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1 Introduction

In this paper, we consider the following nonlinear heat equation
u— 2z, ) ug] + f(u) = fi(z,t), 0<z <1, 0<t<T, (1.1)

associated with conditions
uz(0,t) = hou(0,t) + go(t), — ux(1,t) = hyu(1,t) + g1(¢), (1.2)
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and initial condition
u(@,0) = uo(x), (1.3)

where ug, 1, f, f1, 90, g1 are given functions satisfying conditions, which will be specified
later, and hg, hy > 0 are given constants, with hg + hy > 0.

The conditions ([[.3) are commonly known as Dirichlet — Robin conditions. They
connect Dirichlet and Neumann conditions. Theses conditions arise from the effect of
excess inert electrolytes in an electrochemical system through perturbation analysis
(@, [, @, B)-

The governing equations ([[.7) are the equation usually used in a diffusion, con-
vection, migration transport system with electrochemical reactions occurring at the
boundary electrodes and submitted to non linear constraints.

In electrochemistry, the oxidation-reduction reactions producing the current is mod-
eled by a non linear elliptic boundary value problem, linearization of which gives the
Dirichlet — Robin conditions ([f]). Theses conditions also appear in the response of an
electrochemical thin film, such as separation in a micro — battery. His analyze is made
by solving the Poisson — Nernst — Planck equation subject to boundary conditions
appropriate (Dirichlet — Robin conditions) for an electrolytic cell ([H]).

The paper consists of six sections. In Section 2, we present some preliminaries.
Using the Faedo — Galerkin method and the compactness method, in Section 3, we
establish the existence of a unique weak solution of the problem (I[]]) — (L-3) on (0, 7)),
for every T' > 0. In section 4, we prove that if the initial condition is bounded, then so
is the solution. In section 5, we study asymptotic behavior of the solution as ¢t — +o0.
In section 6 we give numerical results.

2 Preliminaries

Put Q = (0,1), Qr = Q x (0,7). We will omit the definitions of the usual
function spaces and denote them by the notations P = LP(Q2), H™ = H™ (). Let
(-,-) be either the scalar product in L? or the dual pairing of a continuous linear
functional and an element of a function space. The notation || - || stands for the norm
in L? and we denote by || - ||x the norm in the Banach space X. We call X’ the dual
space of X. We denote LP(0,7;X), 1 < p < oo the Banach space of real functions
w: (0,T) — X measurable, such that ||u||.ror,x) < +00, with

1/p
(S Heoliar) ™ it 1< p < oo,
ull o) =

esssupl||u(t)||x, if p=oc.
0<t<T

Let u(t), v'(t) = w(t) = u(t), us(t) = yu(t), um(t) = Au(t), denote u(w,1),
%(:p,t), %(:p,t), %(w,t), respectively.

On H' we shall use the following norms |[v|,n = (HUH2+ vaHQ)UZ, o], =
(02() + lleal?) " i = 0,1.



Let pn € C°(Qr), with pu(z,t) > po > 0, for all (z,t) € Qr, and the constants
ho, hy > 0, with hg + h; > 0, we consider a familly of symmetric bilinear forms
{a(t; -, ") }o<t<r on H' x H' as follows

a(t;u,v) fo z, t)ug () vy (x)dz + hop (0,t) u(0)v(0) 4+ hyp (1,8) u(1)v(1)

= (u(t)tg, ve) + hop (0,1) w(0)v(0) + hyp (1,¢) u(1)v(1), for all w,v € H, 0 <t < T.

(2.1)
Then we have the following lemmas.
Lemma 2.1. The imbedding H' — C°([0, 1]) is compact and
lWllcoy < V210l for all v e HY,
(2.2)

V]l oy < V2|v|;, forallve HY, i=0,1.

Lemma 2.2. Let p € C°(Qr) , with p(x,t) > po > 0, for all (z,t) € Qp, and the
constants hg, hy > 0, with hg + hy > 0. Then, the symmetric bilinear form a(t;-,-) is
continuous on H' x H1 and coercive on H', i.e.,

(2) |a(t; u,v)| < ar [[ull g [[v]| g s
(2.3)
(i) alt;v,0) > ag vl

for all u,ve H', 0 <t <T, where ar = (1 + 2ho + 2hy) sup pu(z,t), and
(‘Tvt)eaT

Lo min{ho, %}, ho > 0, hy > 0,
ag = ao(fto, ho, h1) = (2.4)
o min{hl, %}, hy > O, h() > 0.

