N

N

Absolute Algebra II-Ideals and Spectra

Paul Lescot

» To cite this version:

Paul Lescot. Absolute Algebra II-Ideals and Spectra. Journal of Pure and Applied Algebra, 2011,
215 (7), pp.1782-1790. hal-00527876

HAL Id: hal-00527876
https://hal.science/hal-00527876
Submitted on 20 Oct 2010

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00527876
https://hal.archives-ouvertes.fr

ABSOLUTE ALGEBRA
II-TDEALS AND SPECTRA

PAUL LESCOT

ABSTRACT. We study natural notions of ideals and spectra for algebras of
characteristic one.

1. INTRODUCTION

Many different strands of thought converge in suggesting the existence of a “char-
acteristic 1 analogue”of the usual algebra of fields. Among these let us mention
tropical geometry ([2]), the geometry of algebraic groups([11]), their representa-
tions ([12]), and the Riemann hypothesis ([3],[4],[10]). Various such formalisms
have been propounded, among which the most notable are Deitmar’s theory of F}—
schemes ([6],[7]), Soulé’s theory of Fj—objects([10]), and Zhu’s characteristic one
algebra ([13]).

In a previous work ([9]), we have developed Zhu’s theory, and made clear its
intimate connection with Deitmar’s. By By we shall denote (as in [9]) the set {0,1}
equipped with the usual operations of addition and multiplication, except that
141 = 1. It is clear that this object satisfies all the axioms defining a field, except
for the existence of symmetric elements for addition. In Castella’s terminology ([1]),
this is the smallest characteristic 1 semifield .

Bi—modules are defined in the obvious way, i.e. as commutative monoids with a
zero element equipped with an external By—action satisfying the usual conditions.

Definition 1.1. ([9], Definition 2.3)A B;-module is a commutative monoid M with
zero element 037 equipped with an external Bj-action (that is an application

(A x)— Az
from By x M to M), such that the following properties hold:

(1) V(A p,x) € By x By x M (A4 p)z =Mz + px
(2) VN z,y) € Bl x M x M XNz +y) = z+ My ,
(3) Ve €M lz =z ,and

(4) Ve e M 0x =0y

Date: September 26th, 2010.
2000 Mathematics Subject Classification. 06F05, 20M12, 08C99.
Key words and phrases. Characteristic one, spectra, monoids.

1



9 P. LESCOT

We then define Bj—algebras in the natural way (slightly weaker than the one in
[9],Definition 4.1) :

Definition 1.2. By a (commutative, unitary)B;—algebra A we mean the data of a
Bi—module A and of an associative and commutative multiplication on A that has
a neutral element 14 and is bilinear with respect to the operations of By—module.

If 14 = 04, then A has only one element ; in the other case, we may identify
B, = {0,1} and the subalgebra {04,14} of A, and it turns out that A is a By—
algebra in the sense of [9], Definition 4.1.

Conversely, any Bj—algebra in the sense of [9], Definition 4.1 is a Bj—algebra in
the sense of the present paper.

Except when otherwise precised, we shall keep in force the definitions and nota-
tions of [9]. In particular, for E a set, P;(E) will denote the set of its finite subsets,
and

jg : E—PsE)
z— {z}
the canonical injection.

In (commutative) ring theory, there is a bijection between congruences (in the
sense of universal algebra) on a ring and ideals of the ring (cf. e.g.the proof of
Corollary 2, p.68, in [8]). In the category of Bj—algebras, that correspondence
breaks down. Thus we first consider ideals (§2), then congruences (§3) and we
obtain a bijection between saturated ideals and excellent congruences. In §4 we
discuss the connection between this theory and Deitmar’s ideas ([6], [7]), in the line
of [9], §5.

Castella([1],[2]) has developed a different theory that works more generally over
an arbitrary characteristic 1 semifield (not necessarily By ), and has some points of
contact with ours. His notion of idéal fermé ([2], p.5) corresponds to our notion
of saturated ideal . Nevertheless, his definition of quotient by an ideal is entirely
different.

In a subsequent paper we shall investigate tensor products of B;—algebras. Hope-
fully all these constructions will some day fit together within Connes and Consani’s
theory of hyperrings ([3],[4],[5]).
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2. IDEALS
Let A denote a Bji—algebra.
Definition 2.1. A subset I of A is termed an ideal of A if
e [ is a By—submodule of A, i.e.
0el,
Y(z,y) eIz +y €1, and
eVxelVacAaxel.

