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ON THE DISTRIBUTION OF MULTIPLES OF REAL NUMBERS

TANGUY RIVOAL

1. INTRODUCTION

We note the integer part of a real number « by |«], its fractional part by {a} and the
nearest integer to a by |a], with the convention that it is || if & € Z + 5. The distance
of a to Z is ||a]| := | — |@]|, whose value does not depend of the above convention.

The two main objects studied in this paper are the following sequences of continuous

functions of «:
1 n
F.(a) ::Z :EZanaHa
k=1

k=1
whose value is approximately ;11 (and understanding the word “approximately” is the aim
of the present work), and its weighted average
Al
Gsn(a) = — F.(a).

n=1

by — | kna
n

A priori, @ and s can be any real numbers but restriction will be made later.

In a certain sense, F,(a) and G, n(cv) are tools to measure how far the (multi)set
{{a}, {2a}, ..., {na}} is from being equal to a subset of {%, %, . ”T’l} This is a prob-
lem related to uniform distribution of the sequence ({na}), and rational approximations
of a. Before going into the core of the paper in Section 1.2, we set a few definitions and

recall some basic facts.

1.1. Lagrange constants and other diophantine statistics. We will occasionaly use
the notion of Lagrange constant L(a) of an irrational number a. It is defined (!) as
L(a) := limsup, ., ., m. The smallest value of L(«) is v/5 and is achieved at % and
numbers equivalent to it (in the sense of continued fractions, see below). The next smallest
value /8 is achieved at /2 and numbers equivalent to it, etc. Furthermore, the lim sup
defining L(«) is achieved along the subsequence (g, ), of the denominators of the continued
fraction of a. The set of values of L(«) is the Lagrange spectrum, which was studied a
lot in the literature. See [7] for a survey of its properties. That the minimal value of L is

Date: January 2, 2010.
2000 Mathematics Subject Classification. Primary 11K60; Secondary 11J06, 11K70, 42A16.
Key words and phrases. Diophantine approximation, Lagrange spectrum, Continued fractions, Fourier
series.
'In the literature, Lagrange constants are also defined as E(a) = liminf, .4 q||gal|. This does not
change much to the theory because L(a) = 1/L(a).
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2
achieved at ‘/52“ supports the claim that this number (and its equivalents) is the “most
irrational number”.

Moreover, L(a) = 400 if and only if, in the continued fraction [ag, a1, as, ...] of «, the

sequence of the partial quotients (a,,), is unbounded; this is due to the inequality |a— Z—:| <
1

‘ln+1q721

m(«), another classical diophantine statistic defined in Section 1.3, is equal to 2 almost

surely and therefore does not really distinguish irrational numbers. Discrepancy theory
leads to two other interesting statistics. Starting from the star-discrepancy Dy (a) :=
SUPg<per (2 #{1 <n < N:{na} € [0,z)} — x) of the sequence of fractional part ({na}),,
the quantity

. In particular, L(«) is finite for a in a set of measure 0. The irrationality exponent

S*(a) == 111\/H—l>ili£) log (V) Dy («)

has been shown to fill the ray [S *(v/2), oo] by Baxa [2]. A similar result is not yet known
for the discrepancy Dy (a) := supgc,cye; (##{1 <n < N :{na} € [z,y)} — (y —2)), al-
though it is expected that the corresponding quantity S(«) fills the ray [S(@),oo].
However, S*(a) and S(a) are finite if and only if 3 7, a; = O(n), which corresponds to a
set of measure 0 because Z?Zl a; > nlog(n) almost surely. In the context of irregularities
of distribution of ({na}),, we can also mention the “dispersion constant” of Niederre-
iter [18] and the similar one of Jager-De Jong [12], both of which are minimal at @ (and
its equivalents) and finite for a given irrational number « if and only if (a,), is bounded.

All the above mentioned functions present the particularity to be equal to a certain con-
stant almost everywhere. We will show that G y(«) enables to distinguish in a subtile way

more irrational numbers (where the meaning of “more” depends on s) and that extremality

V5—1
2

properties around seem to be also present.

1.2. Description of F,(a) and G, n(a). The behavior of F,,(«) strongly depends on the
(ir)rationality of a and also on whether or not n is a denominator of a convergent of a. The
function G n(cr) smoothens the dependence on n. In this respect, since 0 < F,(a) < 3, it
is clear that the sequence (G n(a))ny>1 converges as N — +oo for any real number o and
any s > 1. We will no longer consider this case because it gives too much weight to the
first values of (F,(«)),>1 whereas we seek average results.

We will first study the sequence (F,(«)),>1 whose behavior is not easy to understand,
despite what is shown by Figure 1. We will show in Theorem 4 in Section 2 that, in
particular, (F,(a)),>1 tends to be periodic when « is rational. When « is irrational, we
will obtain lower and upper bounds for the liminf and limsup of F,(«a), in particular

liminf, F,(a) < (2L(a))71. We also observe that each function F,(«) is 1-periodic in «
and satisfies the equation F, (1 — a) = F,(«); these two properties are also inherited by
G, n(a) and the limiting cases studied in the paper, the first one justifying that we limit
ourselves to the case a € [0, 1].

We will investigate in much more details the behavior of the sequence (G5 n(a))n>1. We
will focus on the case s < 1 and in fact our results will be proved in the case s € (0, 1]. See
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Theorem 2, (v), for the case s < 0, which leads to results of a different nature that will
not be investigated in depth. We set Hy(s) :=1+ 5 + -+ + 5= and note Hy for Hy(1).

When 0 < s <1, Hy(s) = ]\1[: + O(1) whereas Hy =log(N) + O(1) as N — +oo.

We will show that, given s € (0,1] and a rational number «, ﬁ(s) Gs.n(a) converges
to a rational number < i that depends on the denominator of a and not on s. On the
other hand, that sequence converges to %1 for almost all irrational numbers «, including for
example the real irrational algebraic numbers, the numbers e and m — only conjecturally
for the latter when s < 1. This does not seem to be the kind of result that helps to classify
irrational numbers.

However, our most stricking results will concern the remainder

1 Al 1
(@) = Go(a) = 7 Hy(s) = 2 — (@) = 7).
when « is irrational. We will show that the sequence converges also almost surely as
N — +oo to a function ¥,(«) for (%) any given s € (0,1]. (For the definition of the
diophantine notions used from now on, see Section 1.3.) One of our results will be that
the sequence (% y(a))n>1 converges for all irrational numbers with finite m(a) exponent
and diverges for all rational numbers, leaving mainly open the question of convergence or
divergence of (% y(a))n>1 for the rather sparse set of Liouville numbers. For s € (0,1),
we will show that (% n(a))n>1 diverges for all rational numbers and that it converges,
resp. diverges, for all irrational numbers o with m(a) < 1+ %_S, resp. m(a) > 2+ 1%5'
Figure 2 illustrates the case s = 1. It should be taken with precautions because our

estimate for the speed of convergence of (4 n(a))n>1 to % () is not uniform on R\ Q.

V5—1
2

close to the maximum of ¥ 590. We don’t know if in the limit, %(

) ~ 0.2169 seems to be very

V5-1
2

Nonetheless, it is quite surprising to observe that gLQOO(

) coincides with

2Although this is not the point of view adopted in this paper, we can consider ¥, («) as the Dirichlet series
Z?:l ni (Fn(a) - %) of the variable s, a being a parameter: our results will show the great dependence
of the abscissa of convergence on the diophantine properties of «, mainly m(«).
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FIGURE 2. “Bear’s pawprint” graph of %) 590 and the constant gmoo(\/g;l)

the maximum of ¢; but this is definitely an interesting problem to solve. The last section
of the paper will present more graphs and numerical datas.