The proofs of these lemmas are straightforward. We shall omit the details.
Remark 2.1. It follows from (B2) that on H', v — |[v]|;» and v — ||v]|; are
two equivalent norms satisfying

% ol g < JJvl]; < \/gHUHHl , forallve H', i =0,1. (2.5)



3 The existence and uniqueness theorem

We make the following assumptions:

(H)) ho>0and by >0, with ho + Ay > 0,

(Hy) g € L2,

(H3) g0, g1 € WH(0,T),

(Hy) peCH[0,1] x [0,T]), p(x,t) > po > 0, V(x,t) € [0,1] x [0, T,

(Hs) fr€LY(0,T;L7),

(Hg) f € C°R) satisfies the condition, there exist positive constants C;, C}, Cy and p > 1,

(0)  uf(u) = Cyluf” = C,
(20)  |f(w)] < Co(1 4+ |ulP™), for all u € R.

The weak formulation of the initial boundary valued ([.1)) — ([.3) can then be given
in the following manner: Find u(t) defined in the open set (0, T") such that u(t) satisfies
the following variational problem

g (u(t),v) + a(t,ut),v) + (f(u),v) = (fi(t),v) — £ (0,2) go(t)v(0) — p(1,2) gl(t)i(J?()ll)S
Vv € H', and the initial condition '
u(0) = uy. (3.2)

We then have the following theorem.
Theorem 3.1. Let T'> 0 and (Hy)— (Hg) hold. Then, there exists a weak solution

u of problem ([L1) — ([.3) such that
w e L0, T; HY) N L*(0,T; L?),
(3.3)
tu € L>(0,T; HY), tu; € L*(0,T; L?).
Furthermore, if f satisfies the following condition, in addition,

(H7) (y—2)(f(y)—f(z)>—=dly— z\Q, for all y, z € R, with § > 0,

then the solution is unique.
Proof. The proof consists of several steps.
Step 1: The Faedo — Galerkin approzimation (introduced by Lions [H]).
Let {w;} be a denumerable base of H'. We find the approximate solution of the

problem (1)) - ([.3) in the form
U (1) = D270, e (t)wy, (3.4)
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where the coefficients c,,; satisfy the system of linear differential equations
<’LL;n(t), wj) + a(t; um(t)a wj) + <f(um(t))7 wj>
= (fi(t),w;) = 1(0,8) go(t)w;(0) — g (1, 8) ga(H)w;(1), 1 < j <m,

Um(O) = Uom,
(3.5)
where
Ugm = Z;nzl Qmjw; — ug strongly in L?. (3.6)

It is clear that for each m there exists a solution w,,(¢) in form (B.4) which satisfies
(B-9) and (B-) almost everywhere on 0 < t < T,, for some T,,, 0 < T,,, < T. The
following estimates allow one to take T}, = T for all m.

Step 2. A priori estimates.

a) The first estimate. Multiplying the j equation of (BH) by ¢,,;(t) and summing
up with respect to j, afterwards, integrating by parts with respect to the time variable
from 0 to ¢, we get after some rearrangements

(N + 2 fy als; (), wm($))ds + 2 [ (f (un(s)), tm(s))ds
= lwomlI* + 2 [y fi(5), wm(s)) ds (3.7)
-2 fo (0, 5) go(s)um(0, s ds—2f0 (1,5) g1(s)um(1, s)ds.
By uom — ug strongly in L?, we have
[tom||* < Cy, for all m, (3.8)

where Cy always indicates a bound depending on uy.
By the assumptions (Hg, (7)), and using the inequalities (B.3), (B-3), and with g > 0,
we estimate without difficulty the following terms in (B.7) as follows

2 [7 (s unm (), um(8))ds > 2ag [y |[wm(s)]|70 ds, (3.9)
2 [ (um(s)), um(s))ds > 2C [ |lum(s)||}, ds — 2T°CY, (3.10)
2 [y (fi(s), (s )>ds < fill oz + Jo 1f1() um(s )||2ds, (3.11)

—2 fo (0,5) go(8)um(0, s)ds < 2\/7”MHL°° (Qr) HQOHLOO fo [t (8)[| g1 ds

2 2 t 2
< BT 1l 7@ 9070 + B Jo ltm ()3 s,
(3.12)
t
=2 f 1 (L5) () (L 5)ds < 2V |l ey 9l Jy N (3)]] o s

2 2 t 2
< %T ”MHLOO(QT) 91l + Bfo e ($)[ 7 ds,
(3.13)



for all 5> 0. Hence, it follows from (B.7) — (B-I3) that
et (£)11* +2(a0 = B) [ | ()72 ds +2C1 g ()7

<Co+2TCI + ||f1||L1 0TL2)+I0 ||f1 || ||Um( )||2d8 (314)

