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]bfoa�a����;a;ivi ��apq#"�foY[q�] ./� Zbapa�coapyoib_�]¦g

βF ex =
´

d1φ[ρ(1)]
� 4 foa;Zva�]\fMaJ� Zva;adapyoa;Z �Xg
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f�UXi�WÐapa;y _ryh]\ZvY�cMko�;apcÇUXi�U � koyo�3]\_rYXy�UXq�Y-��]\foa8_`yofoY*"�Y*�[apyoa;Y[kMi

�ko_rc

4 _�]\f�Y[yoa �¦WRY�cMg�coa;yMib_`]¦g ρ(1)
� lmfo_ri�_ryMfoY*"�Y*�[a;yMa;_`]¦g�yoapa;c¢yoYX]�yoap�;a;ivi\UXZv_rq�g�UXZb_`iba

� ZvY*")UXyhgËa���]ba;Zvy�UXq�+�a;q`c-� �¦yocoa;apc � koib_`y��
]\foa$e�apZb�pkoi�]bZb_r� 6 1 Ô � 2Ï� U�ivk� � oq`a!"�a;yh]�UtZvg
 �UtZv]\_`�;q`aG��Uty WRaË_ryMiba;Z¯]\apc _`yh]\Y�]\fMaËfoY*"�Y*�[a;yMa;Y[koi

oko_rc¼_ry"YXZbcoapZ�]\Y��;Zva�Ut]ba{]\foa
a���]ba;Zvy�UXq +�apqrc � ZbY*"0]\foa ibU-"�a
_`y«]ba;ZbUX�p]b_rY[y � ]\f«koi­]\ZbUXyoi � YXZ;"�_ry��8U8� � �;Y*"$ RY[yoa;yh]
foY-"�Y*�Xa;yoapY[koi�
�kM_rcË_ryh]bY
U ��� Ô �;Y*"$ RY[yoa;yh]+_`yofoY*"�Y*�[apyoa;Y[kMi 
�ko_`c-�%lmfoa­iva;�;YXyoc

�
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UXivibk�"$ M]b_rY[y¢�;Y[yM�;a;Zvyoi�]bfoa��?UX�3]\Y[Zv_ribUt]\_`Y[y�Y-��]\fMa{s�U�gXa;Z�� koyM�p]\_`Y[y _`yh]\Y�U�ibk,"5Y0�
�pY[yh�[Y[q`kM]\_`Y[y  oZbY=coko�3]�Y0� 4 a;_.�[fh]$� kMyo�p]b_rY[yoip�¼lmfo_ri
ibap�;Y[yMcÇZbapj«ko_rZva!"�a;yh]�_riÌ�[apZvg
Zva;iv]bZb_`�p]\_��[at�?�¦yocoapa;c � ]\foa$"GU^]\foaE"GUt]b_r�;UXq�coap�;Y*"$ RY[ib_�]\_rYXy¢Y0�

fM(1, 2)
_`yh]\Y� oZbY=cA�

ko�3]\i�Y-� 4 ap_#�[fh]5� koyo�3]\_`Y[yoi���UXy�WRa
Zb_#�XY[ZbY[kMibq`g�Y[WM]\UX_ryMa;c�Y[yoq�g(� Y[Z#�Xa;Zvg � a 4 �;UXibapi
Y-��_`yh]\a;ZbUX�p]b_rY[yMi � UXq`qÃY0�­]\foaE" _`y«�XY[q`�=_`y�� f�UtZbc  �UtZv]\_`�;q`a;i � ivko��f UXi�� YXZGa3�MU-"$ oq`a �
"�_��=]\kMZba;i�Y-�Of�UXZvc�i; Mfoa;Zva�"�_µ��]bkoZbapi 1 � 2Ï� f�UXZvc f�UXZvc��;koWRa;i!1 Ô �02 �)� ]#coY�apidyoYt] 4 YXZ;6
� Y[ZÃf�UXZvc��pY[yh�[a3�D �UXZ¯]\_r�pqrapi�_`y(�[apyoa;ZbUXq 1 Ô ��� Ô � 2 �ds�Y[ZvaF_."� RY[Zv]\UXyh]\q�g � _`]���UtyoyoYX]�WÐa
a���]ba;yocMa;cG]bYK"�Y[Zba+Zva�UXq`_riv]b_r�m_`y«]ba;ZbUX�p]b_rY[yoiOivko��fËUXi%]\fMa =Ók�6^U 4 U�Y[ZÓT&a;yoy�UtZbcA�²�XY[yoa;i
_`y«]ba;ZbUX�p]b_rY[yoi � 4 _`]bfoY[kM]À_ryh]\ZvY�cokM�;_ry,�)� koZv]bfoa;ZxU- � oZvY���_."GUt]b_rY[yMi;� � Y[ZÀf�UXZvc
i; ofoapZb_`��UXq
�pY[Zbapi � _�]�coY=a;ivy�� ] 4 Y[Z 6G_`y{ap�Xa;y8co_#"�a;yMib_rYXyoi 1 Ô ��2 �Ó��Y � ]\fo_`i��?UX�3]\Y[Zv_ribUt]\_`Y[y{UXyMi\Ut] .#_ri
�pa;Zv]\UX_ryMq`g�WÐYX]bf�]bfoa56Xa3g� ÐY[_`yh]+UXyoc8]\foa�q`_#"�_`]�U^]\_rYXy�Y-��]\fMa � s�l­�

����� �	��

����������
���������������� �!�"�������#����

$&% �

� Y[q`qrY 4 _ry��#}ÃY[iva;y,� apqrc�1 � 2 UXyocGUXibivk�"�_ry���]\fo_`i �?UX�p]bY[Zb_`i\Ut]b_rY[y
foY[q`coiÓUXyoc�]\f�Ut]xUXy�U- A�
 oZvY* oZv_�Ut]bada3���pa;ibi/� Zva;a#apyoa;Z �XgG_`i�U��tUX_rqrUXWoq`a � ]\foa�] 4 Y � Y[q`qrY 4 _ry,�Fi¯]�Ut]ba!"�a;yh]\i+U- , oq`g('

fM(1, 2) =
∑

α1,α2

fα1α2
wα1

(1) ⊗ wα2
(2)

z Ô �

c(n)(1, 2, ..n) = −
∂n

∂ρn
βFex[ρ]

= −Πα1...αn
φα1...αn

wα1
(1) ⊗ ... ⊗ wαn

(n)
z �[�

lmfoa�+oZbiv]div]\Ut]\aE"�apy«]d_ri+]\foa �?UX�p]bY[Zb_`i\Ut]b_rY[y�UXyoibUt] . � 4 fM_r��f�_`y«]bZbY=coko�pa;i�]bfoaK� kMqrq

�

Page 5 of 41

URL: http://mc.manuscriptcentral.com/tandf/tmph

Molecular Physics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review
 O

nly

ivap]ËY-� 4 a;_.�[fh] � koyo�3]\_`Y[yoi wα(1)
'�]bfoa�yoYt]�Ut]b_rY[y

wα1
(1) ⊗ wα2

(2)
i¯]�UXyocMi?� Y[Z{U

�pY[yh�[Y[q`kM]\_`Y[y�Y-�O]\fMa i; �Ut]b_�UXq��tUXZb_rUXWoqra$Y[yoq�g ´
d~x wα1

(~r − ~x,Ω1)wα1
(~x,Ω2)

� UXyoc
_�]\i �[apyoa;ZbUXqr_/.�Ut]b_rY[y i¯]�UXyocMi � Y[ZOU�ib_."�_`q�UXZV]¦gF ÐaÃY-��_ryh]\aE�[Z\UXq ´

d~xΠkwαk
(~rk −~x, Ωk)

�
lmfoa��;Y[yMiv]�Uty«]bi

fαβ

iva;Zv�Xax]\YÃ_ryMco_r�;Ut]\a%]\foUt]�yMYX]ÀUtqrq 4 a;_#�Xf«]��;Y-"ÌWo_ryoUt]\_`Y[yoi�"�_.�[fh]VWÐa
UXq`qrY 4 a;cËWhg8�;Y[yMiv]\Zvko�p]b_rY[y �O]bfoa;Zva��tUXq`koa­_ri .pa;ZvY�Y[ZmYXyoa$UX�;�pY[Zbco_`y��[q�g[�Àlmfoa�iva;�;YXyoc
i¯]�Ut]ba!"�a;yh]%�;YXyo�;apZbyoiÀ]bfoaxcoa�+�yo_�]\_rYXyÌY-��]\fMa�yA� ]bfÌY[Zvcoa;Z�co_rZva;�p]À�;Y[ZvZba;qrUt]\_`Y[y5� koyo�p]b_rY[y

c(n)(1, 2, ..n)
� 4 fo_`��f8_ri�]bfoa­yA� Y[ZbcoapZ�coapyoib_�]¦g{coapZb_`�tUt]b_`�XadY-�V]\fMa#a3���;apibi ��apq#"�foY[q`] .

� Zva;a�� a;yoapZ;�Xg
Fex[ρ]

� UtiÌa3�A oZva;ibiva;c Whg ]bfoa?+�Zviv] apj=koUXqr_�]¦g[�(� �m]bfoa{ivap] Y-� 4 a;_.�[fh]\apc
coapyoib_�]¦g��tUXZv_�UXWoq`a;i

{ηα}
_riÀ_`y«]bZbY=coko�pa;c � a;UX��f�Y0� 4 fM_r��f
coaE+oyoa;c�Whg ηα = ρw̃α(0)

_ry
]ba;Z;"�iÀY-�Q]bfoa

k = 0
�tUXqrkMa�Y-�Q]\foa � YXkoZb_`a;Z�]bZ\UXyMi � Y[Z "/Y-�Q]bfoa��;YXZbZbapi; RY[yoco_`y�� 4 a;_#�Xf«]

� koyM�p]\_`Y[y � ]bfoa;y ]bfoa+iba;�pY[yoc�a;j«k�UXq`_`]¦gF_ri��vkMiv]%]\fMamZba;ivkoq`]OY0��U0 � oq`g=_`y��d]\fMaÃ��foUX_ry Zvkoqra
_`y8]ba;Z "�i+Y-��]\foapiba�yMa 4 coapyoib_�]¦gË�tUXZb_rUXWoqrapi � _`yË]\foa$ibapyoibaFY-� � koyM�p]\_`Y[y�UXq�coa;Zv_`�tUt]\_��[a
4 _�]\f 4 a;_.�[fh]\a;c¼coapyoib_�]¦g � kMyo�p]b_rY[y ηα(1) =

