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A second gradient material resulting from the homogenization
of an heterogeneous linear elastic medium

C. Pideri and P. Seppecher

Laboratoire d’Analyse Non Lińeaire Appliqúee, Universit́e de Toulon et du Var, BP 132 - 83957 La Garde Cedex, France

Homogenization may change fundamentally the constitutive laws of materials. We show how a
heterogeneous Cauchy continuum may lead to a non Cauchy continuum. We study the effective
properties of a linear elastic medium reinforced periodically with thin parallel fibers made up
of a much stronger linear elastic medium and we prove that, when the Lamé coefficients in the
fibers and the radius of the fibers have appropriate order of magnitude, the effective material
is a second gradient material, i.e. a material whose energy depends on the second gradient of
the displacement.

1 Introduction

Continuum mechanics is usually understood as a homogenized description of materials which are heteroge-
neous at the microscopic level. Then, it is natural to expect from any general theory of continuum mechanics
to be stable by homogenization procedures. We prove in this paper that the class of Cauchy continua does not
enjoy this stability property. Indeed, we show that the effective properties of some periodic elastic material
have to be described by a second gradient theory.

We consider a composite material made up of an elastic matrix reinforced with elastic fibers. Both materials
are isotropic linear elastic materials, the Lamé coefficients in the fibers being larger than in the matrix. The
structure is periodic: we assume that the fibers are parallel cylinders with the circular section arranged along
a square lattice (see Fig. 1).

Homogenization procedure consists in studying the limit behaviour of the material when the period of the
structure tends to zero. What is the behaviour of the other physical quantities as the period tends to zero?
The effective properties of the material strongly depend on them: when the elasticity coefficients in the fibers
are of the same order of magnitude as in the matrix and when the radius of the fibers is of the same order of
magnitude as the period, the problem is a classic one in homogenization theory: the effective material is still
a linear elastic material whose coefficients can be expressed in terms of the geometry and of the elasticity
coefficients of the matrix and the fibers [18]. We study a different case: we want to describe a composite
medium reinforced by very thin and very rigid fibers. Then, it is natural to assume that the radius of the fibers
tends to zero faster than the period and that the elasticity coefficients in the fibers tend to infinity.

Let us now fix some notations: by convention, we choose the characteristic length of the domain as the
unit length. The period of the lattice is denoted byε. We study the limitε→ 0 and every quantity which is
not assumed to be constant asε tends to zero, is indiced byε. For instance, the radius of the fibers is denoted
by rε, the Laḿe coefficients in the fibers are denoted byλε andµε while the Laḿe coefficients in the matrix
are denoted byλ0 andµ0. Then our assumptions read

rε
ε
→ 0 , λε →∞ , µε →∞ .
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This situation has already been studied by D. Caillerie [7] who, settingλε = (rε/ε)−θ, µε = (rε/ε)−θ,
considered in two cases the limit (ε, rε/ε) → (0, 0): (rε/ε→ 0 thenε→ 0) and (ε→ 0 thenrε/ε→ 0). He
found that both cases lead to an elastic material but that the homogenized elasticity coefficients depend on

the limit procedure: the two limitsε→ 0 and (rε/ε) → 0 do not commute. Here we let
rε
ε

, µε−1 andλ−1
ε

tend to zero together and assume that:

lim
ε−→0

rε
ε

= 0, lim
ε−→0

ε2 log(rε) = 0, lim
ε−→0

µεr 4
ε

ε2
= µ1 > 0, lim

ε−→0

λε
µε

= `.

This particular scaling leads to a very different limit behaviour. We prove that the energy of the effective
material depends not only on the strain tensor (as a classical elastic material) but also on the second gradient
of the displacement. This result has been announced in [17].

Materials whose energy depends on the second gradient of the displacement cannot be considered as
Cauchy continua otherwise one would be led to a thermodynamic paradox [12]. This paradox can be removed
by extending the thermodynamical framework [12] but the fundamental point is that the Cauchy stress tensor is
not sufficient to describe internal forces [20]. External forces concentrate along any edge of the boundary and
the Cauchy theorem defining the Cauchy stress tensor cannot be applied [10, 11]. Moreover, a supplementary
boundary condition is needed to write well-posed problems, which is unusual and not intuitive [19]. The
simplest way to describe these media is to use the second gradient theory [13, 14] or to consider them
as Cosserat media [8]. Our result gives a new example of such a material together with a “microscopic”
interpretation of its special features.

We emphasize that, going to the limit, the differential order of the energy changes (as does the system
of partial differential equations associated with equilibrium). Such a change is not usual in homogenization
theory. It arises in rod or plate theories [1] but seems then to be connected with a change of dimension.
Our result shows that this is not necessary. Notice also that such a change in the differential order of the
energy can not arise when considering scalar problems (like thermal conductivity problems). Indeed, consider
a sequence of energies which are quadratic functions of the gradient of a scalar quantityu; these energies
decrease when truncatingu and this property is preserved when going to the limit. Then, a representation
theorem for Dirichlet forms [6, 5] assures that the limit energy can be represented as the sum of a term
depending onu and ∇u and a non-local term of the form:

∫ ∫
Ω×Ω K (x, y)(u(x) − u(y))2dxdy. In other

words, we can expect non-local effects but no increase of the differential order. Our result shows that this
argument cannot be extended to elasticity problems.

Non-local effects actually arise for some scalar singular perturbation problems [5, 4] and we should
probably have obtained non-local effects if assuming thatε2| log(rε)| converges to a finite positive value
instead of zero. We do not have non-local effects under our assumptions: the second gradient part of the limit
energy cannot be interpreted, as it is often done, as the limit of non-local interactions whose range is very
short.

Our study is variational. We identify theΓ -limit E0 of the energyEε of our composite material. The
notion ofΓ -convergence corresponds to the intuitive notion of convergence of models: the result is obtained
without considering external forces, it remains valid in presence of body forces (for definition and properties
of Γ -convergence, refer to [9]).