1.3. The results. We denote by (p,/qn)n>0 the sequence of convergents of an irrational
number «. Its partial quotients (ay,),>o are such that ¢,+1 = an1¢n + ¢n_1. Let us define
a family o7, s € (0, 1], of sets of irrational numbers a € [0, 1] such that, for s € (0,1),

1-s
Z 1 < 00
—~ G
and, for s = 1,

Z log (maX(qm+1/Qm; Qm))

m

< 0

m
We recall that an irrational number « is said to have a finite irrationality exponent p(ao) > 2
is there exists a constant c¢(a) > 0 such that (®)

1

A
N I
‘a gl — c(a)gH

for all integers p,q with ¢ > 1. (In fact, c(a)) > 1 because of the case ¢ = 1 and p = |a].)
We denote by m(«) the irrationality exponent of «, defined as the infinimum of all possible
w(a), regardless of the value of ¢(«). By definition, Liouville numbers are precisely those
irrational numbers which don’t have a finite irrationality exponent; they are not only
irrational but also transcendental.

We first state a lemma, whose proof is postponed to Section 3.

3When we will talk about an irrationality exponent for an irrational number «, one should understand
a couple (u(a), c(w)).
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Lemma 1. (i) The set @ contains all irrational numbers with a finite irrationality expo-
nent. Some Liouville numbers belong to </, some do not.

(i1) For any s € (0,1), the set o7 contains all irrational numbers with m(a) < 1+ 1=
but no real number whose irrationality exponent m(a) is > 1+ . In partzcular it does

not contain any Liouville number. Some irrational numbers wzth m( ) =1+ E belong
to <, some do not.

(1ii) The sets s all have measure 1.

Set
B x 1 2 B . cos 7m n+1)a )sin (7rn2a)
Py(a) = ; st mzl cos memé - ; nst1l sin (ﬂn&)
and

B, v(a) = Z cos (mn(n + 1)a) sin (mn’a)

nstl sin (7TTLO£)

n=1
the N-th partial sum. We discard the case s > 1 because the series trivially converges for
any « (as is clear from the first expression for ®,(«)). The reason to consider ®4(a) is due

to the relation ( )
2 > (I)S N (2]{7 + 1)0[

9, = —— ’ , 1.1
which will be proved later. Hence, ®, v is a brick in the study of ¥; y and this explain
why we study it first in Theorem 1. Given some non-zero integers a and b, we denote the
greatest common divisor of a and b by ged(a, b).

We can now state our main results.

Theorem 1. Let us fiz s € (0,1].
(i) For any rational number a/b with ged(a,b) =1, b > 1, we have

1 a 1
I o, (-) _
Nee Hy(s) M\ T
In particular,
lim CIDSN(Z) = +00.

N—+oco
(17) If v € s, then the series ®s(a) converges absolutely.

(iii) The sequence (®s x)n>1 converges to @, almost surely and in L*(0,1).

(iv) If s € (0,1) and if the irrational number o has an irrationality exponent u(c) >
2+ % then for any € > 0,

P,
lim sup ’N(a_> = 400.

1—_3=s __ ¢
N—+o0 HN(S) w(e)(1=s)

This also holds if « is a Liouville number by setting 1/u(a) = 0.



If s =1, there exists a dense set of Liouville numbers a such that, for any e > 0,

. Py n()
1msup ¢
N—+oco HN

= +00.

In all these cases, the sequence (Ps n(a))n>1 does not converge.
(v) For any real numbers o and s < 0, the sequence (®s n(a))y>1 does not converge.

Remarks 1. a) For s € (0, 1), the result in (iv) is probably not optimal and in particular
one may expect the divergence of the series ®,(c) for all a such that m(a) > 1+ .
Nonetheless, for Liouville numbers (where one sets 1/u(a) = 0), it is essentially best
possible, even when s = 1, because |9, y(«)| < Hy(s) for any real numbers o and s.

b) Item (iv) is interesting because, together with (i7), it shows that the convergence
holds in case s = 1 for a lot more irrational numbers (i.e. all but some Liouville numbers)
than it does for other values of s € (0,1). The same dichotomy is also obtained in items
(77) and (iv) of Theorem 2 below for the functions ¥;.

c) We will use the identity

! d(m
/0 (I)S(a Z Z gC s+1 ’

mlnl

which will be a consequence of the proof of (iii) where, in particular, the convergence of
the double series will be proved.
d) Item (v) is a consequence of the identity

L(w) 27
I (2 () #0,
im sup — Z cos(2rmna) = 5 sin{ 7~ #

n—+oo N 71-
which will be proved in Lemma 6.

The results of Theorem 1, as well as the methods of proof, will be useful to understand the
behavior of G n(c), which we now describe. We recall that ¢, y(a) = G, n(a) — 1 Hy(s).

Theorem 2. (i) Let us fir s € (0,1]. For any rational number a/b with ged(a,b) = 1,
b > 1, we have

, 1 a 1 2 ged(b, 2k + 1)
i g (2) <L 2 S Ede2r
N Hy(s) *V\b 4 7 Z b(2k +1)2
1 (@ - D+ 1) -1
4 4bp23 pvp(b)‘f'Q '
plb

This limit is a rational number < }L. In particular,

lim %SNCL) = —00.

N—+400 b
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(i1) For any s € (0,1) and any o € o, with m(o) < 14 =, or for s =1 and any «
with finite m(«), we have

2 o= P, ((2k + )
l = —— =
N o Jon( 72 Zk 2k +1 % (a),

where the series 9s(a) converges absolutely.

(iii) The sequence (9s n)n>1 converges to 9 almost surely and in L*(0,1).

(iv) For any s € (0,1), if the irrational number o has an irrationality exponent p(o) >
2+ ﬁ (in particular, if it is a Liouville number), then for any € > 0,

Y, n(a)

lim inf P = —00.
N—+oo Hy(s) Te-s €

This also holds if « is a Liouville number by setting 1/u(a) = 0.
For s =1, there exists a dense set of Liouville numbers such that, for any e > 0,
gLN(Oé)

lim inf - = —00
N—+oco HN €

In all these cases, the sequence (95 n(a))n>1 does not converge.
(v) For any real numbers o and s < 0, the sequence (95 n(a))n>1 does not converge.

Remark 2. To appreciate these results, it is useful to have in mind the trivial bound

1
Fov(e)| < 7 Hy(s),

which holds for any real numbers « and s.

We will also prove the following theorem, which is of independent interest. It provides
examples of Fourier series that converge almost everywhere but at no rational point. For
€ (0,1], we define %, as the set of irrational numbers in [0, 1] such that > gn+1/g5t
is convergent. This set is of measure 1 and contains all the irrational numbers with irra-

tionality exponent < s+ 2 and no numbers with irrationality exponent > s+ 2; we always
have %, C 47,.

Theorem 3. Let us fir s € (0,1].
(1) The Fourier series of ®, is given by

o0

S(®,)(a) ;:Z( 3 n81+1>cos(27rka).

k=1 > plk, n>Vk

The series S(®s)(a) converges almost surely. More precisely, it is equal to ®s(c) for all
a € B,. It also converges to @, in L*(0,1).