´

d2ρ(2)wα(1, 2)
z _ry ]bfo_riFyoYX]�U^]\_rYXy �

UXy"_."� Mqr_r�p_`]$i; oUt]\_rUXq �¦UXyoc"yoYt]
UXy��[kMq�UXZ%�­_ryh]ba!�[ZbUt]\_`Y[y _ri�UXibivk�"�a;c � � lmfoaËiva;�;YXyoc
apj=koUXqr_�]¦g�� Y[q`qrY 4 i�]bfoa;y5� ZbY*"CZbapiv]\YXZb_ry,��]\foaOfoY*"�Y*�[apyoa;_�]¦gdY0��]bfoaO� �  �UXZv]b_r�pqraÀi¯g�i¯]\aE"��
�¦y"]\fMaËq�UXi¯] a;j«k�UXq`_`]¦g 4 a8koivaË]\foaËyoYt]�Ut]b_rY[y φα1...αn

= ∂nφ/∂ηα1
...∂ηαn

� ��_`yo�;a
]bfoa;ivamiv]\aE oi%f�U��[amWRa;apy
y=k,"�apZbY[koivq`g$]\Zva�Ut]ba;c _ryF]\foax�tUXZv_rY[kMi�qr_�]\apZ\Ut]bkoZba��;Y[yo�pa;Zvyo_ry��
]bfoa � s�l � � 4 _rq`q�yMYX]��[ap]8_`yh]\Y � koZ¯]\foapZËcoap]\UX_rq`iËUXyoc��vkoi¯]8iv]\UXZv] � ZvY*" ]bfoa�] 4 Y
apj=koUt]\_`Y[yoi$UXWRY��XaX����Yt]\a ]\f�U^]­]\foapiba�a;j«k�Ut]b_rY[yoi�q`Y�Y*6> Ra;Z � ap�p]bq`g �[apyoa;ZbUXq%ib_`yo�;a
yoY
i  Ðap�;_.+o� � Y[Z " � Y[Z&]\fMa � Zva;a�� a;yoapZ;�Xg$f�Uti�WRa;apy�Zbapj«ko_rZva;c-� ��Y 4 a3�[apZ � ]\fMa�_`y«]ba;ZvZba;qrUt]\_`Y[y
� ZvY*"0]bfoa 4 ap_#�[fh]\apc cMa;yoiv_`]\_`a;i�UXyMc¢]bfoa � Zbapa��¦apyoa;Z �Xg�_rid�;Y[yoiv_ri¯]\a;yh]bq`g Zva;j«ko_rZva;c-�C� ]
_`iÃyMYX]\a 4 Y[Z¯]\fhg8]\f�U^]Ã]bfoa$iba;�pY[yoc�YXZbcoapZ��­w � ibfoYXkoqrc�WÐa$_rcMa;yh]\_`��UXq`q`g{apj«k�UXq&]\Y
]\foa
s�U�gXa;Z�� koyo�3]\_rYXy _`y ]\foa .pa;ZbY�coapyoib_�]¦g"qr_."�_�] � ]\f«koi
ibapqra;�3]\_`y�� ]\foa  oZvY* Ra;Z 4 a;_#�Xf«]

�
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�pY*"ÌWo_`y�Ut]\_`Y[yoi�]bfoZbYXk��[f
]\foa+�;YXZbZbap�p] .;apZbY$coa;yMib_`]¦g
q`_#"�_`]�Y-�R]\foaÃa3���;apibi � Zba;a �¦apyoa;Z �Xg[�
lmfoa5� Y[Z;"�UXqÐa3�MUX�p]Ãa��, MZba;ivib_`Y[y � Y[Z�]bfoa5 �UX_`Z�co_ri¯]\Zv_rWokM]b_rY[y � kMyo�p]b_rY[y8_ri '

g(1, 2) = exp(−βv(1, 2) + h(1, 2) − c(1, 2) + B(1, 2))
z 9 �

4 foapZba h(1, 2) = g(1, 2)− 1
�
c(1, 2)

_riO]\foa� �UX_`Z�co_`Zbap�p]��pY[ZbZva;qrUt]\_`Y[y$� kMyo�p]b_rY[y � UXyoc

B(1, 2)
]bfoa�WoZb_`c��[a)� koyM�p]\_`Y[y � 4 fM_r��f�_riL� Y[Z "GUXq`q`g
coa�+�yoapc�UXi

B(1, 2) =
∑

n≥2

ρnBn(1, 2)
z �«�

4 _�]\f

Bn(1, 2) =
1

n!

ˆ

...

ˆ

d3..d(n + 2) h(1, 3)...h(1, n + 2) c(n+1)(2, ..n + 2)
z �[�

�ÃYX]\a�]bf�Ut]{]bfoa ibk," _ry��%jQ�rz �«� i¯]�UXZ¯]\i8Ut]Gy�� ��� WMkM]8_ry �?Ut�p] � _`]G��UXy WRa�a�Utib_rq�g
iva;a;y�]\foUt]�]\foa �;UXiba

n = 1
�[_`�Xa;i­]\foa
iva;�;YXyoc¢]ba;Z " _ry ]\fMa a3�A ÐYXyoa;yh]\_rUXq%Y-���%jR�:9 �

B1(1, 2) = h(1, 2) − c(1, 2)
� _ryË�=_rZv]bkoa­Y-���%jR�rz �X� Utyoc�]bfoaK@5B�apj=koUt]\_`Y[y�'

h(1, 2) − c(1, 2) = ρ

ˆ

d3h(1, 2)c(2, 3)
z �h�

Gdq`q-]\foZva;a$Zbapq�Ut]b_rY[yoi+UtWÐY��[aFUXZvaFa��oUt�p]��xlmfoaF�pqrY[ivkoZba$Zbapq�Ut]b_rY[y z 9 � foY[qrcMiÃkMyocoa;Z
]bfoa? �Ut_rZI� 4 _rivaGUXcMco_`]b_`�=_`]¦g¢UXivibk�"$ M]b_rY[y � WokM]�]bfo_riF_ri�U("�_`yoY[Z�Zbapiv]bZb_r�3]\_`Y[y � Y[Z$]\foa
 oZva;iva;yh]  MkoZ; RY[ibat�

��Y 4 � _8��YXyoa�_ryoiva;Zv]bi��OjQ�rz �[� _`yh]\Y��%jR�rz �X�3� Y[yoa�Y[W�]�UX_`yoimUXy�a3�A oq`_r�;_�]�a��, MZba;ivib_`Y[y

�
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� Y[Z�a�UX��f ]ba;Z "�i{Y0�­]\foa�WMZb_rc,�[a(� koyo�3]\_`Y[y � 4 fo_`��f _ri?"�Y[Zva��;q`a�UXZvq`g a3�A oZva;iviba;c _ry
� Y[koZv_rapZ�i; �Ut�;a '

B̃n(1, 2) = −
1

n!

∑

α1...αn+1

φα1...αn+1
w̃α1

(2)K̃(n)
α2...αn+1

(1, 2)
z �[�

4 foapZba$]\foa K(L)
α1...αL

(1)
UXZba �[a;yMa;Z\Utqrq`g{coaE+�yMa;c Ut]ÃY[Zvcoa;Z

L
UXi�U$ oZvY�cMko�p]�Y��[a;ZÃ]\foa

Tα

� kMyo�p]b_rY[yoi+Uti '

K(L)
α1...αL

(1, 2) = Πk=1..LTαk
(1, 2)

z � �

UXyMcÌ]\foa
Tα

� koyo�3]\_rYXyoiÀUXZva��;YXy«�XY[qrk�]\_rYXy  oZbY=coko�3]%Y��[apZÀ]\foami  �Ut]\_rUXq«�XUtZb_�UtWoqra � WRap]v]\a;Z
a��, MZba;ivibapc�_ry � Y[koZv_ra;Zxi; �UX�pa�Uti '

T̃α(1, 2) = h̃(1, 2)w̃α(1)
z � �

�%j«i�z ��� � � � � Zva! oZva;iva;yh]F]bfoa�"�UX_ry�Zva;ivkoq`]­Y0��]bfo_ri) oU- ÐapZ;�KGdi­��Uty¢WRa ibapa;y � a;UX��f Y0�
]bfoamWoZb_`c��[ax]ba;Z " _ri%a��A oZbapibibapc{UXiOU­�pY[yh�[Y[q`kM]\_`Y[yoiÀY[Z%iv_#"$ oqra� oZbY=coko�3]\i � ap_`]bfoa;ZÀ_`y ZI�
i  �UX�;a�Y[Z 6'� i; �Ut�;aX� G�i�UXy�_rq`qrkoi¯]\Z\U^]\_rYXy � 4 a 4 Zb_�]\aÃcoY 4 y{a3�A oq`_r�p_`] � Y[Z "�iÓY-�-]bfoaJ+oZbiv]
] 4 Y�WoZb_`c��[ax]ba;Z;"�iÀY-�Q]bfoamcoa;yMib_`]¦gÌa3�A �UXyoiv_rY[y �%jQ�rz �[��� � YXZ%U " � � �����!� *'+%+���"������ ���	���!�

_`y«]ba;ZbUX�p]b_rY[y � 4 foa;Zva$]bfoa$UXy��[kMq�UXZ�cMa! Ra;yocoapyo�;aF_rimZva!"�Y��Xa;c-�

B̃2(k) = −
1

2

∑

α,β,γ

φαβγw̃α(k)K̃βγ(k)
z Ô �h�

B̃3(k) = −
1

6

∑

α,β,γ,δ

φαβγδw̃α(k)K̃βγδ(k)
z Ô[Ô �

4 foapZba Kαβ(r) = Tα(r)Tβ(r)
UXyMc

Kαβγ(r) = Tα(r)Tβ(r)Tγ(r)
� 4 _�]\f T̃α(k) =

�
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h̃(k)w̃α(k)
�

lmfoapiba a3�A oZva;ivib_rYXyoi8UXZba��[apZvg �;Y*"$ �UX�3]ËUXyocÇa�UXiv_rq`g¼�pY*"$ okM]�UtWoqra � _.�#]bfoa � YXq8�
q`Y 4 _`y���j«k�UXyh]b_`]\_`a;i UtZba8U��tUX_rqrUXWoqra ' ]\foa 4 a;_.�[fh]\i � koyo�3]\_`Y[yoi wα(r)

� Uty¼UXy�UXq�g=]b_r�;UXq
a��, MZba;ivib_`Y[y�� Y[ZÀ]bfoa/� Zbapa��¦apyoa;Z �Xg coapyoib_�]¦g

φ[ηα]
� UXyoc
]\foa  �Ut_rZÀ�pY[ZbZva;q�U^]\_rYXy � koyo�p]b_rY[y

h(r)
�8lmfo_`i�_`i$]bfoaG�;UXiba�Y-��]\fMaË�Me%l W�UXiva;c � s�l � Y[Z;"�UXqr_`i;" � � Y[Z�]\foa$+�Zbi¯]�] 4 Y

