde, Cedex (France)

f Dipartimento di Matematica — Politecnico, Piazza L. da Vinci, 20133 Milano (Italy)

Abstract

The natural way to find the most compliant design of an elastic plate, is to consider the
three-dimensional elastic structures which minimize the work of the loading term, and pass to
the limit when the thickness of the design region tends to zero. In this paper, we study the
asymptotic of such compliance problem, imposing that the volume fraction remains fixed. No
additional topological constraint is assumed on the admissible configurations. We determine
the limit problem in different equivalent formulations, and we provide a system of necessary
and sufficient optimality conditions. These results were announced in [18]. Furthermore, we
investigate the vanishing volume fraction limit, which turns out to be consistent with the results
in [16, 17]. Finally, some explicit computation of optimal plates are given.

1 Introduction

The simplest and most common way for designing elastic plates is to use plane layers with constant
thickness and made of a single material. But if one desires to improve the resistance-weight ratio,
the use of more sophisticated structures is requested. A first possibility is to allow for a varying
thickness. The search of optimal designs in this context has been the object of several studies.
Without any attempt of being complete, we refer to [4, 5, 8, 9, 10, 23, 24, 26, 32]. In these works it
is assumed that any section of the plate is a segment and that the thickness variations are smooth
enough for the classical dimension reduction analysis to be applied. Clearly more exotic and more
efficient structures can be designed if one refutes such restrictive geometrical assumptions. This is
what we do in this paper, where we only assume that the structure is made of a single material
lying in some subset of a thin layer. The total volume of the subset being fixed, we look for an
optimal design and we study its limit when the thickness of the layer tends to zero. Thus our study
is at the junction of two research directions: the so-called 3D-2D asymptotic analysis and shape
optimization. Before describing the novelty of our approach and results, let us give a brief recall on
these two topics and some related bibliography.

The compliance of a given amount of elastic material occupying a domain @ C R3, characterized
by a strain potential j, and subject to a given system of loads F' € H~1(Q;R3), is the opposite of
the total energy at equilibrium: the higher is this compliance, the smaller is the resistance of the



material to the load F'. More precisely, it is given by

Cj,r(2) :=sup {(F, U)ps — /

jle(w)dz : ue C°°(R3;R3)} . (1.1)
Q

Here and throughout the paper we adopt the framework of small-displacement hypothesis, so the
strain tensor e(u) of the displacement field u : @ — R? coincides with the symmetrical part of
its jacobian (in the sequel, for any vector field v : R® — R™, we set 2e(v) := Vv + (Vv)T). The
function j characterizes the material properties of the elastic body: we assume it to be a convex,
2-homogeneous and coercive function defined on the space ngxn?]’ of 3 x 3 symmetric tensors. In the
classical case of homogeneous linear elastic materials, it takes the form j(z) = A(tr(2))? + (1/2) |||
where A, p are called the Lamé coefficients of the material and ¢r(z) is the trace of the matrix z.

The existence of a solution 4 € H'(R3; R?) to problem (1.1) is ensured provided the load is balanced
(that is —(F,u) = 0 whenever e(u) = 0), and it is well-known that C; p(2) = —(F,u). A solution
exists as well in variants of problem (1.1) where some Dirichlet constraint is added on the admissible
functions w in a suitably large part of §; in these cases, the balance condition on the load is not
needed. Our results extend without difficulties to such variants, so we do not treat them in this

paper.

Background on 3D-2D reduction analysis. Since thin structures play an important role in mechanical
engineering, the asymptotic study of the compliance when the domain € is a cylinder Qs := D x
[—0/2,4d/2] of infinitesimal height d, has been the subject of numerous works. Clearly, a finite
value for the limit compliance can be expected only if the applied load is adapted to the thin design
region @Qs. If the spatial variable z € R? is identified with the couple (2, x3) € R? x R, the usual
scaling adopted for elastic plates undergoing small deformations is

/o s—1 /o os—1
Fo(z) = (Fl(””:/‘% “’”3),F2(5”i/‘% $3),\/5F3(3:/,513:3)> . (1.2)

This scaling ensures that, as § — 0, membrane and bending energies will remain finite and with the
same magnitude order. Then it turns out that the limit of C; ys(Qs) as § — 0 can be written in
terms of descriptors depending only on the 2D transverse spatial variables z’. Indeed, as § — 0, the
displacement field u takes the special structure of a Kirchoff-Love displacement, that is it belongs
to the space

Hip(Q;R?) = {ue HY(Q;R?) : e(u) =0, i=1,2,3}. (1.3)

As well known, any u € Hk;(Q;R?) can be written as
Ua(z) = vo(2') — — (2" )3 , ug(z) = va(a') (1.4)

for some v, € HY(D) (o = 1,2) and v3 € H?(D). These are the above mentioned 2D descriptors,
and in terms of their derivatives the nonvanishing part of the symmetric gradient of u can be
expressed as

eap(u) = e(vy,v2) — 13V303 (1.5)

(here and below the greek symbols «, 5 are used for indices running in {1,2}). The representation
(1.4) of the limit strain is the key point of the well-established theory of elastic plates for homo-
geneous materials (see for instance [19, 20]). It remains true in the non-homogenous case provided
the stiffness tensor remains lower bounded over all the domain Q. In presence of voids (that is €2



is a proper subset of the thin cylinder), this result remains true only on very specific geometric
restrictions [19, 26].

Background on shape optimization. A fundamental request for engineers is to have at their disposal
the lightest possible structures which can resist to a given load. Then one looks for domains 2 which,
for a given compliance, have the smallest possible volume, or equivalently for domains which, for
a given volume, minimize the compliance. In general an additional geometric constraint is set by
imposing that the admissible domains €2 are contained into some fixed compact subset @), called the
design region. Thus the shape optimization problem reads:

inf {cj,F(Q) L QCQ, |9 :m}. (1.6)

In most cases such a problem is ill-posed. Indeed minimizing sequences of domains €2, tend to
become more and more intricate structures consisting of a fine mixture of voids and elastic material:
the characteristic functions of ,, converge to a function 6 with values in [0, 1], and no optimal shape
exists as soon as intermediate values 6(x) € (0,1) are attained. Here relaxation theory comes into
play: by allowing such intermediate values, the new unknown becomes the local material density
and the new task is finding the variational problem solved by 6. A first guess in this direction (usually
called fictitious materials approach) consists simply in replacing in (1.1) the characteristic function
of 2 by the varying density §. We adopt the notation @-7 (@) for the corresponding generalized
compliance, which is given by

5]‘7F((9) = sup {(F, U)p3 — /j(e(u)) O(x)dr : ue€ COO(Q;R?’)}. (1.7)

The problem of optimizing, under an integral constraint on 6, the convex functional 6 — (~Zj7 r(0) is
well-posed. But unfortunately homogenization theory teach us that the compliance of minimizing
sequences {2, for problem (1.1) converge to a more complex limit compliance, which is obtained by
replacing in (1.7) j(e(u)) 0(z) by a strictly smaller effective integrand j°(0(z), e(u)). The explicit
computation of 5 (6, -) is a challenging and partially open problem. Some characterization has been
given in [1, 3] by modelling the void region as artificially filled with a soft material of infinitesimal
stiffness.

Setting of the problem: shape optimization in thinning domains. The aim of this paper is to study
the asymptotics of the optimal shape problem when the design region is the flattening cylinder
Qs = D x [-§/2,6/2], with § — 0. In this limit process, the load will be rescaled as in (1.2).
Obviously, also the volume constraint for the optimal shape problem (1.6) has to be adapted to
the thin design region: we assume that the volume fraction 7 € [0,1] is fixed, thus we impose
Q] = 7]Qs] = 7. Summarizing we are interested in the asymptotics, as § tends to zero, of the
following optimization problem

0 (7)== inf{Cj7F5(Q) L QCQs, |0 :Ta} . (1.8)

It is convenient to remark that the volume constraint on the admissible sets in (1.8) can be dropped
by enclosing in the cost a volume penalization through a Lagrange multiplier. For a fixed k£ € R,
we set

k
@ p(k) = inf { € s (@) + 510] + 2C Qs - (1.9)

Indeed, as it will be shown later, the asymptotics of problem (1.8) can be easily deduced once the
asymptotics of (1.9) is known.



Previous contributions on the problem. As mentioned at the beginning of the paper, the most sig-
nificant contributions recently appeared on optimization of thin plates concern the case of plates
with varying thickness: in this framework, problem (1.8) is studied under the additional constraint
that admissible domains Q are of the form {|z3| < dh(2’)}. As § — 0, this leads to a variational
problem where the unknown profile function h appears with a cubic dependence and whose relax-
ation has been efficiently treated through the use of Young measures [29]. The papers [17, 18] are
first tries to get rid of topological constraints. In particular, [17] deals with the asymptotics of
problem (1.6) when the total volume of the material is firstly sent to zero, and then the 3D-2D
limit is performed. The outcoming model involves material distributions represented by possibly
concentrated measures, and the optimal configurations are shown to be related with a simple linear
Hessian-constrained problem, of the type considered in [16, 27]. As we shall see, this model can be
recovered within the approach of the present paper, in the special situation when the filling ratio 7
in (1.8) becomes infinitesimal (or equivalently when the parameter k in (1.9) goes to 400).

Synopsis of the results and comments. We prove that, for every fixed k € R, the limit as § — 0 of
(bi (k) is given by

(k) = inf { clim(g) + k /

Odr : € L™(Q; [0,1])},
Q

where the limit compliance ¢"™(6) is the convez functional
cl"™(9) = sup {(F, U) g3 — /Qf(eag(u)) Odr : ue€ H%L(Q;Rg)} .

Here Q = D x [—1/2,1/2], j is the 2D-energy density in the plane stress case, and Hx; (Q;R3) is
the space of Kirkhoff-Love displacements defined in (1.3). Representing the competitors u in terms
of 2D-descriptors v as in (1.4), the computation of ¢(k) reduces to solving a very simple inf-sup
problem:

1/2
inf I3 — j — 23V2u03) — k| 0dx : v, € HY(D) , v3 € H*(D) p,
eeLwl?Q;[o,ﬂ)Sup {< IR /D /_1/2 [j(e(vhw) =5V vs) } S (D), s (D)

where F is a suitable 2D-average load. By this way, the initial nonconvex problem becomes in the
limit a classical saddle problem for a convex-concave Lagrangian. It is then straightforward that
a saddle point (,7) exists, and one is allowed to exchange the supremum in v and the infimum
in §. Tt follows that the optimal density 6(a’,-) is uniquely determined, for all ' € D such that
V2u3(z') # 0, as the characteristic function of the set

{mg € [-1/2,1/2] : F(e(@1,72) — 23V2T3) > k:} .

The rather unexpected consequence is that no homogenization region appears in the limit optimal
shape: in bending regime (that is when V?v3(z’) # 0 on D), the optimal material distribution
is simply made by two layers concentrated along the top and bottom faces of the design region.
The thickness of these two layers is not constant and depends on the applied load through the
optimal displacement configuration v. The efficiency of concentrating the material on the top and
bottom faces in order to design plates with the best resistance to bending is well known in applied
mechanics: sandwich structures are commonly used, as well as “I” or “T” structures in case of



bending rods (see for instance [30]). The more suprising feature is that, in the mathematical limit
as 0 — 0, these top and bottom layers are not connected. A more detailed discussion of this point
is postponed to the last section of the paper.