+2T |l o 0y (9001700 + gl 7o) -
Choosing 3 = 1ag, we deduce from (BI4), that
S(t) < O 4 [T (5) S (5)ds, (3.15)
where
S (t) = [[um(OI* + ao fy ltm ()17 ds +2C1 [y [[um ()7,
Cr) = Co+ 2TC; + | fill proirasy + asT Iitlze oy (ool + ||gl||ioo> . (3.16)
7 (s) = A, CF € LN0,T).
By the Gronwall’s lemma, we obtain from (B.15), that
Sin(t) < OD exp ( e (s ds) < Cr, (3.17)

forallm e N, forallt, 0 <t <T, <T, ie., T, =T, where Cr always indicates a
bound depending on 7'

b) The second estimate. Multiplying the j equation of the system (B by t*c/,,;(t)
and summing up with respect to j, we have

s, ()17 + £t i (£), 14, (1)) + (Ef (i (2)), bt (1))

= (tfr(t), tu, (8)) — 121 (0,) go(t)ur, (0, 8) — 2 (1, 8) g (t)uy, (1, 2).
(3.18)
First, we need the following lemmas.
Lemma 3.2.

(i) %(t;u,v) = (' (-, ) Ug, vz) + hop! (0,8) u(0)v(0) + hyp (1,8) u(1)v(1), for all u,v € H,
(i) (2005w, 0)| < ir fullys [0l Sor all u,v € HY

(i) Lalt; un(t), (1)) = 2a(t: (), (1)) + 2206 (1), (),

(3.19)
where ar = (1 4 2hg + 2hy) sup ' (x,t).
(z,t)€[0,1]x[0,T]
o\ P Ao
Lemma 3.3. Put )\ = <c_1> ,mo = [\ |[f(y)ldy, and  f(z) = [ f(y)dy,

z € R.



Then we have
—mo < F(2) < Collz] + 1|27, V2 e R. (3.20)

The proofs of these lemmas are straightforward. We shall omit the details.ll

By (B:19)3, we rewrite (B.1§) as follows
2 [t (DI + (s b (1), tum (1)) + 200 (um(t)), b, (£)
= 2ta(t; U (L), um (1) + L2 (t; tun (), tum (t)) + 2(tf1(2), tul, (¢))  (3.21)
—2t%11.(0, 1) go(t)uy, (0, 1) — 2%11 (1, 8) g1 ()uy, (1, ).
Integrating (B21)), we get
2 fo st (s)II* ds + alt; tum(t), tun (1)) +2 [y (sf (um(s)), s, (s))ds
= 2f0t sa(s; um (), um(s))ds + fo o (85 sum(s),sum(s))ds+2f0t<sf1(s),su;n(s))ds

—2 [ 5211(0, 8) go(s)uly (0, 8)ds — 2 [y s2pu (1, 8) g1 (s)uly (1, s)ds.

(3.22)
We shall estimate the terms of (B.29) as follows.
alt; tun (1), b () > ag ||t ()71, (3.23)

2 Jo (5 (um(s), sty (s))ds = 2 [ s*ds . [ de o™ f(y)
_2ft st—fo (U (z, 8))dz
=2 fy [ (2 Jo Tlumle, ))dx) = 25 3 Flum(e,))dz] ds
=22 [ F(upm(w,t))dx — 4 [ sds [\ Flun(z,s))dz
> —2T%mq — 4Cs [y s |[un(s) 1 + 4 un(s)] | ds

Z —2T2m0 - 4TCQ |:T ||um||L°°(O7T;L2) pQéIS ( ):| Z _CT7

2 [ 5a(8;m(s), un(s))ds < 2Tag [y |[um(s)|3p ds < 2TarL S, (t) < Cr,  (3.25)

0 55 (53 5t (5), stum(5))ds < ar [y llstm(s)[7n ds < T2ap [y [lum(s) [ ds

< T%ar,-Sy(t) < Cr,



2 [ (s fu(s), suly(s))ds < 2 [ [1sfi(s)] sulu(s) ds < [ sfal(s)P ds + [ s, ()] ds
< T2 [T Ai(s)Pds + [ [lsu(s)] ds

< Cr+ [} lsuly(s)] ds.