The limit energy is made explicit in Sect. 2 where we state precisely our result. Section 3 is devoted to
the more difficult part of the proof: considering a sequence of displacement fields (uε) converging to someu,
we have to express the lower bound for the energyEε(uε) in terms ofu. This needs an accurate description
of the asymptotic behaviour ofuε. Especiallyuε has to be described at the scalerε inside the fibers: we need
a multiscale notion of convergence. However, we do not expect any periodicity with periodrε; the classical
notions of multiscale convergence (as defined in [16] or [2]) are not convenient. In Subsect. 3.1, we develop
an adapted notion of double-scale convergence which describes the asymptotic behaviour ofuε in the fibers,
that is in a set of scalerε but with periodicityε. Section 4 is devoted to the end the proof: for any admissible
displacement fieldu we have to construct an approximating sequenceuε whose limit energy is not larger
thanE0(u). Such an approximation is obtained by choosinguε = u in the main part of the matrix, a rod-like
displacement field in the fibers and a suitable interpolation in transition layers around each fiber.
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2 The main result

2.1 Notations and Geometry

In IR3 we refer to a pointx by its Cartesian coordinates (x1, x2, x3). In the same way the coordinates of any
vectoru are denoted by (u1, u2, u3). The symmetric part of the gradient ofu (the strain tensor) is denoted by
e(u) := (∇u + ∇ut )/2. This tensor belongs to the set of 3-3 symmetric matrices which we denote byM.
The trace of a matrixA is denoted by Tr(A).

We use the summation convention, but, as we consider two and three dimensional spaces, we adopt the
following convention: a repeated Latin index is summed from 1 to 3 while a Greek index is summed from 1
to 2.

For every Borel setD andu ∈ L1(D), we denote by|D | the Lebesgue measure ofD and by−∫D udx the mean
value ofu on D : −∫D udx := |D |−1

∫
D udx.

Fig. 1. The composite material,Ω

Fig. 2. A period Pp
ε of the composite material

In order to describe the periodic structure of our composite material, we introduce two positive real
parametersε and rε (rε ≤ ε). Then we define the projectionpε:

pε : IR2 −→ IR2

(x1, x2) 7−→
(
ε(E(

x1

ε
) +

1
2

), ε(E(
x2

ε
) +

1
2

)

)
,

where E(t) denotes the integer part of a realt and we define the periodic functionyε by

yε : IR3 −→ IR2

(x1, x2, x3) 7−→ r−1
ε [(x1, x2)− pε(x1, x2)] .
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Next, we define the setsFε andMε, referred to as “the fibers” and “the matrix” respectively, by:

Fε := {x ∈ IR3 : |yε(x)| < 1} , Mε := IR3 \ Fε (1)

We assume that the composite material lies in the cubeΩ = (0, 1)3 and we denote byB its ”lower”
face: B = (0, 1)2 × {0}. On Ω the projectionpε ranges onto a finite set of points which we denote by{

xp; p ∈ Pε := {1 . . .
1
ε2
}
}

. The domainΩ is the union of theε−2 parallelepipedsPp
ε := {x ∈ Ω : pε(x) =

xp} which correspond to the periods ofyε.

The fiber contained in the periodPp
ε (a circular cylinder of radiusrε, see Fig. 2) is denoted byF p

ε := Fε∩Pp
ε .

The total volume of the fibers contained inΩ is |Fε ∩Ω| =
∑

p∈∩Pε
|F p

ε | = πr 2
εε
−2.

2.2 Elastic energy

We assume thatFε andMε consist of two different isotropic elastic materials: we define for every Borel set
D the matrix energy by

Em(D , u) :=
∫

D
[
λ0

2
(Tr(e(u)))2 + µ0e(u)2] dx , (2)

where (λ0, µ0) denote the (positive) elasticity Lamé coefficients in the matrix. In the same way, we define
the fiber energy by

Ef
ε (D , u) :=

∫
D

[
λε
2

(Tr(e(u)))2 + µεe(u)2] dx , (3)

where (λε, µε) denote the (positive) elasticity Lamé coefficients in the fibers.

We assume perfect adhesion between the matrix and the fibers. Moreover, we assume that both materials
are fixed to the plane{x3 = 0}. Then, for any displacementu ∈ L2(Ω, IR3), we define the total energy
Eε(u) := Eε(Ω, u) of our composite material by

Eε(Ω, u) :=

Em(Mε ∩Ω, u) + Ef
ε (Fε ∩Ω, u), if u ∈ H1(Ω, IR3)

andu = 0 on B ,
+∞ otherwise .

(4)

2.3 Order of magnitude of the different parameters

In order to study theΓ -limit of Eε asε tends to zero, we must specify our assumptions upon the behaviour
of rε, λε andµε asε tends to zero: we assume thatrε obeys the limit relations

lim
ε−→0

rε
ε

= 0 , (5)

lim
ε−→0

ε2 log(rε) = 0 (6)

and thatµε andλε fulfill the limit conditions

lim
ε−→0

µεr 4
ε

ε2
= µ1 ∈]0,+∞[ , (7)

lim
ε−→0

λε
µε

= ` ∈ [0,+∞[ . (8)

Assumption (5) states that the fibers are much thinner than the period of the medium; it is one of our basic
assumptions. However, they cannot be too thin, otherwise the connection between the displacement fields in
the matrix and in the fibers disappears whenε tends to zero. This fact can be explained as follows: if the
radius of the fibers is infinitely smaller thanε, the fibers behave like one-dimensional media and it is well
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known that a one-dimensional medium has no connection with a three-dimensional elastic medium. We will
see later that restriction (6) assures that the global displacement of each fiber coincides with the displacement
of the matrix whenε tends to zero. Note that assumption (6) is not very restrictive: any power lawrε = εγ ,
γ > 1 is admissible.

The energy of a bent rod is related to its curvature, that is to the second gradient of its displacement. As
our goal is to obtain second gradient effects, we expect each fiber to behave like a rod. The bending stiffness

of a unique fiber is
π

4
r 4
εµε

3λε + 2µε
λε + µε

(refer to any textbook for mechanics of structures or to the pioneering

work of St. Venant [3]). Assumptions (7) and (8) state that this stiffness is of the order ofε2, the inverse of
the number (ε−2) of fibers.

2.4 The main result

Our result states thatEε Γ -converges in L2(Ω, IR3) to E0 defined by:

E0(u) =



Em(Ω, u) +
∫
Ω

k
2

[
(
∂2u1

∂x2
3

)2 + (
∂2u2

∂x2
3

)2

]
dx ,

if u ∈ H1(Ω, IR3), ∂
2u
∂x2

3
∈ L2(Ω, IR3),

u3 = 0 a.e. inΩ, u = ∂u
∂x3

= 0 a.e. onB ,

+∞ otherwise.