Outline of the paper. The paper is organized as follows.
In Section 2 we state and prove the main convergence results to the limit compliance problem.

In Section 3 we present a saddle approach, in which the limit problem is reformulated in terms of
Kirchoff-Love fields, or associated 2D descriptors.

In Section 4 we present a duality approach, in which the limit problem is reformulated in terms of
3D or 2D stress tensors.

In Section 5 we define optimal triples for the limit problem: they consist of a material distribution,
a Kirchoff-Love field, and a stress tensor, which are optimal for the different formulations of the
limit problem given respectively in Section 2, Section 3, and Section 4. We are able to derive
the optimality conditions for such triples and to deduce qualitative properties of optimal material
distributions.

In Section 6 we focus attention on the asymptotic behaviour of the limit problem when the volume
fraction becomes infinitesimal.

In Section 7 we show how straightforward the results allow to find explicitly optimal mass distribu-
tions in concrete model situations, and we conclude with some perspectives.

2 Convergence to the limit compliance problem

For convenience, let uilas sum up the basic notation and assumptions, which have been partly already
introduced along Section 1 and will be kept throughout the paper without any further mention. Let
Q := D x I, where D is an open bounded connected subset of R?, and I := [~1/2,1/2]. We assume
with no loss of generality that || = 1, and we denote the spatial variable in R? by (z/,23) € R? x R.
We set Qs := D x 6] = D x [~/2,5/2], where § > 0 is an infinitesimal parameter. We assume
that the stored energy density j is a convex, 2-homogeneous, and coercive integrand, defined on the
space R3X3 of 3 x 3 symmetric tensors. We denote by j* the Fenchel conjugate of j:

Sym

7€) =sup {2 €~ j(2) : z€RYTY,

where - denotes the Euclidean scalar product. For any z € ngxnf, we denote by Epz € Rg’yﬁg the
matrix defined by (Eoz)i; = z;; if 1,7 < 3 and (Epz);3 =0 for ¢ = 1,2, 3.
Finally, we assume that the load F' = (F}, F», F3) acting on the material belongs to the space

H~1(Q;R?) and is “balanced”, namely
(F, u>R3 =0 whenever 2e(u) := Vu+ (Vu)T =0.

An additional condition on F' will be introduced later on (see (2.27)), in order to deal with arbitrarily
small volume fractions 7 € (0, 1].

Our goal is to determine, for fixed k € R and 7 € [0, 1], the asymptotic behaviour as 6 — 0 of the
problems introduced in (1.8) and (1.9). We proceed as follows.

After rescaling the problems under study on the fixed domain @ (subsection 2.1), we study the
asymptotic behaviour of the corresponding problems for fictitious materials (subsection 2.2). In



subsection 2.3 we give bounds for the initial problems in terms of the corresponding fictitious ones.
In subsection 2.4 we state the main results of convergence to the limit compliance problem, and we
prove them relying on the contents of previous subsections.

2.1 Scaling

In order to deal with the asymptotics as 6 — 0 of problems (1.8)-(1.9), it is convenient to restate
them on the fixed domain Q. Therefore, for u € C>(Q;R?), we introduce the rescaled strain tensor

e’ (u) defined by

eqp(u) 5 leqs (u)
e (u) = ) (2.1)

6 teqg(u) 0 %ess(u)

and, for any w C @, we set

€ () i=sup { (F, ugs —/j(e‘s(u))dac L ueCR(QRY)} (2.2)

w

Then our rescaled problems read as follows.
Lemma 2.1 For every fized § > 0, k € R and 7 € [0, 1], there holds
9% p(k) = inf { €2 p(w) +klw| : wC Q} , (2.3)
T p(r) =inf {Clplw) : wCQ, | =7} (2.4)
PROOF. First rewrite any admissible domain © C Qs in formulae (1.8)-(1.9) as
Q={(2,623) : («',23) € w}

so that w C Q). Then insert in the definition of C; ps(£2) in (1.8)-(1.9) the following change of
3F
variables: for any competitor @ € C*(Qs; R3) set

a(x) = <u1(x/,5*1x3), uz(x',éflxg), 5*1u3(x’,5*1x3)> .

The lemma follows immediately, thanks to definition (2.1).

2.2 Asymptotic behaviour of fictitious problems

A first step towards our main results is the study of the “fictitious counterparts” of problems (2.3)-
(2.4). For fictitious materials, represented by varying densities 0 in L>°(Q;[0,1]), the generalized
rescaled compliance takes the form

(7;5»71:(9) = sup {(F, U>R3 — /Qj(e‘s(u))ﬁdx = COO(Q;R?’)} . (2.5)

Accordingly, we set



B k) =inf{& @) +k [ 0dz - 6eL=Q:0,1)), 2.6
(k) =int {&5,00) 41 | € L¥(Q:[0.1)) (26)

T8 p(r) = inf {T) 0(0) = 0. L2(@:[0.1)) . /

Qﬂdm = ’7’} . (2.7)

In Proposition 2.2 below, we determine the T-limit C"™ () of the sequence E(;F(H) in the weak star
topology of L*>(Q;[0,1]), and we deduce the asymptotic behaviour of the infima in (2.6)-(2.7).

In order to precise the expression of the limit compliance C”m(ﬁ), we need to introduce the 2D-strain
energy density in the plane stress case, that is the integrand j : R2X2 — R defined by

Sym
~ 3
j(z) :=inf {j(z + Z&(ei ®ezt+e3®e;)) &€ R} . (2.8)
i=1
Moreover, we need to introduce the 2D-average load F = (Fy, F, F'3) defined by
Fo = [[F.]] and  F3:=[[Fs+z3) =], (2.9)

where for a given real measure v on Q, [[v]] is the real measure on D defined by the identity
(V] p)g2 == (¥, p)ps holding for all ¢ € C*>®(R%;R). Note that definition (2.9) implies that the

identity (F,u)ps = (F,v)p2 holds whenever u and v are related to each other by (1.4).

Proposition 2.2 As 6 — 0, the following results hold:

(i) The sequence EiF(H) defined by (2.5) T'-converges, in the weak star topology of L>(Q;10,1]),
to the limit compliance defined by

clm () := sup {(F7 u>R3—/Qj(ea5(u)) Odxr : ue H}(L(Q;R‘?)} (2.10)

= sup {(F,@Rz—/Qj(e(vl,vg) — 23V203)0dx : v, € HY(D), v3 € HQ(D)}. (2.11)

(ii) For each k € R, the sequence 5§7F(kz) defined by (2.6) converges to the limit ¢(k) defined by

é(k) = inf { clim(g) + k /

Odr = € Lo(Q; 0, 1])} , (2.12)
Q

(iii) For each T € [0,1], the sequence fﬁF(T) defined by (2.7) converges to the limit Z(7) defined by

I(r) = sup {@(k) - zm} . (2.13)

Remark 2.3 The properties of ¢(k) as a function of the real variable k£ will be studied in detail in
Section 6. In particular, we shall prove that k — ¢(k) is a finite concave function on R and that,
for every 7 € [0, 1], the supremum in over k in (2.13) is attained at a certain k(7), ¢f. Theorem 6.1
and Corollary 6.4.



Let us start with the preliminary lemmas needed for the proof of Proposition 2.2. The first one
establishes two asymptotic properties, hereafter named (AP1) and (AP2), for the sequence of stored
energies fQj(e‘S(u))H dx in terms of pairs (0,u). Properties (AP1) and (AP2) will give the I'-
convergence statement (i) of Proposition 2.2. Moreover, they will be used once again in Section 3
in order to prove a convergence result for saddle points.

Lemma 2.4 Let § € L>®(Q;[0,1]), and u € H(Q;R?). Then
(AP1) V6° 20, 3u® —u such that

/Q Fleas(u)fdz  if ue H,(Q:R)

400 otherwise ;

limsup/Qj(e‘S(u‘s))H‘s dr < (2.14)

)

AP2) whenever info 0 > 0, Yu® — u there holds
( Q

/Q Fleap()bde  ifue Hip(Q:R)

+00 otherwise .

liminf/j(e‘s(u‘s))HdmZ
o Je

PROOF. (AP1). Let 67 29, and let u € H3; (Q;R3). In order to construct a sequence ud — u such
that (2.14) holds, we take smooth functions & = &;(x) such that

3
3(60,5(21)) = j(eagu + Zfz(el ®e3+ +e3 e,)) ,

i=1

and we denote by ® = (®1, ®g, ®3) the field of their primitives with respect to the xg variable:
x3
(2, x3) ::/ &2 s)ds 1=1,2,3.
0
We then define the sequence {u’} componentwise by

u‘ls:ul—i—écbl, ugZUQ—i-(S(I)Q, ug:u;g—i-(SQ‘I)g,

so that

(ei@e3+e3®e;) +E&3(ez®@es) ,

65(u5) = eqp(u) + deqp(P 8<1>3>

Mw

<§Z+5

By dominated convergence, we have j (e (u‘s)) — j(eqp(u)) strongly in L*(Q). Therefore, recalling
that by assumption #° =6, the integrand in the left hand side of (2.14) is the product between a
strongly and a weakly convergent sequence. We deduce that (2.14) is satisfied (with equality sign).

(AP2). Assume infg 6 > 0, and let u® — u. For every ¢ € L?(Q; ngxn%) using the Fenchel inequality
6

and the assumption u° — u, we obtain

liméinf/@j(e‘s(u‘s))Hdm 2liméinf{/@e‘s(u‘s)-E0§9dac—/Qj*(E0£)9dac}
:/ eaﬁ(u)-fﬁdm—/j*(EOQde.
Q Q



Starting from the definition (2.8) of j, one can easily check the algebraic identity

(@) (©) =J"(Eef)  YEERLR. (2.15)
Using (2.15) and the arbitrariness of £ in the previous inequality, we deduce that

liméinf/Qj(e‘s(u‘s))dengp{/Qeag(u)-fﬁdm—/Qj*(f)de}.

By passing the supremum over £ under the sign of integral (see e.g. [15, Lemma A.2]), and taking
into account that j = (j)**, we get the required inequality

liméinf/@j(e‘s(u‘s))deZ /Q;(eag(u))de.

Let us now show that, if u ¢ Hk; (Q;R3), the left hand side of the above inequality is actually +oo.
Assume that e;3(u) # 0 for some i: for instance, let ej3(u) # 0 (the other cases are completely
analogous). Using the coercivity of j and the definition €°(u’) according to (2.1), we have

liméinf/ (e (u ))9dx>chm1nf/ €9 (ud)|? 6’dx>chm1nf5 /]613 )20 dx . (2.16)
Q

Thanks to the weak lower semicontinuity on H'(Q;R3) of the map u fQ less(u)|?0 dz, and to the
assumptions e;3(u) # 0, infg 6 > 0, we have

liméinf/ lexs ()20 da z/ lexs(w)0dz > 0 | (2.17)
Q Q
Combining (2.16) and (2.17), we obtain lim infs fQj(e‘s(u‘s)) 0 dx = +oo. O

Next lemma allows to relate, in the fictitious framework, the volume constrained and the volume
penalized problems.