{0} and A are both ideals of A; by a proper ideal of A we mean an ideal different
from A itself. We shall denote by Id(A) the set of all ideals of A, and by Maxz(A)
the set of all maximal (proper) ideals of A.

Definition 2.2. An ideal I of A is prime if [ # A and,
V(z,y) € A sy I=axcTorycl].
We shall denote by Pr(A) the set of prime ideals of A.

Proposition 2.3.
Maz(A) C Pr(A) .

Proof. The familiar ring—theoretic argument applies here : let I € Max(A), let us
assume xy € I and x ¢ I, and define

J = I+ Az
def{i+axlie I, ae A}.
Then one checks easily that J is an ideal of A, that I C J, and that I # J (as

x =0+ 1.z € J, and = ¢ I); therefore, J = A. In particular, 1 € J; therefore one
may find ¢ € I and a € A such that 1 =i+ ax. But then one has

y = ly
= (i+ax)y
= iy +a(zy)
= yi+a(zy) el
asi €l and zy € I. O

As for ordinary rings, the reciprocal inclusion need not hold : e.g., for A = By[z],
I = {0} is a prime ideal that is not maximal, as I C zA C A.

Theorem 2.4. For S a subset of A, let
W(S):={P e Pr(A)|S CP}.
Then the (W(S))sca are the closed sets for a (Zariski) topology on Pr(A).
Proof. The proof follows the usual lines, as
W(0) = Pr(A),
W) =0,
AWy =wlJs) .

iel iel
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and

W(S)UW(T)=W(ST) ,
where

ST :={aylr e S,yeT}.
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3. CONGRUENCES

For the convenience of the reader, we shall repeat some of the definitions from
[9],84, with a slight change : we now allow the “trivial”congruence, i.e. the con-
gruence such that 0 ~ 1.

Definition 3.1. We call congruence on the By—algebra A an equivalence relation
~ on A such that

V(a,b,a' ,b) € A* a~band o' ~V = a+a ~b+b and ad’ ~bb .

In our theory, congruences play the same role as equivalences modulo an ideal
in commutative algebra ; in particular, for each congruence ~ on A, the quotient
set A/~ possesses a canonical structure of (possibly trivial) B;—algebra.

Definition 3.2. On the set of congruences on the Bj—algebra A let us define an
order > by :
~1 >~ = Y(a,b) € A2 a~yb=a~1b.

The trivial congruence Co(A) = A x A is the greatest element for that order, and
the equality relation =4 on A the smallest. It is easy to see that, if ~;>~9, then
there is a canonical surjective morphism

A/Ng - A/Nl .

Definition 3.3. We shall denote by MaxSpec(A) the set of all maximal nontrivial
congruences on A.

When A is the free Bj—algebra on n generators, MaxzSpec(A) consists of 2"
elements, and has been described in [9], Theorems 4.7 and 4.8. It is an easy conse-
quence of Zorn’s Lemma that any nontrivial congruence is contained in a maximal
one.

Definition 3.4. A congruence ~ on A is said to be prime if ~# Cy(A) and
ab~0=—=a~0o0rb~0;
we shall denote the set of prime congruences on A by Spec(A).

One has
Theorem 3.5.

MazSpec(A) C Spec(A) .

Proof. We shall repeat an argument already used at the beginning of the proof of
Theorem 4.8 in [9]. Let ~€ Mazspec(A), and let (u,v) € A% be such that uv ~ 0,
and u ~ 0.

Define the relation R,, on A by :

TRy =3a,b) € A% z+ua~y+ub.
It is very easy to see that R, is compatible with addition and multiplication,
and that z ~ y implies x R, y. Furthermore 0 R, u, and 0 ~ u, therefore

~# Ry .

It follows that R, is a congruence, and that R, >~, whence R, = Co(4). In
particular 0 R, 1, therefore one may find (a,b) € A% such that :

04+ua=14ub,
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i.e.
ua =14+ ub .
But then

(uv)a = v(ua) = v(1 + ub) = v+ uvd
and from uv ~ 0 follows :
0=0a~ (w)a=v+uvb~v+0=v,
that is v ~ 0. Therefore ~ is prime. O
Definition 3.6. For R a congruence, let us set
I(R) :={z € Alx R 0} ;
obviously, I(R) is an ideal of A.
Conversely, we have

Theorem 3.7. Let J be an ideal of A, then there is a unique smallest congruence
(denoted by Ry) such that

Veeld) zR;s0.
One has

V(z,y) €A2 s Ryy<= (Fzc)az+z=y+z2.
Furthermore J := I(R ;) is an ideal of A (in fact
J={zx €Al (3zeJ)z+2=2})

and the mapping J — J is a closure operator (i.e. J C J and J= J) on Id(A).

