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THE EXACT PACKING MEASURE OF
LEVY TREES.

Thomas DUQUESNE *

October 20, 2010

Abstract

We study fine properties of Lévy trees that are random compact metric spaces
introduced by Le Gall and Le Jan in 1998 as the genealogy of continuous state
branching processes. Lévy trees are the scaling limits of Galton-Watson trees
and they generalize Aldous’s continuum random tree which corresponds to the
Brownian case. In this paper we prove that Lévy trees have always an exact
packing measure: We explicitely compute the packing gauge function and we
prove that the corresponding packing measure coincides with the mass measure
up to a multiplicative constant.

AMS 2000 subject classifications: Primary 60G57, 60J80. Secondary 28A78.
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1 Introduction

Lévy trees are random compact metric spaces introduced by Le Gall and Le Jan in
[B1] as the genealogy of Continuous State Branching Processes (CSBP for short). The
class of Lévy trees comprehends Aldous’s continuum random tree which corresponds
to the Brownian case (see [E, ]). Lévy trees are the scaling limits of Galton-Watson
trees (see [E] Chapter 2 and [[L(]). Various geometric and distributional properties of
Lévy trees have been studied in [[[4], in Weill 7 and in Abraham and Delmas [J).
An alternative construction of Lévy trees is discussed in [@] Lévy trees have also
been studied in connection with fragmentation processes: see Miermont [@, @], Haas
and Miermont [R4], Goldschmidt and Haas [2J] for the stable cases; see Abraham and
Delmas [fl] for more general models.

Fractal properties of Lévy have been discussed in [[[4] and [l Hausdorff and
packing dimensions of Lévy trees are computed in [@] and the exact Hausdorff measure
of the continuum random tree is given in [L]. As shown in [1F] (see also [L]), there
is no exact Hausdorff measure in the non-Brownian stable cases. The goal of this
paper is to prove that Lévy trees behave better with respect to packing measure.
More precisely, we prove that Lévy trees have always an exact packing measure: We
explicitely compute the packing gauge function and we prove that the corresponding
packing measure coincides with the mass measure up to a multiplicative constant.

Before stating the main results of the paper, let us recall basic facts on continuous
state branching processes (CSBP) and on Lévy trees. CSBPs are time- and space-
continuous analogues of Galton-Watson Markov chains. They have been introduced
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by Jirina [P7] and Lamperti [P9] as the [0, oo]-valued Feller processes that are absorbed
in states 0 and oo and whose kernel semi-group (p:(x, dy); « € [0, 00],t € [0,00)) enjoys
the branching property: pi(x,-) * pi(2’,-) = pe(xz + o', ), for every x,2’ € [0, 00] and
every t € [0,00) (here x stands for the convolution product). Let Z = (Z;,t > 0) be
a CSBP with initial state € (0, 00) that is defined on a probability space (Q2, F, P).
We shall restrict our attention to CSBPs that get almost surely extinct in finite time.
Namely,

P(3t>0: Z,=0)=1. (1)

Then, Silverstein [@] proves that the kernel semigroup of Z is characterised by a func-
tion 9 : [0,00) — [0, 00) as follows: For any A, s,t > 0, one has E[exp(—\Z:14)|Z;s] =
exp(—Zsu(t, N)), where u(t,\) is the unique nonnegative solution of du(t,\)/dt =
—(u(t, A)) with u(0, A) = A. This equation can be rewritten in the following integral

form. \
/ Ay a0 2)
(e, Y(w)

The function v is called the branching mechanism of the CSBP. Under Assumption
(m), 1) is necessarily of the following Lévy-Khintchine form

ey a)\+ﬁ/\2+/(0 )(e*”flJr/\r)ﬂ(dr), A >0, 3)

where « € [0,00) is the drift coefficient, 8 € [0, 00) is the Brownian coefficient and 7
is the Lévy measure that satisfies [, ooy (T Ar?)m(dr) < oo. Moreover, 1 has to satisfy

the following condition:
> du
—— < 0. (4)
(u)
More precisely, the set of branching mechanisms of CSBPs that satisfy (EI) is exactly
the set of functions ¢ of the form () that satisfy () (see Bingham [§] for more details
on CSBPs).

Let us introduce the formalism developed in [@] where Lévy trees are viewed as
random variables taking their values in the space of compact rooted R-trees. Infor-
mally, a R-tree is a metric space (7, d) such that for any two points o and ¢’ in T,
there is a unique arc with endpoints o and ¢’ and this arc is isometric to a compact
interval of the real line. A rooted R-tree is a R-tree with a distinguished vertex p called
the root. We say that two rooted R-trees are equivalent if there is a root-preserving
isometry that maps one onto the other. Instead of considering all compact rooted R-
trees, we introduce the set T of equivalence classes of compact rooted R-trees. Evans,
Pitman and Winter [2(] prove that T equipped with the Gromov-Hausdorff distance
[RY is a Polish space. As proved in [@], with any branching mechanism v of the form
(B) that satisfies (), one can associate a sigma-finite measure ©,, on T that is called
the 7distribution” of the Lévy tree with branching mechanism 1. Although O, is an
infinite measure, the following holds true: Set I'(T) = sup,¢7 d(p, T), that is the total
height of T; Then, for any a € (0,00), one has

v(a) =0y ([(T) >a) < o0, (5)

where the function v : (0,00) — (0, 00) is determined by f:(oa) Y(u)"tdu = a.

Lévy trees enjoy the so-called branching property, that obviously holds true for
Galton-Watson trees: For every a > 0, under the probability measure ©y (- |T'(T) > a)
and conditionally given the part of 7 below level a, the subtrees above level a are
distributed as the atoms of a Poisson point measure whose intensity is a random



multiple of ©,. The random factor is the total mass of the a-local time measure that
is defined below. Let us mention that Weill [@] shows that the branching property
characterizes Lévy trees.

©, is approximated by Galton-Watson trees as follows. Let (§,)p>0 be a sequence
of probability distributions on the set of nonnegative integers N. We first assume that
> ken kép(k) < 1, for any p and that the &,s are in the domain of attraction of an
infinitely divisible distribution with Laplace exponent . More precisely, let Y be a
real valued random variable such that log E[exp(—AY)] = ¢ (A), for any A € [0, 00).
For any p, let (J;” k>0 be an i.i.d. sequence of r.v. with law &,. We assume there exists
an increasing sequence (by)p>0 of positive integers such that %(Jl(”) N ng) —b,)
converges in distribution to Y. For every p, denote by 7, a Galton-Watson tree with
offspring distribution &, that can be viewed as a random rooted R-tree (7, dp, pp) by
affecting unit length to each edge. Thus, (75, £d,, pp) is the tree T, whose edges are
rescaled by a factor 1/p and we simply denote it by +7,. We furthermore assume
that for any a € (0, 00), one has liminf, P(T'(1,) < pa)’/? > 0. Roughly speaking,
this assumption ensures that iI'(7,) has a non trivial limit in law. Under these
assumptions, Theorem 4.1 @] asserts that for any a € (0,00), the law of +T, under
P(-|3D(7p) > a) converge weakly on T to Ou(-|T(T) > a), when p goes to oo.

There are two important kinds of measures on 1-Lévy trees. For every a > 0, let
us set T(a) :={o € T : d(p,0) = a} that is the a-level set of T. Then, we define a
measure £ on T (a) as follows: For every € > 0, write 7 (a) for the finite subset of T (a)
consisting of those vertices which have descendants at level a + . Then, ©4-a.e. for
every bounded continuous function f on 7T, we have

(e f) =lim 5 > flo (6)

0
oc€T:(a)

where v is defined by (). The finite measure £* on 7 (a) is called the a-local time
measure of T. We refer to Section 4.2 [H] for the construction and the main properties
of local time measures. Theorem 4.3 [[L4] ensures that one can choose a modification
of (£*,a > 0) such that a — ¢ is Oy-a.e. cadlag with respect to the weak topology on
finite measures on 7. We also define the mass measure m on the tree T by

mz/ooodaza. (1)

The topological support of m is 7 and m is in some sense the most spread out measure
on 7. Note that the definitions of the local time measures and of the mass measure
m only involve the metric properties of 7.

Let us recall from [@] results concerning the Hausdorff and the packing dimensions
of ¢-Lévy trees: Let v (resp. n) be the lower (resp. upper) exponent of ¥ at infinity.
Namely, 7 = sup{c > 0: lime (M)A = 0o} and n = inf{c > 0 : lime Y(A\)A "¢ =
0}. Since 9 is of the form (H), one clearly has 1 <y <17 < 2. Theorem 5.5 [@] asserts
that if v > 1, then Oy-a.e. T has Hausdorff dimension n/(n—1) and packing dimension
/(v —1). In this paper we discuss finer results concerning the exact packing measure
of Lévy trees. Packing measures have been introduced by Taylor and Tricot in [B6].
Though their construction is done in Euclidian spaces, it extends to metric spaces,
and more specifically to Lévy trees. More precisely, for any o € T and any r € [0, c0),
we denote by B(o,r) (resp. B(o,r)) the closed (resp. open) ball of 7 with center o
and radius r. Let A C T and € € (0,00). A e-packing of A is a countable collection
of pairwise disjoint closed balls B(z,,r,), n > 0, such that x,, € A and r, < e. We
restrict our attention to packing measures associated with regular gauge functions in
the following sense: a function g : (0,79) — (0,00) is a regular gauge function if it is



continuous, non decreasing, if limp4 g = 0 and if the following holds true
3C>1: g2r)<Cg(r), re(0,79/2). (3)

Such property shall be refered as to a C-doubling condition. The g-packing measure
on (T,d) is then defined as follows. For any ¢ € (0, 00), we first set:

9;8)(A) = sup { Zg(rn); (B(2n,7n))n>0 is a e-packing of A} . (9)

n>0

The g-packing pre-measure of A is then defined by

g

P (A) =lim 2L (A) (10)
0
and we define the g-packing outer measure of A as

yg(A)zinf{Zy;(En); Ac UE,,}. (11)

n>0 n>0

As in Euclidian spaces, &, is a Borel regular metric outer measure (see Section @
for more details). The original definition of packing measures [Bf]] makes use, as
set function, of the diameter of open ball packing instead of the radius of closed ball
packing. As pointed out by H. Haase [E], diameter-type packing measures may be not
Borel regular: H. Joyce [@] provides an explicit example where this problem occurs.
In our setting, we don’t face such problem and our results hold true for diameter-type
and radius-type packing measures as well, thanks to specific properties of compact
real trees (see [[[J] for more details).

We state below that the ¥-Lévy tree T has an exact packing measure with respect
to a gauge function that is defined as follows: Denote by v’ the derivative of 1) and
note that 1'(0) = a. We also denote by 1! the reciprocal of 1. Since 9 is of the
form (f) and since it satisfies (fl), 1/ and ¥~ both tend to oo (see Section [] for more
details). We then set ¢ = 1’ 0 1)~! and we denote by ¢! its reciprocal function that
is defined from [, 00) to [0,00). We then define the ¢-gauge function g by

loglog %

— =, r € (0, 12
(‘0—1(%10g10g%) r € (0,7o) (12)

g(r) ==

where 7 stands for min(a~!,e~¢) (with the convention a~!

= o0 if a =0).
Theorem 1.1 Let ¢ be a branching mechanism of the form (B) We assume that
the function g that is derived from 1 by (@) satisfies a doubling condition (ﬁ) Let
(T,d,p) be the ¥-Lévy tree under its excursion measure .. Then, there exists a
constant ¢y € (0,00), that only depends on v such that

Oy - a.e. cy Pg=m.