Lemma 2.5 For every § > 0,
— the map k — ¢§7F(k) 18 concave on R;
— the map T +— f](sF(’T) is convez on [0, 1];
— if we extend fj‘sF by setting to f](sF(’T) = +oo for T ¢ [0, 1], there holds
Helk) = ~@e) (k) R (2.18)

PROOF. The concavity of the map k — 5;5 (k) on R follows directly from its definition (2.6), as it

is the infimum of linear functions of k. Similarly, the convexity of the map 7 — I]‘-i p(7) on [0,1] is

obtained from its definition (2.7), by using the convexity of the map 6 — E(;F(H) on L*>(Q;[0,1]).
Finally, to prove (2.18), we apply the definition of Fenchel conjugate and we obtain

(ffF)*(—k) :Sup{—k)T—i}S’F(T) : TGR}:SUP{—]{T—%]{F(T) : 76[0,1]}
:sup{—kT—EjF(a) cref0,1], e L¥Q:[0,1]) /Qedx:T}
:sup{—k/Qadx—EjF(a) : HGLOO(Q;[O,l])}

—inf{k/Qadx +Cp(0) + € L(Q:0, 1])} = ¢} p(k) .



We are now in a position to give the

PROOF OF PROPOSITION 2.25

i) By definition, to show that C; (#) I'-converges to " (#) in the weak star topology, we have to
3

prove that for each fixed 6 € L*>°(Q; [0, 1]) the following two inequalities hold:

mf{hminijF(eé) : aéﬁa} > clim(g) (2.19)

inf { lim sup E;S‘,F(H(S) 00 LH} < clim(g) . (2.20)

Consider an arbitrary sequence 0° 6. Let @ € H}< 1 (Q; R3) be an optimal Kirchoff-Love displace-
ment for the variational definition (2.10) of ¢""™(6). By (AP1) in Lemma 2.4, there exists a sequence
u® — 7 such that (2.14) holds. Then we have

lim(sinféiF(H‘s) > 1im5inf {(F, u’) — / j(e® (u®))e° dm} > (F, H>R3—/Qj(ea5(ﬂ)) 0 dz = c"™(9) .

Q
This proves (2.19). In order to prove (2.20), we have to find a recovery sequence #° = 6 such that
lim sups 5;5 #(0%) < "™ (6). Let us first show that this is possible under the additional assumption

infg® > 0. In this case, we claim that we are done simply by taking 0% = 6. Indeed, let @0 €
Hi; (Q;R?) be such that

. ~0 . _ . _
hmésupCj,F(H) = hm(ssup {(F, ) — /Q](ets(qﬁ))e dm} . (2.21)

We may assume with no loss of generality that limsupg 6}5, 7(0°) > —o0. Then, taking into account
that j is coercive and that infg 6 > 0, (2.21) implies that the sequence €°(@°) is uniformly bounded
in L?-norm. By applying the Korn inequality (after possibly substracting a rigid displacement,
which is not restrictive thanks to the assumption that F' is balanced), we obtain that the sequence
@ is precompact in H L(@Q;R3). Then we may pass to a weakly convergent subsequence. By applying
to such subsequence property (AP2) in Lemma 2.4, we infer that lim sup; (~Z;s #(0%) < (). Tt
remains to get rid of the additional assumption infg# > 0. This can be done via a standard
density argument. Indeed, for any 6 we may find a sequence 6" with infg 0" > 0 such that 0" = 6.

Then, since the left hand side of (2.20) (usually called I" — lim sup 6(;, r(0)), is weakly star lower
semicontinuous, and C!"™(f) is weakly star continuous, we obtain

(T — lim sup Ejp)(H) < limhinf(F — lim sup E(;F)(Hh) < liilgn climghy = clm(9) .
é é

(ii) Since the term 6 — fQ 6 is weakly star continuous, and since the space L*(Q;[0,1]) is weakly
star compact, the convergence of 535 (k) to ¢(k) follows immediately from statement (i) thanks to
well-known properties of I'-convergence.

(iii) By Lemma 2.5, we have

i.]('s,F(T) = (f};,F)**(T) = :ullé [ - (I;'S,F)*(_k) - kT] = :UIE [iﬁ,p(k) - kT] .
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Then we are reduced to compute the pointwise limit of the Fenchel conjugates of the sequence
of functions k — —(bj.’ #(—=k). By Lemma 2.5 we know that these functions are convex, and by
statement (ii) already proved we know that they converge pointwise to —¢(—k). Since such limit
remains finite (¢f. Remark 2.3), we deduce that —qﬁ‘;,F(—k) I-converge on R to —¢(—k) (see [22,
Example 5.13]). Now recall that the Fenchel conjugate is continuous with respect to the Mosco
convergence, hence to the I'-convergence on R (see [6, Theorem 3.18]). Thereforewe have

lim I p(r) = sup [p(k) — k7] = Z(7) .

2.3 Bounding the relaxed compliance with ficticious problems

The next crucial step consists in bounding the relaxed compliance, both from above and from below,
in terms of fictitious problems. To this aim, we introduce the weak star lower semicontinuous
envelope C; r of the compliance, defined on L>(Q; [0,1]) by:

Cir(0) = inf{hmhinfcj,p(wh) : 1, Le} Vo€ L>(Q;0,1]) . (2.22)
It is immediate that C; r(6) is bounded from below by the fictitious compliance defined in (1.7):

Cj.r(0) <Cjr(0) on L>(Q;[0,1]) . (2.23)

In contrast, it is a delicate matter to estimate C; r(6) from above in terms of fictitious problems.
This is the reason why we are led to deal with a modified stored energy density. Let us introduce
the integrand jo : R3X3 — R defined by

sym

jo(z) =sup{z-&—j5(§) :z¢€ ngxrg , det(§) =0} . (2.24)

It follows immediately from this definition that the inequality jo < j holds. Moreover, denoting by

Sp the set of degenerate tensors in ngxrg and by dg, its indicator function, we see from (2.24) that

Jo is nothing else but the polar of j* 4 ds,. As jo is convex continuous, the polar j; agrees with the
convexification of j* + dg,, so that we have

() :inf{zaij*(gi) GeS, meD ], Yai=1, Y aig :5} . (2.25)

In particular, as already noticed in [11, Lemma 3.1], it holds

7€) =4o(§)  VEe S, (2.26)

As a straightforward consequence, we obtain that jy has the crucial property stated in the next
lemma.

Lemma 2.6 There holds:
7(2) = jo(2) VzeRY2,

Sym
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PROOF. Applying the algebraic identity (2.15) to the convex integrands j and jo yields, for every
= R2><2.

sym*
jo(2) =sup {z-& = (jo)"(Eog) : € R} (=) =sup{z-&—j"(Eog) : € € Ry
Then the lemma is proved since by (2.26) we have (jo)*(Eof) = j*(Eof) for all £ € RZ<2 . O

Remark 2.7 For the explicit computation of jy, we refer to [11] and also to [1], where the Fenchel
conjugate j5 of jo is considered. For instance, when j(z) = |2|?, denoting by \;(z) the eigenvalues
of z, with |[A1(2)] > [Xa(2)| > [A3(2)|, one has jo(z) = A1(2)? + X2(2)2.

The effective strain potential jo appears to play a major role when studying the asymptotics of
the optimal elastic compliance problem in the vanishing volume limit. In a 2D setting, it is shown
in [3] that this limit reduces to the so called Michell’s problem [12, 28]. The 3D counterpart of
this compliance model was used in [2] and, in the context of 3D-2D reduction analysis, in [17]
(see in particular Proposition 3.2), in order to describe the optimal design of a thin plate in the
small volume case. A rough intuitive picture of the way this effective stress potential j; comes
out is the following: when the total volume of material vanishes, concentrations on subsets of
lower dimension are necessary (possibly at a small scale) and on these sets stress tensors become
degenerate. However, macroscopic full rank stress tensors £ can be reached by using fine mixtures
of degenerate tensors & € Sp. The minimal stress energy needed to build these mixtures turns out
to be given precisely by (2.25).

We are now going to exploit the integrand jp in order to obtain the desired upper bound for the
relaxed compliance (as a counterpart of the lower bound (2.23)). At this stage, having in mind to
handle possibly small volume fractions, we introduce the following additional assumption on the
topological support of the load F: we ask that the Lebesgue measure of its r-neighbourhood is
infinitesimal as 7 — 0T, namely

lim [{z € Q : dist(z,spt(F)) <r}|=0. (2.27)

r—0t

For instance, (2.27) holds whenever spt(F) is compactly contained into a 2-rectifiable subset of R3.

Proposition 2.8 Let jy given by (2.24). Then, under assumption (2.27), the following upper bound
holds

Cir(0) < Cjor(9) on L*=(Q;[0,1]) . (2.28)

PROOF. Step 1. We first show that (2.28) holds under the assumption that 8(x) = 6, where is
6 is a constant in (0,1]. To that aim we need to find a sequence {.} in L*>°(2,{0,1}) such that
0. =6 and limsup, Cj r(0:) < Cj,.r(0). Our construction starts with a finite family {€;,1 <i < I}
of connected disjoint regular open subsets of @) such that US; is of full measure in @). Inside each
subset );, we approach the constant € by the characteristic function x;(y) of a periodic subset of
R3. We ask that, for each i € I, the function xy = y; satisfies fY X(y) = 0 and is admissible in the
following sense: for a suitable constant C' > 0 and for all £ > 0

/ () [DufPdy < CK / @) (le@P + [u?) dy  Vue HYL(kY).  (229)
kY kY
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The latter condition is a scaled uniform Korn’s inequality allowing to apply classical homogenization
theory. It implies in particular that the set {x = 1} is connected in a suitably strong way. However,
the connectedness of the set {x; = 1} inside each €; is not enough to our purposes. In fact, the
approximation of § under construction must be made of sets which are globally connected (included
at the boundaries of the sets €2;), and also compatible with the load F. To ensure these properties,
we consider a small r-neighbourhood X, of all the boundaries of the sets €2;, and a r-neighborhood
K, of spt(F). Then we define

X'(@y)=xily) freB\(EUEK), X(y:=1 ifzeK UL,

and we consider the double-indexed sequence

X

0c(z) == x"(x,2) -
By construction, as € — 0, we have 6 29", with
0" (x)=0 ifze@\ (X, UK,), 0"(x)=1 ifze K, UX,

In turn, as r — 0, since by the assumption (2.27) and the regularity of the €2;’s the measure of
¥, U K, is infinitesimal, we have 0" X00.