(i1) The series S(®s) converges for no rational number. More precisely, let S5 n denote
the N-th partial sum of S(®s). Then, for any rational number a/b with ged(a,b) = 1,
b > 1, we have

i g <a> 2

im ——Sn(7) =7

N—+o00o H\_\/NJ(S> b b(1+8)

(1ii) There ezists a dense set of Liouville numbers on which S(®s) does not converge.

The initial impulse to prove these results is given by the Fourier series of the function
|||, which converges normally on R:

o0

1 2 212k + 1)) (1.2)
4w 2/<: +1)2 '

lad =

Its form already explains (1.1).
We conclude this Introduction by mentioning related results. Setting

Fo(a) = % Z ({nma} - %)2,

the Fourier expansion
implies that

Results very similar to those obtained for F,(a) can be proved for F,(a) and extremal

properties around @ and %5 can be observed as well.
It is also possible to partially generalise our results to the sequence ({jo+ })1<j<n. For
this, one starts from the identity
N n 00
1/1 1 2 ((2k + 1) ,0)
35 (3 gt - ) =3B

n=1

where

Y cos(rn(na + a + 23)) sin(rna)
Z nst1 sin(mna) '

(I)S,N(aa 6) =

n=1

By the methods of the paper, it is easy to prove that the convergence of ®, y(«, #) occurs
at least for any a € 7, and any real number (3; indeed, in the proofs of the above theorems,
we will simply bound | cos(mn(na+ «)| by 1 (when 8 = 0) and it does not change anything
if instead we bound | cos(mn(na+ a+23)| by 1. However, it is no longer true that there is

divergence at all rational numbers. For example, ®; y(0, 2) tends to log(1/2) as N — +o0.
f

Furthermore, extremality properties around ‘[ L and 325 seem to fade away when 3 # 0.



2. PROPERTIES OF (F,(a))n>1

In this section, we prove a few results concerning the sequence (F,(«)),>1. A more
exhaustive study would be interesting.

Theorem 4. (i) The sequence (F,),>1 converges to § in L*(0,1).

(i7) For any rational number a/b with ged(a,b) = 1, we have

o

R =17 2w o)

bin(2¢+1)

where the implicit constant is absolute. In particular,

lim inf F, (

n—-+o00

1
%) =0 and lgisrgopFn<%> < 1

(13i) For any irrational number o and any € > 0, there exist infinitely many n such that

Inl|lgna]] < ﬁ and simultaneously

(@) = 2L g0l
(iv) Set
2 & 1 L((2k+1)a) . 2
Ma) = = ; k1) . o .SIH<L<(2k + 1)04)),

which 1s < }1 with equality if and only if L(a) = 4+00. Then, for any irrational number a,
we have

1 1
- — Ma) <liminf F,(a) <
1 Ao slmifFale) < 570
and
1. 1
— <limsup F,,(a) < = + Aa),
47 e 4
where we also assume that m(«) is finite to get the lower bound ;11.
Remarks 3. a) Since the sequence n — Y 2/ m is positive and periodic of period b,
bln(20+1)

we see that F),(a/b) oscillates nearly periodically without converging. The lim sup,, F},(a/b)
can be < 1 but it can also be equal to & (consider Fb,+1(a/b) when b is even, for example).

b) For irrational numbers a, we always have liminf,, F,(a) = ﬁg < 1 and the liminf

is 0 when L(a) = +o0, i.e. for almost all real numbers. Concerning the lim sup, numerical
experiments suggest that

] =

limsup F,(a) = lim Fy,, (o) >

n—-+0o00
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if a is equivalent to
number a.

¢) Given a, the value of L((2k + 1)a) is not a simple function of L(a) and it is not
easy to compute A(). However, the bounds v/5 < L((2k + 1)a) < (2k + 1)L(a) and the

decreasing of  — sin(z)/z on [0, 27/+/5] imply that

—‘/52“. It seems plausible that limsup,, F},(a) > ;11 fo any irrational

L) 1 . 27
0sMa) =55 202k+1 'Sm<(2k+1)L(a))'

For example, )\( ) < 0.06708.

Proof of Theorem 4. We will use various properties of continued fractions in the the sequel.
The reader is refered to Kintchine’s classical book [13] on this subject.
(7) Using the Fourier expansion (1.2) of ||«||, we find that, for any real number «,

[ 1
“"fﬁZ(“’m”‘z)
" . cos (2 (20+1) k:mra)
DI I

leO

n

= _7T§7”L Z (%i g Z cos (2(20 + 1)knma)

=0 k=1
1 cos((20+ 1)n(n+ 1)wa) sin ((20 + 1)n’ra)
(20 +1)2 sin ((20 + 1)nra) ’

2

m2n

WE

o~
Il

0

with standard conventions when sin ((2¢ 4+ 1)nra) = 0.
In the sequel, || - ||2 denotes the norm in L?*(0, 1), without any possibility of confusion
with the distance to Z already denoted by ||-||. Set u,(a) := >_p_, cos (2knwa). We claim

that ||u,(a)|]2 = v/n/2. Indeed,

/ U (o da—ZZ/ cos 2kn7ra cos (%mra Z 1=

0 k=1 ¢=1 1<k <n

Moreover by 1-periodicity of u,(«), we also have ||u,((2¢+ 1)a)||e = y/n/2 for any integer
¢>0.
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Hence,
1 o0
F,(a) == n((20+1
|73, = 20 2 @+ Dl
(el &1
<
< o L@y
1 1
< — —.
< el <

It follows that (F,),>1 converges to § in L*(0, 1).

(77) Let us fix a rational number a/b, with ged(a,b) = 1 and b > 1; in particular, 0 is
represented as 0/1. We start again with the Fourier series (1.2):

F, (%) - i — —% i (25% Zcos (27r(2£+ 1)Imb)

In order to use the periodicity of cos, we write k = rb+ 7 with 1 < 7 < b and r > 0, so
that

Zcos( (20 + 1)mkn~— )—i Z cos (2ﬂ(2£+1)<rb+j)n%>

j=1 r>0
rb+j<n
b
:Zcos<27r (20+1)jn— ) Z 1
j=1 >0
rb+j<n

M-

cos <27r(2€ + 1)jn%) {Tj + 1J

1

Z cos <27T(2€ + 1)jnb> + O(b),

Jj=1

<
Il

®I§

where the constant in the O is absolute.
Hence,

oo

ay 1 2 1 1 a b
B -1= 2 ZH 201120 ijl cos (2n(20+ Djng ) + O(ﬁ)
2 1 b
T Tm ZO m+0(5>’

/=
bln(20+1)
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where we have used the fact that, for any integer k and any rational u/v, with ged(u,v) = 1
and v > 1,

- jkuy JO i vtk
Zcos (27TT>—{U it ow |k (2.1)

The estimates for the liminf and lim sup follow from the two obvious facts:

() -0

and
a 1 b
E5) <5 00)
b/ — 4 * n
respectively.
1
(#7i) By definition, L(«) = limsup ——, hence for any e, there exist infinitely many

g—+oo q|lqal|
positive integers b,, (depending on « and ¢) such that

1
(Without loss of generality, we can even assume that a, := |b,a| and b, are coprime.)
Since L(«a) > V/5 for any irrational number «, we can choose € small enough such that
L(a) > 2+ ¢ (and thus b,||b,a|| < 3, which implies that a,/b, are convergents to a by a
classical property of continued fractions).
Now, for any integer k € {1,2,...,b,}, we have
k 1