_`y��[Zbapco_rapyh]\i�UXZba> oZvY��=_`coa;c-� lmfoa;ZvaE� Y[Zva � Y[yMa�ivfoY[koq`c WRa�UtWoqraË]\Y¢�;Y-"�a8k� 4 _`]\f
a��, Mqr_r�p_`]Ì]ba;Z "�Whg ]\apZ;"�a��, MZba;ivib_`Y[yoiC� Y[ZÌ]\foa8_`y,+�yo_�]\a{ivk�"�Y-��WoZb_`c��[aËco_rU-�[ZbU-"�i �
4 _�]\fo_`y{UXyhg�U- � oZvY��M_."GU^]\ad�pqrY[ivkoZbaÃ]\f�U^] 4 _rq`q  oZbY=coko�pad]\fMa  �UX_`Z��pY[ZbZva;qrUt]\_`Y[y-� � ZvY*"
foapZba8Y[y � 4 a��pY[_ry ]bfoa�UX�;ZvY[yhgA" � � s�l ]bY ]\fo_`i
U- � oZvY���_."GUt]b_rY[y Y-��]bfoa8WoZb_`c��[a
� koyM�p]\_`Y[y-�

� a�yoYt]\a+]\f�Ut]Ó]\fMa�a��, MZba;ivib_`Y[y{coapZb_`�Xa;cËUtWÐY��[a�_ri%�[apZvg�a3�A oq`_r�;_�]O_ry
]\apZ;"�i�Y-�Ð]\foa
�tUXZv_rY[koi��;Y[yh]bZb_rWMkM]\_`Y[yoi;��}+Y[iva;y,� apqrc f�UXi�� Y[Z;"ÌkMq�Ut]ba;c UGiva;q8� �¦�;YXyoib_`iv]\apyh])� koyo�3]\_rYXy�UXq
� Y[Z " W�UXibapc Y[yÇ]\fMa � s�l51 Ô[Ô 2Ï� 4 fo_r��f _`y«�XY[q`�Xa;i{]bfoa���Utqr�;kMq�Ut]b_rY[y Y-�­]\fMa�WoZb_`c��[a
� koyM�p]\_`Y[y � WMkM]$Y[yoq`g�_ryMco_rZva;�p]bq`g�ibYM�,��_`i­��UXq`�;koqrUt]\_`Y[y�Zva;iv]bi�Y[y ]\foa iva;q.� � �;Y[yMib_ri¯]\apy«]
a3�XUtqrk�Ut]b_rY[y Y-�+]\foaËa����;a;ivi���fMa!"�_r��Utq� RYX]\apy«]b_�UXq � UXi Y[W�]�UX_`yoa;c"Whg ]bfoa��Me%l�� � s�l
a��, MZba;ivib_`Y[y¼Y-�+]\foa?� Zva;a �¦a;yMa;Z;�tg � UXyoc¼koiv_ry���]bfoaËZ\Utco_�UXqÓco_`iv]\Zv_rWok�]\_rYXy � koyo�3]\_`Y[y _ry
 oqrUX�;a$Y-�À]bfoa�YXyoa�� WÐY=cMg8coapyoib_�]¦g<1 Ô[Ô 2 �+lmfoa�a��M_`iv]ba;yo�paÌY-�À]bfoa�a��, Mqr_r�p_`] � s�l WoUXibapc
a��, MZba;ivib_`Y[y iva;aE"�i­]\Y8f�U��Xa�WRa;apy kMyoyoYX]b_r�;apc Whg fM_#"���@d]\foapZ�UXkM]bfoY[Zbi#]bf�Ut]�f�U��Xa
� Y[q`qrY 4 a;cÇ]bfo_riËZvY[kM]\a cMY"yoYX]8ibapa!" ]bY"f�U��[a�Zba;UXqr_/.;apc ]\foapiba�koyocoapZbq�g�_`y��"coa3]�UX_`qri
ap_`]\fMa;Z;�

�
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�� 
 ��� 
�� � 
 � � 
 
 �#����
���� 	����#$ % � ��� � ����
 ��������


��� �����

� ]�_`i#_#"$ ÐYXZv]�Uty«]�]\YËyoYt]\aÌ]\foUt] � _8�O]\foa
e = ibYXqrkM]b_rY[y(� YXZ­f�UXZbc i  ofoapZba;iGzÏUtyoc�f�UXZbc
ZvY�coi
_`y Ô � � _ri �;Y-"� �U^]\_rWMqra 4 _�]\f¼]\foa � s�l � Y[Z;"�koq�Ut]b_rY[y Y-�d]bfoa� �UX_rZ �#w �x� _`]
coY=a;idyoYX]H"�a�UXy�]\f�Ut]�]\foaÌe = �pqrY[ivkoZba�U- � oZvY��M_."GU^]\_rYXy�_`]bibapq.�%_`id�;Y-"� �U^]\_rWMqra 4 _`]\f
]bfoa � � s�l a3�A oZva;ivib_rYXy coa;Zv_`�[apc UXWRY��[aX� �¦y YX]bfoa;Z 4 Y[Zbcoi � fo_#�Xfoa;Z�Y[ZbcMa;Z �#w � i
"�U�g yoYX]FWÐa��;YXyoib_`iv]\apyh] 4 _`]bf fo_.�[foapZ$YXZbcoapZFa��, oUXyoib_`Y[y Y0��]\foa�e =)�pqrY[ivkoZbat� � a
coaE"�YXyoiv]bZ\Ut]ba­WÐapqrY 4 ]bf�Ut]m]\fM_rim_rim_`yocoapa;c�yoYX]m]\fMa$�;UXibat�

lmfoa�e =2�pqrY[ivkoZba8U0 � oZbY���_#"�Ut]b_rY[y"�pY[yoib_`iv]bi�YXy yoaE�[qrap�p]b_ry���]bfoa
B(1, 2

� ]\apZ;"
_`y�]bfoa�a3�MUX�p]Fa3�A oZva;ivib_rYXy �%jQ��z 9 � Utyoc ivkoWoiva;j«koa;yh]bq`g qr_ryMa�UXZv_ .;_`y��G]bfoa� oUXZv]�Y-��]\foa
Zva!"�UX_ryo_`y�� a3�A RY[yoapy«]b_�UXq�]bf�Ut]��;YXy«]\UX_ryMi

η(1, 2) = h(1, 2) − c(1, 2)
� � ]�_`i ]\foapy

4 Zv_`]b]ba;y�UXi '

g(1, 2) = exp(−βv(1, 2)[1 + η(1, 2)]
z Ô �[�

lmfo_`i#a3�A oZva;ivib_rYXy¢�;UXy WRa � _`y�]\koZvy � �;UXiv]­_`yh]\YG]bf�Ut]­iv_#"�_rq�UtZ�]\Y �%jQ��z 9 �3� �X_`�=_ry���]\foa
� Y[q`qrY 4 _ry,�Ìa�
Ða;�3]\_`�Xa$e =�� �xZv_rc��Xa '

BPY (1, 2) = ln[1 + η(1, 2)] − η(1, 2)
z Ô 9 �

���A �UXyocM_ry��­]\fMama3�A ÐYXyoa;yh]\_rUXq � UXyoc
koib_`y��­]\foaJ@5B{a;j«k�U^]\_rYXy �%jQ�rz �h��� _`]%_`i%iba;apy�]bf�Ut]
]bfo_ri+U- , oZbY���_#"�Ut]\_`Y[y{q`a�UXcoi�]bY ]\foaH� Y[q`qrY 4 _ry���a3�A oZbapibiv_rY[y�� Y[Zma�Ut��f�Y-��]\foa Bn(1, 2)

Ô �
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B(PY )

n (1, 2) = (−1)n(n−1)!

ˆ

..

ˆ

d3..d(n+12)h(1, 3)c(3, 2)...h(1, n+2)c(2, n+2)

z Ô �«�
4 fo_`��f � _ry{]bkoZby � _#"$ oqr_`a;iO]\f�Ut]m]bfoa$e =/U- � oZvY���_."GUt]b_rY[y�� Y[Z�]\foa­yF�¦Y[Zvcoa;Z �­w � _ri+U
 oZvY�cMko�p]ÃY��[apZJ oUX_rZ �­w � i '

c
(n)
PY (1, 2, ..., n) = (−1)n(n − 2)!c(1, 2)c(1, 3)...c(2, n)

z Ô �[�

� fo_`qra�]\fo_`ida��, MZba;ivib_`Y[y �[_`�Xa;i#WoUX� 6�]bfoa��pY[ZbZva;�3]
cPY (1, 2)

� Y[ZÃ]\foaÌ�;UXiba
n = 2

� _`]
4 _`qrq&yoYX]��[_��[a�]\foa � s�l a��, MZba;ivib_`Y[y�Y-�À]bfoa�fM_#�[foapZ+Y[ZbcoapZ �­w � �%jR�rz �X� 4 foapy�]\foa
 �Ut_rZ­a3�A oZva;ivib_rYXy � Y[Z

cPY

_ri�_ryMiba;Z¯]\apc _`y«]bY�]bfoa�UXWÐY��Xa�apj=koUt]\_`Y[y-��lmfo_ri$_ri$UXy¢_#"��
 RY[Zv]\UXyh]ÓZba!"�UXZ 6 � WRa;��Utkoiba�_`]Ó_ryocM_r��U^]\a;i%]bf�Ut]Ó]\foaÃWoZb_`c��[am]\apZ;" �;Y-"� ok�]\a;c�]\foZvY[k��[f
]bfoa 4 a;_.�[fh]\imUXyMcËUXy{_`yocoa! Ra;yMcoa;yh]+a3�A oZva;ivib_rYXy � Y[Z�]bfoa h(1, 2)

� _riÓ]\Zvkoq`g�U�yMa 4 U- A�
 oZvY��M_."GU^]\_rYXy � Y[Zd]bfoa
WoZb_`c��[a�� kMyo�p]b_rY[y � koyoZbapq�Ut]ba;c ]\Y8Uty«gD oZba3��_`Y[koi­a��, MZba;ivib_`Y[yoi;�
�¦y� �UXZv]b_r�pkoq�UXZ � _`] 4 YXkoqrc�WÐaÃ�[a;Z¯g�_ryh]\apZba;i¯]\_`y��F]bY�ibapa 4 f�U^]�_riO]\fMadY[kM]b�;Y*"�a+Y-�&ivko��f
UXy a3�A oZva;ibiv_rY[y _`y ]bfoa��;UXiba�Y-�#]bfoa�fhgF Ra;ZbyMap]b]ba;c ��f�UX_`yÇapj=koUt]\_`Y[y-� � a�_ryh�Xa;iv]b_8�
�hU^]\a�]bfo_ri$_rivibkoaG_ry U  �UXZv]b_r�pkoq�UXZ��;UXiba{WRa;q`Y 4 �(�¦yocoapa;c � ]bfoa{Y[yMq`g���Utiba 4 foapy ]\foa
UXWRY��[a
U- , oZbY���_#"�Ut]\_`Y[y�_`y �%jR�rz Ô �[� _ri#a��MUX�p]$_ri�� Y[Zd]\fMa ��UXiva Y-�Óf�UXZbc�ZvY�coi­_`y�Y[yoa
co_."�apyoib_`Y[y-�

Ô[Ô

Page 11 of 41

URL: http://mc.manuscriptcentral.com/tandf/tmph

Molecular Physics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review
 O

nly

� � 
�� 
�������� ��� � �����E
K� �	� 
 �5� ���,��
$� 	 � �!�

�ÃY 4 ]\f�Ut]�UXy a3�A oZbapibiv_rY[y � YXZ$]bfoa�WMZb_rc,�[a�cM_�U-�[ZbU-" _`i5� YXZ;"ÌkoqrUt]\apc � _`]$ibfoYXkoqrc¢WÐa
]ba;iv]ba;c"koyMcoa;Z$]\foa�WÐapiv]  RY[ivib_rWMqra��;Y[yocM_`]\_`Y[yoip���=_ryo�pa�]\fMaGa3�MUX�3]ÌivY[qrkM]b_rY[yN� Y[Z�]\foa
�Ãa;q#"�foY[q�] .)� Zva;a�� a;yoapZ;�Xg�UXyMc�]\fMaK �Ut_rZ+co_rZva;�3]d�pY[ZbZva;q�U^]\_rYXy�� kMyo�p]b_rY[y�UXZba 6«yoY 4 y�_ry
]bfoa�YXyoa�� co_#"�a;yoiv_rY[yoUXqX�;UXibaÓY-�ofoUXZbcA� ZbY=coi � _`]�_`i�UtyF_`coa�UXqhi¯g=iv]\aE" ]\Y+]\a;i¯]�]bfoa � � s�l­�


 ��� �	��
 ����
 ����� 	��&��
 � 	��
� �

lmfoa�f�UtZbc8ZbY=coim_ryh]ba;Z\Ut�p]\_`Y[yoim_`yËY[yoa�co_#"�a;yMib_rYXyË_ri�coa�+�yoapc�UXi
v(r) = ∞

_.�
r < σ

UXyMc
v(r) = 0

_.�
r ≥ σ

� 4 foapZba σ
_`iÀ]\foaÃf�UXZvc
ZbY=c�q`a;y��X]bf-��lmfMa�a��M�pa;ivi�� Zbapa�apyoa;Z �Xg

_`iFa��oUt�p]\q�g&6=yMY 4 y � YXZ$]bfo_ri$ivg=iv]ba!" 1 Ô �M� Ô 9 2 � UXyoc �;UXy WRaGa��, MZba;ivibapc _`y ]\apZ;"�iFY0�
]bfoa � s�lC�tUXZv_�UXWMqra;i�UXi 1 Ô �02

βF ex/V = φ(1D) = −η0 ln(1 − η1)
z Ô �h�

4 foapZba η0 = ρ
UXyoc

η1 = ρσ
��lmfoaOa3�MUX�3]Va3�A oZva;ibiv_rY[y5� Y[Z-]bfoa  �UX_`Z-co_rZva;�3]V�;Y[ZvZba;qrUt]\_`Y[y

� koyM�p]\_`Y[y8_ri+UXq`ibY�6«yoY 4 y�1 Ô �M� Ô 9 2 '

c(r) = −
1 − ρr

(1 − ρ)2
(r < σ)

z Ô �[�

UXyMc$.pa;ZvY�� YXZ
r ≥ σ.

lmfM_ri­_ri­_`y �;Y[yh]bZ\UXi¯] 4 _`]\f ]bfoaÌ] 4 Y�UXyoc ]bfoZbapa co_#"�a;yoiv_rY[yoUXq
�;UXibapi � � Y[Z 4 fo_r��f�]bfoaÌa3�MUX�3] �­w � f�Uti­UG]�UX_`qVWÐa3g[Y[yoc ]bfoaÌ�;YXZba  �UtZv]��dlmfo_ri �#w �
_`i�UXq`ibY�a3�MUX�p]bq`g¢Zbap�;Y��[apZbapc � ZvY*" ]\fMa � s�l�_`y ]bfo_riF��UXivaX��lmfoa8s�U�g[apZ�� koyo�3]\_`Y[y �

fM(r) = −H(σ− r)
� 4 foapZba H(r)

_ri%]\fMa��Ãa�U��=_rib_`coa/� koyo�3]\_rYXy � _riOa3�MUX�3]\q`g 4 Zv_`]v]\a;y

Ô �
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UXi
fM(r) = −w0 ⊗ w1

_`y8]ba;Z "�i+Y-��]\foaH� Y[q`qrY 4 _ry,� 4 ap_#�[fh]/� koyM�p]\_`Y[yoi!1 Ô ��2

w0(r) = H(r − R)
z Ô � �

w1(r) =
1

2
(δ(r − R) + δ(r + R))

z Ô � �

4 foapZba R = σ/2
_ri�]bfoa��¦Z\UXco_`_���Y0�%]\foaÌfoUXZbc ZvY�c-�dlmfoaÌY[yoa�co_#"�a;yoiv_rY[yoUXq � YXkoZb_`a;Z

]bZ\UXyoiI� Y[Z;" Y-��]\foapiba 4 ap_#�[fh]\iÃUXZva­]\foapZbaE� YXZba

w̃0(k) = σ
sin(kR)

kR

w̃1(k) = cos(kR)

� _�]\f ]\foaÃfoapq# 
Y-��]bfoa;ivaJ� kMyo�p]b_rY[yoiÓUXyMc�]bfoa � s�lÇa��, MZba;ivib_`Y[y?� Y[ZÀ]bfoa��#w � �%jÐz �[�
_�]m_rima;UXib_`q`g{iva;apy�]\foUt]

c(r) = −
∂2φ1D

∂η2
1

[w1 ⊗ w1](r) − 2
∂2φ1D

∂η0∂η1
[w0 ⊗ w1](r)

z �X�h�

��_."�_`q�UXZvq`g � �[apyoa;ZbUXq�a��, MZba;ivib_`Y[yoiC� Y[Z UXyhg"fo_.�[foapZÌY[ZbcMa;Z �­w � i
��UXy¼WRaËY[WM]\UX_ryoapc �
4 fo_`��f$UXZba%_`coa;yh]\_`��UXq^]\Y�]bfoa;_`Z-a3�A oZva;ibiv_rY[y  okoWMqr_rivfoa;c­]bfoZbapa%coa;�;UXcoa;i�U-�XYmW«g­e�a;Zv�;koi!1 Ô 9 2 �

� a­yoY 4 � Y=�;koimY[yË]bfoa�a3�A oZbapibiv_rY[y�� Y[Zx]bfoa�WoZb_`c��[a � koyM�p]\_`Y[y-�O�ÃYX]\_`y���]\foUt]m]\foa
yA� Y[ZbcMa;Z+coa;Zv_`�tUt]b_`�[a�Y-��]\foaH� Zva;a$a;yoapZ;�Xg �%jQ��z Ô �h� �?UXqrq`i�_ryh]bY�Y[yMa$]bfoa­] 4 Y$� Y[qrq`Y 4 _`y��
�;Ut]\aE�[Y[Zb_`a;i � ]\foaH+�Zviv]ÃY-� 4 fo_r��f�f�UXi (n − 1)

 ÐapZ;"Ìk�]�Ut]b_rY[yoi

φ
(1D)
01..1 =

(n − 2)!

(1 − η1)(n−1)

z � Ô �

Ô 9
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φ
(1D)
1..1 =

(n − 1)! η0

(1 − η1)n

z �[�[�

4 a�YXWM]�UX_`y�]\foa�� Y[q`qrY 4 _ry,�{a3�A oZva;ibiv_rY[y&� Y[Z#]\fMa � � s�l WoZv_rc��Xa � koyo�p]b_rY[y � ibko_�]�UXWoq�g
WRap]v]\a;Z+a��, MZba;ivibapc�_ryË]\fMa � Y[kMZb_rapZ�i; oUX�;aFUXi '

B̃(k) =
∑

n≥2

B̃n(k)
z � 9 �

B̃n(k) = −

(

ρ

1 − η1

)n

b̃n(k)
z �t�«�

4 _�]\f

b̃n(k) =
1

n
w̃0(k)T̃n(k) + w̃1(k)T̃0(n−1)(k) +

η0

1 − η1

w̃1(k)T̃n(k)
z �[�[�

4 foapZba�]\foa)� kMyo�p]b_rY[yoi Tn(r)
Utyoc

T0n(r)
UXZba�coa�+�yoa;c�UXi

Tn(r) = (T1(r))
n z �X�h�

T0n(r) = T0(r)(T1(r))
n z �[�[�

4 _�]\f�]bfoa Tn

z?y�� �M� Ô � � kMyo�p]b_rY[yoi�coaE+�yMa;c
_ry � Y[kMZb_rapZ�i  �UX�;a+Uti
T̃n(k) = w̃n(k) ˜h(k)

�
�ÃYX]\am]\foUt]Ó_ry��%j=ip��z � 9 �t�h� 4 aÃf�U��[aÃkoibapcËU­ibqr_.�[fh]\q�gÌco_ 
�apZba;yh]ÓyoYX]\Ut]\_`Y[yÌ]\foUt]Ó_ry ]\foa
�[apyoa;ZbUXq<� Y[Z "GUtqr_ri " � _`yËY[ZbcoapZ�]\Y�"�a;Z �[a#]\foa­cMa;yoiv_`]¦g �?UX�3]\Y[Zx_ry8U koyo_`j=kMa)�?UX�p]bY[Z�_ry
�%jQ��z �t�«� �

lmfoa#a��A oZbapibib_`Y[y8UXWRY��[a#_`i�UXy{_`y,+�yo_�]\aÃibk�" � UXyocËY[yoa 4 YXkoqrc{YXyoq`g�foY* Ra�]bf�Ut]x_`]
�pY[yh�[a;Z �[a;ip� �ÃY 4 ap�Xa;Z � ]\fMa  MZba;iva;yo�pa�Y-��]\fMa�]ba;Z " (ρ/(1 − ρ))n

z 4 a�iba3] σ = 1,
� Y[Z

Ô �
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4 fo_`��f¢�tUXq`koa η1 = ρ
� �;UXiv]biFiva;Zb_`Y[koi�coY[kMWM]\iFUXWRY[kM]�_`] � ib_`yo�;a
]\fo_`i#]\apZ;" co_��[a;Z �[a;i

Ut]�qrUXZ;�[a8y 4 foa;y ρ > 0.5
� � Y[Zv]bkoy�Ut]ba;q�g � ]\foa�ibapZb_rapi��;UXyÇWRa�a3�MUX�p]bq`g¼ivk�"�"�a;c

_`y�]bfoa
ZI� i; �UX�pa�Whg�a��, MZba;ivib_`y���_�]�_ry ]\apZ;"�i$Y0�L oZvY�cokM�p]\i�Y-��]\foa �tUXZv_�UXWoq`a
T (r) =