Although it is possible to define packing measures associated with gauge functions
that don’t satisfy a doubling condition (see Edgar [[Lg]), it obviously leads to technical
complications. To assume that the gauge function g (given by (@)) satisfies a doubling
condition (E), is in some sense the minimal hypothesis on i that is required to stay
in the standard framework of packing measure theory. Let us briefly discuss this
assumption: Lemma @ Section @ asserts that g given by (@) satisfies a doubling
condition (E) iff 6 > 1, where § stands for the following exponent:

d:=sup{c>0:3Q € (0,00)s.t. Q(u)u <Y, 1<u<v}. (13)



We obviously have 1 < § < v < n < 2, where v and 7 are the lower and the upper
exponents of ¥ at co. As already mentioned, if v > 1, then the packing dimension of
T is ©y-a.e. equal to v/(y—1). So, v > 1 may look as a more natural assumption for
Theorem B to be true. However Lemma @ Section @ shows that for any ¢ € (1, 2],
there exists a branching mechanism 1) that is of the form (f]), that satisfies (ff) and
such that v =7 = ¢ but 6 = 1. Thus, § > 1 is a more restrictive assumption than
~v > 1. Let us first mention that 6 > 1 implies @), which is therefore not explicitly
assumed in Theorem @ Let us also mention that if ¢ is regularly varying at co, then
o=~v=n.

One important argument of the proof of Theorem m is the following result that
gives the lower density of m for typical points.

Theorem 1.2 Let ¢ be a branching mechanism of the form (B) We assume that
the function g that is derived from i by (@) satisfies a doubling condition (B) Let
(T,d,p) be the ¥-Lévy tree under its excursion measure O,. Then, there exists a
constant Cy, € (0,00), that only depends on ¢ such that Oy -a.e. for m-almost all o,
one has
timin 2E@) _ o
T
Comment 1.1 (a) Let us consider the stable Lévy trees. Namely, the branching
mechanism v is of the form ¥ (\) = A7, with v € (1,2]. The packing gauge function
can be taken as g(r) = r7/¢-1 /(loglog 1/r)/¢-b and () is obviously satisfied. Let us
mention that y-stables trees enjoy the following scaling property: For any C € (0, 00),
the law of (T,Cd, p) under O, is C/6-10,. The scaling property makes possible
to condition 7 to have total mass equal to 1 (if v = 2, then O4(-|m(7) = 1) is the
law of the continuum random tree). Easy arguments imply that Theorem and
Theorem [L.9 hold true under O, (- |m(7) = 1).

In the Brownian case 7 = 2, the packing gauge function can be taken as g(r) =
2/ loglog1/r. As shown in [[L], there exists a constant c,, such that ©y-a.e. ¢, 7, =
m, where %, stands for the h-Hausdorff measure with h(r) = r?loglog1/r. Note
that g and h are resp. the packing and the Hausdorff gauge functions for Brownian
motion in dimensions d > 3. Theorem 1.10 [[[J] asserts that non-Brownian y-stable
Lévy trees (i.e. v € (1,2)) have no exact Hausdorff measure with regularly varying
gauge function. Thus, Theorem shows that Lévy trees behave better with respect
to packing measures than with respect to Hausdorff measures.

(b) Although Theorem asserts that whole stable Lévy trees have an exact packing
measure, the level sets of stable Lévy trees have no exact packing measure, even in
the Brownian case, as shown by Theorem 1.1 [@]

(c) Since (T, d, p) is not Euclidian, the constant Cy, in Theorem [.9 may be distinct
from the constant ¢, in Theorem EI This causes technicalities in the proof of Theorem
[ Let us mention that Cyy = vy — 1, when ¥()\) = A7, v € (1,2].

(d) Let (S,,7 > 0) be a subordinator with Laplace exponent ¢ = ¢’ o¢p=1. If ¢
(given by ([12))) satisfies a doubling condition (§), Fristedt and Pruitt in [RI] prove
that there exists a constant K, € (0,00) that only depends on ¢ and such that
liminfy S, /g(r) = K, a.s. Let us mention that we rely on this result for the proof of
the upper bound in Theorem @ O

The paper is organised as follows. In Section @ we recall basic properties of pack-
ing measures in metric spaces and a comparison result. In Section @, we introduce
the height processes, the Lévy trees and a key decomposition of Lévy trees according



to the ancestral line of a randomly chosen vertex. This decomposition plays an im-
portant role in the proof of Theorem D In Section , we prove Lemma E that
shows that the gauge function g satisfies a doubling condition iff the exponent § given
by (E) is strictly larger that 1. In Section @ we prove various estimates that are
used in the proof sections. Sectionﬂ and E are devoted to the proof of resp.Theorem

@ and Theorem .

2 Notation, definitions and preliminary results.

2.1 Packing measures on metric spaces.

As already mentioned, we restrict our attention to continuous increasing gauge func-
tions that satisfy a doubling condition as defined by (§). Let (7", d) be an uncountable
complete and separable metric space. Let us fix a regular gauge function g. Recall
from (@) the definition of the g-packing pre-measure &;. The g-packing pre-measure
is non decreasing with respect to inclusion, it is sub-additive and it is a metric set func-
tion. Namely, if A and B are non-empty subsets of 7 and if inf,ec 4 e d(o,0’) > 0,
then &7 (AU B) = &;(A) + &;(B). Moreover &; has the following property. For
any A C T, denote by A the closure of A. Then, we have

Z(A) = 9”;(@) . (14)
Recall from (Ell) the definition of the g-packing outer measure &?;. As proved in
[B] Section 5, &, is a metric Borel regular outer measure satisfying the following
properties.

® Pack(1) For any A C T, Z4(A) < Z;(A).

e Pack(2) If A is #;-measurable and such that 0 < F,(A) < oo, then for any
€ > 0, there exists a closed set F' C A such that Z¢(A) < Py (F) +¢.

e Pack(3) Z,(A)=inf { sup,,>o &5 (An); An C Apyr and Unso Ap = A}, for any
ACT.

We shall also use the following comparison Lemma.

Lemma 2.1 (Taylor and Tricot /@] Theorem 5.4, Edgar /@/ Theorem 5.9 ). Let g
be a regular gauge function that satisfies a C'-doubling condition. Then, for any finite
Borel measure  on T and for any Borel subset A of T, the following holds true.

(i) If liminf,_ % <1 for any o € A, then 2,(A) > C~2u(A).

(1) If liminf, % > 1 for any o € A, then P4(A) < p(A).

2.2 Height processes and Lévy trees.

In this section we recall (mostly from [[[3] and [[4]) various results concerning height
processes and Lévy trees for further use in Section @, Section E and Section @

The height process. Recall that 1) stands for a branching mechanism of the form ()
We always assume that 1 satisfies (ﬂ ). It is convenient to work on the canonical space
D(]0, 00), R) of cadlag paths equipped with Skorohod topology and the corresponding
Borel sigma-field. We denote by X = (X;,t > 0) the canonical process and by P
the distribution of the spectrally positive Lévy processes with Laplace exponent 1.
Namely, Elexp(—AX:)] = exp(tp(N)), A\t > 0. Note that the specific form of 1



implies that X; is integrable and that E[X;] = —«at. This easily entails that X does
not drift to co. Moreover (E) implies that either 8 > 0 or [, ra(dr) = co. It
entails that P-a.s. X has unbounded variation sample paths (see Bertoin [ﬁ] Chapter
VII Corollary 5 (iii)).

As shown by Le Gall and Le Jan [B]] (see also [[J Chapter 1), there exists a
continuous process H = (Hy,t > 0) such that for any ¢ € [0, 00), the following limit
holds true in P-probability

1 t
H; := lim — 17s s . 1
t = lim ; (Is<X.<Iste} ds (15)
Here I} stands for infs<,<; X,.. We shall use the notation I; = I = info<,<; X, for
the infimum of X. The process H = (Hy,t > 0) is called the -height process. As we
see below, H provides a way to explore the genealogy of CSBPs. We refer to Le Gall
and Le Jan [BI] for an explanation of ([Lf) in terms of discrete processes.

Excursions of the height process. When ¢ is of the form %(\) = B2, X is
distributed as a Brownian motion and (@) easily implies that H is proportional to
X — I, which is distributed as a reflected Brownian motion. In the general cases,
H is neither a Markov process nor a martingale. However it is possible to develop
an excursion theory for H as follows. Recall that (f]) entails that X has unbounded
variation sample paths. Basic results on fluctuation theory (see Bertoin [E] Chapters
VI.1 and VIIL1) entail that X — I is a strong Markov process in [0,00) and that 0
is regular for (0,00) and recurrent with respect to this Markov process. Moreover,
—1I is a local time at 0 for X — I (see Bertoin [{] Theorem VIL1). We denote by
N the corresponding excursion measure of X — I above 0. We denote by (a;,b;),
j € T, the excursion intervals of X — I above 0, and by X/ = Xaj+ynb; — Loy J €L,
the corresponding excursions. Then, > jez o~ Lo, X7) is a Poisson point measure on
[0,00) x D([0,00),R) with intensity dx ® N(dX). First observe that under P, the
value of H; only depends on the excursion of X — I straddling ¢t. Next note that
Usez(a;,b;) = {t > 0: Hy > 0}. This allows to define the height process under N as
a certain measurable function H(X) of X. See [[[J] Chapter 1, for more details.

Notation 2.1 Let C° be the space of the continuous functions from [0,00) to R
equipped with the topology of the uniform convergence on every compact subsets of
[0, 00) that makes it a Polish space. We shall denote by ¢ the set of functions h € C°
with compact support. For any h € €, we set ((h) = sup{t € [0,00) : h(t) # 0}, with
the convention sup® = 0. If h € C°\%, then ((h) = oo. By convenience, we denote
by H = (Hy,> 0) the canonical process on C° and we call ¢ = ((H) the lifetime of
H. We slightly abuse notation by denoting by N(dH) the ”distribution” of the height
process H(X) associated with X under the excursion measure N(dX). O

Note that N-a.e. { < oo, Hy = H; = 0 and H; > 0 for any t € (0,{). We now
recall the Poisson decomposition of the height process H(X) associated with X under
P. Recall that the intervals (a;,b;), j € Z, are the open connected components of the
set {t > 0: H, > 0}. For any j € Z, we set H’ = H(,4,;)np,-Then, under PP, the point

measure
25(,[%1111) (16)
je€T

is distributed as a Poisson point measure on [0,00) x C° with intensity dz ® N(dH).

Note that under N, X and H have the same lifetime and recall that basic results of

fluctuation theory entail

N(l—e?) =971\, A>0. (17)



Local times of the height process. We recall from [E] Chapter 1 Section 1.3 the
following result: There exists a jointly measurable process (L% a,s > 0) such that
P-a.s. for any a > 0, s — L is continuous, non-decreasing and such that

Vt,a >0, lmE [ sup
€

e—0 0<s<t

1/ dr]—{a<HT§a+8} - L? :| =0. (18)
0

The process (L%, s > 0) is called the a-local time of H. Recall that I stands for the
infinimum process of X. First, note that LY = —I;, t > 0. Next, observe that the
support of the random Stieltjes measure dL? is contained in the closed set {t > 0 : H; =
a}. A general version of the Ray-Knight theorem for H asserts the following: For any
x>0,set T, = inf{t >0 : Xy =—x}. Then, the process (L%I ; a > 0) is a distributed
as a CSBP with branching mechanism 1 and initial state x (see Le Gall and Le Jan
[B1] Theorem 4.2 and Theorem 1.4.1). The CSBP (L%, ; a > 0) admits a cadlag
modification that is denoted in the same way to simplify notation. An easy argument
deduced from the approximation ([l§) entails that [ L}, db = fOTI 1{s,<qaydt. This

remark combined with an elementary formula on CSBPS’(WhOSG proof can be found
in Le Gall [B]) entails that

Ty
E[exp (_ML%I - )\/ 1{Ht§a}dt)} = exp(— :ma()\,,u)) , a,\u>0, (19)
0

where k() @) is the unique solution of the following differential equation

Ok
R ) = and ZEOL) = A= (ra(Ap) . @Ap=0. (20)

It is possible to define the local times of H under the excursion measure N as
follows. For any b > 0, let us set v(b) = N(sup:ep.qg Hy > b). Since H is continuous,
the Poisson decomposition ([Ld) implies that v(b) < oo, for any b > 0. It is moreover
clear that v is non-increasing and that lim,, v = 0. Then, for every a € (0,0), we
define a continuous increasing process (L¢,t € [0,(]), such that for every b € (0, 00)
and for any ¢ > 0, one has

1 S
—/ Al ccn,<ay — LE| ) = 0. (21)
0

lim N(l{sup H>b) SUp -

=0 0<s<tAC

We refer to [IJ] Section 1.3 for more details. The process (L%, t € [0,¢]) is the a-
local time of the excursion of the height process. The Poisson decomposition (E) then
entails that

N (1 — e A 1{Htﬁa}dt) =Ko\, 1), a, A\ p,>0. (22)

By taking A = 0 in the previous display, we get N(1 — exp(—uL¢)) = u(a, u), where
u is the solution of the integral equation (f). This easily entails

Va>0, N(L{)=e*". (23)
Let us also recall from the following formula

* du

Va>0, wv(a)=N(supH,>a)=N (L #0) and /<>W

a. (24)

Lévy trees. We first define R-trees (or real trees) that are metric spaces generalising
graph-trees.