1
Ikbnex = kan| = klbner = anl < 3-s =3 < 70577 < 3

This forces that ka, = |kb,a] and therefore

1 1 ||bra]| b, +1
£, =EZ||bnka||=EZ|kbna—k;bn| =5 k== [[baall,
k=1 k=1 k=1
as claimed.
(iv) For any € > 0 such that L(a) > 2 + ¢, we have

b, + 1 1. . 1
liminf F, () < liminf F}, (o) = lim inf + [|bpal| = = liminf b,||b,o|| < ————.
n—-+o0 n—-+00 n—-+00 2 n—+oo Q(L(Oé) - E)

Since lim inf F,,(«) does not depend on &, we get that

n—-4o0o

liminf F,, < .
iminf (@) < 3700
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If we now assume that o has a finite irrationality exponent, then o € @7 and by Theo-
rem 2, () the series

n=1

»-I>IH

is Convergent Let us assume that limsup,, F,,(a) < Z' Then there exists a constant ¢ > 0

such that (a) Fue)=y < —< for all large enough n and the above series cannot converge. This

contradlctlon proves that

1
hmsupF( ) > 7
)-

It remains to prove the two bounds involving A(«). We have

2 cos ((2k + L)n(n + 1)wa) sin ((2k + 1)n’ma)
Fnle) ‘ = el kz:% 2k‘ +1)2 sin ((2k + 1)nma)

n

We will prove in Lemma 6 of Section 5.5 that, (°) for any k,

cos ((2k + 1)n(n + 1)7wa) sin ((2k + 1)n’ma)

1
L?-S&.lop nsin ((2k + 1)nma)
L((2k+1
< L@k +1a) sin(— ).
27 L((2k +1)«)
Hence, by the reverse Fatou’s Lemma, we obtain that
limsup | F, () — —’ < AMa).
n—-+o0o 4
It follows that
1
limsup F,(a) < = + A«)
n——+00 4
and
1
lim inf F, > — — Ma).
im inf Fo(e) 2 7 = Aa)
This finishes the proof of Theorem 4. U

3. Proor or LEMMA 1

(i) Let o be an irrational number with a finite irrationality exponent u(a) > 2, so that
1

‘O‘_“ = H@)g @

4tem (iv) of Theorem 4 will not be used in the proof of Theorem 2.
®Again, item (7v) will not be used in the proof of this lemma.
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for all integers p,q with ¢ > 1. In particular, if p/q = p,/q, is the n-th convergent of «,
classical properties of continued fractions imply that
1 Pn

o §§‘a 1
c(a)gh™ In

Gnlni1

<

Thus, gny1 < c(a)g™ . Moreover, it is known that ¢, > 2""D/2 for all n > 2 and all
irrational number «.
It follows that both series

Z log (max(gnr1/qn, qn)) < Z log(qn)

dn dn

n n

are convergent (at geometric rate).

The real number 3 whose partial quotients are a, = 29" is a Liouville number and
the inequalities 2"!2qn < Gny1 < 2"’2+1qn ensure that § € 4. On the other hand, the
number £ = Y oo 1/b, with b,y = 2’7, b = 1, is also a Liouville number but it has
infinitely many convergents such that ¢,,; = 2%, so that xk ¢ ..

(#7) Similarly as above, we prove that

jg:(LHJ <ij£: - @owa )

n

and both series are convergent (at geometric rate) when pu(a) <1+ %

—s

The convergence of the series ) q 1/ @m implies that qu = ( ) and this in turn
implies that a member of A, cannot have m(a) > 1+ 1=, hence cannot be a Liouville
number. Examples of continued fractions can be contructed that have exact irrationality
exponent 1 + 7= for which the series Y, g5 /¢m converges or not.

(441) Almost all real numbers have m(«) = 2. Hence, for any s € (0, 1], almost all real
numbers belong to 7.

4. SOME DIOPHANTINE ESTIMATES

In this section, we will prove side results needed to prove Theorems 1 and 2. They are
interesting for themselves and that’s why we prove them separetely. We have stated them
completely explicitely because they will be used for numerical computation. But the value
of the constants is not essential for the proofs of Theorem 1, 2 and 3, for we only need to
know on what they depend.

The sets <7, have been defined in the Introduction.

Proposition 1. (i) Let us fix s € (0,1]. For any irrational number a € <, the series
—_lIn*al|
—_ 4.1
2 2 -y

15 convergent. In particular, it converges almost everywhere.
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(17) For any irrational number o € s, we have the following estimate for the speed of
convergence: for any integer m > 2,

2(1+¢(s+1)) i 1+q, 5

S ol )T

s+1 - = 1+1

= ||nal 2(1+C(2))Z +0g(ma>;(Qk+1/Qk>Qk))
k

it 0<s<1

if s=1.

k=m

(i11) If o € ey (for some s € (0,1)) and a has an irrationality exponent p(a) < 1+ =,
then for any m > 6, we have

i [|n2al| - 2(1+¢(s+1))

3(1 =) log(gum
nerlHnaH — (1 o S)C]%@_('u(a)_l)(l_s)< ( +C(OZ) ) Og(q )

n=qm
C(Oz)lis

| e D

(iv) If a € A has a finite irrationality exponent (o), then for any m > 6, we have

_|_

). (4.2)

s el <2(1—|—C(2))<3(1+10gc(0z))%+5(M(a)—1)M) (4:3)

— n?|lnaf| ~ m G
=qm

Remark 4. The series (4.1) also converges for all real number a € [0,1] when s > 1, a
result that follows immediately from Lemma 2. It is interesting to compare the upper
bounds obtained in (i7) with the following ones, due to Kruse [14]: for any s > 0 and any
irrationnal number «, we have

= 1 - Qr+1

Y < T (4.4)

n*t||nal|
n=qm k=m

The upper bound in (4.4) (which is optimal) displays the influence of our term ||n?a|l, in
particular when s = 1.

A few lemmas will be necessary for the proof.

Lemma 2. For any real number o € [0, 1] and any integer n > 0, we have
|In*a| n
[Inall — 2[n|lnall] +1°

|Ina]
[ler]]

Proof. Let j be an integer such that 0 < j < n. The function D,(«a) :=
on [, ﬁTl/Q] and decreasing on [#, I,
Since Dy (j/n) = Dy((j +1)/n) = 0, we deduce that for all a € [£, Z£1[, we have
Jj+ 1/2)
n

is increasing

0< Dy(a) < Dn<
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—Y‘ 14
I 12
I 10
I 8
I 6
I 4
I 2
FIGURE 3. D;5 and its upper bound
If @« <1/2, ||a]| = @ whereas if a > 1/2, ||a|| = 1 — «, whence after a moment of thought
D, (j + 1/2) _ n
n 2|n||af|]] +1
for any a € [£, Z£1].

We note that the right-hand side of the previous formula does not explicitly use the
variable j. Therefore, we have shown that for any a € [0, 1], we have
n
2[nflall] + 1
See Figure 3 for an illustration of this upper bound. This formula enables to bound not
only D,(«) for o € [0,1] but also for all @ € R because ||a|| and D, («) are 1-periodic.

