\

Isometric immersions into Lorentzian products
Julien Roth

» To cite this version:

Julien Roth. Isometric immersions into Lorentzian products. International Journal of Geometric Methods in
Modern Physics, 2011, 8 (6), pp 1-22. <hal-00528583)

HAL Id: hal-00528583
https://hal.science/hal-00528583v1

Submitted on 22 Oct 2010

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Auto':iiition
HAL Authorization


https://hal.science/hal-00528583v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

ISOMETRIC IMMERSIONS INTO LORENTZIAN PRODUCTS

JULIEN ROTH

ABSTRACT. We give a necessary and sufficient condition for an n-dimensional Riemannian man-
ifold to be isometrically immersed into one of the Lorentzian products S x Ry or H™ x R;. This
condition is expressed in terms of its first and second fundamental forms, the tangent and nor-
mal projections of the vectical vector field. As applications, we give an equivalent condition in
a spinorial way and we deduce the existence of a one-parameter family of isometric maximal
deformation of a given maximal surface obtained by rotating the shape operator.

1. INTRODUCTION

A fundamental question in the theory of submanifolds is to know when a (pseudo)-Riemannian
manifold can be isometrically immersed in a given ambient space. In the case where the ambient
space is a Riemannian space form, it is a well-known fact that the Gauss, Codazzi and Ricci
equations are necessary and sufficient (see [4, [15]). In particular for immersions of codimension 1,
the Ricci equation is trivial and the Gauss and Codazzi equations are equivalent to the existence
of a local isometric immersion into the desired space form. This fact is also true for psuedo-
Riemannian manifolds (see [12]). Namely, let (Mn+1,§) be an orientable psuedo-Riemannian

manifold and (M, g) a hypersurface of M. We denote by V and V the Levi-Civita connections of
(MnH,g) and (M, g) respectively and by R and R the associated curvature tensors. The shape

operator of M associated with the normal unit vector field v is the symmetric (1,1)-tensor S
defined by SX = —Vw. Then, it is well-known that the following equations holds for any vector
fields X, Y, Z tangent to M:

(1) R(X,Y)Z =R(X,Y)Z +6(9(SX, Z)SY — g(5Y,Z)SX),
(2) VxSY —VySX — S[X,Y] = R(X,Y)y,
where 0 = 1 is v is space-like and 6 = —1 if v is time-like. These two equations are respectively

the Gauss and Codazzi equations. In the case where the ambient manifold is a space form of
curvature k, they become

(3) R(X,Y)Z = k(g(X, 2)Y = (Y, Z)X) +(g(SX, Z)SY — g(SY, Z)SX),

(4) VxSY — VySX — S[X,Y] = 0.

Thus, the Gauss and Codazzi equations are defined intrinsically on M since they involve only the
first and second fundamental forms. Moreover, it is well-known that these two equations are also
sufficient conditions for (M, g) to be immersed locally and isometrically into the space form of
curvature x and compatible signature with given fundamental forms g and S.

In the general case, the Gauss and Codazzi equations are not intrinsic because of the curvature
tensor of the ambient manifold. Nevertheless, in some special cases, for instance when the ambient
space is a Riemannian product of a space form with a real line M™ x R or a 3-dimensional homoge-
nous space, the Gauss and Codazzi equations can be expressed in an extrinsic way. Precisely, for
a hypersurface of M x R, the Gauss and Codazzi equations depend only on the first and second
fundamental form, the projection T' of the vertical vector 9, onto T'M and its normal component
f = (0 v). In [5], Daniel proved that these two equations together with two more equations give
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2 J. ROTH

a necessary and sufficient condition for a manifold M to be immersed locally and isometrically
into M" x R. Namely, he showed the following

Theorem (Daniel [5]). Let (M, g) be an oriented, simply connected surface and V its Riemannian
connection. Let S be field of symmetric endomorphisms Sy : TyM — TyM, T a vector field on
M and f a smooth function on M, such that ||T||> + f2 =1. If (M, g,S,T, f) satisfies the Gauss
and Codazzi equations for M™(k) X R and fro oall X € X(M),

VxT =FSX and df(X)=-(SX,T),
then, there exists an isometric immersion
F:M — M (k) xR
so that the Weingarten operator of the immersion related to the normal v is
dFoSodF™!
and such that
0y =dF(T) + fv.
Moreover, this immersion is unique up to a global isometry of M"(k) x R which preserves the

orientation of R.

Remark 1. Note that contrary to the case of space forms, the Gauss and Codazzi equations are
not sufficient here. Indeed, the compatiblity equations require two additional equtions coming form
the fact that Oy is parallel.

The first aim of this paper is to give such a fundamental theorem of hypersyrfaces for the case
of the Lorentzian products M"™(x) x Ry. We prove the following

Theorem 1. Let (M,g) be an oriented, simply connected Riemannian surface and V its Rie-

mannian connection . Let S be field of symmetric endomorphisms Sy : TyM — T, M, T a vector
field on M and f a smooth function on M, such that ||T||*> — f* = —1. If (M, g,S,T, f) satisfies
the Gauss and Codazzi equations for M™ (k) x Ry and the following equations

VxT = fSX, df(X)=(SX,T),
then, there exists an isometric immersion
F: M — M"(k) xRy
so that the Weingarten operator of the immersion related to the time-like normal v is
dFoSodF™!
and such that
Oy =dF(T) + fv.
Moreover, this immersion is unique up to a global isometry of M™(k) x Ry which preserves the

orientation of R in the product.