Since 67 = 1 on K, U X,, and since all the y;’s satisfy (2.29), the solutions u. which achieve the
maximum value C; #(07) in (2.22) have uniformly controlled norm in H(K, U ¥,;R3) and can be
extended in the void subregion {#7 = 0} so that they are precompact in L?(Q;R?). We can therefore
pass to the limit in the bracket (F), u€>R3 and apply well-known homogenization results for the elastic
energies on the perforated domain @ \ (K, U X,) (see for instance [14, 21]). We obtain

. . N _ -hom
lim e (07) = sup { (7w /Q S (@ e(u)) der} (2.30)
where 27 (2,2) = Ye; Lo sy @)729(2) + Lg,us, (2)j(2), being, for any x, j2"(z) —

1i/nf {/j(z + Veo(y))x(y) dy} . It is convenient to majorize the right hand side of (2.30)
Y —per U Jy

in terms of the conJugate potential given by (j1o")*(x,&) = Y ;o7 Lo (k,us,) (@ )(]Qz’m) &) +

(jhomy () = inf{/yj*(C)dy CCYeper, [ (=g dive=0, C=00n {XZO}} .

Fix an arbitrary stress field o € L*(Q; R3%3) such that —div(o) = F. Then, since 67 567, by (2.30)
and by standard duality, we get

Cir / hom dr + / (o) dx .
2 Z Q\ZTUKT )'(@) ZTUKrj @)

Eventually we send r to zero in the last inequality. As 6" — 6, by the lower semicontinuity of relaxed
functional C; r and by using Beppo-Levi’s Theorem in the right hand side, we obtain

Cj,r(0) Z / (Jrom)* (o) da . (2.31)
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So far, we have obtained that the above inequality holds for all the admissible choices of the family
{Q%, xi}. We notice that, by approximation, it can be extended to all measurable partitions {2;}
(not necessarily smooth), and all x; € Ay, satisfying (2.29), being

.A@ = {X € {07 1} y X Y—peI‘iOdiC ) / X(y) dy - 0} )
Y

Now, we are going to optimize (2.31) with respect to the choice of the family {€;, x;}. Following
[1], we introduce the following stress potential, corresponding to the stiffest composite material that
one can reach with a volume fraction # when the average stress is given by &:

9(€,0) = inf {GR) () x € Ao - (2:32)

Assume for a moment that, for such potential g, the following claim holds true:
g(€.60) < it {2 (€) , x € Ay, x satisfies (220)} < 6715 (€) (2.33)

Let F be the subfamily of L'(Q) consisting of all functions of the kind f = Y, 1g, (]’;fm)*(a)
(where €; are the elements of a partition of @ and x; runs over Ap,). Then, from (2.31) and (2.33),

we deduce that

Cjr(0) < inf / f(z)dx = / (essinf f)dx < / 0 1ji(0) dx . (2.34)
feF Jg Q F Q
Here in the second equality we passed the infimum under the integral thanks to a classical argument
(see for instance[25]) which relies on the following stability property of F: for any Borel set B C @
and any couple (f1, f2) of elements of F, we have 1 p f1 + g\ p fo € F. We conclude by taking the
infimum in (2.34) with respect to all o € L*(Q;R3%3) such that —div(c) = F, which is nothing
else but looking for the optimal stress tensor associated with the fictitious compliance problem
(see (4.2)) after choosing jy to be the strain potential. This achieves the first step of the proof of

Proposition 2.8.

Proof of Claim (2.33). First we establish a bound for g(§,0) when & belongs to the class Sy of
degenerated tensors. In this case £ has rank strictly less than 3 and there exists some nonzero
vector e in the kernel of £&. Therefore there exists some y. € Ay associated with a strip whose
boundary is orthogonal to e so that ¢ := % Xe is admissible in the variational problem which defines
(]ng)*(g) By (2.32), this implies that
-hom * —1 %
9(€0) < ()7 < 0717 vEeSy. (2.35)

By passing to the Fenchel conjugates with respect to £ in (2.35) and recalling the definition (2.24),
we get for all z € R3X3:

sym*

g*(2,0) > sup {z-£ =071 ()} = 07" jo(02) .
£€So

To conclude we exploit Lemma 4.2.5 in [1] which ensures that the map & — ¢(&,60) is conver.
Therefore, by passing again to the Fenchel conjugate,

g9(6,0) = g™(£,0) < 0715(6)  VEERE . (2.36)
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Set now g(§,0) := inf {(]Q()m)*(f) , X € Ag , x satifies (2.29)} . Clearly g > g. Conversely, given

¢ and 0" € (0,0), for every n > 0 we can choose x' € Ay so that (jilf’m)*(f) < g(&,0") + n. Further
we may increase the set {x’ = 1} to a set of total volume 6 so that its characteristic function y
belongs to Ay and satisfies (2.29). It is straightforward to check that (jgom)*(f) < (jilf’m)*(f) .
Thus, recalling (2.32) and exploiting (2.36), we deduce that

9&0) < (337™) (€ +n < ()7 G5E) +n) -
The second inequality in (2.33) follows by sending 7 to zero and then 6’ to 6.

Step 2. We show now that (2.28) holds for 6 piecewise constant and positive. Fix a finite family
{Q;,1 € I} of connected disjoint regular open subsets of () such that UQ; is of full measure in Q.
Given 6; € (0,1], we then consider § € L*>°(Q,[0,1]) defined by 6(z) = 6; on each Q;. As in step
1, we consider an optimal stress field for the dual form (4.2) of the fictitious compliance, namely a
field o € L?(Q;R3%3) such that —div(s) = F and fQ 0L (0)dx = Cj.r(0). We are looking for

sym

an approximating sequence 6, — 6 with 6, € {0,1} and such that

limsupCj,F(Hg)S/H_lja‘(a)dm (2.37)
Q

£

To that aim, we apply step 1 substituting QQ with @; and F' with F; given by

(Fj,u) = / o-e(u)dz Vu € HY(Q;R?).
By the regularity assumption on the @;’s, all the F}’s are balanced loads in H~!(Q;; R?) and share
the property (2.27). Therefore, there exist sequences 6; . € L>(Q;,{0,1}) and o, € LQ(QZ';RSYXH?;)

such that, for every i, 0; . X0, 0ie =0 ae. on {f;. =0}, —divo;. = F; in R® and

limsup/ J (oie)dx < (Hi)l/ Jo(o)dx . (2.38)
e Qi Qi

We then define 0. € L?(Q;R3X3) and 6. € L>(Q;{0,1}) by setting

sym
0. = 6@',6 s O¢g = Oj¢ on Q; .

As F = ), F;, the stess field o, is supported on {§. = 1} and satisfies —divo. = F. Thus, by
(2.38), we obtain inequality (2.37):

limsupCj r(f:) < Zlimsup/ J (o) dx < Z(Qi)_l/ Jjolo)de = /9_1j6‘(0)dx.
€ i € Qi i Qi Q

Step 3. In step 2, we have shown that the subset E := {9 € L>(Q,[0,1]) : Cjr(0) < C~j07p(9)}

contains all piecewise constants functions # related to smooth finite partitions of our domain ). To
show the equality E = L*(Q,[0,1]), we use the following implication holding for every sequence

{0} € L=(Q, [0,1]):

On€E, 6,>0ae, 0,20 = 0ck. (2.39)
This can be easily checked by observing that Cj, r(05) < Cj,,r(¢) whenever 6, > ¢ and by using the
lower semicontinuity of C; p. Thus, from (2.39), we find successively that E contains all continuous

functions, then all upper semicontinuous functions and finally, by the regularity of Lebesgue measure,
all measurable functions 6 : @ — [0, 1]. O
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2.4 Main results

By combining the lower and upper bounds (2.23) and (2.28) for the relaxed compliance, with the
results on fictitious problems established in subsection 2.2, and with the key Lemma 2.6, we are
able to establish the asymptotic behaviour of problems (2.3)-(2.4).

Theorem 2.9 (convergence of volume penalized problems)
Assume that the load F is balanced, belongs to H 1(Q;R?) and satisfies condition (2.27). Then for
every fived k € R, the following results hold:

(i) Asd — 0, the sequence ¢§7F(k) defined by (2.3) converges to the limit ¢(k) defined by (2.12).

(ii) If w® C Q is a sequence of domains such that ¢§7F(k) = C;{F(w‘s) + k0| + o(1), up to
subsequences there holds

%im I =0 weakly star in L*°(Q;[0,1]) ,

—0

where § solves problem (2.12).

PROOF. (i) From (2.23) and (2.28) we obtain the following double bounding for gbjF(k:)

(bj‘,F(k) < ¢§,F(k) < (b;S‘O,F(k) .
The thesis follows since, by Proposition 2.2 (ii) and Lemma 2.6, both sequences 5§7F(kz) and @Of(kz)
converge to ¢(k) as § — 0.
(ii) Since the sequences 5;5 (k) and (bi (k) have the same limit as ¢ — 0, the assumption (bi p(k) =
CJ‘%F(M) + k|w?| 4 o(1) implies g‘jF(k:) = 5?7F(]1w5) +k [o L, dz + o(1). As already noticed, by
Proposition 2.2 (i), the sequence EiF(H) + k fQ 6 dx T-converges to C"™ () + k fQ 0 dz in the weak

star topology L>(Q;[0,1]). Therefore, we may identify any cluster point of 1 s with a solution 6
to problem (2.12).
O

Corollary 2.10 (convergence of volume constrained problems)
For every fixred T € [0,1] and for F satisfying the same assumptions as in Theorem 2.9, we have:

(i) As § — 0, the sequence IjF(T) defined by (2.4) converges to the limit Z(T) defined by (2.13).

(ii) If w® C Q is a sequence of domains with |w°| = T such that I?,F(T) = C}S?F(wé) + o(1), then
there exists k € R such that gbjF(k:) = CiF(w‘S) + k|lw?| 4 0o(1) (so that Theorem 2.9 (ii) can be
applied).

PROOF. (i) From (2.23) and (2.28) we obtain the following double bounding for I]‘iF(T):
I}S,F(T) < I}S,F(T) < I](‘SO,F(T) .

The thesis follows since, by Proposition 2.2 (iii) and Lemma 2.6, both sequences f](sF(’T) and fj‘so #(7)
converge to Z(7) as § — 0.
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(ii) Let now w’ C @ be a sequence such that |w®| = 7 and I]{F(T) = C}S’F(u)‘s) + o(1). We have to
show that there exists & € R such that gbjF(k‘) = C]‘?(w‘s) + k7 + o(1), or equivalently qS;S’F(k) — kT =
I]‘.i #(7)+0(1). The latter condition is satisfied because there exists k € R such that ¢(k)—k7 = Z(r)
(cf. first statement of Corollary 6.4). O

3 A saddle point approach.

Let us firstly recall the notion of saddle point. Let X,Y be topological spaces, and let £: X XY —
R U {+o0}. By definition (Z,7) is a saddle point for L if

L(T,y) < L(T,7) < L(z,7) VY(z,y) e X xY .
It is not difficult to check that this occurs if and only if

T € argminX<81;p E(m,y)), RS argmaxy<i%f£(x,y)>, igl(f sgp L(x,y) = sgp i&fﬁ(m,y) . (3.1)

We now take X = L>(Q; [0, 1]), endowed with the weak star topology, and Y = H'(Q;R?) endowed
with the weak topology. On the product space X xY we consider, for a fixed k € R, the Lagrangians

) — W rys — 'e‘su — X
LO0,u) = (F,u)p /Q[J( (w) — k] 0d

(Fiu)ps — /Q [j(eap(u)) —k|Odz if ue Hi (Q;R?)