Therefore, the upper bound (4.5) holds for any real number « and the lemma follows when
replacing o by na. O

0 < D) < (4.5)

Lemma 3. For any « € [0,1] and any integer N such that ¢, < N < ¢uy1, with m > 2,
we have

) 1+ log ( max(gum+1/Gm Gm))

2(1 2)) - if =1
> il 1+ . it s
R S ) 20 s) Thak o
1—s Gm '

Proof. By Lemma 2, it is enough to show that the same bound holds for the sum
N

1
fi = gq; ks (2 k| [kal]] + 1)
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Since
1

1
0< < :
2[Kl[kall] +1 7 Kf|kal|

(4.6)

it is tempting to bound Ry by

i 1
kst | kal|
k=qm

and then use Kruse’s bound (4.4). But then we would lose the benefit of the inequalities

1
0< — — <1 4.7
~ 20k||kal]] +1 — (47)
because the quantity 1/||kal| can take very large values. We will consider three cases: in
the first one, (4.6) will be enough while for the remaining two, (4.7) will be used.

To study Ry, we adapt Kruse’s ideas and cut the sum Ry in three parts : k Z 0, ¢n—_1[gm],
k = 0[¢n] and k = ¢_1[¢m]. Remember that we suppose ¢, < N < @1, with g1 =
mi1Gm + Gm—1- Set Q@ = |[N/qm|, 7h =qm — 110 < h<Qand r, = N — Qq,, if h = Q.
In particular, 0 <7, < ¢, — 1 and Q < ¢+1/Gm- The assumption that n > 2 ensures that
gm > 2 (a necessary assumption for Kruse’s estimates) because ¢, > qo > V2> 1.

o first step. We use (4.6):

N Q Th
> SMRRITICYS & 1
2 BRI 1 2t 2 Togm+ ) L T D + Hll] + 1)
k#£0,gm—1[gm] J#Gm—1
Q Th 1
< - - .
_; ]21 (P + 3)* M| (hgm + )|
j#qul

To deal with the sum over j, we then follow Kruse [14, pp. 240-241] verbatim to get (even
when the sums are empty, in which case their values are 0):

Th 1 1 Th 1
Z 1ys+1 y S +1 Z )
(hgm +7)*FH|(hgm + G)all = (hgm)* ™ < |[(hgm + j)a]

j=1
J#qm—1 J#qm—1
2 "]
<
— s+1 k_
(hqm> k=1 qm
2Qm(l + log(rh + 1))
(hqm)s+1

5 1+ log(gm)
— qfnherl :
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Hence, finally,

N

1 1
,f_zqm UfHkJOéllJ +1 Z ; (hgm + 5)* (2L(hgm + )I|(hgim + §)erl|] + 1)
k#0,qm—1[gm] J#qm 1
1+ log(gm) 1+ log(gm)
<2 ) Z h5+1 < 2((s+ 1)T- (4.8)
e Second and third steps. We now use twice the inequality (4.7). We have
5 1 B XQ: 1 1 o1 ° 1
2 T lRkal] 1 2 Thg) 2hgullhgmall] 1 45 2 0
kEO[Qm}
1+ log(qm m) .
+1og(dm/Gm) o _
< dm (4.9)
— 1 1 S
Tne1 3¢ g<s<1,
1—s5 Gm
Similarly, we have
2 EaMkall] 1= 2= (hg b gy g 2 B
kEmel[Qm]
1+ log(gm+1/qm) .
+ Og(q +1/q ) lf S:1
< Gm (4.10)
- 11
T g 0<s<l,
I dm

Adding together the three estimates (4.8), (4.9) and (4.10), whose sum is Ry, we imme-
diately obtain the result in the case s = 1. For s € (0,1), we get

1 + log(qm) 2 1 + qm+1
) +
dm 1—s dm

and the conclusion follows by the sequence of inequalities

Ry SQC(S+1

1 —S

108(¢my1) < T Gy

l0g(gm) < 10g(dm+1) = 77—

We need one more lemma.

Lemma 4. Fix an integer m > 6 and an irrational number .
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For any w > 0, we have

<1 1 1 1
Z — < 3log(gm) + S (4.11)
’ s, 1—(1/2)«2 ¢

For w =1, a better bound s

=1 10g(qm
Z ~ < BL(CI) (4.12)
=g Gm
Furthermore,
j=m q; o dm

Remark 5. Slightly better bounds will be given during the proof but they are more com-
plicated and we don’t need them.

Proof. Below, log,(z) := log(r)/log(2). We recall that ¢; > 2U~Y/2 for any j > 1. For
simplicity, we set ¢, = [2 logQ(qmﬂ > m. We have

S L 2GR
210g2(qm) —m+2 1 1
T 1— (1/2)</2  29m/2
310g(qm) m + 2 n 1 1
@, 1= (1/2)«7 g

This gives (4.11) because —m + 2 < 0.

If w =1, we remark that, for m > 6, —m + 2 + —==55 < 0 so that

1- (1/2)
3log(qm) — m + 2 N 1 1 < 3log(qm)
Gm L= (/DY Gm = Gm

which gives (4.12).

We now prove (4.13). We set £, = [3logy(¢m)] > m. We also define ¢, as the unique
positive real number such that (1/g,,)"/*m = g, 1. In terms of Lambert function W, we

have
L Wos(gn)
" 10g(gr,+1)
(The function W is defined on (0, co) by the implicit equation z = W (z)e™ *); see [6] for its

properties.) Since ,, > m > 6, then q.,, 11 > g7 > 23; hence 0 < g,,, < % ~ 0.41868.

W(z).
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It follows that 27#m(=em)/2 < 2=rm/3 < 1 /g and that 0 <
bounds are used below.

The reason for introducing &,, is that log(x) < 2 for any = > (1/e,)"*™ = q,, +1. We
now make the same kind of computations as above:

1_(1/2)<+_5m)/2 < 5.5. These

= log(q; < log(q; = log(g; < log(q; = ¢
Z g(g)) _ Z g(g;) 4 Z g(g)) < Z g(g;) 4 Z qj
mm U = b i1 D e b i1 U
Km —m+1 > 1
< i log(am) + > 5G-1)(1—em)/2
J=km-+1
3logy(qm) — m + 2 1 1
< i log(gm) + 1— (1/2)0-em)/2 " 9km(l—em)/2
2 _ 2
< 5log(gm)®  (m —2)log(gm) N 5.5 < 51log(qm) |
dm dm qm qm
where in the last inequality, we used the fact that (m—2)log(gm,)—5.5 > 4log(gs) —5.5 > 0.
This completes the proof of the lemma. O

Proof of Proposition 1. Let us assume that s = 1 and fix o € . By Lemma 3, for any
integers n, m such that 2 < n < m, we have

gm—1 m—1¢gj+1—1 m—1
i%al #al 1+ log (max(ar1/5. )
_ IRl 914 ¢2) |
2 allal] ~ 2 2 Follkal] = 2R 2 5

k=qn =qj

Since both series converges when m — 400, we deduce that

= |[K%al]
< 2(1
2 paffiaf] <20 ¢

23 1+ log (mazqu/qya %)) |

j=n
This proves (i) and (éi) in the case s = 1. The proof can immediately be adapted to the
case 0 < s < 1.