Definition 2.1 Let (T,6) be a metric space. It is a real tree iff the following holds
true for any oy1,07 € T

(a) Thereis a unique isometry fy, », from [0, 6(o1, 02)] into T such that f,, +,(0) = o1
and fs, 0, (0(01,02)) = 02. We denote by [o1,02] the geodesic joining o1 to os.
Namely, [o1,02] := fo,,0,([0, (01, 02)])

(b) If j is a continuous injective map from [0, 1] into T', such that j(0) = o; and
j(1) = o2, then we have j([0,1]) = [o1, o2].

A rooted R-tree is a R-tree (T, 6) with a distinguished point r called the root. O

Among metric spaces, R-trees are characterized by the so-called four points in-
equality: (T,6) is a R-tree iff it is connected and for any o1, 09,03,04 € T,

(5(0’1,0'2) + (5(0’3,0’4) < ((5(0‘1,0‘3) + (5(0’2,0’4)) \Y ((5(0‘1,0‘4) + (5(0‘2,0‘3)). (25)

We refer to Evans [[[J] or to Dress, Moulton and Terhalle [f] for a detailed account on
this property. The set of all compact rooted R-trees can be equipped with the pointed
Gromov-Hausdorff distance that is defined as follows.

Definition 2.2 (a) Let (E,A) be a metric space. For any x € F and any subset
A C E, weset A(z, A) = infye 4 A(x,y). Note that A(-, A) = A(-, A) and that A(-, 4)
is 1-Lipschitz. For any & > 0, we set A®) = {z € E : A(x, A) < ¢} that is a closed

subset of E. Then for any compact sets K7, Ko of E, we set
An(K1, Ks) = inf{e € (0,00) : K; € K3 and Ky ¢ K19} .

Apg is a distance on the compacts sets of £ and we recall Blaschke’s Theorem that
asserts that the set of compact subsets of F equipped with Ay is a compact metric
space when (E, A) is compact.

(b) Let (T1,01,r1) and (T4, d2,11) be two compact pointed metric spaces. The pointed
Gromov-Hausdorff distance is then given by

dGH(Tl,TQ) = mf AH(Jl(Tl),JQ(TQ)) V A(jl(rl),jg(rg)) .

where the infimum is taken over all the (j1,j2, (E,A)), where (F, A) is a metric space
and where j; : 71 — E and jo : T5 — F are isometrical embeddings. O

Obviously dgu (711, T2) only depends on the root-preserving isometry classes of 77 and
T5. In [@], Gromov proves that dgy is a metric on the set of the equivalence classes of
pointed compact metric spaces that makes it complete and separable. Let us denote by
T, the set of all equivalence classes of rooted compact real-trees. Evans, Pitman and
Winter [@] prove that T is dgm-closed. Therefore, (T, dgm) is a complete separable
metric space (see Theorem 2 [@])

Let us briefly recall how R-trees can be obtained via continuous functions. Recall
from Notation .1 that 4 stands for the set of the continuous functions from [0, c0)
to R with compact support. Let h € €. To avoid trivialities, we also assume that h is
not constant to zero. Then, for every s,t > 0, we set

bn(s,t)= inf  h(r) and di(s,t) = h(s) + h(t) — 2bx(s,t). (26)
re[sAt,sVi]
Clearly dy,(s,t) = dp(t, s). It is easy to check that d}, satisfies the four points inequality,

which implies that dj, is a pseudo-metric. We then introduce the equivalence relation
s ~p tiff dp(s,t) = 0 (or equivalently iff h(s) = h(t) = bu(s,t)) and we denote by



T the quotient set [0,((h)]/ ~n, where we recall that ((h) stands for the lifetime of
h. Standard arguments imply that dj induces a metric on T}, that is also denoted by
dp, to simplify notation. We denote by py, : [0,((h)] — T}, the canonical projection.
Since h is continuous, so is py. This implies that (T}, d},) is a compact and connected
metric space that satisfies the four points inequality. It is therefore a compact R-tree.
We then define the root pp of (Th,dp) by pn = pr(0). We shall refer to the rooted
compact R-tree (T, dp, pp) as to the R-tree coded by h.

It shall be sometimes convenient to extend the canonical projection: we define
Dh, @ [0,00) — T, by setting pr(t) = pr(t A ¢(h)), t € [0,00). We next introduce the
mass measure on Tp: We denote by ¢ the Lebesgue measure on [0, 00) and we denote
by my, the measure on the Borel sets of (T}, dp,) induced by the measure ¢ restricted
to [0, ¢(h)] via pp. Namely, for any Borel subset B of T,

my(B) = £(p, " (B)) = £([0, (W] N5, " (B)) - (27)

We next define the ¢-Léuvy tree as the tree coded by the -height process (Hy, 0 <
t < () under the excursion measure N. To simplify notation, we set

(TH;dHapH;mH) = (Tadapam) .

We also set p = py : [0,(] = 7. Note that p = p(0). Since Hs = 0 and since H; > 0,
for any t € (0,(), ¢ is the only time ¢ distinct from 0 such that p(t) = p.

A point o € T is called a leaf if it is distinct from the root and if the open set
T\{c} is connected. We denote by Lf(7) the set of leaves of 7. We also define the
skeleton of T by Sk(T) = T\Lf(T). One can show that

N-ae. Sk(T)=T, mis diffuse and m(Sk(7)) = 0. (28)

This easily implies the following characterisation of leaves in terms of the height pro-
cess: N-a.e. for any t € (0, (),

p(t) e LE(T) <= Ve>0, inf H;<H; and inf H, < H;. (29)

s€t—e,t] s€(t,t+e]

For any a € (0,00), the a-local time measure £* is the measure induced by dL® via p.
Namely,

¢
(e, f) = / 4L F(p(s))

for any positive measurable application f on 7. Let us mention that the topological
support of £% is included in the a-level set T(a) = {o € T : d(p,0) = a} and note that
the total mass (¢*) of £* is equal to L¢. Moreover, observe that T (a) is not empty iff
sup H > a. Then, (4) can be rewritten as follows.

Va>0, wv(a)=N(T(a)#0)=N({"#0) . (30)

As already mentioned, the a-local time measure £* can be defined in a purely metric
way by ([]) and there exists a modification of a + £¢ that is N-a.e. cadlag for the weak
topology on the space of finite measures on 7.

For any h € %, denote by T}, the root-preserving isometry class of (T}, dp, pr) that
belongs to T. Lemma 2.3 [B] asserts that h € € + T, € T is Borel-measurable.
We then define ©y as the "distribution” of 7" when 7 is under N. We have stated
the main results of the paper under ©, because it is more natural and because O,
has an intrinsic characterization as shown by Weill [@] However, each time we make
explicit computations with Lévy trees, we have to work with random isometry classes
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of compact R-trees, which causes technical problems (mostly measurability problems).
To avoid these unnecessary complications during the intermediate steps of the proofs,
we prefer to work with the specific compact rooted R-tree (T, d, p) coded by the v-height
process H under N rather than to directly work under ©..

The branching property. We now describe the distribution of the subtrees above
level b in the Lévy tree. More precisely, we consider the excursions above level b of the
height process H under N. Let us fix b € (0,00). We denote by (g;?, d?), j € Iy, the
connected components of the open set {t > 0: H; > b}. For any j € Z,, we denote by
H"J the corresponding excursion of H defined by H%7 = Hgoyynae — b, s = 0. This
has to be interpreted in terms of the tree as follows. Recall that B(p, b) stands for the
closed ball in 7" with center p and radius b. Observe that the connected components
of the open set 7\B(p,b) are the subtrees ’7}b’0 = p((gé?, dé’-)), j € Jp. The closure ’7?’
of 7}1”0 is simply {0‘?} U 7}b’0, where 0’? = p(g?) = p(d?) is the points on the b-level set
T (b) at which 7;b’° is grafted. Observe that the rooted compact R-tree (’7?’, d, oé?) is
isometric to the tree coded by H b.g,
We then define H? = H(( A 72), where s +— 72 is given by

t
Vs >0, Té’:inf{tZO: /drl{HTSb}>s},
0

with the usual convention inf ) = co. The process H? is the height process below b
and the rooted compact R-tree (B(p,b), d, p) is isometric to the tree coded by H®. We
denote by Gy the sigma-field generated by H augmented by the N-negligible sets. We
see from @) that Lg is measurable with respect to G,. We next define the probability
measure N, on C° by

Ny=N(-|supH >b) (31)
and we introduce the following point measure on [0, c0) x C°:

My=Y" 5(% ) (32)

JETY
The branching property at level b then asserts that under Ny, conditionally given Gy,
My, is distributed as a Poisson point measure with intensity Lozt (x)dx®@ N(dH) (see
[B] Proposition 1.3.1). Let us mention that it is possible to rewrite intrinsically the
branching property under ©y: see [@] Theorem 4.2, for more details. As already
mentioned Weill [@] shows that the branching property characterizes Lévy trees.
Spinal decomposition. Let us introduce an auxiliary probability space (2, F,P)
that is rich enough to carry the various independent random variables we shall need.
Let Y = (W, Vi)i>0 be a bivariate subordinator on (€2, 7, P) with initial value Y =
(0,0). Namely, Y is a cadlag process with independent and homogeneous nonnegative
increments. Its distribution is characterised by its Laplace exponent given by
YA — v (w)
A—p

3

1
—7 log E[ exp(—AW; — uV;)] =
where ¥*(A) = ¢¥(\) — aX. If A = p, the right member has to be interpreted as the
derivative (¢*)’(\). Denote by W and V the right-continuous inverses of W and V:
W(r) = inf{t € [0,00); Wy > 7} and V(r)=inf{t € [0,00);V; >r}.

Note that W and V' are two subordinators with Laplace exponent 1)*())/A. Since 1)
implies that 8 > 0 or f(o 1 ra(dr) = co, P-a.s. W and V are increasing. Thus W and

V are P-a.s. continuous.
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Let (X;);>0 and (X;”)¢>0 be two independent real valued Lévy processes defined

n (Q,F,P) whose common distribution is P. Thus, their initial value is 0, their

Laplace exponent is ¢. We moreover assume that (X(l),X(Q)) is independent of Y.

We denote by H®) and H® the height processes obtained respectively from X (1)

and from X®. Thus, H® and H® are two independent 1)-height processes and

(HM | H®) is independent from Y. From (H®), H®)) and Y, we derive two processes
as follows. For any t € [0,00), we set

W =aY W1y and H® = H® -V(-1?), (33)
where I = inf.cpo.g X and I = inf.cio,.q X, Observe that H*M) and H*?) are
continuous, possibly negative, that H, (1) = g ) = 0 and that

Vte[0,00), inf H:® =_-W(-I1") and inf H® =_-V(-1?). (34)
s€[0,t] s€0,t]

Next, for any a € [0, 00), we set
TW = inf{t € [0,00); Ht*(l) =—a} and T® =inf{te[0,00); H:(Q) = —a}.