ρ/(1−ρ)T1(r)
�ÀlmfMada3�MUX�3]�Zva;ibkMq`] � Y[ZO]\foaÃibk�"$"�Ut]\_`Y[y
_ri%]\foapy � _`y � Y[kMZb_rapZ%i; �Ut�;a '

B̃(k) = w̃0(k)Q̃0(k) −
ρ

1 − ρ
w̃1(k)Q̃1(k)

z � � �

4 foapZbad]bfoa � koyM�p]\_`Y[yoi Qi(r)
z?_ � ��� Ô � UXZva#�;Y-"� �Ut�p]\q�g
a3�A oZva;ibiva;c�_ryG]bfoadZ%�¦i  �UX�;a#UXi '

Q0(r) = ln(1 − T (r))
z � � �

Q1(r) = T (r)
T0(r) + T (r)

1 − T (r)

z 9 �h�

lmfoa�UtWÐY��[a�a��, MZba;ivib_`Y[y �OjÐz � � � _ri�]\foa ��� *�����a3�A oZbapibiv_rY[y�� Y[Zx]bfoa Ô � WoZb_`c��[a � kMyo���
]b_rY[y>� Y[Z�]bfoa�f�UtZbc ZbY=c 
oko_rc-� � ]#_ri�_#"$ ÐYXZv]�Uty«]+]bY{yoYX]baF]\foUt]d]bfoa UXWRY��[aÌ�pY*"� oUX�p]
a��, MZba;ivib_`Y[y 4 Uti#Y[WM]\UX_ryoapc�Whg�ivk�"$"�_`y���kMyo�;Y[yMco_`]b_rY[y�Utqrq`gËUGibapZb_rapi#a3�A �Utyoib_`Y[y(� Y[Z
�tUXq`koa;i{]bf�Ut] "�_#�[fh]ËyMYX]ËWRa¢yMa;�;apibibUXZb_`q`g 4 _�]\fo_`y ]\foa �pY[ZbZva;�3]�ZbUXco_`koi{Y-�F�;Y[yh�Xa;ZI�
�[apyo�;at� �¦y��?UX�p] � ]bfoa+ibk�"$"�Ut]\_`Y[yÌibfMY[koqrc
WRa "GUt]bfoa!"�Ut]b_r��Utqrq`g�_`yo�;YXZbZbap�p]ÓUXiOivY�Y[y�UXi

ρ > 0.5
�%�Ãap�[apZv]bfoa;q`a;ibi � ]\fMa�a��, MZba;ivib_`Y[y �[_��[a;yGUXWRY��Xa�]bkoZbyoi�Y[kM]O]\YFWÐa+]\fMa��pY[ZbZva;�p]

Y[yMadap�Xa;yË_`y�]\fM_riÓ��UXiva � Whg�"GU06=_`y��$koiba#Y0�-]\foadUXy�UXq�g«]\_r�+�pY[yh]\_ry«k�U^]\_rYXy�]\ap��foyo_`j=kMa;i;�
Gdq�]\apZby�Ut]b_`�Xa;q`g � ]\foaOWoZv_rc��[a � kMyo�p]b_rY[y���UtyFWRaOa3�MUX�p]bq`g­�;UXqr�pkoq�U^]\a;c)� ZvY*" ]bfoaOa3�MUX�p]

�­w � �%jQ��z Ô �[�3� ]bfoZbYXk��[fË]\foa$e =/a3�A oZva;ibiv_rY[y �%jR�rz 9 �

B1D(r) = ln(g(r))− η(r)
z 9 Ô �
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4 foapZba{]bfoa{Z\Utco_�UXqOco_`iv]bZb_rWMkM]\_`Y[y � koyM�p]\_`Y[y z?} � �À�
g(r)

� Utyoc �;YXyoibapj=kMa;yh]\q�g
h(r)

�
yoapa;coi8]\Y WRa �pY*"� MkM]\apc � ZvY*" ]\fMa @5B~a;j«k�Ut]b_rY[y 4 _`]bf ]bfoa¢a3�MUX�p]��­w � �+�ÃYX]\a
]bfoa
UXWRY��Xa Zbapq�Ut]b_rY[y �[_`�Xa;i#]\fMa WoZb_`c��[a�� koyM�p]\_`Y[y�Y[yMq`g>� Y[Z#co_`iv]�Utyo�;apiH�[Zba;Ut]\apZ#]\f�UXy

σ
� iv_ryo�pa

g(r) = 0
_`yoib_`coa�]bfoa��pY[ZbaD�X_`�[api{_ryMcoap]ba;Z;"�_ryoUt]\a��;Y[yh]bZb_rWMkM]\_`Y[yÇ_`yÇ]\foa

a��, MZba;ivib_`Y[y¢UXWÐY��XaX��lmfMa � � s�l a3�A oZva;ibiv_rY[y � Y[y�]\foa �pY[yh]\ZbUXZvg � �[_`�Xa;id]bfoa WoZb_`c��[a
� koyM�p]\_`Y[y � Y[Z+UXq`q�co_`iv]�Utyo�;api;�

lmfoa a��oUt�p]­]\fMa;Z;"�Y=cMg=y�U-"�_r�;i�Y-�O]\foa foUXZbc ZvY�c 
�kM_rc UXq`qrY 4 idYXyoaÌ]\YË�pY*"� MkM]\a
a��oUt�p]\q�g ]\foa
�tUXqrkMa�Y0�

B1D(r = 0)
���¦yocoapa;c � � YXZ$foUXZbc �;Y[Zva�Y[W �va;�p]bi�Y[yMa�f�Uti�UXy

a��oUt�p]8Zbapq�Ut]b_rY[y WÐa3] 4 apa;y ]\foa��tUXq`koa�Ut]
r = 0

Y-��]\foa �;U��=_�]¦g � koyo�3]\_`Y[y
y(r) =

exp(βv(r))g(r
� UXyMc ]bfoa8a3���;apibi{��foaE"�_`��UXq� ÐYX]ba;yh]\_rUXq '

y(r = 0) = exp(βµex)
�

lmfoapZba�� Y[Zba � � ZbY*" �%jÐz 9 � YXyoa­f�UXi+a3�MUX�3]\q�g

B(r = 0) = βµex + 1 + c(r = 0)
z 9 �[�

lmfoa�a3���;apibiF��foa!"�_r�;UXq  RYX]\apy«]b_�UXq���UXy¢WÐa
�pY*"� MkM]\apc a��oUt�p]\q�gD� ZbY-" �%j�z Ô �h� UXi

βµex = −ln(1 − ρ) + ρ/(1 − ρ)
�Ã|�iv_ry���]\fo_`i�Zva;ivkoq`]dUXyoc �OjÐz Ô �[� YXyoa�UtZbZb_��[api#Ut]

]bfoa ��� *����xZbapibkoq�] '

B1D(r = 0) = −ln(1 − ρ) −
ρ

(1 − ρ)
�

z 9*9 �

G �;Y*"$ �UXZv_rivY[y�Y-�x]bfo_ri�a;j«k�U^]\_rYXy¢]bY�]bf�Ut] �[_`�Xa;y¢Whg �Oj«i�z � 9 � �t�«� zÏUtqrWRa;_`]#_ry�ZI�
i  �UX�;a � ivfoY 4 id]\foUt]+]\foa5� Y[Z;"�a;Z+_`i�U
qr_."�_�]mY-�ÀUXy�_`y,+�yo_�]\a�ibk,")Y[y�coapyoib_�]¦g[�/� ]Ã��Uty
WRa�ibfoY 4 y�]bf�Ut] � Ut]ÃZ � ��� UXqrq�]bfoa$ZI� � kMyo�p]b_rY[yoiÃUXZvaFZv_#�[YXZbY[koivq`g�a;j«k�UXqV]\Y�koyo_�]¦g � UXyoc
]bfoa;ZvaE� Y[Zva �%j«i;�rz � 9 �Î�^�«� WÐap�;Y*"�a
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B1D(r = 0) = −

∑

n≥2

(−)n(
ρ

1 − ρ
)n(

1

n
+ 1 +

ρ

1 − ρ
)

z 9 �«�

lmfo_`i&a3�A oZbapibiv_rY[y$Zba3�[a�Utqri&]\foa%iva;Zv_rY[koiV�pY[yh�[a;Z �[a;yM�;a  oZbY[WMqra!"�i "�a;yh]\_`Y[yoapcFUtWÐY��[a
Y[yMaÌf�UXi#_8�OY[yoa _`i�]\YËa3�tUXqrk�U^]\a�ivko��f¢ibk�"�co_rZva;�3]\q`gX�5�¦yocoa;apc � 4 fo_`qra�_�]#_`i#U{ib_."� Mqra
]\UXi;6$]\Y�ibfoY 4 ]\foama��, MZba;ivib_`Y[yGivk�"�i%a��MUX�p]bq`g�]bY­]\foamZva;ibkMq`] �[_��[a;y�UXWRY��[a+_ry �%jÐz 9-9 �3�
]bfoa�cM_rZbap�p]Óap�tUXq`k�Ut]b_rY[y
Y-�Ð]\foaÃibapZb_rapi�ivfoY 4 i�]bf�Ut]Ó_`]Ó_riO�pY[yh�[a;Z �[a;yh]L� YXZ ρ < 0.5

� WokM]
Y[iv�;_`qrq�U^]\Y[Z¯g>� YXZ

ρ = 0.5
UXyMc co_��[apZ;�[apy«] � Y[Z

ρ > 0.5
�
lmfoa�i\U0"�a �pY[yoib_`coa;ZbUt]\_`Y[yoi

U- , oq`g apj«k�UXqrq�gÇ]bY ]bfoa&� kMqrq#Z%�¦coaE Ðapyocoa;yM�;a � kMyo�p]b_rY[y � UXyoc co_rZva;�p]�a3�XUtqrk�Ut]b_rY[y Y0�
�%jÐz � 9 � _`i$ RY[ivib_rWMqra�Y[yoq`g � Y[Z

ρ < 0.5
�Çlmfoa�y«k�"�a;Zv_r��Utq�Uty�UXq`g=iv_ri
Y-�#]bfoa�iva;Zv_ra;i

UXWRY��[a�ibfoY 4 iF]bf�Ut] � � Y[Z ρ > 0.5
_�]$co_`�Xa;Z;�Xa;i�Whg¢Y[iv�;_rq`q�Ut]b_ry��8UtZbY[koyMc ]\fMa��pY[ZbZva;�p]