(3.27)
By using integration by parts, it follows that
‘—2 82100, 5) go(s)ul, (0, s)ds)
= [ <2620 (0,) go(£)un(0,£) +2 [} [ (0, 5) go(5)] (0, 5)ds
< 2V28 (1l oy 1900 o Nt ()11 + 282 [ | (8% 0, ) go()]| [t (5) ] s s
< 3T ||l gy 9001 e + B It (DN 72 +2V2 [ | (5710 (0, 8) go(8)] | et (8) | 2 s
< 507+ Blltun @)l +2v2 [ |81 0, 5) go(s)] | [l (5) | s ds. 2%

On the other hand
[5%1(0,5) go(s)]'| = [252.(0, 5) go(s) + 57 [’ (0, ) go(s) + 1.(0, 5) g (s)]]
< 25|11l e (g 9011 e + 5 el gy (g0l e + 190(S)T (3.29)
< sllllorgy (24 T) lgoll e + T lgo(s)] < sCrebo(s),
where
Cr=pllorg,y [(2+T) llgoll = + T ], to(s) =1+1g5(s)], v € L10,T). (3.30)

Hence, we deduce from (B:23), (B:29), that
‘—2 Jo 8°1(0,5) go(s)1u, (0, 8)ds| < 5O + B [[twn (1) |71 + 2207 [5 ¢0(8) |5t (8) | 2 ds
< 1 + B [tum(®) |2 + 203 [T wo(5)ds + [ Yo(s) 5t (s) |2 ds

< (L4 5)Cr + Blltum O 7 + Jo o) llstm(s)|[3: ds,
(3.31)
for all 5 > 0.
Similarly

=2 [y 5% (1, 8) gi(s)up, (1, 8)ds < (1+ 5)COr + B [[twn (D) |7 + fy ¢1() [l (s) |71 ds,
(3.32)
for all 8 > 0, where

Cr = lullerg,y [(2+ D) llgill e + T ], ¢i(s) =1+ |gi(s)], ¥4 € L10.T). (3.33)
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It follows from (B.23) — (B:27), (B31)) and (B:33), that

o st ()17 ds + ag |[tum () || 7

< (64 2)Cr + 28 [l + [{ o(s) lsum(s)|eds  (3.34)

+ by () || stim() 120 ds.

Choosing 28 = 3ao, we deduce from (B:39), that

Xp(t) <TY + [1T0 (5)X,(5)ds, (3.35)

where ) ) . )
Xon(t) = tum () |5 + [, lsu, (s)] ds,

—(1
Cy) = (1 + i) (6 + >)Cr, (3.36)

| TP ) = (14 2) (o(s) +a(s)) . TF € L0, ).
By the Gronwall’s lemma, we obtain from (B.39), that

ltum@ 3+ Jy Isur, ()1 ds < T’ exo (f; TF(s)ds) < Cr, (3.37)

for all m € N, for all ¢t € [0, T], VT > 0, where Cr always indicates a bound depending
on 7.
Step 3. The limiting process.

By (B.I6), B.17) and (B.37) we deduce that, there exists a subsequence of {u,,},
still denoted by {u,,} such that

( Uy, — U in L°(0,T;L?*) weak*,
U — U in L*0,T;H') weak,
Uy — tu in L>(0,T; H') weak*, (3.38)
(tuy,) — (tu)’ in  L*(Qr) weak,

[ U — u in LP(Qr) weak.

Using a compactness lemma ([f], Lions, p. 57) applied to (B.3§)34, we can extract
from the sequence {u,,} a subsequence still denotes by {u,,}, such that

tu,, — tu strongly in L*(Qr). (3.39)

By the Riesz- Fischer theorem, we can extract from {u,,} a subsequence still de-
noted by {uw,,}, such that

Um(x,t) = u(x,t) ae. (z,t) in Qr =(0,1)x (0,7). (3.40)



Because f is continuous, then
flum(z,t)) = f(u(z,t)) ae. (x,t) in Qr = (0,1) x (0,7). (3.41)
On the other hand, by (Hsg, ii), it follows from (B.1G), (B-17) that

Hf(um)”Lp’(QT) < Cr, (3.42)

where Cr is a constant independent of m.
We shall now require the following lemma, the proof of which can be found in [f].
Lemma 3.4. Let Q be a bounded open set of RN and G,,, G € LY(Q), 1 < q < oo,
such that,

|Gmllraq) < €, where C is a constant independent of m,

and
Gm — G ae. (z,t) in Q.

Then
Gm — G in LY(Q) weakly.m

Applying Lemma 3.4 with N =2, ¢ =p/, G, = f(un), G = f(u), we deduce from

(B0, (), that |
flum) = f(u) in LP(Qr) weakly. (3.43)

Passing to the limit in (B.H) by (B.6), (B:38), (B.43), we have satisfying the equation
#(u(t),v) +alt,ut),v) + (f(u),v)
= (f1(t),v) = 1 (0,1) go(t)v(0) — p (1, ) gr(t)v(1), Yo € H',  (3.44)
u(0) = up.