For this, we use the fairly standard method based on differential forms first used by Cartan and
after by Tenenblat [I5] or Daniel [5] for instance. Then, from Theorem [I} we prove the existence
of a one-parameter family of isometric maximal deformations of a given maximal surface into one
of the above Lorentzian product.

Finally, we give a spinorial version of this theorem as in the Riemannian case [0, [IT], [14] and
generalzing the results of [8, [9] to 3-dimensional Lorentzian products.

2. PRELIMINARIES

First of all, we fix our conventions for index and summation. Latin letters, i, j, k are integers
between 1 and n whereas Greek letters denote integer between 0 and n + 1. Therefore, for
summations, we have > uq = ug + - - Uy and Zj Uj = Ut + - Up.
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2.1. The compatiblity equations. Let (M™,g) be an oriented Riemannian hypersurface of
M"™ (k) x Ry with normal unit vector field v. We denote by J; the vertical vector of M" (k) x Ry,
that is, the unit vector field giving the orientation of Ry in M™ (k) x Ry. The projection of 9; on
TM is denoted by T and its normal part is f. Therefore, we have d; = T + fv, with f = — (0, v)
since (v,v) = —1. We can compute the curvature tensor of M" (k) x Ry for vector fields tangent
to M. We have the following:

Proposition 2.1. For any vector fields X,Y,Z, W € T'(TM), we have
(RX,Y)Z,W) = r((X,2)(Y,W)—(Y,Z) (X, W)
+ Y)W, T)(X,Z) —e(X,T)(Z,T) (Y, W)
— (X, T) (W, T)(Y,Z) +e(Y.T)(Z,T) (X,W))
and
<§(X,Y)1/, Z> = —fe((Y,W)(X,T) - (X,W) <Y,T>)
Proof : Let X, Y, Z, W € T'(T'M). We can write these vector fields as follows:
X:)~(+x8t, Y:f/—i—y&g, Z=Z+z8t, W:W—&—wat,

with )?, ?, Z and W tangent to M" (k) and z,y, z and w some real-valued functions.
Since, 0; is parallel, we have

(RX,Y)Z,W) = (Run(X,Y)Z, W>
= w((X.2)(7,W) - (V, /(X W)
= ( — 20, Z — 20,)(Y — yBy, W — wdy)
Y — 9 Z — 20,)(X — 20, W — w@t))

Moreover, since the vector fields XY, Z and W are tangent to M and (9;,0;) = —1, we have
(X, T, y=—-,T), z=—(Z,T) and w = — (W, T). So, a straightforward computation

yields the first identity.

For the second identity, we denote, v = ¥ + nd; with v tangent to M (k). Clearly, we see that

n=—(v,0;) = f. So, we have

(BXY )W) = (B (X,7)5, 1)
- n( (X, 00T, W) — <}~/,Z><)~(,VT/>)

( —m&t,y—fﬁ’tMY—y@t,W—w@)

Y —ydy v — fONX —x@t,W—w8t>>

which gives easily the wanted identity. O

Now, using again the fact that the vector field 0; is parallel, we get the following identities.

Proposition 2.2. For any X € X(M), we have
(1) VxT = fSX,
(2) df(X) = (SX,T).
Proof : Since 0; = T + fv is parallel, we have
0 = Vx& =VxT+df(X)v+ fVxv
= VxT —(VxT,v)v+df(X)v+ fVxv

But, by definition, Vyv = —S5X, so by identification of normal and tangential parts, we have
VxT = fSX and df(X) = (VxT,v) = = (Vxv,T) = (T, SX). This concludes the proof. O



4 J. ROTH

2.2. Moving frames. The main ingeredient to prove Theorem [I|is the technic of moving frames.
This tool is fairly standard and one can refer for instance to [16], [T5] 13} 5].
Let (M™,g) be a Riemannian manifold, V its Levi-Civita connection and R its curvature tensor.

We consider a field of symmetric operators S on M. Let {ey,...,e,} be alocal orthonormal frame
on M and {w!,--- ,w"} its dual basis, i.,e., w'(ex) = 5. We also define w™™* = 0 and the forms
w} w}’“, wh 41 and wZﬂ by

wé(ek) =(Ve,€;,€), w?“(ek) = (S(ex),e5), wi = —w;”'l and wﬁﬁ =0.

Obviously, we have
Ve.e5 = Zwé(ek)ei and Sej = Zw?“(ek)ej.
i J
Finally, we denote R};lj = (R(ek,er)ej,e;). Then, we have the following well-known structure
forumlas.

Proposition 2.3. We have
(5) dwi+2w2/\wa =0,

(6) > wptt Aw® =0,
(7) dw§+2wéAw?:f%ZZRzljwk/\wl.
a k l

1
(8) dw;H'l + Zwé”“ ANwf = -3 ZZ (Ve Se; — Ve, Ser, — Slex, er], e5) w Al
a k l

These formulas are well-known. One can see [5] for a complete proof of these proposition.