—00 otherwise .

LO,u) =

Notice that the sequence of fictitious problems 5;5 (k) in (2.6) and the limit problem ¢(k) in (2.12)
satisfy respectively

5? (k) = infsup £2(0, u) and ¢(k) = infsup L(0,u) .
’ X v X v

Let us define fj, : R2X2 x R2X2 — R by

sym sym

.8 = [ (7o = aa€) k], das (3:2)

where [ - ]+ indicates the positive part.

With this notation, we can state the main result of this section.

Theorem 3.1

(i) For every & > 0, there exist saddle points (6°,u°) for L£°; we have that ° is optimal for 5§7F(kz)
and u® is optimal for EiF(G‘S) in (2.5).
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(i) Up to subsequences, (#°,u’) converge to a saddle point (0,) for L; we have that 0 is optimal
for ¢(k), and @ is optimal for both C'™(0) in (2.10) and the following reformulation (3.3)
holding for ¢(k):

o) = s { (s — [ eastu) — k] o+ we Mk, (iR} (33)
= sup{(f,sz - /ka(e(vl,vg),vzvg) dr’ : vy € HY(D) , v3 € HQ(D)} . (34)
PROOF OF THEOREM 3.1. We set

GO(0) :=supy L2(0,u) = +k [ Odx

Q

&5 (0)
(s — [ 16 ) bl

Jo(u) =infx £%(0,u) =

and

G(6) ::supyﬁ(ﬂ,u)zclim(ﬁ)—kk/ 0 dx
Q

(F, u>R3 — /Q [j(eag(u)) —klydx on Hp (Q;R3)

—00 otherwise.

J(u) =infx L(f,u) =

We now prove separately statements (i) and (ii).

(i) It is enough to show that
36° € argminy G° | Ju® € argmaxy J? | infx G° = supy JO . (3.5)

Indeed by the characterization (3.1) this ensures that (6°,u’) are saddle points for £°. Moreover §°
is optimal for gb?F(k:) by construction, and u’ is optimal for C}SF(H‘S) because G2(0%) = L£2(67,u°),
so that

Cj,F(H‘s) = (F, u5>Ra — /Qj(e‘s(u‘s))@‘S dz .

Let us check the three conditions in (3.5).

The existence of 7 € argminG® is a consequence of the compactness of X, combined with the
weak star lower semicontinuity of the map 6 — G?(6) (which is in fact the supremum over v of the
weakly star continuous maps 6 — L£°(0,u)).

Let us show that a minimizer in Y exists for the functional

() = /Q [5(e(w)) — Kl dw — (F,u)gs

By the convexity of the integrand [j(z) — k], —J° is weakly lower semicontinuous on Y. Moreover,
the quadratic growth from below imposed on j implies that [j(z) — k]; is coercive, so that any
minimizing sequence {u,, } for —.J° satisfies sup,, ||€®(u, )| r2(Q) < +0o. Then, by the Korn inequality,
{u,} is weakly precompact (up to subtracting a rigid displacement, which is not restrictive thanks
to the assumption that F' is balanced). Hence —J° attains its minimum on Y.
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Finally, since £° (0, u) is convex in # on the compact space X and concave in u on Y, the equality
infy GO = supy J? holds by a standard commutation argument, see for instance [31, Proposition
Ag].

(i) We first claim that the sequences #° and u® are precompact in X and Y respectively. The
sequence 90 is clearly precompact since X is compact. Concerning u5, since it maximizes J57 we
have

/Q e (@) = Ky dz — (F,uf)gs = —J(uP) < —J5(0) = K]y

Since as noticed above the integrand [j(z) — k], is coercive, the sequence {e°(u’)} is bounded in
LQ(Q;RS},XH‘?). Then, similarly as above, the Korn inequality ensures that {u5} is precompact in Y
up to subtracting a rigid displacement.

Thus, up to subsequences, we know that the saddle points (8°,u%) converge to some limit (§,%) in
X x Y. By applying [7, Theorem 2.4], we can conclude that (,7) is a saddle point for £ provided

the following two inequalities hold for any pair (f,u) € X x Y:

inf  sup {liminfﬁ‘s(ﬂ‘s,u‘s)} > L(0,u) , (3.6)
09 Lg ud —uy 8
ISCX( sup inf {limsup Eé(Hé,u‘s)}> < L(0,u) (3.7
ud =y géig é

where Iscx denotes the lower semicontinuous envelope in X.
Inequalities (3.6) and (3.7) may be reformulated in a much simpler way. Indeed, thanks to the
continuity of the maps u — (F,u)ps on Y and ¢ — fQ 6 dx on X, inequality (3.6) holds provided,

V6% 56, Fud —y such that

. 50 5\\pd -
hmésup/Qj(e (u®))0° dx < /Qj(eaﬁ(u))ﬂdm.

This is exactly the asymptotic property (AP1) proved in Lemma 2.4.
Concerning (3.7), let ut first show that it holds under the assumption infgé > 0. Similarly as

above, inequality (3.7) holds provided, ¥V u — u, 3% = such that

/Q Fleap())0dx  if ue Hip(Q:R%)

liminf/ j( ()9 dx >
’ Q +00 otherwise .

This is implied (with 6% = @), by the asymptotic property (AP2) proved in Lemma 2.4.

It remains to get rid of the additional assumption infp @ > 0. This can be done via a standard
density argument. Indeed, for any 6 we may find a sequence 6" with infg 0" > 0 such that 0" > 6.
Then, since the left hand side of (3.7) (call it for brevity £/(6,u)) is weakly star lower semicontinuous
in 0, and L£(0,u) is weakly * continuous in 6, we obtain

L£'0,u) < lim inf L0 u) < lilgnﬁ(é?h,u) = L(0,u) .

Finally, since we have proved that (6,7) is a saddle point for £, by using the characterization (3.1)
we obtain immediately that 0 is optimal for ¢(k), that ¢(k) may be rewritten as in (3.3) (or in its
2 D-reformlation (3.4)), and that % is optimal for both ¢! () and problem (3.3).
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4 A stress approach

In this section we focus attention on an alternative approach for studying the limiting behaviour
of problems (2.3)-(2.4), based on duality arguments. Let us first recall a useful Convex Analysis
lemma.

Lemma 4.1 Let X,Y be Banach spaces. Let A: X — Y be a linear operator with dense domain
D(A). Let ® : X — RU{+o0} be convezr, and ¥ : Y — RU{+o0} be convexr lower semicontinuous.
Assume there exists ug € D(A) such that ®(ug) < +oo and ¥ is continuous at A(ug). Let Y*
denote the dual space of Y, A* the adjoint operator of A, and ®*, U* the Fenchel conjugates of ®,
V. Then

— inf {\If(Au) +<1>(u)} = inf {\I'*(J) +<I>*(—A*a)} ,

ueX oeY *

where the infimum on the right hand side is achieved.

PROOF. See [13, Proposition 14]. O

By applying repeatedly Lemma 4.1, we deduce that:

~ the compliance C;j () defined by (1.1) and its fictitious counterpart C; () defined by (1.7)
can be rewritten in dual form as

Cir(Q) = inf{ /Qj*(a) de : o€ IAQRYS), 0=00nQ\Q, —div(o) = F} (4.1)

C;r(0) = inf { /Q 0~ *(o)dx : o€ LQ(Q;RSYXH?;) , —div(o) = F} ; (4.2)

— the rescaled compliance C? (w) defined by (2.2) and its fictitious counterpart 6}57 r(0) defined
by (2.5) can be rewritten in dual form as

CiF(w): inf { / (I (o)) dx : o€ LQ(Q;RS},XH?) ,0=00nQ\w, —div(o) = F} (4.3)
Q
¢’ (6) = inf { /Q 6~ (o)) dv : o € L2(Q;RED) , —div(o) = F} , (4.4)
where the operator II? (o) is defined by

- 0o 0043
o= ;

doaz %033

— the limit compliance C'™(#) defined in (2.10) can be rewritten in dual form as

cl"™(9) = inf {/ =Y *(o)dz : o € L%Q;Rg;ﬁ), —div[[o]] = (F1, Fa), — div?[[z30]] = Fg};
Q
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— the formulations (3.3) and (3.4) of the limit problem ¢(k) defined in (2.12) can be rewritten
in dual form as

o(k) = inf { /Q [~ k] (0)de : o € LA(QsREZ), — divio]] = (Fy, Fa), - div?[laso]] = Fs}(4.6)

Sym

= inf { / frm)da' - N\n € L*(D;R2X2), —div A = (Fy, Fa),divin = F3}, (4.7
D
where the integrand fj is defined by (3.2).

We are now in a position to give the main result of this section.

Theorem 4.2 (convergence of stress tensors)

Let k € R be fized. Let w® C Q be a sequence of domains such that gbjF(k:) = C}S’F(w‘s) +k|w®|+o(1),
and 15 converges weakly star to 0 in L>=(Q;[0,1]). For every §, let o® € L*(Q;RZ3) be optimal
for the dual form (4.3) of C?F(w‘s). Then, up to subsequences, there holds

%LI% °0° = Eyg weakly in L2(Q;R§yxr§’) ,

where @ is optimal for the dual form (4.5) of C'"™(0), and also for the 8D dual form (4.6) of (k).

In order to prove Theorem 4.2, we begin to establish some preliminary lemmas.

Lemma 4.3 Let {0°} € L?(Q;R3%3) be such that

sym
—div(e®) = F and 0’ ~ o in L*(Q; ngxrg) :

Then

(i) o = Eyo for some T € L*(Q;RZ%2);

Sym

(ii) —div[[@]] = (F1, F2) and — div?[[x35]] = F3 [or equivalently div(Eo)+F € (H}(L(Q;R‘?))l].
PROOF. (i) For a given smooth vector field £ : Q — R3, define ® : Q — R? by

x3
;(x', x3) ::/ &(2',s)ds i=1,2,3.
0

Let {u%} be the sequence defined componentwise by:

u‘ls = 5(131 y ug = 5(132 y ug = (52‘133 )
we have:
2 OB
e’ (u’) = Seap(®) + ) <§i + 5%>(ei ®es+e3®e;)+Ea(es Des) .
i=1 ¢
Thus
3
W’ — 0 in HY(Q;R?) and e (u’) — Zgi(ei ®e3+e3®e;) in LZ(Q;RS},XIE) .
=1
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Hence

0 = hm (F,u >R = —hm (div(o? ,u5>R3 = hm/

3 3
—hm/H5 9. ¢d u ) dx :/J-Z£¢(€i®€3+€3®6i)d$22/ngfidx.
Q i=1 Q

=1
By the arbitrariness of the functions &;, we deduce that o3; = 0, and therefore ¢ = Ey& for some
o€ L*(Q; R0
(ii) Take (vi,v2,v3) € HY(D) x HY(D) x H*(D) and u € HL;(Q;R3) related to each other through
formula (1.4). Recalling (2.9) and (1.5), we get:

<F,U>R2 = (F,u)ps = —(div(a‘s),u>R3 = /Q

Passing to the limit as 6 — 0 in the right hand side, we infer

o - e(u)dr = /Qagﬁ - (e(vy,v2) — :U3V2v3) dx
Foo)ge = /Q 7 (e(v1, v2) — 23V203) dr = /D (1] - (v, v2) — [l257] - V203) da’

= —(div[[@]], (v1, v2)) g — (div?[lwsT]], vs) e -

so that — div[[7]] = (F1, F2) and — div?[[z35]] = F'3. These conditions may be equivalently formu-
lated as div(Eyo) + F € (H}(L(Q;R?’))l by taking into account that (F,u)ps = (F,v)p2 and

—<diV[[EH, (1)1,1)2)>R2 — <diV2[[.%'35H,U3>R2 = / (EQE) . e(u) dr = —<diV(EQE),u>R3 .