Step 4. Uniqueness of the solutions.
First, we shall need the following Lemma.
Lemma 3.5. Let u be the weak solution of the following problem

(

up— 2 (et ] = fz,t), 0<z <1, 0<t<T,

uz(0,1) — hou(0,t) = u,(1,t) + hyu(1,t) = 0,

u(#,0) =0, (3.45)
w € L0, T; HY) N L®(0,T; L) N LP(Qr),

[ tu € L=(0,T; HY), tu; € L*(Q7).

Then
lu@®)|* +2 [y a(s, u(s), u(s))ds = 2 [{f(s), u(s))ds. (3.46)

The lemma 3.5 is a slight improvement of a lemma used in [[] ( see also Lions’s

book [f]).H

10



Now, we will prove the uniqueness of the solutions. Assume now that (H7) is
satisfied.

Let uy and us be two weak solutions of ([.J) — ([.3). Then u = u; — us is a weak
solution of the following problem (B.45) with the right hand side function replaced by

Flz,t) = —f(uy) + f(uy). Using Lemma 3.5 we have equality

lu()I* + 2 fy als, uls), u(s))ds = =2 [§(f(u1) = f(ua), uls))ds. (3.47)
Using the monotonicity of f(y) 4 dy, we obtain
fo f(ug),u(s))ds > 5f0 |u(s)|? ds. (3.48)
It follows from (@), (@) that
(@) 1* + 2a0 fy l[u(s) 5 ds < 26 [ Ju(s)||* ds. (3.49)

By the Gronwall’s Lemma that u = 0.
Therefore, Theorem 3.1 is proved.l

4 The boundedness of the solution

We now turn to the boundness of the solutions. For this purpose, we shall
make of the following assumptions

(H{) ho>0and hy >0,

(H3) uo € L%,

(HY) fi € L*(Qr), fi(x,t) <0, ae. (z,t) € Qr,

(H}) f € C°R) satisfies the assumptions (Hg), (Hy), and
uf(u) >0, YueR, |ul>|uol -

We then have the following theorem.

Theorem 4.1. Let (H)), (H}), (Hs), (Hy), (HY), (H§) hold. Then the unique weak
solution of the initial and boundary value problem (L)) — (L.3), as given by theorem
3.1, belongs to L>®(Qr).

Furthermore, we have also

el gy < max { ol 75 Noll oy 5 Mot lpmory } M (A1)

Remark 4.1. Assumption (H)) is both physically and mathematically natural in
the study of partial differential equation of the kind of ([.1]) — ([-3), by means of the
maximum principle.

Proof of Theorem 4.1. First, let us assume that

wo(x) < M, ace., x €, and max{hio lg0ll 0.z » 7= Nl OT)} <M. (42)
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Then z = u — M satisfies the initial and boundary value
2 — 2 (@ )z + f(e+ M) = fi(z,t), 0<z <1, 0<t<T,
2:(0,t) = ho [2(0,t) + M] + go(t), — zz(1,t) = hy[2(1,t) + M]+ ¢1(t), (4.3)
2(x,0) = up(z) — M.

Multiplying equation ([£3); by v, for v € H' integrating by parts with respect
to variable z and taking into account boundary condition (f.3),, one has after some
rearrangements

Jo 2w+ fi ., ) zosdde + 41 (0,) [ho(=(0, ) + M) + go(t) ] v(0)
1 (L,8) [ (21, £) 4+ M) + ga(8) Jo(1)

+ fol f(z+ M)vdx = fol filz,t)vdz, forall ve H'.
(4.4)
Noticing from assumption (H}) we deduce that the solution of the initial and bound-
ary value problem ([.1]) — (T.3) belongs to L?(0, T; H')NL>(0,T; L*)NLP(Q7), so that
we are allowed to take v = z* = 1(|z| + z) in (). Thus, it follows that

3 zztde + [ p () zpzhde + (0,8) [ho(2(0,8) + M) + go(t) ] 2+(0,1)
o (1,8) [P (2(1,8) + M) + gu () 2T (1,8)  (4.5)

+f0 f(z+ M)ztdx = fo fi(z, t)zTdz.

Hence
%% ||z+(t)||2 +a(t, 2" (t +f0 fGt+ M)ztde = fo fi(z, t)zTdx
0 (0,2) (hoM + go(t)) +(0,1) — 1 (1, 1) (M + ga(8)) =*(1,) < 0.
(4.6)
since

M > max{h—lo g0l 1o 5 h% 191 o } and

fol zztdr = fol’ oz )eztde =14 L et de =

1 2 2
2dt Jo, 2>0 %fo 2] dx:%iﬂﬁ()” .