Proof. Let us define a relation Ry on A by

(3.1) V(z,y) € A2 2 Ryjy=(Fze))atz=y+z.
Then from aR ;b and a R ;b follows the existence of (c, c/) € J? with
at+c=b+c
anda +¢ =b +¢. Then c+¢ € J and
(at+d)+(ctc) = (a+e)+(a +¢)

= (b+o)+ b +¢)
= (b+b)+(c+c),

whence a—&—a/RJb—&— b.
Let now x =a ¢+ bc € J ; then

ad +x = aa +ac+be
= d(a+c)+bc
a'(b+c)+bc
ba +c¢)+de
b(b/—l—c/)—&—a/c

= b +a,

whence aa’ Rsbb". We have shown R; to be a congruence on A. Obviously, for
x € J,one has xt +x =2 =0+ x, whence x R; 0.
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Let now R be a congruence on A such that

VeeJ 2RO,

and let (x,y) € A% with 2 R y ; then there is z € J such that x + z = y + 2. But
then z R; 0, whence

r=2z4+0 Rex4+z=y+2Ry+0=y,

whence Ry, and R; C R.

Now, let J =4es I(Ry) ; as seen above, J is an ideal of A, and J C J by definition
of R;. The description of J follows from (3.1). Furthermore, by definition of .J,
R is a congruence on A such that

VeeJ xR;0,

whence R+ < R and

An ideal J of A will be termed saturated if J = J.
Congruences of the type R(for J an ideal of A) will be termed excellent. It
follows from the next Theorem that R is excellent if and only if R = Ry(g).

Theorem 3.8. For an arbitrary congruence R, Ry(r) is the largest excellent con-

gruence that is < R. Consequently, for J € Id(A), one has J = J if and only if
there exists a congruence R on A such that I(R) = J ; if this is the case, then R ;
is the smallest such congruence.

Proof. By definition, Ry(g) is excellent ; if  Ry(r) y, there is z € I(R) with
r+z=y+z
But then z R 0 and
zr=z+0Rzx+z=y+2Ry+0=y,

whence rRy, and Ryr) < R.
If Ry <R, then
JCI(Ry) CI(R),

whence J C I(R) and R; < Ry : the first assertion follows.
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Let us assume J = I(R) for some R ; then

J C J

= I(R,)

= I(Rr))

C I(R) (as Ryr) < R)

= J ,
whence J = J. B B

Conversely, if J = J then I(R;) = J = J, and from I(R) = J follows R; =

Rir) <R. O
Remark 3.9. e R is prime if and only if J is prime.

e R is maximal if and only if J is maximal among proper saturated ideals.

Let us note that the last condition does not imply the maximality of J : for
example, let A = By[z] and J = zA ; then R, is a maximal congruence on A (see
[9], Theorem 4.7), but J = J is not a maximal ideal in A, as J C xA+(1+z)A C A.

Definition 3.10. The ideal I is absolutely prime if I # A and
abRjac= (a€l)orbRsc.
Theorem 3.11. An absolutely prime saturated ideal is prime.
Proof. Let I be absolutely prime and saturated, and let us assume ab € I; then

ab Ry 0 = a.0, whence, by hypothesis, a € I =1orbR;0; but, in the second
case, b€ I =1 : I is prime. (]

Remark 3.12. Clearly, if I is absolutely prime, then I either equals A or is prime.
Theorem 3.13. A mazimal ideal is prime and absolutely prime.

Proof. Let I be maximal ; then I is prime according to Proposition 2.3.
Let us assume
ab Ry ac and (a ¢ I);
then there is a = € I such that

ab+zx=ac+x .
Asa ¢ I, T# A, whence, due to the maximality of I, I = I : I is saturated.
Let now
J:={yeAl(Fze Nyb+ z=yc+ z};
then J is an ideal of A : it is clear that it is a submonoid, and from y € J and
y € A follow yb+ z = yc + z for some z € I, whence :