(9)

where

k =
π

4
3` + 2
` + 1

µ1 , (10)

More precisely we have the following:

Theorem 1. i) Let uε be a sequence such that Eε(uε) is bounded. Then uε is strongly relatively compact in
L2(Ω, IR3).
ii) Moreover, for any sequence uε converging to u inL2(Ω, IR3), the following lower bound inequality holds:

lim inf
ε−→0

Eε(uε) ≥ E0(u). (11)

iii) Conversely, for every u inL2(Ω, IR3), there exists an approximating sequence uε in L2(Ω, IR3) such that

uε −→ u in L2(Ω, IR3), lim sup
ε−→0

Eε(uε) ≤ E0(u). (12)

Proof of assertion (i):It is clear from assumptions (5), (7) and (8) thatλε and µε tend to infinity. Then
there exists a positive realc such thatEε(u) ≥ c

∫
Ω

e(u)2 dx for every u in H1(Ω, IR3). Due to Korn’s
inequality, there exists a positive realC such thatEε(u) ≥ C ||u||H1(Ω,IR3). The sequenceuε is then bounded
in H1(Ω, IR3): it is strongly relatively compact in L2(Ω, IR3). ut

The proofs of (ii) and (iii) are less straightforward. They are given in the following two sections.

3 Proof of the lower bound inequality

3.1 Preliminaries, double-scale convergence

Let us denote byD1 the unit disk of IR2 and byD the set of functionsD := C∞c (Ω ×D1, IR). We associate
to the sequence of sets (Fε ∩Ω) the following “double scale” convergence:

Definition: We say that a sequence uε in L2(Ω, IR) double scale converges tov ∈ L2(Ω×D1, IR) and we write
uε⇀⇀v if and only if
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∀ϕ ∈ D , −
∫

Fε∩Ω
uε(x)ϕ(x, yε(x)) dx → −

∫
Ω

−
∫

D1

v(x, y)ϕ(x, y) dydx . (13)

This definition is extended to vector field or tensor field sequences: we say that such sequences d.s.-converge
if and only if every component is d.s.-convergent.

Remark 1. For every functionΦ ∈ D ,

uε⇀⇀v =⇒ Φ(., yε(.)) uε(.)⇀⇀Φv . (14)

Indeed, for everyψ ∈ D , the productψ Φ belongs toD and the result is obtained by applying the definition
of the d.s.-convergence ofuε with ϕ = ψΦ.

Lemma 1. For every functionΦ ∈ D we have

Φ(., yε(.))⇀⇀Φ . (15)

Proof: For ϕ ∈ D , let us compute the limit of−∫Fε∩Ω ϕ(x, yε(x))dx. Using the Fubini theorem and changing
variables in each fiber we get

−
∫

Fε∩Ω
ϕ(x, yε(x))dx = ε2

∑
p∈Pε

−
∫

F p
ε

ϕ(x, yε(x)) dx

= |Fε ∩Ω|−1 r 2
ε

∑
p∈Pε

∫ 1

0

∫
D1

ϕ((xp
1 + rεy1, x

p
2 + rεy2, x3), (y1, y2)) dy dx3.

As the functionϕ is uniformly continuous onΩ × D1, we have the following uniform estimations:

|ϕ((xp
1 + rεy1, x

p
2 + rεy2, x3), (y1, y2))− ϕ((xp

1 , x
p
2 , x3), (y1, y2))| = O(rε)

and ∣∣∣∣∣∣
∑

p∈Pε

ϕ((xp
1 , x

p
2 , x3), y)1Pp

ε
(x)− ϕ(x, y)

∣∣∣∣∣∣ = O(ε) ,

which implies ∣∣∣∣∣∣
∫ 1

0
ε2
∑

p∈Pε

ϕ((xp
1 , x

p
2 , x3), y) dx3 −

∫
Ω

ϕ(x, y) dx

∣∣∣∣∣∣ = O(ε).

Hence

lim
ε→0

−
∫

Fε∩Ω
ϕ(x, yε(x)) dx = lim

ε→0
|Fε ∩Ω|−1 r 2

ε ε
−2
∫
Ω

∫
D1

ϕ(x, y) dy dx

= −
∫
Ω

−
∫

D1

ϕ(x, y) dy dx .

In other words, the constant function 1 d.s.-converges to itself. The lemma is proved by recalling Remark 1.
ut

Lemma 2. Let uε be a sequence inL2(Ω, IR) such that−∫Fε∩Ω u2
ε(x) dx is bounded, then there exists a subse-

quence of uε (still denoted by uε) and a functionv ∈ L2(Ω × D1, IR) such that

uε⇀⇀v



On a second gradient theory 247

Proof: Assume−∫Fε∩Ω u2
ε(x) dx ≤ M and consider the sequence of measuresνε on Ω × D1 defined by

νε := |Fε ∩Ω|−1 uε(x) δyε(x)(dy) dx. (16)

Since the sequenceνε(Ω×D1) is bounded, there exists a measureν such thatνε ⇀ ν for some subsequence.
Moreover, for everyϕ ∈ D , we have∫

Ω×D1

ϕ(x, y)dνε = |Fε ∩Ω|−1
∫

Fε∩Ω
ϕ(x, yε(x))uε(x)dx

≤
(
−
∫

Fε∩Ω
(uε(x))2 dx

)1/2(
−
∫

Fε∩Ω
(ϕ(x, yε(x)))2 dx

)1/2

≤ M 1/2

(
−
∫

Fε∩Ω
ϕ(x, yε(x))2 dx

)1/2

.

As ϕ2 ∈ D , using Lemma 1, we have

lim sup
ε→0

∫
Ω×D1

ϕ(x, y)dνε ≤ M 1/2

(
−
∫
Ω

−
∫

D1

(ϕ(x, y))2dydx

)1/2

∫
Ω×D1

ϕ(x, y)dν ≤ M 1/2π−1/2||ϕ||L2(Ω×D1) .

The measureν, as a linear functional, is bounded on the unit ball of L2(Ω × D1, IR): there exists a function
v ∈ L2(Ω × D1, IR) such thatν = v dx dy. The convergence of the sequence of measuresνε to the measure
v dx dy is clearly equivalent to the d.s.-convergence ofuε to v. ut

Let us notice that Lemma 2 can obviously be extended to vector or matrix fields.