2.3. Other facts about M"(k) x R; and their hypersurfaces. In all this section, we will
consider (M™,g) a hypersurface of M" (k) x R;. I We denote by R the p-dimensional Lorentz
space, that is, RP? endowed with the metric

(dzo)? + -+ + (dzp_2)? — (daP™1)2.

and R the p-dimensional pseudo-Euclidean space of signature (p—2,2), that is, R? endowed with
the metric
—(dzg)? + (dzy)? + -+ - + (daP™2)% — (daP™1)2.
We have the following inclusions
S" xRy CR™ xRy =R}™ and H" x R; ¢ RI x Ry = RYH2,
where S™ and H™ are the respectively the sphere and the hyperbolic space of dimension n defined
by
S" = {(330, T ,xn) € R+ | (xO)Z +oot (xn)2 = 1}7 and
H® = {(z%,--- ,2™) e RTT | — (%) 4+ -+ (2")? = —1; 20 > 0}.
Thus, we set E"t2 = R""2 if x = 1 and E"*t? = R} if k = —1. With these notation, we have
M" (k) x Ry € Ent2,
Now, let (M", g) a Riemannian hypersurface of M"(x) x R;. We denote respectively by V, V and
V the Levi-Civita connections of M, M"(k) x R; and E"*2. We consider ¥ the unit normal to
M" (k) x Ry into E"*+2, that is,
ﬁ(x) = (1,0,1,1, T 7xn70)a
and v the unit normal to M into M"(k) x R;. We denote by S and S the associated shape
operators, that is, S is defined by

éxy =VxY+< SX,Y >,
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ie., SX = —K%Xﬁ. Note that the sign x comes for the fact that we have < 7,7 >= k.

Let {e1,...,e,} be a local orthonormal frame on M, €,+1 = v and eg = 7. We consider the forms
w;, wl, wa_l and wZii as above and in addition, we set

w)(ex) =< Seg,eq >, and w] = —rKw).
Since Sx = —H%XP = k(=X — (X, ;) O), we have

wg(ek) = —K (er, ey) + Ke (ex, Or) (e, 0) .

Hence, by definition, we have V¢, e = 3, w§(ek)ea-

Now, let {Ep, -+, En41} be a frame of E"*2 so that (Ey, Eo) = k, (Ej, E;) =1 for j € {1,--- ,n}
and E,y1 = 0; (hence, (Eny1, Ent1) = —1). We denote by A € M, 12(R) the matrix whose
columns are the coordinates of the vectors eg in the frame {Eo, -+, Eny1}, ice., eg =, AGE,.
Hence, we have

Veres = Y dAGE,.
But, on the other hand, we have

Ve = Z wj(er) AT Eq,
o

which means that A~'dA = Q, with Q = (wg).
We set G = diag(k,1,---,1,—1) € M,12(R). We define the two following sets

SE™?) = {Z € My1»(R)|'ZGZ =G, det Z =1},

and
s(E"?) = {H € My,42(R)|"HG + GH =0, } = s0(E""?).

Moreover, we set ST(E"*2) the connected component of the identity in S(E"*2).
Thus, one can see easily that A € ST(E"*?) and Q € s(E"+2).

3. THE FUNDAMENTAL THEOREM OF HYPERSURFACES

3.1. The compatibility equations. Let (M", g) be a simply connected Riemannian manifold
with a field of symmetric operators .S, a vector field T" and a smooth function f on M. From the
section of preliminaries, we introduce the following definition.

Definition 3.1. We say that (M,g,S,T, f) satisfies the compatibility equation fro M (k) x Ry if
I|T||? — f2 = —1 and for any X,Y, Z,W € X(M),

9) R(X,Y)Z, = (SY,Z)X —(SX,Z)Y +k((X,2)Y — (Y, Z) X)
Jm( Y, TY(X,Z2)T — (X, T)(Z,T)Y

+(X. 1) (Y. 2)T+ (Y, T)(2,T)X)

(10) VxSY - VySX - S[X,Y] = —fe((X,T)Y —(Y,T) X)
(11) VxT = fSX.
(12) df(X) = (SX,T)

Remark 2. Note that by differentiating ||T||> — f? = —1, we see that implies (12) at any
point where [ does not vanish.

Thus, Theorem [I]says that these compatibilty equations are a necessarey and sufficient condition
to the existence of a local isometric immersion into M" (k) x R;.



6 J. ROTH

3.2. Proof of Theorem [1} In order to Slmphfy and Wlthout lost of generality, we can assume

that k =1 or kK = —1. We define w’, w"*1, w; w”“, wl 1, and wnﬂ as above and we set

Ert? _ R;L+z ifk >0,
RO ifk < 0.

Let {eg,  ,ent1 = O;} be the canonical frame of E with |eg,|*> = &, |e;]> =1 for i € {1,--- ,n}
and |e,1]? = —1.

We also consider the following functions T =< T, ey >, T"t! = — f and TY = 0, and the following
forms: w(ex) = K(TITF + 5;‘?), Wl (er) = —KfTF, wi = —kw?, wi™ = —kwd, | and w) = 0.

Finally, we set 0(X) =< T, X >, that is, 0 = T*wk and Q = (w§) € My42(R).
Lemma 3.2. We have
do = 0.
Proof : Let X, Y € T'(TM), we have
do(X,Y) = X(o(Y)) = Y(o(X)) —o([X,Y])
<VxT)Y >—-<VyT,X >

—f<SX)Y >+f<SY X >
= 07

because S is symmetric. O

Lemma 3.3. We have

d7T* = Z Tﬂwg.
B
Proof : For o = 0, we have T = 0 and then d7° = 0. Moreover, we have
> T = 2 Thug(en) + Tl ew)
B

= Z R2(TITH + 61)T9 + k2 fTHITE
J
= ) (KTITTY) + T — 5 f°T*
J
= BTN (1) +1- f?)
J
= 0.
Indeed, we have, Z:j(Tj)2 - f2=TP-f*=-1.
For o =n + 1, we have dT""!(e;) = df(ex) = — < Seg, T >. On the other hand, we have

Y Tlup(er) = ZT%H(%HTﬁ nt1 (ex)

S )
J

— < Se, T >
dTnJrl(ek)
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Finally, for j € {1,--- ,n},

dT?(ey) = er<T,ej >
= <V,T,e>+<T,Ve;>
= —f<Sek,ej>+Z<Tiei,Vekej>

- fwy+1(ek)+ZTiw;i(ek)
= TP (ep) + Y T'w (ex).