Note that T, = inf{t > 0; XV = —W,} and 7" = inf{t > 0; X = -V,}. We

next set
a,l) __ *(1 a,2) __ *(2
H L(a+HM<T>é1),tzo) and H( L(a+HM<T>é2),tzo). (35)

They are nonnegative continuous processes with compact support and with respective
lifetimes 74" and T4” Let us now consider the height process H = (Hy;,t > 0) under
N. For any t > 0, we set

H = (H(t—s),,5>0) and H':=(Hy1s,s>0), (36)

where, ()4 stands for the positive part function. Then, for any bounded measurable
function F: C° x CY — [0, 00), one has

N ( / <F(Ht,lfﬁ) at) = / me‘““E[F(H(“’l),H(“’Q))] da . (37)

In the Brownian case, this decomposition is equivalent to Bismut decomposition. As
already mentioned, this decomposition is a consequence of Lemma 3.4 ] (see also
[L3) Chapter 1 or Lemma 3.2 [[L1], and see [[Ld] for further applications).

We first use (B7) to prove the following zero-one law that is needed in the proof
of Lemma [1.4 in Appendix [i]. For any 7 € (0,00), we define R,, : C° — C° by setting
R,H = (Hsn, — Hy,s > 0). Note that R, is continuous. We next fix a sequence
Mn € (0,00), n > 0, that decreases to 0. We also fix a sequence of Borel-measurable
functions G, : CY — [0,00], n > 0. We then set G(H) = liminf, - G, (R, H) €
[0, 0] that is measurable from C° to [0, oo].

Lemma 2.2 There exists a constant C' € [0,00] such that N(fogl{G(gt#C}dt) =0

Proof: (B7) implies N(fo g ;éc}dt) Jo S e 2 P(G(H ) # C)da, for any
C € [0,00]. For any n,a € (0,00), we set 7(n,a) = n A T(z). Then observe that
for any s > 0, we have R, H@? (s) = H® ~—HS . ~V(=I2 ,  )+V(=I2 ).

Note that G(H(*?) is P-a.s. equal to a random variable that does not depend on a
and that is measurable with respect to the tail sigma-field at 0+ of the Feller process
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(XM X@ W, V). By Blumenthal’s zero-one law, there exists a constant C' € [0, o0]
such that for any a, P(G(H(*?)) # C) = 0, which implies the desired result. |

We now recall from [[L4] a Poisson decomposition of H that is a consequence of (B7).
For any continuous function h € C°, we define the point measure N'(h) as follows. Set
h(t) = infyy 4 h and denote by (gi,d;), i € Z(h) the excursion intervals of h — h away
from 0 that are the connected components of the open set {t > 0 : h(t) — h(t) > 0}.
For any i € Z(h), set h'(s) = ((h — h)((g; + s) Adi), s > 0) and define

N(h) = Z 5(h(0)*h(gi)ﬂhi)

i€Z(h)

that is a point measure on [0,00) x C°. Recall that H = (H;);>o stands for the
excursion of the height process H. For any t € [0, (], we set

N = N(HY) + N(HY) = ZatH.t,) (38)

JET:

Recall from (@) the definition of H*(") and H*). Then, we also set,

N* = NH D)+ NH )= 3" 5e o) (39)

JEL*
By definition of H(®1) and H(®?) | it is easy to check that

N; :N( al))+N H(a2 Z 1[011] 5(7“ H*J).

JETL*

Then, (@) implies that

N(/OCF(J\Q) dt) - /OOZ““E[F(N;)] da . (40)

We shall refer to this identity as to the spinal decomposition of H at a random time
(see [[4] Lemma 3.4). Let us briefly explain the distribution of A* under P: Recall
that for any k € {1,2}, H® is the height process associated with X (¥), We denote by
H®:3 j € Jp, the excursions of H*) above 0, and we denote by (g(k, ), d(k, 7)) the
corresponding excursion intervals. As a consequence of (@) and of the definition of

H*M) | the atoms of N(H*() are the points (W(—1I%) ), HM7), j € Ji. Similarly,
the atoms of N(H*®) are the points (V(—I3),)), H®7), j € Jo. We then set
U =W, +V,, r€0,00). Then U = (U,),>0 is a subordinator with Laplace exponent
(*) and it is easy to check that dU, = dW, + dV,.. Since the measure induced by the
Lebesgue measure on [0, 00) via W (resp. via V) is the random Stieltjes measure dWV,.

(resp.dV,), (1d) implies that for any measurable function ® : [0, 00) x €% — [0, oc],

E[exp (—(V*, @) |U] = exp (/OoodUTN(l — My ) (41)

Thus, the law of N* conditionally given U is that of a Poisson point measure with
intensity dU, @ N(dH).

Let us briefly interpret this decomposition in terms of the ¥-Lévy tree T coded
by H under N. Choose t € (0,¢) and set 0 = p(t) € 7. Then the geodesic [p, o]
is interpreted as the ancestral line of 0. Let us denote by 7%, j € J, the connected
components of the open set 7\[p, o] and denote by T; the closure of 7?. Then, there
exists a point o; € [p, o] such that T; = {o;} UT?. Recall that (rf, H**/), j € J;
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are the atoms of N; as defined by (BY). Then, for any j € J, there exists a unique
j' € Ji such that d(o,0,) = rj-, and such that the rooted compact R-tree (7;,d, 0;) is

isometric to the tree coded by Heti'

We now apply (@) to compute the mass measure of balls whose center is chosen
according to the mass measure m. Let t € (0,¢). We first compute m(B(p(t),r)) in
terms of N; as follows. Recall notation b(s,t) = minjas, ey H. By (é), N-a.e. for
all s,t € (0,¢) such that H, = b(s,t) with s # ¢, we have p(s) € Sk(T). By (BJ),
N-a.e. m(Sk(7)) = 0. Consequently, N-a.e. for every r € (0,00) and every t € (0, (),
we have

¢ ¢
/ 1iaes,n<ryds = / Lio<H, —b(s,t)<r— Hi+b(s,t)}
0 0

G
Z 1[077"](74;)/0 1{H;t’jST7T§}dS’ (42)

JET:

m(B(p(t),r))

where ¢! stands for the lifetime of the path H*"/. For any a € (0,00) and for any
r € [0,00), we next set

*

G
ORD DETIVICIY R Ty (43)

JjEL™

where (¥ stands for the lifetime of the path H*/. Then, (M (a),r > 0) is a cadlag
increasing process defined on (2, F7,P). The spinal decomposition (@) entails the
following key formula that is used in the proof of Theorem [1.4: For any bounded
measurable F: D([0,00),R) — [0, 00), we have

N </F(m(B(J, ") >0) m(do))

T

N (/OCF(m(B(p(t),r)), r>0) dt)

_ /OfaaE[F(M:(a), r>0)] da. (44)

2.3 Exponents.

In this section we relate several power exponents associated with 1 to properties of
the gauge function g that is derived from v by ) Let us start with some notation.
Let ¢ : [0,00) — [0, 00) be a continuous increasing function. We agree on the following
conventions: supf) = 0 and inf@) = oo, and we define the following exponents that
compare ¢ with power functions at infinity.

(a) 74 :=sup{c > 0 : limy_, o @(A)A™¢ = oo} is the lower exponent of ¢ at co.
(b) np :=inf{c > 0 : limy_, 00 P(A)A™¢ = 0} is the upper exponent of ¢ at co.
(¢) 6¢ :=sup{c>0:3Ce(0,00) such that Cop(p)p™¢ < AN, 1 < p < A}

Exponents for subordinators. Let us assume that ¢ is the Laplace exponent of a
subordinator with drift d and Lévy measure v:
P(A\) =d A +/ (1—e ) v(dr), X\>0.

(0,00)

Then, we have 0 < 0y < 74 < 1y < 1. Recall that limy_,o #(A)/A =d. If d > 0, then
0 =76 = 1n¢ = 1. If d = 0, the exponents can be expressed in terms of the Lévy
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measure as follows: For any z € [0,00), we set

Jy(x) = /OI v((u,00)) du = /(0 ; rv(dr) + av((z,00)) . (45)

By standard results (see Bertoin [ﬂ] Chapter III), if d = 0, there exist two universal
constants k1, ke € (0,00) such that

B Ms(1/0) < 60 < ko Mg(1/A), A>0. (46)

This easily implies that 74 = sup{c > 0 : limoy 2“1 J,(z) = oo}, that ns = inf{c >
0: limoy 27 1Js(z) = 0} and that

5 =sup{c>0: JCE€(0,00) s.t. Oy u(y) <2 Hg(x), 0 <z <y <1}, (47)

Exponents for . Let ¢ be of the form ([]). Set D(N) = p(A)/A. Tt is easy to show
that for any A € [0, 00),

P'(N\) = a+2ﬁ)\+/ (1—e)ra(dr) and ¥(N) = a—l—ﬁ)\—i—/(o(l — )7 ([r, 00)) dr.

(0,00) ,00)

Thus, 3’ and 1; are Laplace exponents of subordinators. Recall that the reciprocal
=1 of ¢ is the Laplace exponent of a subordinator. Thus, ¢ = 9’ 09! is also the
Laplace exponent of a subordinator. Note that 1/¢ is the derivative of ¢»~!. Note

that v is convex and that 1), ’LZ, 1~ and ¢ are concave. In particular, this implies
Y(2)) < 2¢(A) and the following

BEN) S4B, B < E ) < 4D(\) and  —2 4\

To simplify notation we set

Y=y, ni=1ny and 6 :=0y .

We clearly have 1 < § < < n < 2. In general, 7 and 7 are distinct but they coincide if
1 is regularly varying at co. As a direct consequence of (@) we have ¢ = Oy =0—1,
V5= =7-1 and 15 =y = n—1. Moreover, we get 0o =(0-1)/8,v, = (v—1)/7v
and n, = (n —1)/n.

Recall the definition of the gauge function g : (0,79) — (0,00) that is derived
from ¢ by ) The function g is clearly continuous. For any r € (0,rg), we set
ar = go_l(% loglog %) First, observe that a, increases to oo when r decreases to 0.
Next, recall that since ¢ is the Laplace exponent of a subordinator, A — ¢(\)/A is
decreases. Thus, r € (0,79) — ¢(r) = r¢(a,)/a, is continuous, increasing and it goes
to 0 when 7 goes to 0. The following lemma relates the doubling condition (§) for ¢
to the exponent ¢ of .

Lemma 2.3 Assume that v is of the form (ﬁ) and that it satisfies (E) Then, the
following assertions hold true.

(i) The gauge function g satisfies the doubling condition (E) iff 6 > 1.
(i) If ¢ is regularly varying at oo with exponent ¢ > 1, then 6 =y =n=c and g
satisfies the doubling condition (E)
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Proof: We first assume that § > 1. Then, 6, = (6 —1)/6 € (0,1). Let ¢ € (0,4,).
There exists C' € (0,00) such that Cp(a)a™¢ < o(b)b~¢, for any 1 < a < b. If we take
a= ¢ t(u) and b = ¢~ (v), with ¢(1) < u < v, then we get

,ul/c - C—l/c. ,Ul/c ’
P~ (u) =1 (v)

e(l)y<u<w. (49)

Let r1 € (0,79) be such that ¢(1) < 5-loglog 5= < Lloglogi for any r € (0,1).
Apply (B9) with u = 3 loglog 5= and v = Lloglog L to get

2\ /¢ / loglog L el
2r) < | = — , € (0, ,

which easily entails the doubling property (E) for g since % —1>0.
Conversely, let us assume that g satisfies a doubling property: there exists C’ €
(1, 00) such that

log log % , loglog %
@’I(Q—ﬁdloglog 2—1,0) - @71(%loglog%) ’

r € (0,7m9/2) .