Lemma 3. Let uε be a bounded sequence inH1(Ω, IR3). Then, there exists a constant C such that, forε small
enough,

−
∫

Fε∩Ω
(uε(x))2dx ≤ C

(||uε||L2(Ω,IR3) − ε2 log(rε)
)
. (17)

Proof: Assume that||uε||2H1(Ω,IR3) ≤ M . Then∑
p∈Pε

∫
Pp
ε

(∇uε)2 dx ≤ M .

In each periodPp
ε , we use the cylindrical coordinates, definingup

ε by

up
ε (r , θ, x3) := uε(xp

1 + r cosθ, xp
2 + r sinθ, x3) . (18)

Then, we have, for everyρ1 ≤ ρ2 ≤ ε/2,

∑
p∈Pε

∫ 1

0

∫ 2π

0

∫ ρ2

ρ1

(
∂up

ε

∂r

)2

rdrdθdx3 ≤ M .

A simple one-dimensional minimization shows that∫ ρ2

ρ1

(
∂up

ε

∂r
)2rdr ≥ [up

ε (ρ2)− up
ε (ρ1)]2

log(ρ2)− log(ρ1)
.

Hence ∑
p∈Pε

∫ 1

0

∫ 2π

0
[up
ε (ρ2, θ, x3)− up

ε (ρ1, θ, x3)]2dθdx3 ≤ M log(
ρ2

ρ1
).

Let us denote byf the quantity
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f (ρ) =
∑

p∈Pε

∫ 1

0

∫ 2π

0
(up
ε (ρ, θ, x3))2 dθ dx3 . (19)

The last inequality implies that, for everyρ1 ≤ ρ2 ≤ ε/2,

f (ρ1) ≤ 2f (ρ2) + 2M log(
ρ2

ρ1
) .

As the ratiorε/ε tends to zero, we may assume, without loss of generality, thatrε ≤ ε/4. Then, for every
ρ2 ∈ [ε/4, ε/2], we can bound the mean value ofu2

ε on Fε ∩Ω by

−
∫

Fε∩Ω
u2
εdx = |Fε ∩Ω|−1

∫ rε

0
f (r ) r dr

≤ |Fε ∩Ω|−1
∫ rε

0

(
2r f (ρ2) + 2Mr log(

ρ2

r
)
)

dr

≤ ε2

πr 2
ε

(
f (ρ2) r 2

ε + Mr 2
ε (log(

ρ2

rε
) +

1
2

)

)
≤ 1

π

(
4ε ρ2 f (ρ2) + M ε2 (log(

ε

rε
) +

1
2

)

)
and, taking the mean value of this last term forρ2 ∈ [ε/4, ε/2], we get

−
∫

Fε∩Ω
u2
εdx ≤ 1

π

(
16
∫ ε

2

ε
4

f (r ) r dr + M ε2(log(ε)− log(rε) +
1
2

)

)

≤ 1
π

(
16||uε||2L2(Ω,IR3) + M ε2(log(ε)− log(rε) +

1
2

)

)
.

For ε sufficiently small,| log(ε) + 1/2| ≤ | log(rε)|. The lemma is proved by takingC = sup{16/π, 2M /π}.
ut
Lemma 4. Let uε be a bounded sequence inH1(Ω, IR3). Then

i) −
∫

Fε∩Ω
u2
εdx is bounded.

ii) If uε → u in L2(Ω, IR3), then−
∫

Fε∩Ω
(uε(x)− u(x))2dx → 0.

iii) If u ε → u in L2(Ω, IR3) and uε⇀⇀v, then

u(x) = −
∫

D1

v(x, y) dy , a.e. inΩ. (20)

Proof: Assertion (i) is a trivial consequence of Lemma 3 and assumption (6). Here it becomes clear how
assumption (6) connects the displacement in the fibers to the displacement in the matrix. Note that, at this
point, the boundedness ofε2 log(rε) should be sufficient.

Assertion (ii) needs the convergenceε2 log(rε) → 0. Then one simply must apply Lemma 3 to the sequence
(uε − u).

To prove assertion (iii), let us consider for anyν > 0, a field Φν ∈ C∞c (Ω, IR3) such that||Φν −
u||L2(Ω,IR3) < ν. For anyϕ ∈ C∞c (Ω, IR3) we have

| lim
ε→0

−
∫

Fε∩Ω
(uε(x)− Φν(x))ϕ(x)dx|

≤ lim
ε→0

(
−
∫

Fε∩Ω
|uε(x)− Φν(x)|2 dx

)1/2
lim
ε→0

(
−
∫

Fε∩Ω
ϕ(x)2 dx

)1/2
.
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Applying Lemma 3 to the sequence|uε − Φν | shows that this last term is bounded by the norm||uε(x) −
Φν(x)||L2(Ω,IR3) and therefore is of orderO(ν). Now, passing to the double scale limit, using the definition of
v and Lemma 1, we get

| −
∫
Ω

(−
∫

D1

v(x, y) dy− Φν(x))ϕ(x) dx| ≤ O(ν) .

Assertion (iii) is proved by recalling that this inequality is valid for everyν. ut

3.2 Limits of a sequence with bounded energy

Lemma 5. Let uε be a sequence ofL2(Ω, IR3) with bounded energy. Then, up to a subsequence (still denoted
by uε), there existv ∈ L2(Ω × D1, IR

3), w ∈ L2(Ω × D1, IR) andχ ∈ L2(Ω × D1,M) such that

uε⇀⇀v ,
uε3

rε
⇀⇀w ,

e(uε)
rε

⇀⇀χ . (21)

Proof: AssumeEε(uε) < M , then the sequenceuε is bounded in H1(Ω, IR3), Lemma 4 states that the sequence

−
∫

Fε∩Ω
u2
εdx is bounded and Lemma 2 implies the existence ofv ∈ L2(Ω×D1, IR

3) such thatuε⇀⇀v. On the

other hand, asµε
∫

Fε∩Ω e(uε)2dx < M , we have

µεr 4
ε

ε2
π −
∫

Fε∩Ω
(

1
rε

∂uε 3

∂x3
)2dx < M .

As any sequence with bounded energy satisfiesuε 3(x1, x2, 0) = 0 a.e. onB , a simple one-dimensional
minimization shows that∫ 1

0
(
∂uε 3

∂x3
)2dx3 ≥ π2

4

∫ 1

0
(uε 3)2dx3, for a.e. (x1, x2).