Q
O
It will be useful to consider the (nonconvex) function gy : ngxrg — R defined by
JE) +k fE#O
(e =171 . (4.
0 otherwise.

Next lemma allows to compute the convex envelope of gg.

Lemma 4.4 The Fenchel conjugate and biconjugate of the function gy : ngxrg — R defined in (4.8)
are given respectively by

9r(2) = [(2) — K]+ (4.9)

Gi7(©) = it (07'5°()+ k) (4.10)

PROOF. There holds:

95 (2) 268}1;}33{2-5—%(5)} ZSUP{Z%{Zf—J'*(@—k} ; 0}

sym

= sup {j"(2) — k,0} = [ji(2) — K]+
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where in the last equality we have used the identity j = j**, holding since z — j(2) is convex,
proper, and lower semicontinuous on ngxn?;

For the computation of f*, we observe that the optimal € in the r.h.s. of (4.10) is given by

min {1, j*]iﬁ) } .

The corresponding value of the infimum turns out to be

?%a+k if j*(€) > k
2VEVGH(E) i H(E) <k,

which agrees with the expression of the convex envelope of gy.

Lemma 4.5 The Fenchel conjugate f}; of the function f, : ngxnzl X ngxnzl — R defined in (3.2) is
given by

fivm =it { [[-Hilo)des o€ BURED) , o] = A, [oaol =n} . (@1)

PROOF. Let us denote by (A, n) the right hand side of (4.11), and let us show that ¥} (z,§) =
fr(2,€). We have indeed:

wy%g:if{pA+§m—hﬁ{Zﬁ—Mﬂ®dm:UGL%U@ﬁ)JWH:A7ﬂ@WH:ﬁH
—sup{ [ (=€) oG- Hi () dos 0 € DRG]}

= /I[j— kI (2 — 23€) dos = fi(2,€)

Passing to the Fenchel conjugate we obtain f;(\,n) = ¥;*(\,n). This gives the thesis by the identity

Pi* (A, m) = Yr(A,n), holding since 1, is convex, proper, and lower semicontinuous on ngxn% X ngxn%

O

PROOF OF THEOREM 4.2. We claim that qﬁ‘;’F(k) and g‘jF(k) admit asymptotically the following
integral representations:

@ﬂmzé%m%%m+mn. (4.12)

3 (k) = /Q g (o) dz + o(1) (4.13)

where gy, is the nonconvex integrand defined in (4.8) and g;* is its convex envelope which can be
computed thanks to Lemma 4.4.
In order to prove (4.12), let us consider the sets B := {z € w® : ¢° # 0} = {z € w® : I%° # 0}.
We first notice that

C}S,F(Eé) = C}S,F(Wé) . (4.14)

23



Indeed, since E% C w?, there holds C;{ P(E%) > C]‘i #(w?). On the other hand, o° is admissible in the
dual form of C}S F(E‘S) because it vanishes outside E°, and by assumption it is optimal for the dual

form (4.3) of C?7F(w5). Therefore we have C?7F(E5) < Jo §*(%0°) do = ij(w‘s).

% we deduce that

Using (4.14) and the assumption made on w
05,1 (k) < CJ p(E°) + K[E°| = € p(w’) + k|E®| <€) pl(w’) + Klw’| = ] p(k) +o(1) .

and hence
|E°| = |w°] + o(1) . (4.15)

Then the assumptions made on w® and o9, combined with (4.15), give:
8 k) =€)+ M+ 01) = [ {57 (I00) + s} do -+ of1)
Q
= / {j*(H505) + klgs } dz + o(1)
Q

:/gk(l'[‘sa‘s)dx—i—o(l).
Q

In order to prove (4.13), let us insert the dual form of 6?};(9) in the definition of (EESF(]C), and then
let us we exchange the infima in # and 0. We get

o) . : —1 % é . 2 . 3X3 : _
¢5,r (k) —lnf{GELool%g;[O’l])/Q (071" (%0) + kO) do : o € LAH(Q;RESD) —dwa_F} ,

Taking into account (4.10), we deduce that
¢ p(k) = inf{/ gir(Mo)dx : o€ LA(Q;RYS) . —dive = F} : (4.16)
Q
By using (4.12), (4.16), and the convergence of both ¢§7F(k) and 5?71;(]{:) to ¢(k), we obtain

o(k) =lim [ gp(I°6%)dz > liminf / 9" (°0°) dx > liminf ¢ (k) = o(k) ,
=0 Jg —0 Jog 0—0 ’
which implies (4.13).
Now we observe that, since the integrals in the right hand side of (4.13) remain bounded and since
g;" is coercive, the sequence %09 turns out to be bounded in L?(Q; Rg’yﬁ’) Up to subsequences, it

converges weakly to some limit which, by Lemma 4.3, is of the form FEyo for some & € L?(Q; ngxnf)
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such that — div[[7]] = (F1, F2) and — div?[[z37]] = F3. Then:

o) = lip 3L (8) =t | 6" (000" de 2 [ i (Fo) o

@ eeLool?Q;[o,u)/Q( J" (@) + k0) dz (5)/62[3 I} (Evo) dx (6)/@[] % (o) dx

> ) inf{/@[] — K} (o)de : o € LHQiRED) , —divl[o]] = (F1,Fa) , - div?[[eso]] = Fs}

>(s) inf { /D < inf /1[3 — k| (o) dmg) de’ : —div\ = (Fi,Fq), divin = Fg}
o€ L2(Q;R2X2)

sym

o]l = A, ~llzso]] =n
=(9) inf {/D frsm)da' = Ane LX(D;R3:) , —divA = (Fi, Fy) , divin = Fg} =0y ¢(k)

Here:

— equality (1) follows from Proposition 2.2 (ii);

— equality (2) follows from (4.13);

— inequality (3) follows from the convexity of the map g;* which ensures the weak lower semiconti-
nuity on L?(Q; Rg’yﬁ’) of the integral functional £ — fQ g1* (&) de;

— equalities (4) and (5) follow from (4.9) and (4.10) in Lemma 4.4;

— equality (6) follows by an easy algebraic calculation (cf. (2.15));

— inequality (7) follows from Lemma 4.3;

— inequality (8) follows by passing an infimum under the sign of integral,
— equality (9) follows from Lemma 4.5;

— equality (10) follows from the 2D dual formulation (4.7) of ¢(k).

Since all the inequalities in the above chain must turn into equalities, we infer that 7 is optimal for
both the dual form (4.5) of ¢!™(6) and the 3D dual form (4.6) of ¢(k). O

5 Characterization of optimal limit configurations

We now turn attention to the optimality conditions for the limit problem. We give first the definition
of optimal triples, and then their characterization as solutions of a suitable optimality system (see
Theorem 5.2). As a remarkable consequence, we deduce that the limit compliance problem always
admits a classical solution. Moreover, for any admissible load, such solution is always given by the
characteristic function of two layers leaning on the top and bottom faces of the design region (see
Corollary 5.4).

Definition 5.1 Let (6,7,7) € L>(Q;[0,1]) x Hi; (Q;R?) x L*(Q;R2%2). We say that (6,7,7) is
an optimal triple for ¢(k) if:
(-) 6 solves problem (2.12);

(-) @ solves problem (3.3) and is optimal for " (f) in its primal form (2.10);
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(-) @ solves problem (4.6) and is optimal for '™ () in its dual form (4.5).

Theorem 5.2 (optimality conditions) B
Let (0,7,7) € L>®(Q;[0,1]) X Hiy (Q;R?) x L*(Q;RZS3). We have that (0,7,7) is an optimal triple
for ¢(k) if and only if it satisfies the conditions:

- le[[ﬁH = (Fl,ﬁg) , - diV2[[$35H =F3
=0 j'(cas(®))

Remark 5.3 It can be checked that, in terms of 2D variables, the inclusion (5.3) is equivalent to
the following pair of conditions:

(X, 7) € Ofp(e(1,02),V?v3) and  fi(\,7) = /1 j - k]i(a(ﬁﬂl,ﬂ?:s))dﬂﬂ:s ,

where T is related to @ through the equality e,g(w) = e(T1,72) — 13V?T3, whereas A and 7 are given
respectively by [[@]], and —[[z37]].

PrROOF OF THEOREM 5.2. Firstly note that, for every u and o admissible respectively in the
primal and dual forms (2.10) and (4.5) of ¢'™(6), there holds:

(Fyu)ps = —(div(Eyo), u)ps = /QEOJ ce(u)dr = /Qa eqp(u) dx . (5.5)

Assume now that (f,%,7) is an optimal triple for ¢(k) according to Definition 5.1. Then clearly
(5.1) holds since @ must be admissible for problem (4.6). Moreover, since 7 is optimal for the dual
form (4.5) of '™ (), necessarily it must vanish on the set {# = 0}. Then, using the equivalence
between the primal and the dual forms (2.10) and (4.5) of C""™ (@), we obtain:

0 = T eap(@) — 0j(eas(@) —0 ' 7*(@) t da
Q
= B 0715 - eap(@) — jleas(@) — 350 7)) Oda |
/Qm{e>0} {

which yields (5.2) thanks to the Fenchel inequality.
Similarly, again using (5.5), the equivalence between (3.3) and (4.6) implies:

/Q {5 ceap(@) — [j — K]+ (eap(@) — [j — k:]i(a)} dr =0,

which yields (5.3) thanks to the Fenchel inequality.
Finally, the equivalence between (2.12) and (3.3) implies:

/Q {(j(eaﬁ(ﬂ)) —k)o—[j— k]+(eaﬁ(ﬂ))} dr =0,

26



which yields (5.4) since the integrand is nonpositive.
Viceversa, assume that (0,7,7) satisfy the optimality conditions (5.1)-(5.2)-(5.3)-(5.4).
By (5.1), 7 is admissible for ¢"""(#) in its dual form (4.5). Hence,

(F, g — /Q F(ews(@) B da

< sup { (g — [ F(eas) T« v e Hlp (@R}

:mf{/QElj*(a) dv o€ IAQRE) , —divlio] = (F1, Fa) , —div?(laso]] = Fs }
0715%(@) dx .