Wyb+yz=yb+2) =y yct+2)=Wyec+yz,
therefore y/ye J, as y/zel.
Furthermore, for i € I, let z :=ib+ic € I ; then
tb+2z=1ib+ib+ic=ib+ic=ic+ib=ic+ic+ib=1ic+z
whence i € J: I C J. Asa € J and a ¢ I, one has I # J, whence, from the

maximality of I, I = A. But then 1 € I, i.e. there is z € I such that b+ 2z = c+ z,
that is b Ry c. O
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Remark 3.14. Here are some relevant examples :

e A = By[z] and I = 2?By[z] : I is saturated, but is neither prime nor
absolutely prime.

o A=Br]and [ = zA+ (1 +2)A = {a = 3,55 aza”ag = 0 or a; = 1}.
As ab € I implies agbg = 0 or aghy + a1by = 1, I is prime ; as I = A, it is
also absolutely prime ; but , for the same reason, it is not saturated.

e Let G =< 7 >= Z5 denote a group of order 2, A = F(G), and I = {0};
then [ is prime and saturated, but not absolutely prime, as, setting
u=jg(r) ,

one has
I+wu=u+1=(14u)(1+u)
but 1 +u ¢ I ={0} and u Rr1+ u.

e In A = B[], the ideal I = (1 + 22)A is absolutely prime (as I = A), but
not prime as (1+2)(1+x+2%) = (1+2)(1+2%) €I, but 1 +2 ¢ I and
l+z+a2%¢l

We shall denote by Prs(A) the set of saturated prime ideals of A, and by
Mazxs(A) the set of saturated maximal ideals of A ; these sets are naturally equipped
with a topology induced by the topology on Pr(A) described in Theorem 2.4.

Proposition 3.15. For S C A, let
V(S) ={R € Spec(A)|SCI(R)} .

Then the V(S)sca are the closed sets for a topology on Spec(A) (the “Zariski
topology”on Spec(A)). If A is integral (in the sense that A # {0} and

ab=0=a=0 orb=0
in A), then =€ Spec(A) and {=a} = Spec(A).
Proof. The reasoning is the same as in the proof of Theorem 2.4, remarking that

V(0) = Spec(A) ,

V(A) =10,
lEIS ﬂ V
i€l
and
V(S)uV(T) = V(ST) .
One may also remark that V(S) = I"1(W(S)), whence the topology in question is

the initial topology induced on Spec(A) by the mapping
I: Spec(A) — Pr(A)
and the Zariski topology on Pr(A). The last assertion is easy to check. ([
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4. LINKS WITH DEITMAR’S THEORY.

Let D denote Deitmar’s category of Fy-rings, i.e. the category of commutative
monoids.

For M € D, let Specp(M) denote the set of prime ideals in M (including @), and,
for P € Specp(M), let P denote the ideal of F(M) = B;[M] generated by jas(P).
For S C F(M), Sp will denote the set of m € M such that jy (m)(= {m} € F(M):
cf. [9],Theorem 3.1) be a component of some s € S, i.e.:

So={m e M|(3s € S)jm(m) + s = s}.

Proposition 4.1. P is a saturated prime ideal of F(M) and one has an isomor-
phism
F(M
on _

P
(note that, as P is a prime ideal of M, M\'P is a monoid for the induced operation).

(MA\P)

Proof. As P is an ideal of M, P equals the B;—submodule of F (M) generated by
the (jar(p))pep ; in particular it is generated by a subset of the set of minimal (for
the order relation associated to the B;—module structure of F(M)—see [?],Theorem
2.5) elements of F (M), whence it is saturated. It is also clear that

FM)=Ga&P

where G denotes the (free) By—submodule of F(M) generated by the
v (@) zern\p ;

but the mapping
Y:M\P—G

x— ju(x)

turns G into the free Bj—algebra on M \ P, whence
G~F(M\P).

It now follows that, for (a7a/) € G? and (m,x/) eP2 a+tux Rp a + 2 if and only

if a = a . Whence
F(M)

Rp

~G~F(M\P).