Hence,
µεr 4

ε

ε2
−
∫

Fε∩Ω
(
uε 3

rε
)2dx ≤ 4

π3
M .

As µεr 4
ε/ε

2 → µ1, the sequence−
∫

Fε∩Ω
(
uε 3

rε
)2dx is bounded: the sequenceuε 3/rε satisfies the assumptions

of Lemma 2; the existence ofw is assured.

In the same way, from inequalityµε
∫

Fε∩Ω e(uε)2dx < M , we deduce

µεr 4
ε

ε2
π −
∫

Fε∩Ω
(
e(uε)

rε
)2dx < M .

The sequencee(uε)/rε verifies the assumptions of Lemma 2: the existence ofχ is assured. ut

Lemma 6. Consider a sequence uε with bounded energy and converging to some u inL2(Ω, IR3), then

u ∈ H1(Ω, IR3) ,
∂2u1

∂x2
3

∈ L2(Ω, IR3) ,
∂2u2

∂x2
3

∈ L2(Ω, IR3) , u3(x) = 0 a.e. in Ω .

Moreover, there exists a subsequence (still denoted by uε) and q∈ L2(Ω, IR) such that(e(uε)
rε

)
33
⇀⇀ q(x)− ∂2u1

∂x2
3

(x) y1 − ∂2u2

∂x2
3

(x) y2 . (22)
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Proof: First, let us notice that the sequenceuε is bounded in H1(Ω, IR3). Then the limitu belongs to H1(Ω, IR3).
Lemma 5 assures the existence ofv ∈ L2(Ω × D1, IR

3), w ∈ L2(Ω × D1, IR) andχ ∈ L2(Ω × D1,M) such
that, up to a subsequence,

uε⇀⇀v ,
uε3

rε
⇀⇀w and

e(uε)
rε

⇀⇀χ .

The convergenceuε3/rε⇀⇀w immediately yieldsuε3⇀⇀ 0, i.e.v3 = 0. Using the relationu(x) = −∫D1
v(x, y) dy

stated in Lemma 4, we get the identityu3 = 0 a.e. inΩ.

Consider now a tensor fieldϕ ∈ C∞c (Ω × D1,M). We have, using the definition ofχ and the divergence
theorem,

−
∫
Ω

−
∫

D1

χij (x, y)ϕij (x, y) dy dx = lim
ε→0

−
∫

Fε∩Ω

1
rε

eij (uε)(x)ϕij (x, yε(x)) dx ,

= lim
ε→0

−
∫

Fε∩Ω

1
rε

∂uε i

∂xj
(x)ϕij (x, yε(x)) dx ,

= − lim
ε→0

−
∫

Fε∩Ω

1
rε

uε i (x)

[
∂ϕij

∂xj
(x, yε(x)) +

1
rε

∂ϕiα

∂yα
(x, yε(x))

]
dx ,

= − lim
ε→0

{
1
r 2
ε

−
∫

Fε∩Ω
uε β(x)

∂ϕβα
∂yα

(x, yε(x)) dx

+
1
rε
−
∫

Fε∩Ω

(
uε β(x)

∂ϕβj

∂xj
(x, yε(x)) +

uε 3(x)
rε

∂ϕ3α

∂yα
(x, yε(x))

)
dx

+−
∫

Fε∩Ω

uε 3(x)
rε

∂ϕ3j

∂xj
(x, yε(x)) dx

}
. (23)

Multiplying equation (23) byr 2
ε and passing to the limitε→ 0 gives

lim
ε→0

−
∫

Fε∩Ω
uε β(x)

∂ϕβα
∂yα

(x, yε(x)) dx = 0 ,

−
∫
Ω

−
∫

D1

vβ(x, y)
∂ϕβα
∂yα

(x, y) dy dx = 0 ,〈
∂vβ
∂yα

ϕβα

〉
= 0 , (24)

where<> denotes the distribution bracket onΩ×D1. This last equation, valid for any fieldϕ of a symmetric
plane matrix and whose support is included inΩ × D1, is equivalent to the antisymmetry (in the sense of
distributions)

∂v1

∂y2
= −∂v2

∂y1
,

∂v1

∂y1
=
∂v2

∂y2
= 0 .

Then (refer for instance to [15]) there exist three functionsc1, c2 and t in L2(Ω, IR) such that

v1(x, y) = c1(x)− t(x) y2 , v2(x, y) = c2(x) + t(x) y1 .

Lemma 4 impliesc1 = u1 andc2 = u2. Hence

v1(x, y) = u1(x)− t(x) y2 , v2(x, y) = u2(x) + t(x) y1 . (25)

Now, consider the fieldsϕ such thatϕβα = 0, ∀α, β ∈ {1, 2}. Multiplying equation (23) byrε and passing
to the limit gives



On a second gradient theory 251

lim
ε→0

−
∫

Fε∩Ω

[
uε β(x)

∂ϕβ3

∂x3
(x, yε(x)) +

uε 3(x)
rε

∂ϕ3α

∂yα
(x, yε(x))

]
dx = 0 ,

−
∫
Ω

−
∫

D1

[
vβ(x, y)

∂ϕβ3

∂x3
(x, y) +w(x, y)

∂ϕ3α

∂yα
(x, y)

]
dy dx = 0 ,〈

∂vβ
∂x3

ϕβ3

〉
+

〈
∂w

∂yα
ϕ3α

〉
= 0 ,〈(

∂vα
∂x3

+
∂w

∂yα

)
ϕ3α

〉
= 0 . (26)

This last equation, valid for every functionsϕ3α whose support is included inΩ × D1, implies that, in the
sense of distributions,

∂vα
∂x3

+
∂w

∂yα
= 0 ,

which, using (25), becomes

−∂u1

∂x3
+
∂t
∂x3

y2 =
∂w

∂y1
, −∂u2

∂x3
− ∂t
∂x3

y1 =
∂w

∂y2
.

The Schwarz theorem implies that∂t/∂x3 = 0; then

−∂u1

∂x3
=
∂w

∂y1
, −∂u2

∂x3
=
∂w

∂y2
.