This achieves the proof. O

Lemma 3.4. We have
dQ+QAQ=0.

Proof : We set ® = dQ+QAQ. We recall that Q2 = (wj). Then, from , we deduce immediately
. . ) 1 .
P! =wy, /\wg‘Jrl + wp /\w? ~3 ZR}Cljwk AWt
k.l

But, the Gauss equation @D is satisfied, that is,
7;clj = E/;cl] + W;L+1 + /\w?+1(ek7 el)a

with
Ry = k(086! — 6468 + T'T'6% + T*T9 5! — TFT'sL — T'T96F).

Moreover, a straightforward computation gives R;lj =wi A w?(ek, er). Thus, from these last four

relations, we deduce that ®% = 0 for any i,5 € {1,--- ,n}.
Now, from , we have
1
@?H =3 Z (Ve Ser — Ve, Sex — Slex, e, e5) w® Aw! —wgt Awd ;.
Kl

Since the Coddazzi equation is satisfied, we have
< Ve, Sep — V¢, Sep, — Slex, e, e; > = —f/f(Tkélj — Tléi)
= —w(T'T"S] — TRT )
Moreover, a simple computation yields wi ™' AwS | (ex, ;) = w(THT" 155 — T'T"+16%). Thus,
we deduce <I>;‘+1 =0.

Now, we will show that ®)_; = 0. First, we have by definition w§ = x(T70 +w’). By Lemma
we know that do = 0, so we deduce

dw? = k(AT Ao+ dw’) = kdT? Ao — 1&2@0{% AWk,
k

where we have used . Thus, we get

CID(;(ep, eq) = dw?(ep, eq) + ng A wf(ep, eq) + w2+1 A w;-‘*'l(ep, eq)
k
= ”(de(ep)U(eq) — dT(eq)o(ep) — Wz(ep) + WZ(eq))

(TP 3 THf (o) = T DS TR (o) 45 (o) — ()
k k
i (TPT" Wi (eg) — TIT™ W ()
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Since o(ep) = T? and o(ey) = T9, we conclude by Lemma [3.3| with o = j that CID(; = 0.
Finally, we will prove that ®° ; = 0. For this, we recall that w9, = kT !0, so that, dw) , =
kdT" 1o, Therefore, we get

(1)9L+1(epa e) = dw2+1(epv eq) + ng /\Z+1 (eps €q)
k

= w(TWT" (ep) — TPAT™ (eq)
(TP TR (eg) = TY Thlya(er))
k k

i —whyi(eg) +wiia(ep)).

Using the fact that S is symmetric and Lemma with o = n + 1, we conclude that <I>91+1 =0.
To finish, it is obvious from the definition that ®Y = @Zﬂ = 0, and we achieve the proof by noting
that 7, = —oP O

Let © € M, we define Z(z) as the set of matrices Z € ST(E"*2) such that the coefficients of
the last line of Z are Zg“ = TP(z). Then, Z(x) is a manifold of dimension w Indeed, this
comes from the fact that the map

F: St(E"?2) — S(E"t?)
z — (Z5)s

with S(E"*2) = {X € E"*2| < X, X >= —1} is a submersion.
Now, we prove the following

Proposition 3.5. Assume that the compatibility equations for M™ (k) xRy are fulfiled. Let o € M
and Ay € Z(xg). Then, there exists a neighbourhood Uy of xg € M and a unique map A : Uy —
SHT(E"*2) so that

ATMdA=Q, A(xzo) = Ay and Vr €Uy, A(x) € Z(z).
Proof : Let U a neighbourhood of g in M. We set
F={(2,2) e U xSHE"™)|Z € Z(z)}.

n(n+1)
2

Obviously, F is a manifold of dimension n + and the tangent space of F is given by

T F = {(1,€) € ToU @ T28*(B"2) | = (A1), (w) }

Without ambiguity, we denote by Z the projection U x S*(E"*2) — ST (E"*2), and we consider
on F the matrix of 1-forms © = Z7'dZ — Q. Thus, for (z,Z) € F and (u,§) € T(,,z)F, we have
O(a,zy(u,§) = Z71¢ — Q,(u). Finally, we set D(z, Z) = ker O (z,2)-

Claim: For any (z,72) € F, D(z, Z) has dimension n.
Indeed, first, we note that © belongs to s(E"*2) as Q and Z~*dZ. In addition, we have by Lemma
B3
Zo —azg Yz —ar Yz o
B! B!

Hence, ©(;, z) has values in the space H = {H € s(E"+?) | (ZH)E+1 = 0}. But, H is of dimension

% since the map F' defined above is a submersion and H € H if and only if ZH € ker (dF)z.

Moreover, {(0, ZH)|H € H} lies into T, z)F and the restriction of O, z) to this subspace is

just (0,ZH) —— H. Hence, the map O, z) is onto H, therefore, its rank is % and so the

dimension of its kernel is n, which proves the claim.
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Claim: The distribution D is integrable.
By Lemma we have

d® = -z 'dzAZz7'dZ -dQ
= —(0+QA(O+09)—dQ
= —ONO-0OANQ-QAO.
From this, we deduce that if £;,& € D, then dO(&1,&2) = 0. So, we deduce that
O([61,&]) =& - O(&) — & - O(&1) —dO(&, &) = 0.