(4.7)

1
2

and on the domain z > 0 we have z™ = z and z, = (27),.
On the other hand, by the assumption (H}) and the inequality (B.J), we obtain

alt, 2 (8), 5 (6) > ao 127 (1) % (48)
Using the monotonicity of f(z) + dz and (H7) we obtain
fo fzT+ M)ztdx = f [f(zT+ M) — f(M)] z"dx + fol f(M)z"dx
> 5 [M 2P dr+ ) f(M)2tde > =0 [} |2 P de = =6 ||+ ()]
(4.9)
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Hence, it follows from (f.q), (£g), (E9) that

s 25 O17 +ao |2 @)l < 8112401 (4.10)
Integrating (H.10), we get
1O < 125017 + 26 fy |2+ ()| ds. (4.11)

Since 21 (0) = (u(x,0)—M)* = (ug(z)—M)T = 0, hence, using Gronwall’s Lemma,
we obtain ||zt (¢)]|> = 0. Thus 2 = 0 and u(z,t) < M, for a.e. (x,t) € Qr.

The case —M < ug(z), a.e., x € ), and M > max {,%O 190/l 22 0,7 » h% HngLOO(O,T)}
can be dealt with, in the same manner as above, by considering z = u + M and
2~ = 1(]z| — 2), we also obtain z~ = 0 and hence u(z,t) > —M, for a.e. (z,t) € Qr.

From all above, one obtains |u(x,t)| < M, a.e. (x,t) € Qr, i.e.,

[ull oo @y < M, (4.12)
for all M 2 max { uoll -« 2 1g0ll <07 - = 9] 07y -
This implies ([.1)). Theorem 4.1 is proved.H

5 Asymptotic behavior of the solution as t — +o0.

In this part, let 7" > 0, (H;) — (H7) hold. Then, there exists a unique solution u of

problem ([[.])) — ([.3) such that
we L20,T; H) N L>(0,T; L*) N LP(Q7),

tu € L>*(0,T; HY), tu' € L*(Qr).

We shall study asymptotic behavior of the solution w(t) as t — +oo.
We make the following supplementary assumptions on the functions p (z,t) , fi (z,1),

g1 (t)a QQ(t)-
(Hy) g0, 1 € W1’1<R+)v

(Hzll,) e Cl([07 1] X RJr)u M<x7t) > Mo > 07 v<l’,t) S [07 1] X R+7
(HY) f1 € L>®(0,00; L?),
(H{) There exist the positive constants C1, 71, goco; J10o and the functions

too € CH([0,1]), fiee € L?, such that
(1) go(t) = goos| < Cre ™!, Vit >0,

(1) |g1(t) = groe| < Cre™ M, VE >0,
(1dd) i (t) = prooll g < Cre™™, VE >0, poo(z) > po > 0,V € [0, 1],
(i) [Ai(t) = fisoll < Cremt, Vit > 0.
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First, we consider the following stationary problem

— D (o (@) ] + (1) = froo(2), 0 <z <1,
(5.1)

uz(0) = hou(0) + goso, — uz(1) = hiu(1) + g1oo-

The weak solution of problem (5.1)) is obtained from the following variational prob-

lem.
Find 1. € H' such that

oo (Uoo, V) + (f (o), V) = (fro0, 0) = 1100(0)0ec(0) — oo (1) g10c0(1), (5.2)

for all v € H', where
oo (U, V) = fol oo () U (2) vz (2)dx + hopioo (0)u(0)v(0) 4 Ay preo(1)u(1)v(1)

= (Hoolla, V) + hopioc (0)u(0)v(0) + iy piso(1)u(1)v(1), for all u,v € H*.
(5.3)
We then have the following theorem.
Theorem 5.1. Let (Hg), (HY) — (H{) hold. Then there ezists a solution us of
the variational problem (B.2) such that wu. € H'.
Furthermore, if f satisfies the following condition, in addition,

(HY)  f(u) +du is nondecreasing with respect to variable u, with 0 < 6 < ay.