�tUXq`koaK�X_`�[apy�_ry �%j�z 9*9 � � � ]�_rida;UXib_`q`gË�Xa;Zb_8+�a;c�]bf�Ut]Ã]\foaFa3�A oZva;ibiv_rY[y _`i�]bfoa��pY[ZbZva;�p]
Y[yMaC� YXZ�UXyhg coa;yMib_`]b_rapi­W«gN"�U-6«_ry,�Ëkoiba�Y-�xUXy�UXq�g=]b_r�Ì�pY[yh]\_`y=koUt]\_`Y[y�]\ap��foyo_rj«koapi�Y[y
�%jQ��z 9 �«� �

G +oy�UXq�Zva!"�UXZ;6
�pY[yo�;apZbyoi�]\foa#WRa;foU��=_`Y[koZxY0�&]\foa#WMZb_rcMa�� koyo�3]\_`Y[y�� Y[Z�co_ri¯]�UXyM�;a;i
4 _�]\fo_`y�]\foam�pY[Zba 0 < r < σ

� ��+�yMc�y«k�"�a;Zv_r�;UXqrq�g{z ibapamWÐapqrY 4 � ]\foUt] B(r)
_`iÀiv]bZb_`�p]\q�g

q`_ryoa;UXZ;��lmfoa;ZvaE� Y[Zva � _.�
B(0)

_riJ6«yoY 4 y � YXyoaF�;UXy��pY*"$ oqraE"�apy«] �%jÐz 9 Ô � Whg�U�q`_ryoa;UXZ
_`y«]ba;Z  ÐY[qrUt]\_`Y[y{WRap] 4 a;apy B(0)

UXyoc
B(σ

� �


 � � � 
���� � � �

lmfoamy«k�"�a;Zv_r�;UXqo_#"$ oq`a!"�a;yh]�Ut]b_rY[y$Y-�Q]\fMa+�tUXZv_rY[kMi�� koyo�3]\_`Y[yoi%yoapa;coiÓU#�[apZvg
UX�p�;koZbUt]\a
� Y[koZv_rapZG]\ZbUXyoi � YXZ;"�����_`yo�;aD�?UXi¯] � Y[koZb_`a;Z�]\Z\Utyoi � Y[Z " ]ba;��foyo_`j«koa;i�UXZba kMiba;c � ]\foa
� koyM�p]\_`Y[yoi+UXZva­co_riv�;Zvap]\_`ibapc�YXy�U �XZb_rc 4 _�]\f�U y«k�"ÌWRa;ZmY-�  RY[_ryh]\imY0� 213 � Utyoc 4 _`]\f
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U�Z%�¦i  �UX�;aH�XZb_rcF� 4 _rc�]\fGY0� ∆r = 0.005σ
� 4 foa;Zva σ

_ri�]bfoa#f�UtZbcËZbY=cËco_rU-"�a3]\apZ;�Àlmfoa
Zva;coko�pa;c�coa;yoiv_`]¦gË_`imcoaE+oyoa;c�UXi

ρ∗ = ρσ
UXyocË]bfoa�Zba;cMko�;apc�co_`iv]�Utyo�;a$UXi

r∗ = r/σ
�

� _`Zbiv]dY-��UXqrq � _`y�Y[ZbcMa;Z#]\Y �Xap]�UXy _`coa�U{Y0�Ó]bfoa _#"$ RY[Zv]\UXyo�;aFY-�O]\foa�WoZb_`c��[aÌco_rU��
�[ZbU-" � 4 a­co_ri  oq�U�g
]\fMa#Z\UXcM_�UXqRco_ri¯]\Zv_rWokM]b_rY[y$� koyo�3]\_rYXy{_ry � _#�o� Ô UXyMcËco_rZva;�p]��;Y[ZvZba;qrU��
]b_rY[y�� koyo�3]\_`Y[y
_ry � _#�M� ��� WÐYX]bf$� YXZÀ]\foaÃa3�MUX�3]�Zva;ivkoq`]bixUXyMc�]bfoY[iba+Y[W�]�UX_`yoa;cC� ZbY*" ]\foa
fhgF ÐapZbyoa3]b]ba;cA� ��f�UX_ry¢z	�d�dw � U- � oZvY��M_."GU^]\_rYXy�z c�UXibfMa;cËqr_`yoa;i � �ÀlmfM_rixqrUt]b]ba;ZxU- � oZvY�� �
_."GUt]ba��pqrY[ivkoZba
�;YXyoib_`iv]\i�_`y ibap]v]\_`y��

B(1, 2) = 0
_ry �%jQ��z 9 �3� ]\fMa;Zba�� Y[Zba
yoaE�[qrap�p]b_ry��

]bfoa�WoZv_rc��Xa � koyM�p]\_`Y[y-�+lmfoapibaÌZva;ibkMq`]\idUXZbaFco_ri  oq�U�gXa;c(� Y[Z+]\fMZba;aFco_ 
Ða;Zva;yh]#cMa;yoiv_`]\_`a;i
z
ρ∗ = 0.2, 0.6, 0.78)

_`y¢WRYX]bfN+��[koZbapi;� lmfoa
_."� RY[Zv]\UXyo�paÌY-�Ó]\foa WoZv_rc��Xa � koyo�p]b_rY[y
WRa;�pY*"�a
�pqra�UtZbq`g�_#"$ ÐYXZv]�Uty«]­Ut]$fo_#�[fMa;Z�coa;yMib_`]¦g � Uti 4 _�]\yoapibiva;c Whg ]\fMa�_`yo�;Zva�UXiv_ry��
co_ 
�apZbapyo�;apiFWRap] 4 a;apy ]\foa
a3�MUX�3] UXyMc ���#w/Zva;ibkMq`]\ip� � a�yMYX]\a�_ry � _.�o� � ]bf�Ut]�]\foa
���#w U0 � oZbY���_#"�Ut]b_rY[y� oZva;co_`�p]biÓ]bf�Ut]%]\fMa��­w � _riOyoYXyA��.pa;ZbY$Y[kM]bib_`coam]\foa+f�UXZvc��pY[Zba
 �UtZv] � Y[Z

r∗ > 1
� 4 fo_rq`a�]bfoaGa��MUX�p]�Zba;ivkoq`]F_ri$iv]bZb_`�p]\q�g .;apZbYo��lmfoa ���#w U- , oZbY���_8�

"�Ut]\_`Y[y �;YXkoqrc¢yoYX]$WRa�ivY[q`�Xa;c y«k�"�a;Zv_r�;UXqrq�g � Y[Z�coapyoib_�]\_`a;i$q�UXZ �[a;Z#]bf�UXy
ρ∗ = 0.78

WRa;�;UXkoiba�]\foa�ibY[q`kM]\_`Y[yFWRa;�pY*"�a�koyMiv]�UtWoqra�WÐa3g[Y[yoc�� � a�a;j«k�UXq`q`g­ivY[q`�Xa;c y«k�"�a;Zv_r��Utqrq`g
]bfoaÃe = U- � MZbY���_#"�Ut]\_`Y[y � _`y
Y[ZbcoapZÓ]bY­]\a;i¯]�]bfoaÃUX�;�pkoZ\Ut�pg
Y-��Y[koZO��UXq`�;koqrUt]\_`Y[yoip��lmfoa
Zva;ibkMq`]\i
UtZbaË_ryMco_ri¯]\_ry,�[ko_rivf�UXWoq`a$� ZvY*"È]\foaËa��oUt�p]�Y[yoapi;� �ÃY 4 ap�Xa;Z � ]\fMaËy=k,"�apZb_r�;UXq
ivY[qrkM]b_rY[y�Y-�V]\foa#e =/U0 � oZbY���_#"�Ut]b_rY[y�WÐap�;Y*"�a;ix�Xa;Z¯g{ibq`k��*�[_`ibf � Y[Z�coa;yMib_`]b_rapi�fo_#�Xfoa;Z
]bf�UXy

ρ∗ = 0.884
� Zbapj=kM_rZb_`y��{�[apZvg�i "GUXq`q�coapyoib_�]¦g _ryM�;ZbaE"�apyh]\i­]\Y8Zba;UX��f�]\foa
yoa���]

ivY[qrkM]b_rY[y�� � a�foU��XadyoYt]Ó]bZb_`a;c�foa;Zva�]\Y$_#"$ oZvY��Xam]\foaÃy«k�"�apZb_`��UXq�ivY[qrkM]b_rY[yC"�ap]bfoY�cMi �
iv_ryo�pa�]bfoa5"GUt_ry �[YhUtq�_ri�]bY�]ba;i¯]Ã]bfoa$UX�;�pkoZ\Ut�pgËY-��]\foa � s�l WoZv_rc��Xa)� koyo�p]b_rY[y��

� _.�o� 9�ivfoY 4 i&]\foa Ti(r)
� koyo�3]\_`Y[yoiÓz?_ � �M� Ô �3� � Y[Z-]bfoZbapaOco_ 
Ða;Zva;yh]Vcoa;yMib_`]b_rapi;��lmfoa;iva

� koyM�p]\_`Y[yoi � �[a;yMa;Z\Utqrq`g�cMaE+�yoapc¼_ry �%jQ�rz � ��� UXZba�]\foa{WMko_rq`co_ry���Woq`Y�� 6«iÌY-�m]bfoa � s�l
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WoZv_rc��Xa � Uti��;UXyCWRa¢iba;apy � ZvY*" �%j«i;�rz �t� � �[�[� � lmfoapZba UXi�"GUXyhg ivko��f � koyM�p]\_`Y[yoi
UXi�]\foa�y=k,"ÌWÐapZGY-� 4 a;_.�[fh]\i?� kMyo�p]b_rY[yoi�z?foapZba �X�3� UXyoc ]\foa3g UXq`q+coa! Ra;yoc YXyÇ]\foa
coapyoib_�]¦gÇ]bfoZbY[k,�[f ]\foa  oUX_rZ��;Y[ZvZba;qrUt]\_`Y[yM� kMyo�p]b_rY[y-� � Y[Z{foUXZbc i  ofoa;Zva;i �

T0(r)
_ri

co_`ib�pY[yh]\_ry«koYXkoi�Ut]
r∗ = 1 4 fo_rq`a T1(r)

f�UtiGU�co_riv�;Y[yh]b_ry«koY[koi
coapZb_��XU^]\_`�Xa8Ut]
]\foa
ibU-"�aH RY[_`y«];�

� _.�o� � ibfMY 4 iÌ]bfoaGWMZb_rc,�[a$� kMyo�p]b_rY[y � YXZFco_ 
�apZbapy«]�coa;yMib_`]b_rapi � UXiF��UXq`�;koqrUt]\apc Whg
�%j«i�z � ���%9 �h� UXyoc �%j�z 9 Ô ��� ]\fMa�qrUt]b]ba;Z 4 fo_`��f foUXi
WÐapa;yÇ_`yh]\a;Z  ÐYXq�Ut]ba;c"qr_`yoa�UtZbq`g¢]\Y
]bfoa�a3�MUX�p]+�tUXq`koa­Ut]+Z � � �%lmfoa­] 4 Y��;koZ¯�[api#UXZva­_ryoco_`iv]b_ry��[kM_ribfoUXWoq`g�ivk� ÐapZb_."� RY[ibapc-�
� _.�o� � ibfoY 4 i+]\foa�i;"�UXq`q-ib�;UXqra�iv]bZbko�3]\koZva�U^]+q�UXZ �[a­co_ri¯]�UXyM�;a;iÃUXyMc�Zvap�[a;UXqri+]\foUt]m]\foa
WoZv_rc��Xa)� koyo�p]b_rY[y8f�UtiÃ�pY[yoiv_rcoapZ\UXWoq`a­iv]bZbko�3]\koZva�Ut]+fM_#�[foapZmcoa;yMib_`]b_rapi;�

� _.�o� � ibfMY 4 i�foY 4 ]bfoaxiva;Zv_ra;i��;Y[yh�Xa;Z;�Xa�� Y[ZV] 4 Y­coapyoib_�]\_`a;i � ρ = 0.3
UXyoc

ρ = 0.8
�

� ]d_ridYXW«�=_`Y[koi�]bf�Ut]�]\foaF�;Y[yh�[apZ;�[apyo�;a
_`idUt]v]�UX_`yoa;c�j=kM_r� 6«q`g�_ry�]\foaK+�Zbi¯]­��UXiva 4 fo_`qra
_�] 4 _rqrqmyMap�[apZGWRa8Y[WM]�Ut_ryoapc _`y ]bfoa�iva;�pY[yoc �;UXibat� lmfoa>+oZbiv]�]\apZ;" _`y ]bfoa�iva;Zv_ra;i
a��, oUXyoib_`Y[yÇ_`i
a;j«k�UXq`q`g"ivfoY 4 y~z?coYt]b]\apc q`_ryoapi ��� UXyoc _ry¼]\fMa�qrUt]b]ba;Z
��UXiva�YXyoa�iva;api
]bf�Ut]­_�]#_ri��[a;Z¯gD�?UXZ � ZvY*" ]\foa �pY[ZbZva;�p]�Zva;ivkoq`];� � Y[ZÃ]\foa fo_.�[f coapyoib_�]¦g�ZbaE�[_#"�a � ]\foa
UXyoUXq`g=ib_`id_`yoco_r�;Ut]\api�]bf�Ut]#_�]#_`idkoiva;qrapibi­]\YG_ryo�pY[Z; RY[Z\U^]\aF]bfoa�+�Zviv])� a 4 ]\a;Z "�idY-�%]\foa
WoZv_rc��Xa � UXiÃ_`]Ã_ri+Y-�J]ba;y�coY[yoa$_ry8]\foa$qr_�]\apZ\Ut]bkoZba � ]\foZvY[k��[f��tUXZb_`Y[koim]\ap��foyo_rj«koapidivko��f
UXim�=_rZv_�UXqRa3�A �Utyoib_`Y[yoi�UXyoc�ibko��f-�

� � 
K��� �E� ����
��

lmfoa  oZva;ibapyh]À_ryh�Xa;iv]b_#�hU^]\_rYXyFf�Uti�q`a;c�]\Y�U � Y[Z "GUtq[a3�A oZva;ibiv_rY[y�Y-�M]bfoa�WMZb_rc,�[a � koyo�p]b_rY[y
4 _�]\fo_`y�]bfoa � s�l � Y[Z;"�UXqr_`i;" � ]\foUt]#U0 � Ða;UXZbiÃ�[apZvg  oZbY*"�_riv_ry���ib_`yo�;aF_`]�UXq`qrY 4 i � � Y[Z

Ô �
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]bfoa +�Zviv]m]\_."�a � ]bY WoZba;U-6�_ryh]\YÌ]bfoa#_rZvZbapcoko�;_`Wo_rq`_`]¦g Y0��]bfoa$s�U�g[apZm�;q`koiv]ba;Z�co_rU-�[ZbU-"�ip�
s�YXZba;Y��Xa;Z � _�]m_ri�� Y[Z;"ÌkMq�Ut]ba;c{_`y{]\foaH�[apyoa;ZbUXq-�;UXiba�_ryM�;qrkMco_ry��FY[Zb_`a;yh]�U^]\_rYXy�UXqRcoa! Ra;yA�
coapyo�;a
Y-�O]bfoa _ryh]\apZ\UX�3]\_`Y[y WÐa3] 4 apa;y& �UXZ¯]\_r�pqrapi;����g��pY[yoiv]bZbko�3]\_`Y[y�Y-�O]\foa � s�l � _`]
_`i$a;UXib_`q`g a��=]\a;yMcoa;c ]bY "�_��=]bkoZbapiFUti 4 a;q`q � UXyoc¢]\Y8]\foa�_ryofMY*"�Y-�[a;yoapY[koi���Utiba;i � UXi
ivfoY 4 y _ry�]bfoa�U- � Ra;yocM_���a;i$WÐapqrY 4 � � fo_`qraÌ]\fMa � s�l _`i­_ryo_�]\_�Utqrq`g?� Y[Z;"ÌkMq�Ut]ba;cD� Y[Z
i  ofoa;Zv_r�;UXq  �UXZv]b_r�pqra;i � ]\foa�a3�=]\apyoib_`Y[y�]bY�Utyo_rivYX]\ZvY* o_r�mfoUXZbc��;Y[Zva�Y[W �va;�p]bi � ibko��fËUti�apq8�
q`_# oivY[_rcoi	� Y[Z&a3�MU-"$ oqra � �;UXy$WÐaO_#"$ oq`a!"�a;yh]\apc­W«gH� YXqrqrY 4 _`y��x]\fMa�q`_ryoapi&Y-�o}+aE�²�.1 Ô ��� Ô � 2 �
lmfoa
_."� RY[Zv]\UXyh])� a�U^]\koZva Y-��]bfoa � � s�l � 4 fM_r��f UXqrq`Y 4 i#]bfoa
_rZvZba;cMko�;_`Wo_rq`_`]¦g8Y-�Ó]\foa
a��oUt�p]Ãco_�U0�[Z\U-"$"�Ut]\_`�J� Y[Z "ÌkoqrUt]\_`Y[y�]bY�WRa­WoZbY-6Xa;y�_ryh]\Y
�pY[yh�[Y[q`kM]\_`Y[y� oZbY=coko�3]\i � Zva��
q`_ra;i�koq`]b_#"�Ut]\apq`gË_`y�]\foa�koyocoapZbq`g=_`y�� ���  � ��� ���!� *'+ � Y[Z "ÌkoqrUt]\_`Y[y�Y0�Ó]bfoa � s�l­�Ðlmfo_ri
� a;Ut]\koZva�_rim�;apZv]\UX_ryoq�gG_."� RY[Z¯]�UXyh]+UXyMc�cMa;ibapZv�Xa;i � kM]bkoZba$UXyoUXq`g=ib_`i;�

lmfoa>�?UX�p]�]\f�U^]{UXyÇUXy�UXq�g«]\_r�;UXq+U- � MZbYhUX��f ]\Y �­z?Z � a��M_`iv]biG_ry Ô � � Y* Ra;yoi�yoY 4
"�UXyhg"_ryh]ba;Zbapiv]b_ry��  ÐapZbi; Ra;�3]\_��[a;ip� �¦y  �UXZ¯]\_`�;koqrUXZ � ]\fM_ri�U- � oZvY���_."GUt]b_rY[y"cMa;ibapZv�Xa;c
]bY WÐa{]ba;iv]ba;c _ry"WRYX]\f"] 4 Y¢UXyoc"]\foZva;a8co_."�apyoib_`Y[y�UXqÓ��UXiva;i � UXyoc U 4 U�g � ZbY*"È]\foa
ivY[qra�f�UXZvcÇi; Mfoa;Zva���UtibaX� �¦yocoapa;c � UtiG_ryMco_r�;Ut]\apc foapZba � ]\foa�WoZb_`c��[aË]\apZ;" ��UXy WÐa
�pY*"� MkM]\apcC� YXZOUXyhg ibY[Z¯]\i%Y-�Ð_ryh]ba;Z\Ut�p]\_`Y[yoi �  oZbY��=_rcoapc ]\foa  �UX_`ZÀ�;YXZbZbapq�Ut]b_rY[yK� koyo�p]b_rY[y

h(r)
_ri5�[_��[a;y��?� ]$_ri�yoYX]FZbapj«ko_rZva;c�]\Y�foU��XaGU8coap�;Y*"$ ÐYXib_`]b_rY[y�Y-��]\foaC� koq`qOs�U�g[apZ

� koyM�p]\_`Y[yÌ_`yF]\apZ;"�iÀY-� 4 a;_.�[fh]\i � iv_ryo�pa�]bfoY[ibax�;Y[ZvZba;i  ÐYXyoco_ry,�#]\Yd]bfoa�f�UXZvcÌ�;YXZba��pY[koqrc
iva;Zv�Xa�]bfo_riH okMZ; RY[iba�UXi$U�ZvaE� apZba;yM�;a
]\a;Z "��
lmfoa�YX]bfoa;Z5 �UXZ¯]\i�Y-��]\foa
_ryh]ba;Z\Ut�p]\_`Y[yoi
4 Y[koq`c a;yh]\apZ#]\foZvY[k��[f�]bfoa h(r)

�$lmfo_ri­U0"�Y[kMy«]bid]\Y{]bZba;Ut]#]\fMa f�UXZbc �pY[Zba� oUXZv]­Y0�
]bfoaGWoZv_rc��Xa 4 _`]bfo_ry¢]\foa � s�l U- , oZbY���_#"�Ut]\_`Y[yN� Y[ZF_�]��>Gm�;�pY[Zbco_`y��[q�g � ]bfoa � � s�l
� Y[Z "ÌkoqrUt]\_`Y[y"��UXy WÐa�koibapc � Y[Z�_ryh]\apZ\UX�3]\_`Y[yoi�UXZba�co_ 
�apZba;yh]{UXi���foUXZ;�[apc ivg=i¯]\a!"�i �
co_. ÐYXq�UXZ�
oko_rcoi � UXyoc�Zva�UXq`_ri¯]\_r�­_`yh]\a;ZbUX�p]b_rY[yMiÃivko��f UXi 4 Ut]\apZ � � Y[Z 4 fo_r��f U
Zba�� a;Zva;yo�pa
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f�UtZbc�i; ofMa;Zba � s�l _ri&co_`Zbap�p]\q�g#U0 � oqr_`��UXWMqra � iv_ryo�paO_`]&_`iVU+iv_ry��XqraÀf�UtZbco�pY[ZbaOib_�]\at�À��Y-"�a
Y-�M]\foapiba�Zva;iba;UXZb��f cM_rZbap�p]b_rY[yoi�UXZvax�;kMZbZbapyh]\q`g$WRa;_`y��d_`y«�Xa;i¯]\_#�[Ut]\apc-��l�Yd�pY[yo�;q`kocoa � ]\foa
� � s�l WoZb_`c��[a�� YXZ;"ÌkoqrUt]\_`Y[y$ oZbapiba;yh]ba;c�foa;Zva­iba;aE" U� MZbY*"�_riv_ry��Fyoa 4 co_rZva;�3]\_rYXyG_ry
a���]ba;yocM_ry���UXyoc8_#"$ oZvY��=_`y�� qr_`j=kM_rcËiv]\Ut]\a­]bfoa;Y[Z¯g[�

����� � �>� ��� ��� � ����
 � ��� �

lmfoa � � s�l _`i-Zba;UXco_`q`gJ� Y[Z;"ÌkMq�Ut]ba;c � Y[Z-]bfoa%��UtibaOY-�F"�_µ�=]\koZva;i � iv_ryo�paÀ]\foa%koyMcoa;Zvq`g=_ry��
�Me%l f�Uti�WRa;apy � Y[Z "Ìkoq�U^]\a;c�_ry�ibkM��f���UXiva*1 Ô �-2 �ÃwxY[yoiv_rcoapZdUC"�_µ�=]\koZva$Y0�%y�i  Ðap�;_rapi �
a;UX��f��;Y[yoiv_ri¯]\_ry,�ËY-�

Ni

 �UXZ¯]\_r�pqrapi � � Y[Z#UG]\YX]\UXq�Y-�
N

 �UXZ¯]\_`�;qrapi;� � Y[Z#a�Ut��f i  Ðap�;_rapi �
4 a
_ryh]\ZvY�cokM�;aÌ]\fMa�U0 � oZbY- oZb_rUt]\aÌivap]$Y-� 4 ap_#�[fh]5� koyo�3]\_`Y[yoi)� ZbY-"0]\fMaC�?Ut�p]\YXZb_ribUt]\_`Y[y
Y-��]\foaJ �UX_`Zxs�U�gXa;Z�� kMyo�p]b_rY[yoi

fM ;ij(1, 2) = exp(−βvij(1, 2))−1
� 4 fMa;Zba vij(1, 2)

_`id]\foaC �Ut_rZd_`yh]\a;ZbUX�p]b_rY[y apyoa;Z �Xg WRap] 4 a;apy  �UXZ¯]\_`�;qra 1
WÐapqrY[y��X_ry��G]bY8i; Ra;�;_`a;i

i
UXyoc

 �UtZv]\_`�;q`a
2
� Y[Zmi; Ra;�p_ra;i

j
'

fM ;ij(1, 2) =
∑

α1,α2

wiα1
(1) ⊗ wjα2

(2)
z G�� Ô �

4 foapZbaÓ]\foa 4 ap_#�[fh]bi�Y-�Ma�UX��fFi; Ra;�;_`a;i�UXZba�UXcoco_�]\_`Y[y�UXq`q`gÃq�UXWRa;q`a;c$Whg­]\foa�i; Ra;�;_`a;i�_ryocMa3�

i
Y[Z

j
��lmfoa 4 a;_.�[fh]\apc"coa;yoiv_`]b_ra;i � _ryM_`]\_rUXqrq�g�_`yh]\ZbY=coko�pa;c � Y[Z$]\foa�_ryofMY*"�Y-�[a;yoapY[koi

�;UXiba$UXiÃUXWRY��[a � UtZba�ibk�"$"�a;c8Y��[a;Z�UXq`q�i; Ra;�p_rapi��pY[yh]\Zb_`WokM]b_rY[yoiL� YXZma�UX��f 4 ap_#�[fh] '

ηα(1) =
∑

i

ˆ

dx wiα(1x)ρ(1)
z G�� �[�

� ZbY*" ]\foapZba � Y[yMaÓWMko_rq`coi-]\foaOfoY-"�Y*�Xa;yoapY[koi&yA���­w � � YXqrqrY 4 _`y�� �%jÐz �[� UXyMcFkoiv_ry��

� Ô
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U-�[UX_ry ]bfoa���f�UX_ry Zvkoqrat� lmfoa¢WoZb_`c��[aD� koyo�3]\_`Y[yoi � Y[Z "�_��=]\kMZba;iË�pY*"�a _ry i; Ra;�p_ra;i
 �Ut_rZ � qr_.6Xa#]\fMa  oUX_rZ��pY[ZbZva;qrUt]\_`Y[yoimUXyMc8]bfoa�_ryh]\apZ\UX�3]\_`Y[yoi � WokM]+_rima��A oZbapibibapc�Y��[apZdUXq`q
 RY[ibiv_rWoq`a­i; Ra;�p_ra;i+�pY*"ÌWo_`y�Ut]\_`Y[yoi � "Ìko��f�qr_.6Xa)� Y[Z�]bfoa���UXiva�Y-� @5BD� Y[Z/"�_��=]\koZva;i

Bij(1, 2) =
∞
∑

n=2

ρnBij;n(1, 2)
z G��:9 �

4 _�]\f

Bij;n(1, 2) =
1

n!

∑

k3..kn+2

x3...xn+2

ˆ

...

ˆ

d3..d(n + 2) hik3
(1, 3)...hikn+2

(1, n + 2)

×c
(n+1)
jk3...kn+2

(2, 3, ..., n + 2)
z GF� �«�

4 foapZba xi = Ni/N
_`im]\foa "�YXqra)� Z\Ut�p]\_`Y[y�Y-�Ài  Ðap�;_rapid_ � UXyoc�]bfoa$a3�A oZbapibiv_rY[y UtWÐY��[a

_`i��tUXqr_`c�� ZbY*"
n ≥ 2

� �¦yoiva;Z¯]\_ry,��]bfoa � s�l a3�A oZva;ibiv_rY[y�Y-�R]\foa �#w � _`yh]\Y#]\fMa�UtWÐY��[a
apj=koUt]\_`Y[y(�[_��[api�co_`Zbap�p]\q�g�UXy�a��A oZbapibib_`Y[y�iv_#"�_rq�UtZx]\Y �OjQ�rz �[��� a��A oZbapibibapc�_ry � YXkoZb_`a;Z
i  �UX�;a$UXi

B̃ij;n(1, 2) = −
1

n!

∑

α1...αn+1

φα1...αn+1

∑

k3..kn+2

x3...xn+2w̃jα1
(1)K̃ik3...kn+2

α2...αn+1
(1, 2)

z G�� �[�
4 foapZba­]\fMa Kik1...kL

α11...αL
(1, 2)

UXZvad]\fMaH�[a;yoapZ\UXq`_ .;Ut]\_`Y[yG]\Y�"�koq`]b_r�;Y-"� RY[yoapy«]�ivg=i¯]\a!")Y0�
]bfoY[iba�coa�+�yoapc�_ry �%jQ��z	� �

Kik1...kL

α1...αL
(1, 2) = Πl=1..LTiklαl

(1, 2)
z G�� �h�
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UXyMc8]bfoa�yoa 4 l � koyo�3]\_`Y[yoi$z?iva;a �%jR�rz � �b� UXZba­cMaE+�yoapc�UXi '

T̃ijα(1, 2) = h̃ij(1, 2)w̃jα(1)
z G�� �[�

�%j«i;�rz GF� 9-GF� �=� GF� �M� G�� �[� Zva! oZva;ibapyh]Ã]bfoaH�[apyoa;ZbUXqr_/.�Ut]b_rY[y�]\Y�"�_��=]\koZva;i�Y0�&]\foa � � s�l
WoZv_rc��Xa)� koyo�p]b_rY[y��

����� � �>� ��� � � � 
�� �E� 
 
 � 
��	� ���/
���� � � � �

�¦yofMY*"�Y-�[a;yoap_`]¦g�_ri%Woko_`q`]O_`y«]bY#]\foa � Y[Z "Ìkoq�U^]\_rYXy�Y-�Ð]\foa � s�l51 � � Ô � 2 ��lmfoa� MZb_ryM�;_# oUXq
co_ 
�apZbapyo�;a 4 _`]bf¼]bfoa8]\Zba;Ut] "�a;yh]$�[_��[a;y _ry¼]\fMa�� YXZ;"ÌkoqrUt]\_`Y[y _`y ��ap�p]b_rY[y � _`iÌ]\foa
a��, MZba;ivib_`Y[y�Y-�À]bfoa�yF� �­w � � Y[ZdUty�_ryMfoY*"�Y*�[a;yMa;Y[koiÃivg=i¯]\a!"��Ãlmfoa�_`yofoY*"�Y*�[apyoa;_�]¦g
�pY*"�api8ibY[q`a;q`gM� ZbY*" ]\foa�Y[yMa��¦WRY=cMg � koyo�3]\_`Y[y

ρ(1)
� UtyocC�pY[yoiva;j«koa;yh]bq`g � ZbY*" ]\foa

4 a;_.�[fh]\a;cÇcoa;yoiv_`]b_ra;i � UXiC� Y[Z;"ÌkMq�Ut]ba;c _ry �=a;�p]b_rY[y � � lmfoa�_`yofoY*"�Y*�[apyoa;YXkoi �#w �
WRa;�pY*"�api

c(n)(1, 2, ..n) = −
∂n

Πk∂ρ(k)
βFex[ρ]

z �d� Ô �

= −ΠP (α1...αn)

ˆ

dxφα1...αn
(x)wα1

(1, x) ⊗ ... ⊗ wαn
(n, x)

4 foapZba$]\foaF_ryh]\aE�[Z\UXq&_`i�Y��Xa;Z�]bfoa$i; �Ut]b_�UXq&�tUXZv_�UXWoq`a � 4 fM_r��f��pY[koqrc�UXqrivY�foU��XaÌUXy�UXyA�
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� _.�o� � lmfoa �­w � i/� Y[Zx]\fMa­f�UXZbc8ZvY�c 
�kM_rcË_ry Ô � � � Y[Zx]bfoa­i\U0"�a­coapyoib_�]\_`a;imUXi
_ry � _.�o� Ô � 4 _`]\f�]\foa#ibU-"�a#qr_`yoa��pY[yh�[apy«]b_rY[yMi;�Olmfoa­_ryMibap]�ibfoY 4 imcoa3]�UX_`qri
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Answer to the Referee's comments.

I fully agree with the Reviewer that since the FMT is exact in 1D, it should give back the exact 
bridge diagram. It took me some time to investigate this point numerically in detail, and it turned 
out to be not such a trivial task at the end because of the divergence associated in the series 
expansion at high densities. 
The present version -hopefully free of previous misprints- contains a compact expression of the 
bridge function (Eqs(28-30) which is the first exact expression for this function, if I am not 
mistaken. 

The manuscript is now totally revised in what concerns the part of the application to 1D hard rod 
fluid. The abstract had to be rewritten as well.

I am more satisfied with the current version, and the work done for this system has also allowed to 
better interpret numerical problems I was having in 3D with the same approach.

So I can only than this Reviewer for his very insightful comment.
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