Therefore there exists a functions in L2(Ω, IR) such that

w(x, y) = −∂uα
∂x3

yα + s(x) . (27)

Finally, considering matrix fieldsϕ with a unique non vanishing componentϕ33, equation (23) leads to

−
∫
Ω

−
∫

D1

χ33(x, y) ϕ33(x, y) dx = − lim
ε→0

−
∫

Fε∩Ω

uε 3

rε
(x)

∂ϕ33

∂x3
(x, yε(x)) dx

= −−
∫
Ω

−
∫

D1

w(x, y)
∂ϕ33

∂x3
(x, y) dy dx

〈χ33 ϕ33〉 =

〈
∂w

∂x3
ϕ33

〉
. (28)

Then χ33 = ∂w/∂x3 in the sense of distributions. Asχ belongs to L2(Ω × D1,M), ∂w/∂x3 belongs to
L2(Ω × D1, IR). This means, by using (27) that∂2uα/∂x2

3 ∈ L2(Ω, IR), q := ∂s/∂x3 ∈ L2(Ω, IR) and

χ33(x, y) = −∂2uα
∂x2

3

(x) yα + q(x) . (29)

ut

3.3 Lower bound for the energy

Let uε be a sequence with bounded energy converging to someu in L2(Ω, IR3). We can assume without loss
of generality thatEε(uε) converges to lim infEε(uε). Then assertion (ii) of Theorem 1 will be proved if we
prove that for some subsequence (still denoted byuε) we have

lim inf
ε→0

Eε(uε) ≥ E0(u) .

First, let us recall that the sequenceuε is bounded in H1(Ω, IR3), then
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u ∈ H1(Ω, IR3) . (30)

It is easy to get the lower bound for the energy outside the fibers: indeed, asEε(uε) is bounded,Ef
ε (Fε ∩Ω, uε)

is also bounded. As the ratiosµ0/µε andλ0/λε tend to zero, thenEm(Fε ∩Ω, uε) tends to 0. Hence

lim inf
ε→0

Em(Mε ∩Ω, uε) = lim inf
ε→0

Em(Ω, uε) ≥ Em(Ω, u) . (31)

To estimate the energy in the fibers we use the lemmas stated in the preceeding subsections. Indeed we have

lim inf
ε→0

Ef
ε (Fε ∩Ω, uε)

= lim inf
ε→0

{
µεr 4

ε

ε2
π −
∫

Fε∩Ω
(
e(uε)

rε
)2 +

λε
µε

(
Tr(e(uε))

rε
)2 dx

}
≥ πµ1 lim inf

ε→0
−
∫

Fε∩Ω

[
(
e(uε)

rε
)2 +

`

2
(
Tr(e(uε))

rε
)2

]
dx . (32)

From Lemma 5, we know that, possibly passing to a subsequence,e(uε)/rε admits a double scale limitχ.
As we cannot pass to the limit directly in inequality (32), we write its dual form

lim inf
ε→0

Ef
ε (Fε ∩Ω, uε) ≥ sup

ϕ

{
πµ1 lim inf

ε→0
−
∫

Fε∩Ω

[
e(uε(x))

rε
: ϕ(x, yε(x))−

1
4
ϕ(x, yε(x))2 +

`

4(2 + 3̀ )
(Tr(ϕ(x, yε(x))))2

]
dx

}
,

where the supremum is taken for everyϕ ∈ C∞c (Ω × D1,M). Then Remark 1 and Lemma 1 allow to pass
to the limit

lim inf
ε→0

Ef
ε (Fε ∩Ω, uε) ≥ sup

ϕ

{
πµ1 −

∫
Ω

−
∫

D1

[
χ(x, y) : ϕ(x, y)−

1
4

(ϕ(x, y))2 +
`

4(2 + 3̀ )
(Tr(ϕ(x, y)))2

]
dy dx

}
.

As C∞c (Ω × D1,M) is dense in L2(Ω × D1,M), we get

lim inf
ε→0

Ef
ε (Fε ∩Ω, uε) ≥ πµ1 −

∫
Ω

−
∫

D1

[
χ2(x, y) +

`

2
(Tr(χ(x, y)))2

]
dy dx .

It is easy to verify that, for everyM in M,

M 2 +
`

2
(Tr(M ))2 ≥ 3` + 2

2(̀ + 1)
M 2

33 . (33)

Hence,

lim inf
ε→0

Ef
ε (Fε ∩Ω, uε) ≥ πµ1

3` + 2
(` + 1)

−
∫
Ω

−
∫

D1

χ2
33(x, y)dy dx . (34)

From Lemma 6, we know that
∂2uα
∂x2

3

∈ L2(Ω, IR) , (35)

and we can expressχ33 in terms of these second derivatives ofu

lim inf
ε→0

Ef
ε (Fε ∩Ω, uε) ≥ π

2
µ1

3` + 2
(` + 1)

−
∫
Ω

−
∫

D1

(
q(x)− ∂2uα

∂x2
3

(x)yα

)2

dy dx .

For α = 1 or 2, we have

−
∫

D1

yαdy = 0 , −
∫

D1

y2
αdy =

1
4
, and −

∫
D1

y1 y2 dy = 0 .
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Then we may deduce that

lim inf
ε→0

Ef
ε (Fε ∩Ω, uε) ≥ πµ1(3` + 2)

8 (̀ + 1)
−
∫
Ω

[
4q2(x) +

(
∂2u1

∂x2
3

)2

+

(
∂2u2

∂x2
3

)2
]

dx ,

which implies

lim inf
ε→0

Ef
ε (Fε ∩Ω, uε) ≥ k

2
−
∫
Ω

[
(
∂2u1

∂x2
3

)2 + (
∂2u2

∂x2
3

)2

]
dx , (36)

wherek is defined by (10).

In order to obtain the boundary conditions, let us consider the extended domainΩ̃ := (0, 1)2×] − 1, 1[
and the extensions ˜uε and ũ of uε andu on Ω̃ defined by

ũε := uε on Ω , ũ := u on Ω ,

ũε := ũ := 0 on Ω̃ \Ω .

The sequenceEε(Ω̃, ũε) is bounded and ˜uε converges to ˜u in L2(Ω̃, IR3); thus the results of Lemma 6 can be
applied:ũ ∈ H1(Ω̃, IR3) and∂2ũα/∂x2

3 ∈ L2(Ω̃, IR) which implies

u = 0 a.e. on B ,
∂u1

∂x3
=
∂u2

∂x3
= 0 a.e. on B . (37)

Assertion (ii) of Theorem 1 is proved by recalling (30), (31), (35), (36), and (37). ut

4 Proof of the upper bound inequality

Let us denote byH the functional space

{u ∈ H1(Ω, IR3), u3 = 0 a.e. on Ω,
∂2u

∂x2
3

∈ L2(Ω, IR3), u =
∂u
∂x3

= 0 a.e. on B },

which is endowed with the norm

||u||H := ||u||H1(Ω,IR3) + ||∂
2u

∂x2
3

||L2(Ω,IR3) .