Theorem 4.2. The mapping
Yv:P=P
defines a bijection between the set of prime ideals of M and the set of saturated
prime ideals of F(M). Consequently, the mapping
¢m : Specp(M) — Spec(F(M))
P — R75
defines a bijection between the set Specp(M) and the set of excellent congruences

on Spec(F(M)) corresponding to saturated prime ideals. Its image is dense in
Spec(F(M)). Furthermore wp is an homeomorphism on its image.
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Proof. 1t follows from the proof of Proposition 4.1 that
P = {z € M|ju(z) € P},

whence the injectivity of 1. Let I denote a saturated prime ideal in F(M), and let
P = j]\jll (I) ; it is clear that P is a prime ideal in M. Let y € I ; then, for each
x € M such that jp(x) <y, one has jy(x) + y = y, whence, as I is saturated,
Jju(z) € I and x € P. As

y=" >, jul),

z€M;jm (z)<y
one has y € Vectp, (jar(P)). Therefore I = Vectp, (jar(P)) = P, thus v is a
bijection, the inverse of which is given by (for I a saturated ideal of F(M))
NI =g (T)
But vpr = a0 ¢ where

a : Ids(F(M)) — Spec(F(M))
I— R[ .

According to Theorems 3.7 and 3.8, « is an injection, whence ) = a0 is a
bijection on its image a(¢¥(Specp(M))). That image contains the congruence

a(@®() = a({0}) =Ry ,
i.e. the congruence =g, the equality on F(M). But {=zs} is dense in
Spec(F(M)) (see Proposition 3.15), whence so is ¢ (Specp (M)).
Let now F = V(S)(S C F(M)) ; then, for P a prime ideal of M,

o (P) € V(S) &= P € V(S)
— SCI(Rp)
= SC P=P
=5 CP,
whence
var (V(S)) = Vp(So)
and the continuity of ¢,s. Similarly, for N C M, let
Vp(N) = {P € Specp(M)|N C P}
be a closed subset of Specp (M) in Deitmar’s sense ([6],p.89). Then it is clear from
the above considerations that
or(Vp(N)) = Im(enr) NV (i (N))
whence s is closed on its image, and the result. (I
Example 4.3. If C, is the free monoid on n > 1 generators zi,...,x,, then
Specp(Cp) has 2™ elements (the (Py)ycq1,..n) : Py :=U;c;2;Cn), whence there
are exactly 2" excellent prime congruences on F(C,,).
Example 4.4. If G is a group, then {0} is the only saturated prime ideal in F(G).

In fact A and {0} are the only saturated ideals : this applies to the two examples
5.5 and 5.6 in [9].
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As seen in Theorems 3.8 and 4.2, saturated prime ideals play the crucial role in
the theory of Bj—algebras of the form F(M) ; as a matter of mere curiosity, we
shall now determine all saturated absolutely prime ideals in such algebras.

Lemma 4.5. If F(M) is simplifiable (in the sense that ab = ac and a # 0 implies
b=c), then M s trivial (i.e. has only one element).

Proof. Let x € M, and y = jps(x) ; then, using the idempotence of +, we get
Q+y)A+y+y)=1+y+y*+¢° = (1+y)(1+y?)

whence (as 1 +y #0), 1 +y +y? = 1+ 932 As F(M) is a free B;—module on
jam (M), it follows that y = 1 or y = 32 ; in the second case

A+y)(+y)=14+y+y =1+y=(1+y).1

whence 1 +y = 1 and y = 1 (by the same argument). Therefore jrs(7) = 1r(arp)
for each x € M ; the injectivity of jp; now yields x = 15, whence M has only one
element. (]

It follows from this Lemma that saturated absolutely prime ideals are quite rare
in By—algebras of monoids ; in fact one has

Proposition 4.6. If I is a saturated absolutely prime ideal in F (M), then the only
invertible element of M is 1 and I = F(M \ {1}).

Remark 4.7. The converse is clear.

Proof. Let I be a saturated absolutely prime ideal in F(M );~according to Theorem
4.2 there is a (unique) prime ideal P of M such that I = P. By definition of an

absolutely prime ideal, FM) = M is simplifiable ; but
Rp R
M
F(M) ~ F(M\P)
Rp

according to Proposition 4.1, hence F (M \ P) is simplifiable. Now Lemma 4.5 yields
that M\ P = {1y}, i.e. P =M\ {1y} ; P being an ideal of M, no nonidentity
element of M is invertible. O

The following fact was also observed by Castella (see [2], p.3) :

Proposition 4.8. If K is a finite nontrivial B1—algebra embeddable in a By —field,
then K = {1}.

Proof. Let K C L, L denoting a By—field ; then L is simplifiable, hence so is K. In
particular, for each a € K \ {0}, the mapping

meg: K — K

T = axr
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is an injection, hence a bijection as K is finite. Let y = Y 2 ;asy=y+1,

y # 0. But
ay = Zaz‘
zeK
-y
zeK
=Y
=1y,

whence a = 1 and
K ={0,1} ~ B; .
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