S/Q 77(@)

Using (5.5) one sees that, thanks to (5.2), the first and the last term in the above chain of inequalities
agree. Hence w and & are optimal respectively for the primal and the dual forms (2.10) and (4.5)

of C'™(9).
Similarly, by (5.1), @ is admissible also for problem (4.6). Hence,

(s = | [ 4] eas(m) e
<sup {(Fugs — [ [leas() ~K] dv + ue B (@R)
:mf{/Q[j—k]j(a) dv : o€ L(QRY2), —div[lo]] = (F1,Fs) , —div*[[as0]] :Fg}

g/Q[E—kL(a).

Using (5.5) one sees that, thanks to (5.3), the first and the last term in the above chain of inequalities
agree. Hence u and o are optimal respectively for problems (3.3) and (4.6).
It remains to check that 6 is optimal for problem (2.12). Indeed we have

Clim(@)—}—k/q??dm:sup{(F,u)Rs—/Q(j(eaﬁ(u)—k:))gdx : uGH}(L(Q;R?))}
_ <F,a>R3—/Q(j(eaﬁ(a))—k)édm

— (F g — /Q 7 — k], (eap(@) = 6(k)

where in the first equality we have used the primal form (2.10) of "™ (#), in the second equality the
already proved optimality of @ for such formulation, in the third equality the optimality condition
(5.4), and finally in the fourth equality the already proved optimality of @ for problem (3.3). O

Thanks to Theorem 5.2, it is an easy task to deduce qualitative properties of optimal material
distributions 6, and to realize that classical shape solutions always exist, namely that 6 can be
identified with characteristic functions.
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To be more precise, let us associate with a given u € H; (Q;R?) the following subsets of Q:

El—:(u) = {j(ea,@(u)) > k} ) EE(U) = {j(ea,@(u)) < k} ) Eg(u) = {E(QQB(U)) = k} :

Recalling that eqg(u) = e(vi,v2) — x3V203 for some v, € H(D) and vs € H%(D), we deduce that,
for any 2’ € D, the fiber {x3 € I : (2/,23) € X}/ (u)} turns out to be the complement of an interval.
Moreover, up to a set of null Lebesgue measure in R3, Eg(u) may be identified with the cylinder

{(@',23) : Vu3(') =0, jle(vi,v)(2)) =k} ;

in particular, £9(u) is Lebesgue negligible in R? if it happens that the set {2’ € D : V2v3(z’) = 0}
is Lebesgue negligible in R?.

Corollary 5.4 Let (0,u,5) be any optimal triple for ¢(k). Then
0=0 onX (w) and 6=1 onX}(u).
Then two cases may occur, each one leading to the existence of a two-layers classical solution:

—if Eg(ﬂ) has null measure, 0 itself is a classical solution: it is indeed uniquely determined
as the characteristic function of the set w = E;‘(ﬂ), whose fibers are the complement of a
(possibly empty) interval;

~ if 29(w) has positive measure, the initial optimal triple (0,7,) can be modified into another
optimal triple (6*,7w,0™) such that 0* is a classical solution, and more specifically it is the
characteristic function of a set W, whose fibers are the complement of a (possibly empty)
interval.

PROOF. Equation (5.4) implies that § = 0 on X, (u), and that § = 1 on X} (). In case X9 (u) has
null measure, it follows straighforward that 6 is a classical solution : it agrees with the characteristic
function of the set ¥ (w), whose fibers are the complement of an interval. In case X9 () has positive

measure, tlle optimal triple (5, u,7) can be modified into another optimal triple (6*,u, 0*) as follows.
We leave (6,%,7) unchanged on the complement of X9 (). For z = (2/,23) € X%(u) we define:

0" (2’ 23) = 1 = T ey (23) and o* = 0"j(eap(n)) ,
where I*(2') = (—=6*(2'),8*(2)) is an interval chosen so that [[6*]] = [[0]].
By construction, 6* is the characteristic function of a set whose fibers are the complement of an
interval. We have only to check that the triple (§*,u,0*) satisfies the optimality system on X9 ().
Equation (5.1) holds because [[0*]] = [[7]] and [[x30*]] = [[x37]] (this follows from the definition of
o*, taking into account that [[0*]] = [[6]], and that j'(eag(u)) is independent of z3 on ¥2(%)).
Equation (5.2) holds by the definition of o*.
Equation (5.3) holds because we know from (5.2) that o* equals either 0 or j'(e,s(%)), so that in

both cases it belongs to 8<[E(ea5(ﬂ)) — k:]+>
Finally equation (5.4) holds trivially on X9 ().
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6 Varying Lagrange multiplier and vanishing volume limit

The volume penalized version of the limit problem obtained in Section 2 is described, in terms of
the Lagrange parameter k, by the function ¢(k) in (2.12). By Corollary 5.4, ¢(k) admits a classical
solution 6, which is the characteristic function of some set. From now on, we will denote such a
set by wy, since we want to emphasize its dependence on k. Indeed, we want to let the parameter
k vary, and to examine the asymptotic behaviour as k tends to +o0o of both the function ¢(k) and
the sets wy. This is an important issue, as it corresponds to study the asymptotic behaviour, as the
volume fraction 7 tends to 0T, of the function Z(7) defined in (2.13). We are going to show that
this limit process allows to link our results with the models previously studied in [16, 17, 27].

Let us begin by extending the limit compliance in (2.11) to the class M™(Q) of positive measures
on @, by setting

C"™ ()= sup ){<F,v>Rz— /Q j(e(v1,v2) — 25V%03) du} Ve MT(Q) . (6.1)

veC> (D;R3

The function ¢(k) can be then recast as:
¢(k) = inf { "™ (n) + & / dp @ p=0dz, 0 L*(Q;|0, 1])} .

For k > 0, by multiplying p by the scalar factor v/2k, we are led to the equality

(b(k) . im 1 . — o0 .
ﬁ:mf{d (u)+§/du s p=0dr, 0el (Q,[O,\/ﬂ])} (6.2)

Therefore the positive quantity % remains finite and is monotone nonincreasing in k. It is natural

to expect that its limit as k — oo is positive and given by

m := inf { M () + % / du : pe M+(Q)} (6.3)

This fact is proved in the next theorem where in addition the asymptotics as k — 400 of the optimal
sets wy, is established.

Theorem 6.1 (asymptotics as k — +0o0)
(i) The function ¢(k) defined by (2.12) is concave continuous. For k < 0 it is affine, whereas for
k > 0 it has the following behaviour (being m defined by (6.3)):

(k) ¢(k)

——= i$ nonincreasing lim — = m. 6.4

V2k g k—+oco +/2k ( )
(ii) Let wy be an optimal set for ¢p(k). Then there holds |wy| < % for a suitable constant C' and, up
to a subsequence, as k — +oo we have:

V2k 1, 27, with i optimal for problem (6.3) . (6.5)

In view of this result, it is important to understand how to deal in practice with problem (6.3).

In Proposition 6.2 below, we show that m can also be obtained through the linear constrained prob-
lem studied in [16, 17, 27|, or equivalently through its dual formulation. This allows to determine
optimal measures 7 for (6.3). Moreover, Proposition 6.2 will be useful for the proof of Theorem 6.1.
Let p: R2X2 — R be defined by the identity j(z) = %ﬁQ(z), and let p° be its polar function, namely

Sym

P°(€) =sup{z- € : plz) < 1}.

29



Proposition 6.2 With the above notation,

(i) problem (6.3) has solutions and m is positive. Furthermore

m= sup{(F, Uyps : uw€ Hiep (Q;R?) | pleap(u)) <1 a.e. on Q} (6.6)
= SUP{<F7U>R2 : vo € HY(D),v3 € H*(D) , p(e(vi,v2) £ 1V%03) <1 a.e. on D} (6.7)

and any optimal measure Ti in (6.3) satisfies C™ (@) = & [ di =

2
(ii) it holds

— : —o0 A —0 A . X
m—uin{ [7°(5 )+ [7°(5 1) + Ane MODEED), o

—divA = (F1,Fy), div’(n) = F3} ;
(i) if (\,7) is a solution of (6.8), then a solution of (6.3) is given by

YD of X
fo= P0<§ + 77) ® Ofpg=1/2} + PO(§ - 77) ® Ofzs=—1/2} - (6.9)
Remark 6.3 Theorem 6.1 and Proposition 6.2 give a rather complete picture of the asymptotic
behaviour of the sets wy. Firstly, by Theorem 6.1, we know that the rescaled measures v2k|wy|
converge to m as k — 4o00. Moreover, according to Corollary 5.4, we can look at the asymptotic
behaviour of the “profile functions” hf (z') : D — [0, 1] such that

wk = {(x',xg) €EQ : x3€ [— %,—% + hy (2")| U [% — hif (2'), %]} (6.10)

(notice that, for those 2’ € D such that {2’} x (—3, 1) C wg, by convention we may set hi(z') = 3).
By Theorem 6.1, we have v/2k(h{ + hy ) = [[f]] where 7 solves (6.3). Furthermore, if this solution
is unique (which is the most usual case), then it is given by (6.9) and the asymptotics of h,j, h;, can
be explicited separately. Indeed, in this case one can easily deduce by localizing the convergence

(6.5) that

V2kh 5 ﬁ°<%+ﬁ> and V2khy = ﬁ”(%—ﬁ)
PROOF OF PROPOSITION 6.2. The functional C'™(u) + % [ dy is convex and lower semicontin-
uous with respect to the weak star convergence of measures. The existence of solutions for (6.3)
follows from the direct method of calculus variations since minimizing sequences are tight on the
compact subset Q. The positivity of ™ (u) implies that 7 > 0 (note that ¢'™(0) = +00).
Let m € RT be arbitrary. Recalling the definition (6.1) of ¢'"™(u), we apply the same inf-sup
commutation argument as in Section 3, and by using the 2-homogeneity of j, we obtain:

inf { cm(p) : [dp < m} = sup inf {<F,U>R2—/Qj(€(v1,v2) — 23V203) dp /d,u < m}

vEC™> (D;R3)

= F7 - Jj ) - v2
e

2
2m ’
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where mg denotes the right hand side of (6.7). Then, by the definition (6.3) of T, since the function
m— (% + %) attains its minimum on R™ at m = mg, we deduce that m = mg. Thus any optimal
p satisfies ¢ (p) = 2 = % [ du which proves statement (i).

Statement (ii) follows directly from [16, Lemma 3.9].

Finally, let 7z be given by (6.9), with (X,7) solution of (6.8). If T = (T, 2, D3) is a solution of (6.7),
by [16, Proposition 3.10], it holds

A A 1

(5 47) = (57, e(01,5) £ 5V?T)se .

2 2 2

By the definition of p°, this implies ﬁ(e(m,@g) + %V%g) > 1 a.e. on D. On the other hand, since
by construction ¥ is admissible in problem (6.7), it holds p(e(v1,2) £ $V?v3) < 1 a.e. on D. We
conclude that p(e(v1,2) = 3V2D3) = 1 a.e. on D, and hence that j(e(v1,72) £ 3V?03) = 1/2 ace.
on D. Combined with the equality (F,7) = m, this gives

and statement (iii) follows. O

PROOF OF THEOREM 6.1.