So this proves the claim since by Frobenius theorem, D is integrable.
Now, les A be the integral manifold through (zo,Ag). If & € Ty, 4,)ST(E"2) is such that
(0,€) € D(zo, Ag) = Ta, A, thenAg" = 0, 4,1(0,€) = 0. So £ =0 and so

T(QB07A0)A N ({0} X TA08+(En+2)) - {(Oa O)}

Therefore, A is locally the graph of a function A : Uy — ST (E"*2), where Uy is a neighbourhood
of z¢ in U. Moreover, by construction, this map is unique and satisfies the properties of Proposi-
tion O

Now, we can prove Theorem [l| using this propostion.

Proof of Theorem [}
Let g € M, A € Z(z¢) and to € R. Let {e1,...,e,} be a local orthonromal frame of M in a
neighbourhood of zy. By Proposition there exists a unique map AUy — ST (E"*2) satisfying

A'dA=Q, A(zo)=A, and V€U, A(x) € Z(z).

For any = € Uy, we set FO(x) = AJ(x), F'(z) = Aj(x) and we consider F"*! the unique function
so that dF" ! = g0 and F"*1(x) = ty. Note that F"T! exists because do = 0 and Uy is simply
connected. Hence, this define a map F : Uy — E"12.

Claim: The map F satisfies all the properties of Theorem [I]
First, we show that the image of Uy lies into M™ (k) x R;. Indeed, since AT = T° = 0 and
A € SOT(E™*!), we have,

W (P S
Therefore, (Fy,--- , F,) lies into M™ (k) and the Values of F lie into M" (k) x R;.
Now, since dA = AQ, we have for a € {0,--- ,n + 1}, we have

dF%(ex) = ZAawo(ek)—l—Ao‘Hwo Ler)
= ZAJQ‘(—(S;? - TIT*) — Ag T T
_ a k a An+1
= Ay -TFY AGAY

= —AY

and

AdF™(ey) = —o(ex) = —TF = A},
Hence, dF'(e) is the opposite the k-th column of the matrix A. So, since A is invertible, dF" has
rank n. Thus F' is an immersion. Moreover, A € S*(E"*?), then < dF(e,),dF(eq) >= 68 and F
is an isometry.
The columns of A(z) give a direct orthornormal frame of E"*1, and columns 1 to n give a direct
orthonromal frame of T g () F'(M). The column 0 is the projection of F((z) on M" x {0}, i.e., the
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unit normal 7(F(z)) to M"(k) x Ry at the point F'(x). Therefore, the (n + 1)-th column is the
unit normal v(F(z)) to F(M) inM"(k) x Ry at thr point F(z).
Now, we set X; = dF(e;) and we have

<dX;(Xp),v > = Y dAY(er)AZy,
= > AGA%, W) (er)
B

= w}”l(ek) =< Sek,ej >,

that is, the shape operator of F(M) in M"(x) x Ry is dF o S o dF~!. Finally, the last line of
A gives the coordinates of the vertical vector d; in the orthornormal frame {7, X1,---, X,,v}.
Hence, since A(x) € Z(x) for = € Uy, we have

0 =Y TIX;+T" v =dF(T) - fv.

J

Now, we finish the proof by showing that the local immersion ' is unique up to a global isometry of
M"™ (k) xRy. For this, let F': Uy — M"(k) x Ry be another immersion satisfying all the properties
of the theorem, with U, a simply connected neighbourhood of xg included in Uy and ()? 3) the
associated frame, that is, X'j = ﬁ(ej), X, 41 is the unit normal of F(M) into M™(x) x Ry and X
is the unit normal to M" (k) x Ry into E"*2. Let A be the matrix of the coordinates of the vectors
X 5 in the frame {E,}. Obviously, up to a direct isometry of M" (k) x Ry, we can assume that
F(z0) = F(z0) and the frame (Xp) and ()N(g) coincide at the point o and hence Ag(zo) = A(zo).
Note that this isometry fixes J; since the T are the same. Moreover, these two matrices satisfy
all the properties of Proposition so by uniqueness of the solution in Proposition we have
Ap(z) = A(z) for all x € M. Hence, by construction of F' and F' from A and A, we deduce that
F=F onU,.

Now, we will prove that F' can be extended in a unique way to M. For his, we consider z; € M
and a curve T : [0,1] — M so that I'(0) = z¢ and T'(1) = z;. Then, for each point I'(¢), there
exists a neighbourhood of I'(¢) such that there exists an isometric immersion of this neighbouhood
into M"™ (k) x Ry satisfying the properties of the theorem. From this family of neighbourhood, we
can extract a finite subsequence (Vj, - -, V) covering I' with Vj = Uy. Hence, by uniqueness, we
can extend F' to V, and define F(x1).We conclude by noting that since M is simply connected,
the value of F(z1) does not depend on the choice of the curve T

4. APPLICATION TO MAXIMAL SURFACES: THE ASSOCIATE FAMILY

We deduce a first application of Theorem [T} namely the existence of a one-parameter family of
maximal conformal immersion associated to a given maximal surface. This result is analogous to
the result of B. Daniel for minimal surfaces into Riemannian products M" (k) x R. First, we give
this elementary proposition.