The previous inequality, combined with an easy argument, implies there exists C' > 1
and ug > 0 such that o= (u) < Cp~1(u/2), for any u > ug. The previous inequality
entails that 2¢(v) < ¢(Cv) for any v > vg = max(1,¢p 1 (ug/2)). We next set
¢ =log(2)/log(C) that is strictly positive since C' > 1. For any A > v > v, we denote
by n(v, \), the integer part of log(\/v)/log(C). Namely, C*(*:MNy < X < CPv:N+1y,
This implies

LA (o) < 270 Np(0) < p(CV) < p(N)

which implies d, > 0 and thus, (1 —d,)~' = > 1. This completes the proof of ().

The second point of the lemma is a direct consequence of a theorem due to Ma-
tuszwska [BF (see also Bingham, Goldies and Teugel [fi] Chapter 1 Theorem 1.5.4 p 23)
that asserts the following: A nonnegative measurable function L is slowly varying at oo
iff for every ¢ € (0, 00) there exists a non-decreasing function f; and a non-increasing
function fy such that u°L(u) ~o f1(u) and u=¢L(u) ~oo fo(u). [ |

To complete this section, we show that d, > 1 is a more restrictive assumption
than v, > 1 by providing examples of branching mechanisms 1 of the form (E), that
satisfy (f) and 1 =8y < yy.

Lemma 2.4 For any ~y € (1,2], there exists a branching mechanism ¥ of the form (3)
and such that ny = vy =y and 6y = 1.

Proof: For any n > 3, we set 0, = nlogn and A, = 0,41 — 0,. It is easy to prove
that A, =logn+1+O(L) ~ logn. We first suppose that v € (1,2). For any n > 3,
we set 1, = exp(—by,), ap, =17 and w(dr) = > .>s and,, (dr). It is easy to check that
7((1,00)) = 0 and that f(o,l) r?m(dr) = .55 1277 is finite. We next define ¢ by

P(N) = /(O )(e*” —1+Ar)7w(dr), X>0, (50)

that is clearly a branching mechanism of the form (E) We first prove that 1y = vy =7,
which is equivalent to 7y = 7y = v — 1. Let us first prove that v, > v — 1. Note

that ' (A) = > .ss r;('yfl)(l —e~*") and observe that for any A > 1/r3, there exists
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nyx > 3 such that r;; <A< r;;+1. This inequality easily entails n) < logA. For all
sufficiently large A\, we then get

PN > 7D (1 — e
nx

v

(1— eil)ef('klm"x AL

(1= e A7 (log A) 201,

Y]

which entails that v, > v — 1.
Let us prove now that 7y < y—1. To that end, we introduce the following notation

R, = ern_"y and S, = Z 7’;(7_1).

m>n 3<m<n

Elementary estimates entail that there exist two sequences (e,,n > 0) and (¢],,n > 0),
both converging to 0, such that

R,=r>"1+¢,) and S,=r;0"V(1+¢). (51)

. -1 —1
Since r, " <A <7, g, we get

¥'(N)

IN

S0 Y 0 A < S, AR

3<n<njy n>ny+1
— — 2—
rp0 (e, )+ A L (L + eny1)

< )‘V_l(Q +E’/ru +5nx+1) )

IN

which shows that 1y < — 1. We thus have proved 7y = vy = 7.

Let us next prove that 6, = 1. We argue by contradiction and we suppose that

0y > 1. Then, 6y = 0y —1 > 0, and by @), there exist ¢ € (0,dy/) and C € (0, 00)
such that

Cy 'y (y) <z 'Jp(z), 0<z<y<l. (52)

Recall (i) and observe that Jy () = R,i1 + Sy, for any @ € [rny1,7,). We set

Tpn = €Xp (_(2 =) Ons1 —(y—1) Hn) = riz_qr;{_l € [Tn+1,7n) -

Observe that
Jyr(Tn) = 7’721:{(2 +Ent1 +E)) ~oo 2~ (2=7V)0ns1

Note that Jy (1) = Ry + 7nSn—1. This entails
Jw’(rn) = e_(Q_V)en(l + En) + e—ene(V_l)en,—l(l + 6;71)
= 67(277)071, (1 +en+ ef(wfl)An,l(l + Efnfl))
~oo 67(277)0" .
Thus, 761 Ty (1) ~eo €717 and

xflfljw, (Zn) ~oo 2e(1=c)(Y=1)0n—=c(2=7)0nt1 _ —c(2=7)An (y=1=C)0n

Recall that A, ~ logn. Since 0 < x, <71, <1, @) imply that

c—1
0< C < :Enfle (‘Tn) ~oo e_C(Q_V)An SN 0,
i Ty () n—00

which is aburd. This completes the proof of the lemma when v € (1,2).
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Let us consider the case v = 2. For any n > 2, we set 7, = e and w(dr) =
Susary2e7 108 ns, (dr). We define ¢ by (B() that is easily shown to be a branching
mechanism of the form (f]). We want to prove that v, = 2, (which implies that 7, = 2)
and that d,, = 1. Recall that it is equivalent to prove that v, = 1 and 64 = 0. For any
A > e?, there exists an integer n) > 2 such that e <A< e(m+1)?, Namely, n) is the
integer part of v/log A\. Observe that Ary, +1 < 1 and use the inequality 1 —e~* > 2/2,
x € [0,1], to get the following inequality that holds true for all sufficiently large A:

P'(A)

-1 —(na+1)log(nx+1 — AT, 1y —(nx+1)log(nx+1
rn>\+1e ( )(1 —€ A+1) 2 5)\6 ( ) ( )

Y

> Mexp(—24/log Aloglog \),

which easily entails v, > 1, and thus vy = 1y = 1, since ¢’ is concave. We next set

_ _ 2_ 2_
Rn: E e mlogm oo € nlogn and Sn: E e™m mlogm ~oo e nlogn.

m>n 2<m<n

Recall ([tg) and observe that Jy () = Rpt1 + xSy, for any « € [rp41,7,). Recall
notation A,, = (n + 1)log(n + 1) — nlogn ~u logn. We next set x, := r,e”“» that
belongs to the interval (r,,41,7,) for all sufficiently large integers n. It easy to check
that for any ¢ € (0,1), one has

(1—e)n?—nlogn—cA, (1—¢c)n®’—nlogn

2 Ty () ~oo 26 and 75 Ty (1) ~eo €

Thus, for any ¢ € (0,1), lims ¢  Jy (@) /75 Ty (7)) = 0. This proves dy = 0,

which completes the proof of the lemma. |

2.4 Estimates.

In this section we state the estimates used in the proofs of Theorems m and .
Throughout the section we assume that ¥ is a branching mechanism of the form ()
whose exponent 6 defined by is strictly larger than 1. Recall that ¢ = v’ o~! and
that =1 stands for its reciprocal. Recall from (P4) the definition of the decreasing
function v : (0, 00) — (0, 00).

Lemma 2.5 There exist r1,C1 € (0,00), that only depend on v and that satisfy
Vr € (0,r1), v(r) < Cire t(1/r).

Proof: Since § > 1, there exist ¢ € (1,00) and C' € (0,00) such that (A) <
C(Au)u~c, for any u, A € [1,00). Choose @ such that C. fg) u~¢du < 1/4. Thus,

M Ood_u: Oo—du Oou_cu l
X /w ) W)/Q wuu)SC'/Q sy

Denote by v~ the reciprocal of v and recall that v satisfies @) Then, the previous
inequality entails that v=1(Q\) < A/(44(\)) and () implies v~ (QX) < 1/¢'(\).
Since v is decreasing we get v(1/1(\)) < QA. Substitute A with ¥»~1()\) to get

(1/p(N) QI A= w(1).
Next observe that ¢ ~1(\) < 4)\/¢(\) by ([i§). Thus,

v(1/p(N) € —=, A= (). (53)



Set C = 4Q, r1 = (1)) = ¢'(1) and apply (F3) with A = ¢~1(1/r) to get the
desired result. ]

Recall from ([Ld) the definition of (A, 1) and recall that it satisfies the differential
equation (R0). Recall from (1) the definition of M*(a). Observe that if a > r, then
M (a) = M} (r). To simplify notation, we set

Yl A0) >0. (54)

My :=M:(r) and L,(\):=1- 3 , Ty

Lemma 2.6 For any r € (0,00), and for any X € [0,00), one has
£,(0) = N (e ™) = merg [ M7]

Proof: First observe that if 4 = v~ ' ()\), then (29) entails that ,(\, u) = ¥~ (\),
for any » > 0. If p # ¢~ (\), then (@) can be rewritten as the following integral
equation

KT(A#"‘) du 1
/ mzfa A p>0 and pFEP (A (55)
m

Note that u(¢™) +xm(B(p,r)) = uLZJr/\f(f dslyp,<ry, for any r, A, p > 0. Then, 178))

entails N(1 — exp(—u(€") — dm(B(p,7)))) = kr(A, ). We differentiate this identity
with respect to u to get

Oky (0
- Aopy) = 2 PR

which implies the first equality by taking u = 0.

N (e Am o)

It remains to prove that e*” L,.(\) = E[exp(—AM/)]. To that end, recall that U is a
(conservative) subordinator defined on (€2, 7, P) with Laplace exponent ¢* = ¢’ — «.

Then ([i3) and () imply
E [exp(—AM?)| U] = exp ( - /[0 d]US HT,S(A,O)).

We therefore get

exp ( - /[ AUstir— s\ o>)] — e (~ [ ds v 00))

7]
= exp (ar/ords 1//(/15(/\,0))).

E

Now recall that 2 k,(),0) = A — 1h(ks(),0)) and a simple change of variable gives

/ ds'(ks(X,0)) =log A —log (A — ¥(k-(X,0))) ,
0
which easily completes the proof of the lemma. |

Lemma 2.7 For any r, A > 0, one has
/7 log £,-(\) dx
—_— =T
0 p(A1—e7))
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Proof: Recall (FJ) that asserts that r = fom()"o) du(X — (u))~t. Set v = 9(u) and
recall that the derivative of ¢~ is 1/p. So, easy changes of variable entail

K,T()\,O)du ’l,b(l{T(A,O)) d’l} 1 w—ldw — log CT()\) dl'
r = _ = - = - = -
/0 A=1p(u) /0 (A=v)p(v) /z:r(,\) P(A1-w)) /0 p(A(1—e7))
that is the desired result. |

Remark 2.1 It is obvious from Lemma P.¢ that A — —log £,()\) is increasing. Note
that Lemma P.7 implies that 7+ —log £,.(\) is also increasing. O

We now prove the key estimate for the lower bound in Theorem E

Lemma 2.8 Set Cy = (1 — e~ )7L, There exists r2 € (0,00) that only depends on
such that

Lo, (ngo_l (% loglog %) ) < exp (- 2loglog %) , 1 €(0,r9).
Proof: The proof is in four steps. We first claim the following.
2
VrAe (0,00), —logl,(\)<1 = X’L/J(T)\/Q) <1. (Claim 1)

Proof of (Claim 1): Note that 1 —e™* > x/2 for any x € [0, 1] and recall that 1/ is
the derivative of ¢y ~1. If —log £,(\) < 1, then Lemma P.7 entails that

—log L£(X\) dx 1 dx
- — o[ oy (h2)/,
/0 p(AM1—e7)) /0 p(Ae/2) W2
which entails (Claim 1). We next claim the following.
VA€ (0,00), —logly(A)>1=>L2.(2)) <exp (-r¢(2(1—e*)A)). (Claim 2)

Proof of (Claim 2): Assume that —log £,(\) > 1. Then, Lemma R.3, combined with
elementary inequalities entails the following.

PN [t da Yode —log%_r
=l wow <) soneem <, Oy o ®

By Remark R.1], we have — log £o,(2)) > —log £,(\) > 1. Thus, we get

—log L2r(28) 1. —log L2r(20) g,

Lodx
= /0 P(2M(1—e~7)) S/o p(Az) +/1 p(2A(1—e2))
PN log Lo,-(2X)

= T - p(2(1—e~HA)’ o7

(here again, we use the inequality 1 —e~% > z/2, x € [0,1]). Then (57) and (56) entail
that r < —log £2,(2))/¢(2(1—e~1)A), which implies (Claim 2).