Then the solution is unique.
Proof. Denote by {w;}, j=1,2,...an orthonormal basis in the separable Hilbert
space H'. Put

Y = 2y, (5.4)
]:
where d,,; satisfy the following nonlinear equation system:
aw(yma wj) + <f(ym)a wj) = <floo’ wj) - NOO(O)QOOowj(O) - MOO(I)gloowj(l)a I1<j<m
(5.5)
By the Brouwer’s lemma (see Lions [f], Lemma 4.3, p. 53), it follows from the
hypotheses (Hg), (HY) — (H{) that system (p.4), (b-H) has a solution y,,.
Multiplying the j equation of system (5.3) by d,,;, then summing up with respect
to 7, we have

oo (Yrms Ym) + (f (Um) s Ym) = (f1o0: Ym) — Hoo(0)Goocym (0) = foc(1)g100ym(1).  (5.6)
By using the inequality (B-3) and by the hypotheses (Hs), (H}) — (H{) , we obtain

a0 [y 71 + Ct gm0 < C1+ [1rooll + V2 (100 (0)g0oo| + |Hoo (1) g100])] HymHH(l- )
5.7

Hence, we deduce from (p.7) that

[Ymll g < C,
(5.8)

Ymllr < C,
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C is a constant independent of m.
By means of (£.§) and Lemma 2.1, the sequence {y,,} has a subsequence still
denoted by {y,,} such that

Ym — Us in  H' weakly,
Ym — Uss in L? strongly and a.e.in €, (5.9)
Ym — Use 1n  LP weakly.

On the other hand, by (5.9)2 and (Hg), we have

f(Ym) = f(us) a.e. in Q. (5.10)
We also deduce from the hypothesis (Hg) and from (5.8), that

I 1f W (@)) P dae < 202 C8 1+ [ |y (@) da] < C, (5.11)

where C' is a constant independent of m.
Applying Lemma 3.4 with N =1, ¢ = p', Gpn = f(Ym), G = f(ux), we deduce
from (BT0), (ETI) that

f(ym) = flus) in LP' weakly. (5.12)

Passing to the limit in Eq. (p.3), we find without difficulty from (p.9), (b-12) that
U Satisfies the equation

aoo(“oou wj) + <f<u00>7wj> = <f1007 wj) - /~LOO<O)9000wj<O> - :uOO(l)gloowj(l)' (513)

Equation (b.13) holds for every j = 1,2, ..., i.e., (.9) holds.

The solution of the problem (b.9) is unique; that can be showed using the same
arguments as in the proof of Theorem 3.1.H

Now we consider asymptotic behavior of the solution u(t) as ¢t — +oc.

We then have the following theorem.

Theorem 5.2. Let (Hy), (Ha), (Hg), (HY) — (HY), (HY) hold. Then we have

le(®) = usel* < (Jfto = usel® + iS5 ) 7, e 2 0, (5.14)

E(’Yl )

where
0 < <min{y, ag — 0 —4e}, 0<4de <ag—29,

C > 0 is a a constant independing of ¢.
Proof. Put Z,,(t) = um(t) — ym. Let us subtract (B); with (5.]) to obtain

([ (Z(1), w5) + alt; um (1), w;) = oo (Y, w5) + (f (um(t) = f(ym), w;)
= (1() = f1o0, wj) = [11(0,) go(£) — t100(0)gooo | w;(0)

— [ (1,1) 91(t) = prooc(1) 9100 Jw;(1), 1 < j < m,

(5.15)

L Zm(o) = Uom — Ym-
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By multiplying (5I5)1 by ¢m;(t) — dpm; and summing up in j, we obtain
i | 2N + alt; Zon(), Zin(1)) + alt; Yms Zin(1)) = Qoo (Yms Zom(t))
H(f (un(t)) = f(Ym), Zn(t))
= (f1(t) = fioes Zm(t)) = [11(0,2) go(t) = t100(0) oo | Zm (0, 1)
=1 (1,8) 91(t) = poo(1)g100 | Zin(1, ).

By the assumptions (HY) — (H{), (HY), and using the inequalities (B.2), (R.3), and
with € > 0, we estimate without difficulty the following terms in (f.16) as follows

(5.16)

a(t; Zun(t), Zun(t)) = o || Zn(0) 13715 (5.17)
(f(um(®)) = F(Ym), Zn() = =6 (| Zn(O* = =6 |1 Zon(8) |71 5 (5.18)
a(t; Yms Zn (1)) = oo (Yms Zin (1)) = (1) = too) Yma, Zma(t))
+ho (1(0,8) = 1150(0)) ym (0) 2 (0,£) - (5.19)
1,

(
+hy (e (1,) = poo(1) Y (1) Zin (1, 1);

Note that ||y, || < C, we obtain from (p.19) that

L
L

|t Yms Zn (1) = oo (Yms Zn ()] < [l (8) = bool| oo |1Ymel| | Zma (1)]]

+2ho |1 (1) = trooll oo 19m |1 (12 (E) | 111

(5.20)
#2052 (8) = ool e [l 1 Zon (D)
< (1 2+ 2h0) Cre M C | Zn (D)l s < €| Zn(D s + 227
[UF1(8) = froes Zm()] < IA(E) = Frocll 1 Zn(8)]
(5.21)