Proposition 4.1. Assume that (M?,g,S, T, f) satisfies the compatibility equations for M2 (k) x Ry
and that S is trace-free. For 8 € R, we define

Sg = €78 = cos(6)S + sin(h).J S,

Sg = 7T = cos(#)S + sin(0)JT.
Then Sy is symmetric, trace-free, ||Ty||>—f? = —1, and (M?, g, Sp, Ty, f) satisfies the compatibility
equations for M?(k) x R;.
Remark 3. Note that Sy and Ty are obtained from S and T by a rotation of angle 6.

Proof : The fact that Sy is symmetric is just coming from the definition and a simple computation
shows that Sp is trace-free. Moreover since < T, JT >= 0, we deduce immediately that ||Ty|| =
||T]|. Since e’S commutes with Vx, the conditions and are fulfiled for Sy and Ty. Now,
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we will prove that the Gauss and Codazzi equations are satified. First, we remark that on surface,
the Gauss equation becomes

K = —det (S) + r(—1 — ||T||?) = —det (S) — xf>.

Since det (e?/) = 1, we have det (Sp) = det (S) and then the Gauss equation.
O
From this, we deduce the existence of the associated familiy.

Theorem 2. Let (M2, g) be a simply connected Riemannian surface and F : M — M?(k) x Ry
a conformal maximal immersion with induced normal v. Let S be the symmetric operator on M
induced by the shape operator of F. Let T be the vector field on M so that dF(T) is the projection
of 0¢ on T(F(M)), and f = — <wv,0 >.
Let xg € M. Then, there exists a unique family (Fp)ger of conformal mazimal immersions of M
into M"™(k) x Ry such that

(1) Fp(zg) = F(xo) and (dFp)g, = (AF)z,,

(2) the metrics induces on M by F' and Fy are the same,

(8) the symmetric operator on M induce by the shape operator of Fy is e s,

(4) Oy = dFy(e®T) + fvg, where vg is the unit normal to Fy.

Moreover, Fo = F and the family (Fy)ecr s continous with respect to 0.

Proof : Let g be the metric on M induced by F. Thus, (M,g,S,T, f) satisfies the compatibily
equations for M?(k) x Ry. So, by Proposition (M, g, S, Ty, f) also satisty these compatibility
equations. Therefore, by Theorem [T} there exists a unique isometric immersion Fjy satisfying the
properties of the theorem. By uniqueness , it is clear that Fy = F. Moreover, From the proof of
Theorem (M, g,S0, Ty, f) defines for any 6 a matrix of 1-forms Qp and a matrix of functions Ay
with A;ldAg = Q. From the definition of €y, we get the coninuity of 2y and hence, of Ag . By
the construction of Fy using only Ay, we deduce that Fy is also continuous. O

5. SPINORIAL CHARACTERIZATION OF SURFACES INTO M?(k) x Ry

The second application of the main result is the spinorial characterization of surfaces into
M?(k) x Ry. It is now well-known that a necessary and sufficient condition to get an isometric
immersion of a surface into Euclidean 3-space is existence of a special spinor field called restricted
Killing spinor field (see [6l [I1]). These results are the geometrically invariant version of previ-
ous work on the spinorial Weierstrass representation by U. Abresch, D. Sullivan, R. Kusner, N.
Schmidt, and many others (see [7]). This representation was expressed by T. Friedrich ([6]) for
surfaces in R? and then extended to other 3-dimensional Riemannian manifolds ([I1}14]). In a re-
cent work, we have treated this question for surfaces of arbitrary signature in pseudo-Riemannian
3-dimensional space forms [9].

More generally, the restriction ¢ of a parallel spinor field on R**! to an oriented Riemannian
hypersurface M™ is a solution of a restricted Killing equation

55,

where v and V*M are respectively the Clifford multiplication and the spin connection on M™,
and S is the Weingarten tensor of the immersion. Conversely, Friedrich proves in [6] that, in the
two dimensional case, if there exists a restricted Killing spinor field satisfying equation , where
S is an arbitrary field of symmetric endomorphisms of T'M, then S satisfies the Gauss and Codazzi
equations of hypersurface theory and is consequently the Weingarten tensor of a local isometric
immersion of M into R2. Moreover, in this case, the solution ¢ of the restricted Killing equation
is equivalently a solution of the Dirac equation

(14) Dy = Ho,

(13) VM, —

where || is constant and H is a real-valued function.
In the case of immersions of Riemannian surfaces into a Lorentzian space two spinor fields are
needed, as we will see in Theorem [3]
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5.1. Basic facts about spin geometry of hypersurfaces. Here, we recall the basics of spin
geometry. For more details, one can refer to [10] 2] [T] for instance.

Let (MP1,g), p+q = 2, be an oriented pseudo-Riemannian surface of arbitrary signature isometri-
cally immersed into a three-dimensional pseudo-Riemannian spin manifold (N"*,g). We introduce
the parameter § as follows: § = ¢ if the immersion is timelike and § = 1 if the immersion is space-
like. Let v be a unit vector normal to M. The fact that M is oriented implies that M carries
a spin structure induced from the spin structure of N and we have the following identification of
the spinor bundles and Clifford multiplications:

{ YNy = EM.
X o= (5X01/o<p)‘M,

where - and e are the Clifford multiplications, respectively on M and N. Moreover, we have the
following well-known spinorial Gauss formula

= )
(15) Vxp=Vxp+ §SX -,
where S is the shape operator of the immersion. Finally, we recall the Ricci identity on M

1
(16) R(e1,e2)p = 551623122161 ceg - P,

where eq, es is a local orthonormal frame of M and ¢; = g(e;, e;).
The complex volume element on the surface depends on the signature and is defined by

C = iq+1€1

wp7q

s €9.