Let us prove (iii). Consider o € &/ with an irrationality exponent p := p(o) < 14 1,
with the associated constant c(a) > 1. We have already shown that ¢;41 < c(a)q) -
Hence,

4 1

4 q

It also follows that

00 ql—s oo 1
Jj+1 1—s
27y =AY
j=m j=m 9j
For m > 6, we now use the bound (4.11) with w = 1 — (¢ — 1)(1 — s) together with the
bound (4.12) on the right hand side of the inequality in (#i). This gives (4.2).
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It remains to prove (iv). If & € 4 has a finite irrationality exponent p(«), we have

Qi1 < c(a)qﬁ-‘_l. Hence log(g;+1) < (u(a) — 1) log(g;) + log c(ax). It follows that

Fal| =1 S log(ay)
3 tofja < 2140 <<1+1ogc<a>>§nqj+<u<> D )

Eq. (4.3) follows by means of (4.12) and (4.13) when m > 6.

5. PROOF OF THEOREM 1
5.1. Proof of (i). We fix a rational a/b such that ged(a,b) = 1 and b > 1. We have

N n
a 1 a
(I)S,N(E) = Z i mZ::l oS (Qmmrg)

n=

As in the proof of Theorem 4, (n) we write m = rb+ j with 1 < j < band r > 0 and get

®57N<%> bZZ—COS (27rjnb> + O(bHy(s + 1)),

777,_

where the implicit constant is absolute. We treat similarly the sum over n to get

o (3) = bZZcos(%jk )Z—S+O(b§(s+1)).

7=1 k=1
n= k[b]
Hence, since
1 1
—=-H 1
— = L H(s) + O(1)
n<N
n=klb]

where the constant depends at most on s, we deduce that

D, <b> Hn(s biz Cos<27rjk%>+(’)(b),

7j=1 k=1

where the constant depends at most on s.
[t remain to compute

We do this in a slightly more general form that will be used later.

Lemma 5. For any rational number u/v not necessarily reduced, with v > 1, we have

%i icos (27rjk%) = ged(u, v).

j=1 k=1
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Proof. We denote by S the double sum to be computed. The inner sum over k equals v if
v divides ju and 0 otherwise. Thus,

ged(u,v

v )
5:21: Z 1= Z 1= Z 1 = ged(u, v).
j=1 j=1,..v j=1,..v j=1
vlju gcdg)u,v) 17 gcd&,u) gcdz)u,v) lj

O
Applying the lemma with « = a and v = b (which are coprime), we obtain that
a 1

(the constant depends on s), which proves the claim, in an even more precise form that
will be used later.

5.2. Proof of (ii). We remark that

cos (mn(n + 1)a) sin (rn’a) |sin (mna)|  sin (7]|[n%al|) 7 ||n%al]

= |sin (mna)|  sin (mllnall) = 2 l[nall

sin (Wna)

(We have used the inequalities 2z < sin(rz) < mx, which hold for any x such that 0 <
x<1/2.)
By definition of @ y(a), we deduce that

cos (mn(n + 1)a) sin (mn’a)

N
T ||

< — _ . 5.2

= QZns+1HnaH (5.2)

n=1

“I’s,N(O‘)’ < i

n=1

nstlsin (Wna)

We can now use Proposition 1, (i), to conclude that both series converge for any « € 7.

5.3. Proof of (iii). e Almost sure convergence of ®; . We have proved that ®, y(«)
converges to ®4(a) for all o € &7 and moreover, that <7 is of measure 1.

e Convergence of @4y to ®, in L*(0,1).
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Firstly, let us show that (®,x),>1 converges in L?. For this, it is enough to show that
the sequence is Cauchy. For any integers N > M > 1, we have

/o(q)s’N(Oé) CDS,M(Q))Qda

N N 1 m n a1
= T cos (Qk:mm)z) cos (2€n7roz) da.
D

7: N N 1
=M 1<k<m,1<t<n
Im=kn

NE
M) =
B
3=
'mt
]
—

I

| —
™
=[]
__|o=
3A
SE
Ils

m=M+1n=M+1

(We use an identity obtain during the proof of Lemma 5 for the last equality.) For any
integer m > 1, the Dirichlet series with positive terms A,,(s + 1) := > 7, % is
convergent and thus

1 1 N
[ @@ @) aas g S5 AiTD

m=M+1

It remains to prove that the series with term A,,(s + 1)/m**! converges. For this, we
proceed as follows. The arithmetic function n — ged(m,n) is multiplicative and bounded
by m. Therefore, A,,(t) converges for any t such that Re(t) > 1 and we have

kt
P k=0 p
v(m) g 0 vp(m) > 4
I G > ) (2 )
kt kt kt
plm k=0 p k=vp(m)+1 p ptm k=0 p
1 (t=1)(vp(m)+1) _ q 1 1
| p(tfl)vp(m) ptfl -1 pt -1 pt
plm

In particular, substituting s + 1 for ¢ with s > 0, we obtain the bound

Am(s+1)<<H<1—l—]%),

plm
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where the implicit constant depends on s. Now, for any s > 0, we have
1 |:u(d) | O(log(m)/ log log(m))
[1(+5)-EH =T
plm m m

for some absolute constant (Extremal order of }_, 1, in Tenenbaum [21, p. 84]). Hence,
we have proved that

Y

ms+1

An(s+1)|  eOllostm)/loglog(m))
< s+1
m

where the right-hand side is the term of a convergent series, as was to be proved.
Therefore, ||®sn — @ ||z tends to 0 when N > M — 400, so that the sequence

(@, n)n>0 converges in L?(0,1) to a certain function d,. By a classical property, we
deduce the existence of a subsequence (®y, )i such that ¢y, ; — O almost surely, which
implies that &, = &, almost surely.

5.4. Proof of (iv). Given some irrational number a and s € (0, 1], that will be further
specified later, we consider a sequence of coprime rational numbers (a,,/by ) that con-
verges to a.

By the mean value theorem, we have

N n
1 m

< E s g ‘ cos(2mkna) — cos (27rk:nZ—> ‘

n=1 k=1 m

Yo a

m

< E e E ’27Tkn04 — 27Tk:nb—‘

n=1 k=1 m

a N
SZW’a—i ;EZ}%

®S,N(a) - ‘I)s,N (Z—:>

=1 k=1
< N3 %o — b_m : (5.3)
where the implicit constant depends only on s. Hence,
O, n(a) = (I)S’N(Z_m) + O<N3_S o — Z—m >
o HN<S) 3—s am
== +O(bm)+(9<N a—3" ) (5.4)

by (5.1) and where the implicit constants depend on s. We now distinguish the case s = 1
from the case s € (0,1).

e Case s =1. Since Hy =log(N) + O(1), Eq (5.4) becomes
_ log(N)

P, y(a) = ; +O(bm)+O<N2

a— Z—:D (5.5)
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Let us now assume that « is such that
Am, 1

O<‘Q_E S_@&nb?n’

(5.6)
where d,, is some function tending to +oo with m. We can take for example a =~ -, 1/b,
avec b, 1 = 2bn et by = 1: for any m > 1, we have

| Am
25 "

m

and obviously (a,, b,,) = 1 because a,, is odd and b,, is a pure power of 2. Of course, the
diophantine condition (5.6) implies that « is a Liouville number.