Recall from ([[J) the definition of g. We claim that there exists R € (0,2rg) such

that
Vre (0,R), flogﬁr(g(fﬁ) >1. (Claim 3)
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Proof of (Claim 5’) Let us set A, = ¢ 1(2loglog 2), for any r € (0,79). Thus,
g(r/2) = (loglog 2)/A,. Suppose that —log L, (g(T/2)) < 1. Then, (Claim 1) easily
entails that 1 > £g(r/2)y(4r/(2g(r/2)) ), which is equivalent to the following:

loglog 2 loglog 2
121.ogogrlw _ 4N, _ :llogogriw 4\,
2 Ar = loglog = 2 Ar ()

Now recall from () that 4\,./@(\.) > =1 (\,). Thus, the latter inequality implies
2> 1oglog% and (Claim 3) holds true with R being the largest r in (0, 2rg) such that
1oglog% > 2.

End of the proof of the lemma: Recall the notation Cy = (1 —e~!)~L. There exists
ro € (0, R) such that 4/ loglog % < (C3/2. The definition of g implies

44
g(r/2) ~ loglog 2
Remark @ and (Claim 3) entail that for any r € (0,73),
—log L, ( - /2)) —log L, (1029071(% loglog%)).
Now (Claim 2) implies that
Lo (0250*1(% loglog %)) < exp ( ro(p” ( loglog = ))) = exp (7210g10g %) :

which completes the proof of the lemma. |

o' (Zloglog 2) < 5Chp ' (Zloglog 2) , € (0,72).

The following estimate is used in the proof of Theorem .

Lemma 2.9 There exist r3,Cs,Cy € (0,00) that only depend on ¢ such that for any
r € (0,r3), one has

¢
r Sup 1 = or; H.<2r}ads < C3g(lor) ) < 467% Tr oglog ~.
9(16r) N(sup H 2 3r; | 1y, <oryds < Cag(16r)) < C og1o8 7 1 Joglog

Proof: Recall that (gj ,dQT) j € Iy, stand for the open connected components
of {s € [0,¢] : Hs > 2r} and that H?"J = Hgoryynazr — 21, j € Iy, are the
corresponding excursions of H above 2r. Recall that Go, is the sigma-field generated
by the height process H?" below level 27, augmented by the N-negligible sets. Recall
from (@) the notation Na.. The branching property asserts that under Na,. and
conditionally given Gs,, the random variable Y := > ez, 1 {sup H2ri>p) 18 distributed
as a Poisson random variable with parameter LZ"N(supH > r) = L"v(r). Now
observe that N-a.e. 11y 0y = l{sup >3- Thus,

27r
Nop (Lisup 1530} | G2r) = Now (Lgy 20y | Gar) =1 — e VM < v(r)LE.

Since fOC 1{p <oryds is Gop-measurable, we get

¢
NQT(SHPH > 3T;/1{H5§27‘}d5 < 039(167")) < v(r)Na, (L?l{foslw <2T}ds<ng(16T)})'
0 = =

where Cj is a positive constant to be specified further. Recall that N-a.e. 1{L§T¢O} =
Lisup H>2r)- Consequently,

¢
N(supH > 3r;/01{HS§2T}ds < 039(16r)) < U(T)N(Lgr1U0<1{H5§2T}ds§03.g(16r)})'
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Recall that LZ" = (¢*"), that focl{HSSQT}ds = m(B(p,2r)) and recall from (54) the
notation Ly, (). Then, the Markov inequality combined with Lemma P.§ entails for
any A > 0,

2r _ 2r _
N(LELer, yas<cngiony) = N mBp2m)<0se(16m))
@296 £, (N). (58)

IN

Set r3 = r1 Arg, where ry and 73 are as in Lemmas E and @ We fix r € (0,73). Since
we assumed that 6 = 6, > 1, there exists C' > 1 such that g satisfies a C-doubling
condition (§). Thus, g(16r) < C%¢(r/2). Recall notation A, = ¢! (2loglog 2) and
note that A.g(r/2) = loglog 2. Take A = C2), in (B9) and use Lemma P.§ to get

2r 5 2
N(LE Y161 4, <arydsigtion)) < exp (= (2= C5C°) loglog 7).

We now choose C3 such that C30° = 1/2. We then get for any r € (0,r3),

¢
g(lGr)N(supH > 3r ;/l{HSSQT}dS < 039(167’)) < g(167’)v(7’)67% loglog (59)
0

We now use Lemma E to get the following.

v(r) loglog &

rv(r og(r)(r 2o
g(16rjo(r) < C"-g(rjv(r) <C ga*l(%loglog%)

loglog 1
< 04.71)(7’) 0808} < C*Cy - rloglog
() St

which implies the desired result with Cy = C*C} by @) |

We recall in a lemma a result due to Fristedt and Pruitt on subordinators that
is needed to prove the upper bound in Theorem E Recall that ¢ = ¢/ 09~ and
that ¥'(0) = a. We set ¢* = ¢ — a.. Thus, ¢*(0) = 0 and ¢* is the Laplace exponent
of a conservative subordinator.

Lemma 2.10 (Fristedt and Pruitt Theorem 1 p 173) Let (Sy,r > 0) be a subordi-
nator starting at 0 defined on (2, F,P) whose Laplace exponent is p*. Let us assume
that 6 = 0, > 1. Recall that g is the gauge function defined by (@) Then, there exists
a constant Ky € (0,00) that only depends on v such that

P-a.s. lim inf i =Ky .
r—0 g(T)

Remark 2.2 Theorem 1 is actually more general than the result stated in Lemma
. It actually asserts the following: If v = v, > 1, then for any a > 1, there exists
Ko, € (0,00) that only depends on a and ), such that

Sy
P-as. liminf —— =K, 4 , (60)
r=0 g*(ar) ’

where g* is derived from * as g is derived from ¢ in (@) Observe that ¢* and
@ are equivalent at infinity. Thus, g ~¢ ¢* and ¢g* can be replaced by g in (@) If
§ = dy > 1, then g satisfies the doubling condition (E) Consequently, g(ar) =<q g(r)

and Blumenthal zero-one law allows to deduce Lemma from (p0]) under the more
restrictive assumption § = d,, > 1. O
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3 Proof of Theorem [I.2.

Recall that (U, t > 0) is a subordinator defined on (€2, F,P) with Laplace exponent
(A = ¢ (A) —a, A > 0. Recall that N* = ez~ d(r+, 1) 1s a random point
measure on [0,00) x C° defined on (2, F,P) such that conditionally given U, N* is
distributed as a Poisson point measure with intensity dU, ® N(dH). Also recall the
notation

*

G
M} =M (r) =Y 10.(]) / Lpgsicrpmyds . 720,

jez* 0
where (7 stands for the lifetime of H I, for any j € I*. We now set
Vr>0, Sp= Y 1y,
JjeL*
First observe that
Vr>0, M<S5,. (61)

Next observe that (S,.,r > 0) is cadlag and that Sp = 0. Let 0 =19 <7r1 < ... <71y
and A1,..., A > 0. Recall from ([[7) that N(1 —exp(—A¢)) = ¢~ 1(A). We then get

Elexp (= Y M(Sn = Sn))| = Blexp (= Y v ) Un — Un)) )]

1<k<n 1<k<n

= exp (— Z(rk - rk_l)go*()\k)).

1<k<n

This implies that (S,,r > 0) is a subordinator with Laplace exponent ¢*. Lemma
applies: There exists a constant K, € (0,00) that only depends on 1 such that

M* S
P-a.s. liminf —% < liminf — = Ky < 0. (62)
r—0 g(r) r—0 g(r)

Let us prove a lower bound. Lemma P.§ asserts that Eexp(—AM})] = e*"L,(\).
Recall notation A, = ¢~!(2loglog 2) so that A\.g(r/2) = loglog 2. Lemma P.g asserts
that there exist rq,Co € (0,00) such that Lo, (CaA,) < exp(—210glog%) for any r €
(0,72). Let K be a positive real number to be specified later. By Markov inequality,
for any r € (0,72), one has

P (M3, < Kg(r/2)) P (Cg/\TMQ*T < 05K loglog 3)

< exp (CgKloglog %)E [exp ( — Cg/\TMQ*T)]
< exp (CQK 10g10g% + 2ar) Lor(CaAy)
< exp(—(2— C2K)loglog % + 2ar).

We choose K such that Co K = 1/2. Borel-Cantelli entails

P-a.s. liminf —2"_ > K .
n—00 9(2_”_2)

Recall that g satisfies a C-doubling condition. Thus, g(2r) < C%g(r/2), for all suffi-
ciently small » > 0. Since r — M, is non-decreasing, we get

.. : T 2**" -3
P-a.s. hglﬁl(r)lf e >(C hnrggf W >C7K>0. (63)
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By standard results on Poisson point processes, liminf, o M */g(r) is a random
variable that is measurable with respect to the tail sigma-field of U at 0+ and Blu-
menthal’s 0-1 law entails that there exists a constant denoted by Cy such that P-
a.s. liminf, o M;/g(r) = Cy. Moreover (p3) and (6J) show that Cy, € (0,00). Then,

([4) implies
N (/Tm(da) 1{1imianUm(E(a,r))/g(r);ecw}) =0,

which entails Theorem E |

4 Proof of Theorem [I1].

The proof is in several steps that are stated as lemmas. Recall that for any a > 0, the
intervals (g¢,d}), j € Z,, are the open connected components of {s € [0,(] : Hs > a}.
Recall notation H%/ = H(g;.‘-i-‘)/\d;.‘ —a, j € I,, for the excursions of H above a. We
shall denote by (,,; = dj — g7, the lifetime of H @J, Recall that G, stands for sigma-

field generated by the height process H® below a, augmented by the N-negligible sets
and recall from () the notation N,. The branching property asserts that under N,
and conditionally given G,, the point measure

Mo=Y"6 |
¢ i (LZ;VH”’])

is distributed as a Poisson point measure with intensity 1o, L] (x)dz ® N(dH). We

apply this property as follows. Let F : C° — [0,00) be measurable. Set Z% =
> jezo F(H®7) and note that Z% = 0 if supH < a. A basic result on Poisson
point processes entails that No(Z%|Ga) = L¢N(F(H)). Recall that N-a.e. 1(pe0y =
Lisup H>a}- Thus, N(Z%) = N(Lg)N(F(H)) By (@), N(Lg) = exp(—aa) < 1, which

entails
N( 3 F(H“*j)) < N(F(H)). (64)

j€Za

For any n € N, we denote by D,, the set {k27"73; k € N}. For any a € D,, and
for any j € Z,, we define the event E(a,j) as follows

) Ca,j
E(a,j) = { sup H* > 3.27"~3 ;/O l{Hg,jS2.27n73}dS < (Csg(2.27") },
where Cj is the constant appearing in Lemma @ For any positive integer @), we then

set
Uo= Y, > 922 ") g, - (65)
GGDnﬁ[O,QJrl] J€ZL,
We suppose that 27773 < r3, where r3 is the constant appearing in Lemma, E We
apply (64) with a € D,, N[0,Q + 1] and Lemma R.9d with 7, = 273 and we get
N( Z g(2.27™) 1E(a1j)) < Cyry loglog TL@_% loglog 77— 0, 9713, 73/2 g

J€Za

Here Cy is the constant appearing in Lemma @ and Cs only depends on 1. Since
#(D, N[0,Q +1]) =2"T3(Q + 1) < 2Q.2"F3, we get

N (Un.q) <2C5Q -n~%?logn , (66)

which easily entails the following lemma.
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Lemma 4.1 There exists a Borel set Ay C CY such that C°\ Ay is N-negligible and
such that on Ay,
¥QEN, lim Y Ung =0.

m>n

Recall notation &7; for the g-pre-packing measure on 7. Lemma @ is now used to
prove the following.