Obviously (wgq)2 = 1 independently of the signature and the action of w® splits XM into two
eigenspaces X F M of real dimension 2. Therefore, a spinor field ¢ can be written as ¢ = p* 4+ ¢~
with w® - ¢* = +p*. Finally, we denote 3 = w® - p = ¢t — ™.

5.2. Special spinor fields.

5.2.1. Special spinor fields on M? (k) xR;. First, we construct particular spinor fields on M? (k) xRy
by lifting a Killing spinor of M?(k) to the product M?(x) x R;. For this, we will consider some
particular and interesting sections, precisely the sections which do not depend on t.

We have the spinorial Gauss formula,

— 7
Vxp=Vxp+ E’Y(SX)V(V)%

where V is the spinorial connection on M?(x) x Ry, the spinorial connection on M?(k) is V, the
Clifford multiplication on M?(k) x R; is v and S the shape operator of the immersion of M? (k)
into M?(x) x R;. Since M?(k) is totally geodesic in the product M?(x) x Ry, we get by taking
@t = o a Killing spinor on M?(k), i.e. Vx@o = n7M2 (X)o:

— 2 i

Vxe = m"(X)p=iny(X)y(9)e
On the other hand, the complexe volume form w¢ = —iey - es - Oy acts as identity, so we have

v(e1)y (0:) ¢ = iv(e2)p, and y(e2)y (9) p = —iv(e1)p

So we deduce that

Ve, 0 = iny(e2)p,
(17) Ve, = —iny(er)ep,

ﬁat@ = O

These particular spinor fields are the analogue of Killing spinor field for space forms and will be
play a important role in the sequel.
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5.2.2. Restriction to a surface. Now, let (M, g) be a surface of M?(k) x R, oriented by v. Since
M is oriented, it could be equiped with a spin structure induce from the spin structure of M? x R.
Moreover, as we saw, we have the following identification between the spinor bundles

E(M? xR)|y XXM,

and the spinorial Gauss forumla gives the relation between the spinorial connctions of M and
M2 x R. For any X € X(M) and any v € I'(X (M2 x R)), we have

_ Y
(VX1/J)|M = Vx (77/1|M) +37 (SX)¢|M~
If we use this forumla for the particular spinor field on M? x R given by , we get
i
Vxe = mX)y (@) e = 57" (SX)e,
where X, is the part of X tangent to M2, that is,

X;=X—-(X,00)0=X—(X,T)T - f{(X,T) v
So, we deduce that

Vg = (X @) ¢ - in(X.0)7(0)7 )¢~ 57" (5X)e
= iy (X)7(9h) ¢ +in (X, 0) ¢ — évM(SX)w

= (X)) (D) + infr(X)1(w)e +1 (X, T)p = 57M(SX)e.
On the other hand, if we denote by w = e; €2 the real volume element on M, we have the

following well-known relations (see [9])

{ Y(X) = A" (X)N (w),
A(0) = —iyM ().

By using these two identities, the fact that w? = —1 and that w anti-commuts with vector fields
tangent to M, we get
Vxe = M Oy @M (T @) +in (X, T) o = nfy™ (O (@™ (W) = 57 (SX)e

Now, we can rewrite this equation in an intrinsic way as follows
(18) Vxe = an-T-cp+17fX-<p+zn<X,T>g0—§SX~go.
where “” stands for the Clifford multiplication on M.

5.3. A spinorial version of the fundamental theorem.

Theorem 3. Let (M,g) be a connected, oriented and simply connectd Riemannian surface. Let
T be a vector field, f and H two real functions on M satisfying f> — ||T||*> = —1. The following
three data are equivalent:

i) There exist two non-trivial spinor fields o1 and 2, orthogonal and solution of the equation
Vxp= *%SX~<p+i77X~T-<p+77fX-ga+in<X,T>g0,
where S satisfies
VxT = fSX, and df(X)=(SX,T).

ii) There exists an isometric immersion F from M into M?(k) x Ry of mean curvature H, such
that the shape operator related to the time-like normal v is given by

dF oSodF™!

and such that
Oy =dF(T) + fv.
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5.4. Restricted Killing fields and compatiblity equations. In a first time, we show that
the existence of a restricteded Killing spinor implies the Gauss and Codazzi equations. For this,
let (M, g) be an oriented surface with a non-trivial spinor field solution of the equation . We
will see that the integrability conditions for this equation are precisely the Gauss and Codazzi
equations.

Proposition 5.1. Let (M,g) be an oriented surface with ¢ solution of @ and such that the
equations and (@) are satisfied. Then, we have

(Ri212 + det (S) — /@fz) w-p=1 (dVS(el,eg) +rfI(T)) - o,

Proof: The proof of this proposition is based on the computation of the spinorial curvature applied
to the spinor field . We recall that the spinorial curvature is defined as follows

R(X,Y)p =VxVyp —VyVxp - Vixyp,

for XY € X(M). Here, we do the computations for . It is clear that the same computation
for ¢ with only some changes of sign yields the result. Using the expression given by 7 the
equations and , the fact that w? = —1 and that w anticommuts with the vector fields
tangent to M, we get

VaVre = _ng'AX"p_UQY'T'X'T-WranY-T.Xw
_—
a1 (X,Y) a2 (X,Y) —a3(X,Y)
+gY'T'AX"P_”<AXaT>Y-<P+n2fY-X~T~sD
—
—ay(X,Y) —as(X,Y) —ag(X,Y)