We choose N = N, = |e2%bn | so that (5.5) becomes
1
Py N, () = 5 Ombm + O(by,) + O(1). (5.7)

Then, it follows that

lim sup @ y () = +o0.
N—+o0

In fact, (5.7) even implies that
Oy N, (@) > /O 10g(Nin),

with N, ~ €29 We can choose d,, much larger than b,,, and have b,, = O(log(N,,)?)
for any given ¢ € (0,1). Therefore, there exist infinitely many choices for the sequence
(8)m (corresponding to infinitely many «) such that d,, > log(N,,)/b?, > log(N,, )72,
in which case we have
lim sup M
N—+o0 log(N)lis
as claimed. Clearly, we can make this contruction for a dense set of Liouville numbers.

o Case s € (0,1). Since Hy(s) = ¥ + O(1), Eq (5.4) becomes
Nl—s

= —{—OO’

a
o, N L ow, (’)(N?’*S ——m). 5.8
() = =gy Olbw) + o= (53)
Let us assume for the moment that « is not a Liouville number and is such that
Am, 1
0 _Zm
< la e

4

T, Which implies that the irrationality exponent of

where (@, by,) = 1, for some p > 2+
ais > 24 .
K
We choose N = N,, = |bi° | so that Eq (5.8) becomes

1 A=s)p

o (@) = T b’ L O®,) + O(1). (5.9)
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The condition on p ensures that —) 1 > 1 and thus

lim sup & () = +o0.
N—+o00

In fact, (5.9) even implies that for any € > 0, we have

Q)&N(a) = +00.

— —€
i

RSP )2

The reader will easily adapt this computation to the case of Liouville numbers where she
will replace p by a sequence (i, ), that tends to 400 with m. In this case, we obtain

lim su —CI)S’N(Q> =
N—>+o}>) N@Q=s)—e o

Again, this contruction can be made for a dense set of Liouville numbers.

5.5. Proof of (v). To prove the divergence of ®, y(a) for any a and s < 0, it is enough to
prove that that )" _, cos(2rmna) does not tend to 0 as n — +oo. For a rational a = a/b,
this is immediate because, for any integer n, we have

bn bn
Z cos(2mrmnba) = Z cos(2rmna) = bn,

m=1 m=1

hence

a
it (2 ) ~ 1.
11m Sup Z COS mwmn— b

n—+4oo T
For «v irrational, this is a consequence of the following lemma.

Lemma 6. For any irrational number o, we have

n

_ 1  L(a) . s 27m
lim sup — Z cos(2mmna) = 5 sm( ) # 0.

n—too Tt m=1 T

Proof. We have

cos(mn(n + 1)a) sin(rna)

1 n
= Z cos(2mrmna) =
n m=1

nsin(mnao)

_cos(mna) sin(2rn’a)  sin(rn’a)?

2n sin(mna) n

_ cos(m||nal]) sin(27mn||nal|) N (9(1>

2nsin(7||nal|)
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cos(||nal|) sin(2mn||nal]) .

The quantity is maximal when ||nal| is close to 0 and n||na||

2n sin(7||na||)
not too close to 0, and thus

n

lim sup — Z cos(2mrmna) = lim sup :
n—toc M A= notoo 2nsin(m||nall)

sin(27n||nall)

. sin(27n||nall)
= limsup —————~*
notoo  2mn||nall

- ()

Moreover, since L(a) > /5, we have 0 < 27/L(a) < 7 and thus sm(L( )) # 0. O

6. PROOF OF THEOREM 2

6.1. Proof of (i). We fix a rational number a/b with ged(a,b) = 1 and b = 1. Using the
Fourier expansion of ||«|| as for Fiy(«), we obtain

%(S)GS’N(%):E_%; 2041 )2HN1( )‘PsN((%H)b)

We now use Eq. (5.1), which says that, provided ged(u,v) = 1 and v > 1, then

2on () = H(s) + O),

v

where the constant depends only on s. Hence, if u and v are not coprime, we have

uy _ ged(u,v) v
q)S’N(v> B v Hi(s) + O(gcd(u, v))
It follows that
1 a 1 2 K ged(b, 2€+ 1) b
y=Z_= oo 7 q

where the constant depends only on s.
We now prove the alternative expression of the main term as a product. The principle is
very similar to what was done earlier. We observe that the arithmetic function ¢ — ged(b, £)
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is multiplicative and thus that, for any complex number s such that Re(s) > 1,

L gcd(b,20 4 1) B = ged(b, p¥)
Yo (Z =)

=0 p>3 N k=0

OS2+ > 20 qq(sh)

o ks
p>3( =0 P =3 \ =0 P
plb plb

1 1 pE= D)+ _q 1 1
= C(S) (1 - 5)111(},(5_1)%(17) ( ps—1—1 o ps—1 1- E )
plb

Using this for s = 2, we find

1 a 1 (O —1)(p+1) -1
i () =5 ,
N—1>r-Ii-1c>o HN(S) N 4 4()1!;[3< plr (b)+2

plb

which is a rational number < }l.

6.2. Proof of (i7). As seen at the beginning of the proof of (i), we have

2 > q)s,N((Qg—i‘ 1)0&)

w2+ 1)

Gv(0) = Gun(a) — § Hnls) = -
To justify that we can pass to the limit N — 400 under the sum sign, we will use Tannery’s
theorem, which is a version of Lebesgue dominated convergence theorem for series: Let
(An(k))n>0 be a sequences of complex numbers that depends on an integer parameter k > 0.
Let us assume that
o foralln >0, limg_,« A, (k) ezists and is finite;
e for alln >0, there exists M, such that |A, (k)| < M, for all k > 0 and such that
> M, is convergent.

o) o)

Then, lim A, (k) = lim A, (k) < oco.
hoo n=0 n=0 hoo

We will also need the following lemma.

Lemma 7. (i) For any o € @/ with a finite irrationality exponent u(a), any integer N > 1
and any integer k > 1, we have |®1 y(ka)| < log(k+1), where the constant depends on o
(17) Given s € (0,1), for any a € </ with an irrationality exponent u( ) < 1+ —

1( ls’
)(1—s)

any integer N > 1 and any integer k > 1, we have |®, x(ka)| < k* , where the

constant depends on o and s.
Proof. Using the inequality (5.2) and items (i7i) and (iv) of Proposition 1, we find that
D1y (a)| < () + log c(e)
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and

C(@)l_s
0.0 € — S
where the first constant is absolute and the second one depends on s. Furthermore, it
is straitghforward to see that if o has a finite irrationality exponent, then for all integer

k > 1, the irrational number ka also has a finite irrationality exponent and that we can
take p(ka) and ¢(ka)) such that

plka) = p(a),  c(ka) < e(a)kH 7!
Hence,

@13 (ka)| < pu(ka) + log c(ka)
< (@) + () — 1) log(k) + log c(a) < log(k + 1),

and similarly

1— Sk 1 s)
|¢)S7N(ka)| < c((ll ]Sf)é)) 1)(1-s)—1 < ( ) (p(a)—1)(1—s)—1 < k( ple) == S)
Vo 1-v2
where both constants depend on «, and also s for the second. ]

We can now easily finish the proof of item (i7) of Theorem 2. Indeed, in the case s = 1,
for any o € o/ with finite irrationality exponent, for any integer ¢ > 0, (2¢ 4+ 1)« also
has a finite irrationality exponent and, therefore, belongs to <7 (by Lemma 1, (i)). Hence
®; n((2¢0 + 1)ar) converges to ®4((2¢ + 1)) and by (i) of Lemma 7, we have