For anyu ∈ L2(Ω, IR3) such thatE0(u) < +∞, i.e., for anyu ∈ H , we have to construct an approximating
sequenceuε in L2(Ω, IR3) such that

uε −→ u in L2(Ω, IR3) and lim sup
ε−→0

Eε(uε) ≤ E0(u).

It is easy to verify that

H̃ := {u ∈ C∞(Ω, IR3), u =
∂u
∂x3

=
∂2u

∂x2
3

= 0 a.e. on B }

is dense inH . Then, we can restrict our study to a functionu ∈ H̃ . As E0 is continuous onH , the result
can be generalized toH .

Let us choose a sequenceRε such thatrε << Rε << ε, and let us divideMε in two parts by introducing
a transition layerCε

Cε := {x ∈ Ω : 1 < |yε(x)| < r−1
ε Rε}, Bε := {x ∈ Ω : |yε(x)| > r−1

ε Rε},
The part ofCε contained in a periodPp

ε is denoted byCp
ε := Cε ∩ Pp

ε

For everyp in Pε, we define the functionvp
ε ∈ C∞((0, 1), IR3) by
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vp
ε (x3) := −

∫
D1

u(xp
1 + rε y1, x

p
2 + rε y2, x3) dy1 dy2 (38)

and the functionwp
ε ∈ C∞((0, 1)× IR2, IR3) by

wp
ε1(x3, y) := vp

ε1(x3) + r 2
ε

`

2(̀ + 1)

[
∂2vp

ε1

∂x2
3

y2
1 − y2

2

2
+
∂2vp

ε2

∂x2
3

y1y2

]
,

wp
ε2(x3, y) := vp

ε2(x3) + r 2
ε

`

2(̀ + 1)

[
∂2vp

ε2

∂x2
3

y2
2 − y2

1

2
+
∂2vp

ε1

∂x2
3

y1y2

]
, (39)

wp
ε3(x3, y) := − rε

∂vp
εα

∂x3
yα .

The functionwp
ε may be interpreted as the rod-like displacement of the fiberF p

ε whose global displacement
is vp

ε [3]. As u ∈ H̃ , we haveu = ∂u/∂x3 = ∂2u/∂x2
3 = 0 onB . Therefore every fonctionwp

ε vanishes for
x3 = 0.

We define now the approximating sequence (uε) by setting

uε(x) :=



u(x) on Bε,

wp
ε(x3, yε(x)) on each fiberF p

ε ,

γ(r ) wp
ε(x3, (cosθ, sinθ)) on each transition

+(1− γ(r )) u(x) layer Cp
ε ,

(40)

where (r , θ) denote the polar coordinates defined in each periodPp
ε by x1 = xp

1 + r cosθ, x2 = xp
2 + r sinθ and

γ is the function defined by

γ(r ) :=
log(r )− log(Rε)
log(rε)− log(Rε)

.

Notice that, by construction,uε belongs to H1(Ω, IR3) and satisfiesuε = 0 on B . Then

Eε(uε) = Em(Bε ∩Ω, uε) + Em(Cε ∩Ω, uε) + Ef
ε (Fε ∩Ω, uε) . (41)

Moreover,uε tends tou in L2(Ω, IR3): indeeduε coincides withu on Bε, |Ω \Bε| → 0, and (uε) is uniformly
bounded onFε andCε.

4.1 Estimation for the energy of uε in the matrix

As uε(x) := u(x) on Bε, we haveEm(Bε, uε) = Em(Bε, u). As Rε/ε → 0 one has|Ω \ Bε| → 0. Moreover,
u ∈ H1(Ω), thenEm(Ω \ Bε, u) → 0 and

lim
ε→0

Em(Bε, uε) = Em(Ω, u) . (42)

4.2 Estimation for the energy of uε in the fibers

Let us estimate the energy ofuε in each fiberF p
ε : As uε(x) = wp

ε(x, yε(x)) in F p
ε , we have

e11(uε) = e22(uε) = rε
`

2(̀ + 1)
∂2vp

εα

∂x2
3

yα ,

e33(uε) = −rε
∂2vp

εα

∂x2
3

yα ,

e12(uε) = e21(uε) = 0 ,

e13(uε) = e31(uε) = r 2
ε

`

4(̀ + 1)

[
∂3vp

ε1

∂x3
3

y2
1 − y2

2

2
+
∂3vp

ε2

∂x3
3

y1y2

]
,

e23(uε) = e32(uε) = r 2
ε

`

4(̀ + 1)

[
∂3vp

ε2

∂x3
3

y2
2 − y2

1

2
+
∂3vp

ε1

∂x3
3

y1y2

]
.
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Hence

Ef
ε (F p

ε , uε) = r 4
ε

∫ 1

0

∫
D1

[
µε

3`2 + 4` + 2
2(̀ + 1)2

+ λε
1

2(̀ + 1)2

] [
∂2vp

εα

∂x2
3

yα

]2

dx

+r 6
ε

∫ 1

0

∫
D1

[
µε

`2

8(̀ + 1)2

] [(
∂3vp

ε1

∂x3
3

)2

+

(
∂3vp

ε2

∂x3
3

)2
] [

y2
1 + y2

2

2

]2

dx .

Computing the integrals onD1 and summing for all setsF p
ε we get

Ef
ε (Fε ∩Ω, uε) =

∑
p∈Pε

{
`2πr 6

εµε
96(̀ + 1)2

∫ 1

0

((
∂3vp

ε1

∂x3
3

)2

+

(
∂3vp

ε2

∂x3
3

)2
)

dx3

+
3`2 + 4` + 2 + λε

µε

2(̀ + 1)2
πr 4

εµε
4

∫ 1

0

((
∂2vp

ε1

∂x2
3

)2

+

(
∂2vp

ε2

∂x2
3

)2
)

dx3

}
.