(i) The function given in (2.12) is an infimum of affine functions of k. It is therefore concave.
Moreover it is nonnegative for k& > 0 whereas, for £ < 0, the infimum in formulation (2.12) is
attained for = 1, so that ¢(k) — k7 = k(1 — 7) + C;,r(Q). Thus ¢ is continuous as it is concave
and finite over the whole set R. On the other hand, owing to (6.2) and (6.3), we have trivially
k k
o) _ ok

lim —=% = inf —=% .
k—-+oo \/2k k>0 \/2k

In order to show the converse inequality, we exploit the formulation (3.3) for ¢(k) in which we insert

the change of variable w = u/v/2k. We obtain, for every k € RT,

M— su W) 3 — J(eap(w 1 T

Thanks to (6.11), there exists a sequence {wy} in Hk;(Q;R?) such that

k _
Jim % = Jim_ {(F, WRS—@/Q [F(Cap(wi)) — %L dx} . (6.12)

Up to a rigid displacement (which is not restrictive thanks to the assumption that F' is balanced),
the sequence {wy} is bounded in the H'-norm. Indeed, by using the Korn inequality, the coercivity
of [j(2) — k], the inequality ¢(k) > 0, and the assumption F' € H~1(Q;R?), we may find positive
constants C; such that

_ 1
w7 < Chlle(wg)]|7 < 02@/62 li(eap(wr)) — §]+ < Co{Fyw)ps < Csllwl| g -
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Then up to a subsequence wy, converge weakly in H'(Q;R?) to some function w, which satisfies

/Q [j(eap(w)) — %]+dﬂv < liminf/Q [i(eap(wr)) — %]erx =0.

k—-+o0
In particular, we have j(eq,s(w)) < & ae. in Q. Recalling that F € H~1(Q;R?), by using (6.12)
and the characterization (6.6), it follows that
¢(k)

lim —= < i F = (F,w <m
kir—l{loom > k—1>r—|r—loo< ’wk>R3 < ?w>R3 > m,

which completes the proof of (6.4).

(ii) Let now wy be an optimal set for ¢(k). Then for each k the measure py := v2k 1, is optimal
in (6.2), namely

%ZC(M)JF%/CU%-

Since C(px) > 0 and since by the monotonicity property ¢(k) < (b(l)\/E, the above equation implies
that the integral [ dpy remains uniformly bounded. Then up to a subsequence there exists 7z such

that pup — . By using statement (6.4) already proved, the weak star semicontinuity of the map
p— C(p), and the definition (6.3) of m, we obtain

I N 1 ISR
m= —RETOO{CW)W/CW} 20(““5/6“‘2” (6.13)

We deduce that all the inequalities in (6.13) must turn into equalities, so that & is optimal for
problem (6.3). O

We turn now to our initial goal which consists in determining the vanishing volume fraction limit
that is the limit behavior as 7 — 0 of Z(7) defined by (2.13). We notice that, by (6.4), the function
k — ¢(k) — k7 behaves like \/2k — k7 for k — +oo and therefore the Lagrange multiplier k(7)
which for a given 7 maximizes (2.13) should behave asymptotically like k() = m?/(272), so that
k(1) — 400 as 7 — 0. In fact it is easy to deduce from Theorem 6.1 the following

Corollary 6.4 (asymptotics as 7 — 0T)
For every T € (0,1), the mazimal value Z(T) in formulation (2.13) is achieved. Furthermore we
have

lim 7Z(r) =

7—0

(6.14)

oE]

PROOF. First we notice that
Z(r) = sup{op(k) —kr : k>0} .

Indeed, as seen in the proof of Theorem 6.1, for k < 0, we have ¢(k) — kT = k(1 — 7) + C; r(Q)
which is is maximal for £ = 0. On the other hand, due to (6.4), the sublinear growth at infinity for
positive k implies that ¢(k) — kT — —o0 as k — +oo. Thus, by the continuity of the function ¢(k),
the maximum in (2.13) is attained. Futhermore, by (6.4), we have for every 7 € [0,1] the following

lower bound .,

Z(r) = sup {¢p(k) —kr} > sup mV2%k —kr = o (6.15)
k>0 k>0 2T
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Then the proof of (6.14) is achieved if we are able to show that

772
limsup 7Z(7) < - (6.16)
7—0
Consider sequences 7, — 0 and k,, € RT such that
limsup7Z(r) < limsup [ sup {ro(k) — ki7'2}] = lim (T ¢(ky) — knTEL) (6.17)

T7—0 T—0 keRT

Possibly passing to a subsequence, we may assume that the sequence {k,} admits a limit k€
R U{+oc}. If k € RT, then ¢(k,) remains bounded and, by (6.17), we find that lim, o7 Z(7) = 0
which is in contradiction with (6.15). Therefore k, — 400 and, exploiting (6.4) once more, we
deduce (6.16) by passing to the limit in the following upper bound

L [(ka)]?

7 An explicit example of optimal plate and some perspectives

The 2D stress formulation (4.7) of ¢(k) and the optimality conditions given by Theorem 5.2 make
easy to design optimal plates. Even if some numerical computation may be needed, the difficulties
are in no way comparable with those encountered when designing optimal structures in the general
case (see [1]). Indeed, by solving the stress problem (4.7), we can get the equilibrium stress fields
(A, 7). As the optimal displacement field @ is a Kirchoff-Love displacement, e(i) is, owing to (1.5),
a linear function of xg. The coefficients of this linear function can easily be deduced from the
knowledge of (\,77). Then an optimal set wy, for ¢(k) can be explicitly determined by using the
optimality conditions.

Let us now describe a case where all these computations can be performed in an analytical way.
We first restrict to the case when no function depends on the x5 variable. Indeed we take @ =
[—2,2] x R x [—=1/2,1/2], which is infinite in the zs-direction, and a balanced load F' = (F},0, F3),
with F}, F3 independent of the xo variable. Therefore in the sequel we drop any reference to the
variable xs.

In such framework, the stress problem (4.7) becomes trivial since there is a unique competitor
(A, 7): indeed the differential equations N = F1, = F3 (where the derivation is relative to the
x1 variable) uniquely determine stresses supported in the compact interval [—2,2]. If we further
assume that Fy = 0 then, by (2.9), F; = 0 and so the solution of the first of these differential
equation is A = 0.

Now, in order to make further computations as simple as possible, we assume that the considered
material is an isotropic linear elastic one with a vanishing Poisson coefficient : the energy density
j is given, for any z € Rg;rg, by j(z) = 3|z|?>. Then for any z € ngxnf, equation (2.8) reduces to
j(z) = 3|2|? and the optimality condition (5.2) simply reads & = 1, e(%).

Owing to equation (1.5) we know that e,g(w) takes the form: e,3(7) = A + Bxg where A and B
are rank one matrices depending only on the z; variable. Owing to Corollary 5.4 we also know that
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wg may be written as in (6.10) for suitable profile functions k. Thus the condition [[7]] = X = 0
reads

_ B
A(h:+hk)_§

(b — b)Y = (b +h)) =0 )
Moreover Corollary 5.4 states that [—3 + hy, 5 — k)| coincides with the set {|e(@)[?> < 2k}, so that
(—% + h;;) and (% — h;) are the two solutions of the following quadratic equation

|B*2? +2(B-A)z+ (|A* —2k) =0 . (7.2)

We deduce that B(h; — h; ) = 2A. Substituting this equality into (7.1) we get A = 0. Hence the

two solutions of (7.2) are (—3 + hy) = —%, (3 —nf) = IT?IIC' Finally the condition [[—z37]] =7
gives
B/ 1 1 B 1
T=—=((=—=h)3—(—=+h, 3——) :—(8 ——h+3—1) .
n 3<(2 p)” = ( 5 T k) 1 D (2 ;)
Therefore, the total thickness Qh;f = 2h; = h: + h;. can be obtained in terms of 7 as the unique

solution of the third degree polynomial equation

67|

V2k

As a consequence, when k — +00, hf are infinitesimal, and more precisely we have the asymptotical
equivalence:

(x—1)+3z—-32>+2°=0.

~ _Inl

Such equivalence is consistent with the results obtained in Section 6, ¢f. in particular Remark 6.3 by
taking into account that, in the present framework, (0,7) is also the unique competitor for problem
(6.8).

Now, let us consider for instance the case when Fj is given by

Fy= —4H'L ([—1, 1] {1/2}) F10HIL (([—2, 1 U[L,2)) % {—1/2})

—6HIL (({—2} U{+2)) x [-1/2, 1/2]) .
The domain and the loads under consideration are represented in Figure 1. Using (2.9), we have
Fy=—4H'L[-1,1]+10H'L ([-2,—1] U [L,2]) —65_5 — 65, ,

where J, denotes the Dirac mass concentrated at point a. The unique solution of the differential
equation 1’ = F3 reads

—272 4+ 1 if z1 € [-1,1],
=453 —14r1 +8 if vy € [-2,—1]U[L,?2]
0 otherwise.

If we assume that the total volume of material is much smaller than the volume of the design region,
namely that the parameter k is large enough, we can use the approximation (7.3) to deduce that
the profile h;f is proportional to |77]. Thus we may draw an optimal design as done in Figure 1.
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Figure 1: Optimal shape for a plate submitted to bending forces

<~ ———

Figure 2: Completed optimal shape for a plate submitted to bending forces

Such optimal design thwarts our intuition. A first striking fact is that the support of the lateral
forces is not included neither in the optimal design nor in its boundary. How can such forces be
supported by the material? A second striking fact is that the optimal design is divided in two
disconnected parts: how can these two parts support the top and bottom forces without collapsing?
To understand our results, one has to remember that the optimal design under consideration is just
the limit as § tends to zero of the (rescaled) optimal shape. When § is small but finite the structure
is close to the presented design but it is somehow different: a small amount of material can be
diverted in order to solve the aforementioned problems. As this amount is very small (negligible in
the limit), it is not necessary to use it in a very clever way: we believe this is likely the reason why
so many different structures are commonly used to connect the upper and lower layers. In Figure
2 we have added such a light structure, which should be sufficient for this connection, and we have
added as well a boundary layer, which should be enough to support the lateral forces.

To conclude, we wish to point out some related open questions which are out of the scope of this
article and in our opinion deserve interest for future investigation.

A first natural problem is the optimization of the intermediate light structure that we have added
arbitrarily, according to our feeling, in Figure 2 above. In fact, this corresponds to a higher order
problem in the asymptotic expansion with respect to the parameter §: a second order I'-limit should
be studied in order to find the optimal layout of the material connecting the top and bottom layers.
It is also of interest to understand how our work could be adapted if one desires to include the
additional constraint of connected sections, i.e. to add in our starting problem (1.6) the constraint
that 2 takes the form Q@ = {h~(2’) < z3 < h*(2/)}. This variant of the problem has some similarities
with the one considered in [8, 9, 10]. However, the comparison with our approach discloses deep
differences. Indeed, in [8, 9, 10], the 3D-2D limit is taken before any optimization is performed;
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therefore, plane stress state is somehow an implicit assumption, while in subsequent optimization
rapid oscillations of the thickness appear. In contrast, in our approach, we carry out a real 3D shape
optimization process (in a thinning domain), in which thickness oscillations would likely prevent a
plane stress state. We foresee that this will lead to a more complex situation, whose study should
require a challenging work.
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