Lemma 4.2 There exists Cg € (0,00) that only depends on 1 such that on Ay, one
has Z5(K) < Cem(K), for any compact subset K of T.

Proof: Recall the notation I' = sup H = sup{d(p,0) ; o € T} that is the total
height of 7. Without loss of generality, we can assume that I' € (0,00) on A;. Let
0 < & < min(1,T) and let @ be a positive integer such that @ > I". Let K be any

compact subset of 7 and let (B(o¢,7¢),¢ > 0) be any e-packing of K. Namely, the
closed balls B(ay,7¢)’s are pairwise disjoint, 0o € K and 7, < ¢, for any £ > 0. Observe
that at most one ball may contain the root p. Without loss of generality, we assume
that if a ball of the e-packing of K contains p, then it is B(co, 7). Thus, p ¢ B(os,7¢),
for any ¢ > 1.

We fix (o,r) € {(0¢,7¢) ; £ > 1}. Since r < e < 1, there exists an integer n(r) > 1
such that 27" < r < 227", Since p ¢ B(o,r), one has d(p,o) > r and there
exists tg € (0,¢) such that p(tg) = o (recall that p stands for the canonical projection
from [0,¢] onto 7). Thus, Hy, = d(p,0) > r > 827" =3 and there exists a unique
integer k > 8 such that k27" =3 < H, < (k+1)27™(")=3, We then set

g =sup{s € [0,t9] : Hy, = (k —3)2~"(")=3)
d= inf{s S [to,d c Hy = (k — 3)2771(7“)73}.

To simplify notation, we set a = (k — 3)27"("W=3 € D,,,, N[0,Q + 1].

(I) Observe that 0 < g < tp < d < (, that H; = Hq = a, that H; > a for any
s € (g,d) and that Hy, —a > 3.27"(") =3, Therefore there exists a unique j € Z,
such that

(95,d7) = (g,d), HY = Hgiogpra—a, s>0, and sup H®I > 3.9 =3

S

(IT) Recall that b(s1,s2) = inf[s as,.s,vs,] H and d(s1,s2) = Hs, + Hg, — 2b(s1, 52),
for any s1,s0 € [0,¢]. Let s € (g,d) be such that H, —a < 2.27"("=3 First
observe that b(s,ty) > a. Next observe that H;, —a < 4.27™("~3, Consequently,
d(s,tg) <2.27"0=3 L 1, —a <6.27"()=3 <. Thus,

{s€(gd) : Hi-a<227"0) c{s€[0,¢] : d(s,to) <7},
which implies that foca’j Lipgaicog-n-3yds < m(B(o,r)).

Recall that B(og,70) is the only ball of the e-packing that may contain the root. Since
the B(oy,re)’s are pairwise disjoint, (I) and (II) imply the following inequalities

>IN mBo, m<cagiry < 9E)+ Y Ung-

£>0 n:2 "<e

This entails the following

o9t = Y900 B> Castray T 2 ITOL B orre) gt}
£>0 £>0 £>0
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< am(E9) +g(e)+ Y Ung, (67)
n:2-"<e
where we have set K¢) = {0 € T : d(0,K) < €}. Recall from (f]) the definition of
9558). Since the previous inequality holds true for any e-closed packing of K, we get

PEK) < m(KD) +g(e)+ > Ung-

n:2-"<e

Since K is compact, lim,_,om(K®)) = m(K). The previous inequality, combined
with Lemma @, implies the desired result on A; with Cs = 1/Cs. |

Recall that Theorem [L.4 asserts that there exists a Borel subset A2 C C° such that
N(C°\A2) = 0 and such that, on Ay, we have

m ({O’ eT : lirrn_jélfg(r)*lm(B(J, r)) # Cy }) =0 (68)

Lemma 4.3 There exist C7,Cs € (0,00) that only depend on ¢ such that on A3 N Ag,
for any Borel set B C T, we have

Crm(B) < P,(B) < Csm(B) .

Proof: We set Good = {¢ € T : liminf,_,og(r)"'m(B(o,7)) = Cy} and Bad =
T\Good. We argue deterministically on A; N Ay. Observe that &, (Bad) < Z;(T) <
Cem(T) < oco. By (p§), m(Bad) = 0. Then, for any compact K C Bad, Lemma [£.9
implies that &2, (K) < Z5(K) < Cem(K) = 0. Thus, Property Pack(2) implies that
Z4(Bad) = 0. For any Borel subset B C T we get P¢(B) = Z4(B N Good) and
m(B) m(B N Good). The comparison lemma P.1] then entails

(Cy)~'C2m(B N Good) < Z,(B N Good) < (Cy) *m(B N Good),

which proves the lemma with C7 = (Cy)~'C~2 and Cs = (Cy) ™. |

We now prove a 0-1 law to complete the proof of Theorem E To that end we
need the following lemma.

Lemma 4.4 Let n, € (0,00), n > 0, be a sequence that decreases to 0. Then, there
exists a constant Cy € [0,00] that only depends on 1 and on the sequence (M )n>0,
such that N-a.e. for Lebesgue-almost all t € [0, (],

1
lim inf — 2 (p([t,t +1a]) ) = Co .

n—oo nn

Proof: see Appendix @ |

Remark 4.1 If 2 (p([t,t+n,])) was a Borel-measurable function of H, then Lemma
Q would be a dlrect consequence of Lemma E However, this point seems difficult to
prove because the packing measure &, is defined in two steps and the second step (ﬂ)
(or its variant Pack(3)) causes measurabﬂity problems. This explains the unexpected
length of the proof of Lemma [£.4 d

We now completes the proof of Theorem . By (@)7 Lemma E and Lemma
[4, there exists a Borel subset A of C° such that N(C°\A) = 0 and such that for any
H € A, the following holds true.

(a) The mass measure m is diffuse and m(Sk(7)) = 0.
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(b) For any Borel subset B of T, we have Crm(B) < #,(B) < Csm(B).
(c) For Lebesgue-almost all ¢ € [0,¢], Co = liminf,, o0 7, Py (p([t,t +m0]) ).

We follow the end of the proof of Theorem 1.1[15]. We argue deterministically on A.
Let 0 < s <t < (. Suppose that there exists r € [0, (]\[s, t] such that p(r) € p([s, t]).
Then there exists u € [s, t] such that p(u) = p(r). We then get H, = H, = b(u,r) and
since u # r, (R9) implies that p(r) € Sk(T). This easily implies the following.

p([s,t]) Np([u,v]) C Sk(T)U{p(t)}, 0<s<t<u<wv<(. (69)

For any t € [0,¢], we set q(t) = P4(p(]0,t])). Observe that for any 0 < s < ¢ < (,
p([0,1]) = p([0,5]) U p([s,]). Then, (9) combined with (a) and (b), implies that for
any 0 < s <t <(.

Z4(([s,1]))=q(t) — q(s), m(p([s,t])) =t — s, and Cr(t — s) <q(t) — q(s) <Cs(t — s).

The function ¢ is then absolutely continuous. Thus, q is differentiable Lebesgue-almost
everywhere, q(t) — q(s) = f[s 9 ¢’ (u)du and for Lebesgue-almost all ¢ € [0, (],

d/(t) = liminf —(q(t + 1) = o(t)) = liminf 1 2, (p([t:¢ +m])) = .
by (c). This proves that C7 < Cy < Cg and that Z4(p([s,t])) = Co(t — s), for any
0 <s<t<(. Since m and &, are diffuse, this entails that for any interval J C [0, (],
P4(p(J)) = Com(p(J)) = Col(J), where £ stands for the Lebesgue measure.
Let O be an open set of (7,d). Denote by J,, n > 0, the (possibly empty) open
connected components of p~1(O) that are pairwise disjoint subintervals of [0,(]. By
(B9, (a) and (b), we get 2, (p(J) Np(Jyr)) = 0, for any 0 < n < n’. Consequently,

@g(O) = Z ng(p(Jn)) = Cy Zm(p(Jn))

n>0 n>0

Co > L(Jn) = Col(p~1(0)) = Com(O).

n>0

Set ¢y = (Co)~t. Then, ¢y Z,(0) = m(O), for any open subset of 7T, which entails
cy Py = m. This completes the proof of Theorem [L.1 since N(C°\A) = 0. |

A Appendix: proof of Lemma @A.4.

Let us recall basic facts on analytic sets and let us set some notation. Let E be a
topological space that is Polish. We shall always denote by B(E) the Borel sigma-field
of E. A subset A C F is said to be analytic iff there exists an auxiliary Polish space
E’ and a Borel set B of E x E’ equipped with the product topology such that A is the
projection of B on E. We shall denote by A(FE) the set of the analytical subsets of
E. Then B(E) C A(E) and A(FE) is stable under countable unions and intersections.
Moreover, the continuous image of an analytic set is also analytic (see Jech @] PP
142-148 and Dudley [[J] Chapter 13 Section 2 pp 493-501). Let F C E be a closed
subset. Since F' is Polish and since the canonical injection from F' into E is continuous,
we have A(F) ={ANF;A € A(E)} and B(F)={BNF;B € B(E)}. We shall denote
by 0 A(E) the sigma-field generated by A(E). Let u be a sigma-finite positive measure
defined on B(E). We denote by B, (E) the Borel sigma field B(E) augmented by the
p-negligible sets. Recall that A(E) C B, (E) (see Dudley [B] Theorem 13.2.6 p 497).
This easily entails the following lemma.
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Lemma A.1 Let E be a Polish space and let f : E — [0,00] be a cA(E)-measurable
function. For any sigma-finite nonnegative measure i on B(E), there exists a B(E)-
measurable function f, : E — [0,00] such that {x € E : f.(x) # f(x)} is p-negligible.

Recall Notation m: CY is the usual Polish space of the continuous functions from
[0,00) to R. For any h € C° ((h) denotes sup{t € [0,00) : h(t) # 0}, with the
convention sup® = 0. Recall that ¥ stands for the set of continuous functions with
compact support: ¢ = ¢(1([0,00)). For any r € [0,0), we also set 6, = (~1([0,7])
that is a closed subset of C°. For any h € €, we set ||| = sup |h|. Observe that the
topology of the Polish space (%, ||-||) is the trace on %, of the topology of C°. Thus,
B(¢,) = {BN%.;B € B(C"} and A(¢,) = {AN%.; A € ACY)}, that are resp. the
Borel sigma-field and the set of analytic subsets of the Polish space (%, ||-||).

Let h € €. Recall from Section P. the definition of the compact rooted R-tree
(Th,dp, pr)- Recall that p, : [0,((h)] — T}, stands for the canonical projection. Recall
that my is the measure induced by the restriction of the Lebesgue measure ¢ on
[0,¢(h)] via the canonical projection (see (7). Recall that f, : [0,00) — T}, is given
by P(t) = pa(t A C(R)), t € [0, 00).

Let g be the packing gauge function that is derived from ) by (@) For any
e € (0,00) and for any subset A C T},, we denote by 2. (A) the quantity defined by
(B, by 5 n(A) the g-pre-packing measure of A that is defined by (Ld). We finally
denote by &, (A) the g-packing measure of A that is defined by (IT)). Property ([i4)
asserts that 77, (A) = &7}, (A) where A stands for the closure of A in Tj,. Combined
with Property Pack(3) it entalls the following:

Py(Th) = inf {5up 25,(Qn); Qu compact, Qu € Quir, | J@u=Ti}. (70)

n>0

Recall C7,Cs € (0,00), that appear in Lemma @ We introduce the following
subset of functions

S = {h €% : VB¢ B(Th), C7mh(B) < gzgyh(B) < Cgmh(B)} . (71)

Lemma . shows that C°\S is N-negligible.