< Coe M Zn (s < €| Zn)lF + 20
—[10,) 0(t) ~ o) g ] Z0n(0, 1)
= — [(1(0,) = 100(0)) g0(1) + 100(0) (90(1) — ) ] Zin (0,1

< V2 Zu®)lm [Ilu (1) = ool 1o 190l oo (ry ) + 1100(0) [90(2) = Gooo

< V2 Zu ()l [HQOHLOO(RJr) + 1100 (0)| Cre < €| Zyn (1) 71 + 20,
(5.22)
Similarly

— [ (1,) 1(t) = proo(1) G100 | Zin(1,) < | Zpn(t) |3 + 2Ce 21, (5.23)
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It follows from (p.16) — (B-1§), (B:20) — (b.23) and (B.3), that
AN Zn()I° +2 (a0 — 6 — 4e) [| Zn (8) |1 < ECe20, (5.24)

Choose € > 0 and v > 0 such that ap — 6 —4e > 0 and v < min{~, ag — § — 4e},
then we have from (5.24) that

N Zn ()7 + 29 | Zen (1) ])* < BCem, (5.25)
Hence, we obtain from (p.25) that

1Zn () < [1ZnOIP + 5] e (5.26)

Letting m — +oo in (B.26) we obtain
Jut) — el < Timinf e (8) — vl < (g el + 155 ) €2, for all 2 0
m——+0o0

)
(5.27)
This completes the proof of Theorem 5.2.1

6 Numerical results

First, we present some results of numerical comparison of the approximated
representation of the solution of a nonlinear problem of the type ([L1)) — ([.J) and the
corresponding exact solution of this problem.

Let the problem

U — Uz + f(u) = fi(z,t), 0 <z <1, t>0,
uz(0,8) = 2u(0,t) + go(t), —uz(1,t) =u(l,t) + g1(t), (6.1)

u(x,0) = up(x),

where
( fi(z,t) = —e® (14 2e7) 4 (1 + e H)ple—bz,

flu) = lul"u, p=3,

got)=—-1—e" gi(t) = —2¢e(1+e7"),

(6.2)

L ﬂo(ﬂf) = 2e”.
The exact solution of the problem (f.1]), (B-2) is u(z,t) = (1 + e~ *)e”.

To solve numerically the problem (B.1l), (6.2), we consider the nonlinear differential
system for the unknowns ug(t) = u(xg,t), xx = kh, h =1/N.

) = pruna — pun + gpuees — fuk) + filwn, 1),
o = i (w1 — hgo(t)), uy = 14 (un—1 — haa(t)) |
ur(0) = up(zg), k=1,2,...., N — 1.
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or

\

G0 =7 (T8) we + zue — f(w) — it 9o(t) + fi(z1,8),
Bk (1) = Fun—1 — Fuk + Fmunp — flue) + filee,t), k=2,N -2,

dun_
i (1) = grun— — 5z (F57) uvor = flunva) = g (8) + fulan 1),

uk(()) = ao(l‘k), k= 1,N — 1.
(6.3)

To solve the nonlinear differential (6-3) at the time ¢, we use the following linear
recursive scheme generated by the nonlinear term f(uy) :

(

\

dul™ — n n n—1
() =% (ﬁ—i‘ﬁ) ug '+ %“; )~ f(ug )) - h(141r2h)90(t) + f1(z1, 1),

dul™ n n n n—1 5 AT o
dlz (t) = %ul(cf)l - %ué : + %ul(cqt)l - f(ué )) + fl(xkvt)a k=2N-2

du(n)_ n n n—1
(1) = uls — 7 (H2) uldy — FT)) — s () + filen o, 0),

™ (0) = To(zy), k=1,N — 1.
(6.4)

The linear differential system ([6.4) is solved by searching the associated eigenvalues
and eigenfunctions. With a spatial step h = % on the interval [0, 1] and for ¢ € [0, 3],
we have drawn the corresponding approximate surface solution (z,t) — u(z,t) in
figure 1, obtained by successive re-initializations in ¢ with a time step At = %. For
comparison in figure 2, we have also drawn the exact surface solution (z,t) — u(x,t).

Note that, the approximate solution u(x,t) decreases exponentially to u.(x) as
t tends to infinity, u. being the unique solution of the corresponding steady state
problem

—Ugy + |u|%u: —et e <z <],
(6.5)

uz(0) = 2u(0) — 1, —u,(1) = u(l) — 2e.
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