P (X, T)Y T -o—0*f2Y - X -0+ 0° f(X,T)Y - ¢

ar(X,Y) —ag(X,Y) —ag(X,Y)
—infY - AX -o+inf (Y, AX)p—n* (Y, T) X -T-¢
—a10(X,Y) a11(X,Y) a12(X,Y)
P f (VD)X =1 (X 1) (VD) 4 (V.T) AX -
—a13(X,Y) a14(X,Y) m

—%VX(AY)~<p+gAY-X~T~gp—ngY-X~<p

—a16(X,Y) —a17(X,Y) —a18(X,Y)

1
—1—9(X,T)AY~<p—ZAY-AX~50+Z’77VXY-T-@
—_————

2
—a19(X,Y) —a20(X,Y) a21(X,Y)
—infVxY - o+in(VxY,T)¢p
0‘22(va) 0523(X7Y)

That is,
23
vaytp = Z Oéi(X, Y)
=1

Obviously, by symmetry, we have

23
Vyvxcp = Zai(Y’X)'
i=1
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On the other hand, we have
Vixyye = nXY]-T-po—inf[X.Y] ¢
B1([X,Y]) —B2([X,Y])
. i
+i (X, Y], T) o~ SAX, Y] .
~—_——
Bs([X,Y])

—Ba([X,Y])
Since the connection V is torsion-free, we get VxY — Vy X — [X,Y] = 0, which implies that
a21(X,Y) — a2 (Y, X) = Bi([X,Y]) =0,
g2 (X,Y) —an(Y, X) — B2([X,Y]) =0,
ag3(X,Y) — azs(V, X) — B3([X, Y]) = 0.
Moreover, by symmetry, we have
a11(X,)Y)—an(¥,X)=0
and
014(X,Y) — a14(Y, X) = 0.
Other terms vanishes by symmetry. Namely,
a1 (X, YY)+ a10(X,Y) + a15(X,Y) — a1 (V, X) — a10(Y, X) — ags(Y, X) =0,
a3(X,Y) + a6(X,Y) —a3(Y, X) —as(Y, X) =0,
and
a (X)) +a5(X,Y) 4+ a15(X,Y) + a17(X,Y) + aq9(X,Y)
—ou (Y, X)—a5(YV, X) —a15(Y, X) — a17(X,Y) — a19(X,Y) = 0.
The terms as, a7, ag et ajs can be combined. Indeed, if we set
o= ay + ay + ag + a2,
then
a(X,Y) - a(Y,X) = nQ[fQ(Y~X—X~Y)+Y-T-X~T—X-T-Y-T} o

= [V XXV HTPE-X-X-Y) |0

by taking X and Y as an orthonormal frame {e;,es}, we have

a(el,eg) —a(ez,el) = 2172|:—T162 (T161 +T262) +T2€2 (T161 +T2€2):| '
—2n%e; - ea-

= —27%w- w+ 2172 (wa VTS =TT + T22w~) %)

= —2’f’w- .
Always for X = e and Y = e,
ag(er, ez) + aqz(er, e2) — aglez, e1) — aig(ez,e1) =27 -w-p = =2J(T) - o,

where J is the rotation of positive angle 5 on T'M. Finally, we get

Rer,ea)p = (Aey - Aep — Aey - Ae) - o — 202 fPw -

1

4
1

—idVA(el, es) - —2J(T) - .

15
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Using the Ricci identity
1
Re1,e2)p = —53121261 ez -,
we have
(Rig12 +det (A) —kf>w-p=1i (dvA(el, es) + K2 fI(T)) - .
O

5.5. Proof of Theorem 3| From the preliminaries, we have seen that ii) implies ). Indeed, M?
has two orthogonal Killing spinors which give two spinors solutions of (18]).

Now, we will prove that ¢) implies ii). So, we assume that there exists two orthogonal non-
trivial spinor fields ¢; and @9 solutions of and that Equation and are satisfied.
Thus, by Proposition |5.1}, we have

(19) -G g, =C-ypj, for j=1,2,

where G = Ry212 + det (A) — kf? and C = dV A(ey, e2) + kfJ(T). Hence, we have
+ _

(20) C-of = £GyF.

We deduce easliy from that (C - p1,¢2) = 0. Moreover, by assumption, (@1, p2) = 0, then
since XM is of complex rank 2, we have C' - o1 = hyi, with h a complex-valued function. By
taking the inner product by ¢1, we deduce that 0 = (C - @1, 1) = h|p1|?. Since ¢ never vanishes
the real part of h vanishes identically. Now, from , we deduce that

+Gof = hot.

Since ¢ and ¢ do not vansish at the same point, we have that & is real-valued. hence h vanishes
identically and thus G too. Finally, from , we deduce that C = 0. But G =0 and C = 0 are
respectively the Gauss and Codazzi equations. Since we assume that Equations and are
satisfied, we conclude by using Theorem [f}

5.6. A final remark about Dirac equation. If a spinor ¢ is solution of the equation of restricted
Killing spinor , then, it also satisfies the following Dirac equation:

(21) Do =iHp—inT - ¢ —2nfe
and the following property: for all X € X(M),
(22) X{p,p) = —2Re(inX - T-o+in< X, T > ¢, ).

Note that the right hand side of vanishes if 7 is real, that i for the case of S? x R;.

Using computations of [I4] and [9], we can prove that is equivalent to and (22)). Hence,
as in [I4], Theorem 3| can be rewritten with two orthogonal spinors solutions of the Dirac equation

and satisfying condition (22).
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