Recall that for any ¢ € [0,00) and any h € C°, ht stands for the shifted function
(h(t + s),s > 0). Recall that for any n € [0,00) we have defined R, : C° — ¢ by
setting Rph(s) = h(s An) — h(n), s € [0,00). Let us fix h € €, t,n € [0,00). To
simplify notation, we set h = R, (k). Observe that for any s,s’ € [0,7], one has
dn(t+s,t+ ") = dj (s, s"). This induces a bijective isometry j from (py([t,t + 7)), dn)
onto (T3,d;). Moreover, mj is the measure induced by my (- N pr([t,t 4+ n])) via
and & ; is the measure induced by &g 5 (- N pu([t,t + n])) via j. This entails the
followmg lemma.

Lemma A.2 Let h € € and let t,n € [0,00). Set h = R, (ht). Then, 2, i,(1y) =
Py n(B([t,t +1n))). Moreover, if h € S, then h € S.

For any p € N*, we denote by %, the set of compact subsets of the interval [0,p] C R,
equipped with the usual metric. We equip J#, with the Hausdorff d1stance denoted
by di’. Then (J,,d{’) is a compact metric space (see Definition PA (a

Lemma A.3 Letp € N*. The function (h, K) € 6, x Jp — P51 (pr(K)) € [0, 00] is
B(%,) @ B(#,)-measurable.

Proof: For any ¢ € (0,00), K € %, and h € %), we denote by II2(h, K') the set of the
non-empty finite sequences (t1,71), .. ., (tn, ) € KX(0,¢] such that dp, (¢;,t;) > ri+7;,
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for any 1 < i < j < n. Since pp(t;) and pp(t;) can be joined by a geodesic in
Ty, dp(ti,t;) > ri + 75 is equivalent to By (pn(ti),r:) N Br(pr(t;),r;) = 0, for any
1 <i < j < n. It easily entails

9;6,)1(]311([()) :sup{ Z g(ri) 5 3(ti,mi)1<i<n € Hg(h,K)},

1<i<n

Since Z; ,(pn(K)) = limeyo i@;i(ﬁh(K)). It is sufficient to prove that for any
x € [0,00), the following subset {(h, K) € ¢, x #, : 2L (pn(K)) > z} is open in
€p x Hp, equipped with the product topology. So we fix ¢,z € (0,00), K € J#, and
h € %, and we assume that 2 (p(K)) > . There exists 0 < t; < ... < t, <pin
K and ry,...,r, € (0,¢], such that >, .., g(ri) > x and dy(t;,t;) > r; + rj, for any
1 <4< j<n. We first set o
€1 = lsrlgijngndh(ti,tj)—rifrj >0 and &y = %lsrgijllsn [ti —t;] >0.

Next, set w(h, d) = sup{|h(t) — h(s)|;s,t € [0,00) : |s —t| < §}, for any 6 € (0,00) and
note that lims_,ow(h,d) = 0. Assume that § € (0,e2) and choose t},...,t% € [0,p],
such that |t; — tf| < 4, for any 1 <7 < n. An easy computation entails that

|dn(ti,t;) — dn(t5,65)| < 4w(h,8), 1<i<j<n. (72)

Next observe that for any h' € 6, |du(t;,t7) — duw (t7,t5)] < 4]|h — b/||, for any
1 <i < j < n. Therefore, for any § € (0,e2), for any t7,...,t%5 € [0,p] such that

|t —tf] < ¢ and for any h' € 6, we get
|dn(ti, t;) = du (t7,15)] < dw(h,8) +4|h—1'||, 1<i<j<n. (73)

Now, fix § € (0,e2) and n > 0 such that e; > 4w(h, d) + 4n, which is always possible.
Let (W', K') be any element of %, x %, such that |h — h'|| < n and d{’ (K, K') <
6. Then, there exist ¢¥,...,t5 € K’ such that |t; — t| < § and (fJ) entails that

dp (t7,t5) > i +1;, for any 1 <4 < j < n. Consequently, f@g(f,)t, (Pr (K')) > x, which

completes the proof of the lemma. |

We next introduce the space %N of the J#,-valued sequences. We equip %N
with the product topology. Standard results assert that %N is a Polish space (it is a
compact metric space). We also denote by .7, the subset of the increasing sequences
of compact subsets of [0, p]:

Sy ={K=(Kn)nzo €4, + K, CKni1,n>0} .

It is easy to prove that .7} is a closed subset of %N. Therefore, .7, is also Polish and
B(,) = {B N %y; B € B(#,)*N}. Recall that ¢ stands for the Lebesgue measure on
the real line. We shall need the following Lemma.

Lemma A.4 The set %, = {K = (Kp)n>0 € % : £([0,p]\ Unz0 Kp) = 0} is a Borel
subset of 7.

Proof: We first prove that for any =z € [0,00), the set {K € J, : « < {(K)} is
a closed subset of (J,,d{’). Observe that {K € %, : 2 < {(K)} = 0 if z > p.
We assume that = € [0,p]. Let K,, € J,, n > 0, be such that z < ¢(K,,) and
lim,, d{’ (K,, K) = 0. For any ¢ € (0,00), there exists n. € N such that for any
n > n., K, ¢ K©. Then, for any ¢ € (0,00), we have z < £(K(®)), which entails
x < {(K) by letting € go to 0. This proves that K € %, — ((K) is B(.,)-measurable
For any K = (Kp)n>0 € %, we set ¥(K) = sup,,>ql(K,). Then, ¥ is B()-

measurable. Now, note that W(K) = (U, c»o Kn). Thus, 2, = V"' ({p}) € B(%).
- >
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Lemma A.5 There exists a function A : C° — [0, 0] that is 6. A(CY)-measurable such
that A(h) = Py 1(Th), for any h € S.

Proof Let us fix p € N*. For any K = (K,,),>0 € %, and for any h € 6, we set

Ip(h,K) = sup,> Z; 1, (Pn(K»)). Lemma [A] easily implies that T, : €, x ., —
[0 oo] is B(%,) ® B(#p)-measurable. Recall from Lemma [A4 the deﬁn1t1on of f'f
Then, we set Ay(h) = infge, I';(h, K), for any h € €. For any x € (0,00), we also
set

B, ={(h,K) € 6, x &, : K € Z, and T,(h,K) < z} = (%, x 2,) NT, ([0, 2)).

Note that B, is a Borel subset of 4, x .#},. Moreover, if we denote by 7 the canonical
projection from 6, x %, to €,, then {h € 6, : A,(h) < z} = n(B,) that is an
analytic subset of €),. This proves that Ap, : €, — [0, 0] is dA(%6,)-measurable.

We next introduce 2 = {(Ky)n>0 € % : Unzo Kn=1[0,p]}. Observe that 2,” C
Z,. Let us fix h € 6,. Note that the set of sequences of compact subsets of T}, that
are of the form (py(K,))n>0, when (K,,)n>0 varies in Z, is the same as the set of
sequences of compact subsets @,, € Ty, n > 0, such that Q,, C Qpn+1 and |J @y, = Th.-

Therefore, (f0]) entails

Aplh) < Jnf Ty TK) = Zy(Ta) - b€ (74)

Suppose that h € SN %, fix K = (K,)n>0 € Z,, and recall that P, (pn(Kr)) <
25w (Pn(Kp)), for any n > 0. Then

Pg.h Ph UK Ip(hK) .

n>0

Since, [0, C(R)] N5y, (Th\Br(U Kn)) ) C [0, 1\ U Ky, we get mp (T5\pn(Unzo Kn)) =
0. Since h € S, it implies &, j (Th\ﬁh(Unzo K,)) = 0. Consequently, &g 5(Th) <
I'p(h,K), for any K € Z,. This, combined with (4}, entails

f@gﬁ(Th) = Ap(h) , heSnN%g,.

Next, it is easy to check that for any h € ¥ and for any p, ¢ > ((h), we have A,(h) =
Aq(h). Then it makes sense to set A(h) = Ap(h) if h € € and p > ((h) and to set
A(h) = oo if h € C°\€. Thus, for any = € (0,00), we get A~'([0,z)) = JA, ([0, )),
that is an analytic subset of CO since A(%,) C A(C°) and since A(CO) is stable under
countable unions. This completes the proof of the lemma. |

Remark A.1 If Z7 is a Borel subset of .}, then the previous proof simplifies. How-
ever, we are only able to show that Yp\;@’; is analytic (namely, that 2, is co-analytic),
which is not useful for our purpose. (I

If we combine Lemma @ and Lemma @, then we get
VheS, Vi, ef0,00), A(Ryh") = Pgn(pn(lt,t+n])) - (75)

We now consider the excursion H = (H;);>0 of the height process. Recall notation
¢ = ((H). We define a measure Q on C° as follows.

oo ¢
VB € B(CY), Q(B):/ON(g>t; H! eB)dt:N(/Ol{HteB}dt) .

For any n € N, we set V;, = {h € C° : h(0) < n}. Obviously, V,, is a closed subset of C°
and |JV, = C°. Moreover, (R3) entails Q(V,,) = N(focl{Htgn}dt = [y N(LE)da <n.
This proves that Q is a sigma-finite measure on C°.
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Lemma A.6 For any n € (0,00), there exists a function A, : C® — [0,00] that is
B(C°)-measurable and such that {h € C°: A, (R,h) # A(R,h)} is Q-negligible.

Proof: We fix n € (0,00). For any n € N, we define the finite measure Q,, ,, on C° by
setting Qn.n(B) = Q(V, N R, '(B)), B € B(C"). Lemma [A] asserts that there exists
a B(CY)-measurable function A, , : C° — [0, 00] such that the set S, , = {h € C°:
Ayy(h) # A(R)} is Qn p-negligible. Namely, V;, ﬂR;l(Snm) is Q-negligible. Let us set
Sy 1= Unzo VN R;l(Snm) that is Q-negligible and let us set A, = liminf, o Ay,
that is B(C®)-measurable. It is easy to check that for any h € CO\S,, A,(R,h) =
A(Ryh), which completes the proof of the lemma.

We now fix a sequence (1) )n>0 of positive numbers that decreases to 0 and for any
h € C, we set
D(h) = lim inf nn tA(R,,h) and D(h) = lim inf nn P A, (R h)
Observe that D : C® — [0, oc] is B(C®)-measurable. Lemmag implies that the subset

{h € C": D(h) # D(h)} is Q-negligible. Moreover, Lemma .9 entails that there exists
Cy € [0, 00] that only depends on ¢ and on (7, ),>0 such that

¢
Q({h ec’: D(h) =+ Cg}) = N(/O 1{D(H")9£Cg}) =0. (76)

We now complete the proof of Lemma [£.4 as follows. We first set S, = {h € C°
D(h) = Cy}. Lemma [A.§ and ([fd) entail that Co\S. is Q-negligible. Therefore, we
can find a Borel set B, € B(C°) such that

B.CS. and Q(C°\B.)=0. (77)

We next set

¢(n) _ ¢(h)
M(h) = \/O l{hteco\s*}dt a,nd M(h) = /0 l{EtECO\B*}dt .

Since C°\B.. € B(C?), standard arguments imply that b — M (h) is B(C”)-measurable.
Thus, the set B := {h € C° : M (h) = 0} is a Borel subset of C°. By Fubini, we get

¢

[ MR (dn) = N(/Ol{HtGCO\B*}dt) — Q(C°\B.) = 0.

Therefore, N(C°\B) = 0. Recall from ([1]) the definition of S and recall that C°\S is N-
negligible. Let us fix b € SNB. Then, M (h) = 0since M (h) < M (h), by (7). Namely,
for Lebesgue almost all ¢ € [0,¢(h)], At € S., that is liminf, . (1,) "'A(R,, ht) =
D(h) = Co. Since h € S, ([fd) implies that A(R,, ht) = Pyn(@n([t,t + 1])). We
thus have proved that for any h € S N B, for Lebesque-a.a.t € [0,{(h)], Cy =
lim inf,, o0 (170) =" g0 (P ([t t +1a])), Which completes the proof of Lemma [£.4 since
Co\(BNS) is N-negligible. [ |
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