Passing to the limitε→ 0, we have

ε−2 `2

8(̀ + 1)2
πr 6

εµε
12

→ 0 , ε−2
3`2 + 4` + 2 + λε

µε

2(̀ + 1)2
πr 4

εµε
4

→ k
2
,

wherek is defined by (10). Moreover, using the definition of the functionsvp
ε , we have

ε2
∑

p∈Pε

∫ 1

0

(
∂2vp

εα

∂x2
3

)2

dx3 = ε2 −
∫

Fε∩Ω

(
∂2uα
∂x2

3

)2

dx ,

ε2
∑

p∈Pε

∫ 1

0

(
∂3vp

εα

∂x3
3

)2

dx3 = ε2 −
∫

Fε∩Ω

(
∂3uα
∂x3

3

)2

dx .

Hence

lim
ε→0

Ef
ε (Fε ∩Ω, uε) =

k
2
−
∫
Ω

(
∂2u1

∂x2
3

2

+
∂2u2

∂x2
3

2
)

dx . (43)

4.3 Estimation for the energy of uε in the transition layer

Let M = supΩ
{

sup(∇u, ∇2u, ∇3u)
}

. We restrict attention to a cylinderCp
ε and prove, in a first step,

that |∇uε| is bounded onCp
ε . We use the cylindrical coordinates (r , θ, x3) defined byx1 = xp

1 + r cosθ,
x2 = xp

2 + r sinθ (on Cp
ε we haver ∈ [rε,Rε]).

Clearly, in view of the definition ofwp
ε , there exists a positive realM1 such that

|∂w
p
ε

∂θ
(x3, (cosθ, sinθ))| ≤ M1rε .

Moreover,|∂u
∂θ
| ≤ Mr and whence

|1
r
∂uε
∂θ

| =
1
r
|(1− γ(r ))

∂u
∂θ

(xp
1 + r cosθ, xp

2 + r sinθ, x3) +

γ(r )
∂wp

ε

∂θ
(x3, (cosθ, sinθ))| ≤ M1 + M . (44)

On the other hand, owing to the definition ofwp
ε , there exists a positive realM2 such that, for everyy ∈ D1

andx3 ∈ [0, 1], |wp
ε(x3, y)− vp

ε (x3)| ≤ M2rε. From the definition ofvp
ε , we have, for everyr ≥ rε

|vp
ε (x3)− u(xp

1 + r cosθ, xp
2 + r sinθ, x3)| ≤ 2M r .
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Then, there exists a positive realM3 such that, for everyr ≥ rε, y ∈ D1, θ ∈ [0, 2π] and x3 ∈ [0, 1],

|wp
ε(x3, y)− u(xp

1 + r cosθ, xp
2 + r sinθ, x3)| ≤ M3 r .

Thus the following estimation for∂uε/∂r can be derived

|∂uε
∂r

(xp
1 + r cosθ, xp

2 + r sinθ, x3)|

= |(1− γ(r ))
∂u
∂r

(xp
1 + r cosθ, xp

2 + r sinθ, x3)

+
dγ
dr

(
wp
ε(x3, (cosθ, sinθ)− u(xp

1 + rcosθ, xp
2 + rsinθ, x3)

) | ,
≤ M + M3

∣∣∣∣log(
rε
Rε

)

∣∣∣∣−1

. (45)

Finally, it is easy to verify that|∂wp
ε/∂x3| is bounded; then there existsM4 such that

|∂uε
∂x3

(xp
1 + r cosθ, xp

2 + r sinθ, x3)|

= |(1− γ(r ))
∂u
∂x3

(xp
1 + r cosθ, xp

2 + r sinθ, x3)

+γ(r )
∂wp

ε

∂x3
(x3, (cosθ, sinθ))| ≤ M4 . (46)

The estimations (44), (45), (46) imply that|∇uε| is bounded on each layerCp
ε , and thence on the setCε. As

|Cε| tends to 0, there follows lim sup
∫

Cε
|∇uε|2dx = 0 and

lim supEm(Cε, uε) = 0 . (47)

Assertion (iii) of Theorem 1 is proved by the estimations (42), (43) and (47). ut

5 Comments

Due to the properties ofΓ -convergence, our result is still valid when external body forces are present. Indeed,
a term

∫
Ω

f (x)u(x)dx can be added to bothEε and E0. In that way, we can solve non-trivial equilibrium
problems.

Our result states that the homogenized material is a second gradient material: it has a “three dimensional
bending stiffness”k. This is not so surprising: it is well know that elastic cylinders, when their radius tends
to zero, behave like rods (which are second gradient one-dimensional media): in a sense, we studied the
homogenized properties of a system of rods connected by an elastic matrix. However, it must be emphasized
that such a result could not be reached by considering directly an elastic matrix reinforced by one-dimensional
rods (there is no interaction between a one-dimensional and an elastic three-dimensional medium).

The limit energyE0 contains a remaining classic elastic part,Em(Ω, u). One could consider, afterwards, the
limit (µ0, λ0) → (0, 0) in E0 and obtain an energy depending only on the second gradient of the displacement
(the bending stiffnessk does not depend onµ0 or λ0).

The particular features of second gradient materials, like the hyperstress tensor [13, 14], flux of interstitial
working [12, 10], edge forces [11], presence of a force distribution of order one with respect to the normal
derivative [19] can be interpreted in our particular case as limits of some microscopic elastic forces.

An open question raised by our study is the general condition for the change of differential order of
the energy when passing to the limit. We already pointed out that such a change was impossible for scalar
problems. Our feeling is that the properties of the kernel of the energy density (rigid motions in our case)
is essential: it leads to constraints verified by the limit of sequences with bounded energy (in our case
these constraints (27) are stated in the proof of Lemma 6). They may be some partial differential equations
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which increase the differential order of the energy. However, they also depend strongly on the geometry: for
instance, we do not yet know whether it is possible to find a limit energy depending on a higher gradient
of the displacement (third or higher order gradient material) by changing the distribution of the high rigidity
inclusions.

Acknowledgements.This paper was initiated by enlightening discussions with M. Bellieud and G. Bouchitté who studied non-local
effects for scalar problems in the same geometry [5, 4].

References

1. Acerbi E Buttazzo G Percivale P (1988) Thin inclusions in linear elasticity: a variational approach, J. Reine. Angew. Math. 386,
pp 99–113

2. Allaire G (1992) homogenization and two scale convergence, SIAM J. Math. Anal. 23, 6, pp 1482–1518
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