(204 1)2 (2041)27

where the right-hand side is the term of convergent series. By Tannery’s theorem, we
therefore have

1N ((20+ 1))
lim,, Fevle) = —NI;TMQZ RO+ 1P
o2 (2£+1)2

(=0

In the case s € (0, 1), for any a € o with an irrationality exponent u(a) < 14 1—18, for
any integer ¢ > 0, (2(+ 1)« also has an irrationality exponent 1((20+ 1)) = p(er) < 1+
and, therefore, belongs to .7, (by Lemma 1, (i7)). Hence ®, y((2¢ + 1)a) converges to
®,((20 + 1)«v) and by (ii) of Lemma 7, we have

‘ CDs,N((2£ + 1)0&)
20+ 1)2

2—(ula)-1)(1-s)’
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where the right-hand side is the term of convergent series because 1 > (u(a) — 1)(1 — s).
Again, by Tannery’s theorem, we therefore have

2 KON ((204 1))
lim ¥, =— lim — :
m Go(e) == w53 oy
2 o= O,((20 + 1))
T i (2041)2

6.3. Proof of (iii). The almost sure convergence of ¥ y to ¥, is a consequence of (i7)
because the sets <7, all have measure 1. It remains to prove the convergence in L?*(0,1).
Firstly, we note that for any integer £ > 0 and any integers M > N > 1, we have
@0 ((2k + 1)) — @ v ((2k + D) ||, = ||Psnr(c) — @ n(ev)]|, by the 1-periodicity of
the @, . Therefore,

o0

s = (@), € 53 gy [0 (26 D) = (k4 1)),
k=0
2 w 1
szm\@m (@],
< 7 1[@aa@) ()]l

Since the right hand side converges to 0 by Theorem 1 when M > N — +o00, we have
obtained the convergence of the ¥, x in L?(0,1) to a function that can be nothing but ¥,.

6.4. Proof of (iv). We will use the same method as in the proof of item (iv) in Theorem 1.
The proof is based on the “identity” (6.2) given in Lemma 8 below. We will then leave
most of the details to the reader as no new idea will be involved.

Lemma 8. Let us fiz s € (0,1], an irrational number o and a rational number a/b with
ged(a,b) =1 and b > 1. For any integers M > 1, N > 1 we have

Gon(a) (———dedeHl))HN(s)

b(2¢ + 1

+0(b) + O(Hﬁs)) +0 (HMN?"S

a— %D (6.2)

Proof. Nota Bene: As the reader will check, all the implicit constants below depend at
most on s.

where the implicit constants depend at most on s.
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Firstly, starting from the definition, we find that, for any integer M > 1

’Gs,m) ~Gn(3)

<HXr 3 e

Do (20 + 1)) — @y ((20+ 1)%) ‘

Secondly, using the upper bound (5.3), we have
A

2
L0+ 1)

(204 1)a) — B,y ((25 + 1)%) ‘ < N¥-

oo \f

< HyN*"*|a %’
Thirdly, we know that [®, v()| < Hy(s) in all situations. Hence
= a
s | Pen (2 w(@e+n3))
2 (2£+1 ) (@0 1a) = ’N<(€+ )b>
(=M+1
> 1 HN(S)
H .
< Hy(s) 211 S i
(=M+1

Therefore, we have obtained

Gon(e) =Gsn (%) +0 (HL(S)> +0 <HMN3‘S

and the lemma follows using (6.1).

a
o — —

b

)

To conclude the proof of item (iv), we first choose a sequence of rational (ay,/b,)

m)m that
converges to «, with (am,,b,) = 1, by, > 1. Then, we take M = |Hy(s)], so that after
some simplifications, (6.2) becomes

g

1 2 & ged(by, 20+ 1) 4 A,
- — — H 1 N — :
Gon(e) = (1= 2 2 B ) (9 + Ot 0 logM) v o=
Since
2 2 =~ ged(bp,, 20 + 1)
< =
7w2b,, WQZE_; bm(20+1)2
it follows that

Gynla) — iHN(@ < —Qif[f) +Ob) + O(log( N a2 ) (6.3)

For s =1 or s € (0, 1), we now take for « the same reals as those used during the proof
of item (iv) of Theorem 1 and with the same choices for N in function of b,,. In (6.3),
the main term is — 2 ()

—y— and we obtain the divergence at the rate indicated for irrational
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numbers with irrationality exponent m(c) > 2+ ;= when s € (0,1), or for a dense set of
Liouville numbers when s = 1.

6.5. Proof of (iv). Since L(a) > +/5 for any irrational number «, it follows from item
(1v) of Theorem 4 that

A

liminf F,(a) <

n—-+00
Thus, for any s < 0, the sequence n~* (Fn(oz) — 411) does not tend to zero and a fortiori the
series . n~*(F,(a) — 1) does not converge.
The divergence for « a rational number is a consequence of the oscillating (and nearly
periodic) behavior of F, () — 1 as shown in item (ii) of Theorem 4.

7. PROOF OF THEOREM 3

7.1. Proof of (i). The Fourier expansion of ®; y(a) is

N? N?
O, n(a) = ZCOS(QWI{:Q) Z 31+1 = ZCOS(QWka) Z 51+1
k=1 ISmSnSNn k=1 nlk n
mn=k VE<n<N

C 1

= cos(2mka) .
2 Z“; o

VE<n<N

and the difficulty is to justify that we can pass to the limit under the sum sign.

By Carleson’s theorem [5], we know that the Fourier expansion of ®4 converges almost
surely to @, because @, € L*(0,1). We will give a direct proof of the almost sure conver-
gence that avoids this difficult theorem.

Set N
§S’N(Oé) = Z A&k cos(2mka),
k=1
~ 1 .
where ¢, == Z T We will show that, for all a € A,

lm S, n(a) = By(e).

N—+o00
This will prove that the trigonometric series

§5(oz) = Z éﬁ\&k cos(2mka)
k=1

converges almost surely to ®,(«). It will remain to show that S, is the Fourier series of

~

®,, i.e. that the coefficients ¢y s coincide the Fourier coefficients ¢y s of 5 computed by
the usual integrals.
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We now pass to the details

e Almost sure convergence of a trigonometric series to ®,.
For any real number «, we observe that

N

Ssn(a) = Z o Z cos(2mka) = p— Z cos(2mkna)

n=1 1<k<n? k<N,n|k n=1 1<k<n,k<N/n

— Z nslﬂicos(%rkna)—l— Z nsl+1 Z cos(2mkna) (7.1)

1<n<vN k=1 VN<n<N 1<k<N/n

R 1
- Z nsHZcos(Qﬂkna)—l—O( Z W)

1<n<VN k=1 VN<n<N

] =

In the last step, we have used the following fact: we have
1 1
Z cos(2mkna) = (’)(—) = (’)<—>,
| sin(mna)| [|na|
1<k<N/n
where the constants are absolute, so that

1 1
Z P Z COS(27TI€TLOC) = O( Z W) .

VN<n<N 1<k<N/n VN<n<N

We have thus obtained the equality

R 1
Ssn(a) =@y (@) + O( Z W)
VN<n<N

1
n st nal|

If o € o, then @ 7| () converges to () while if o € 9{5, then the series ) |
is convergent by Kruse’s inequality (4.4). Therefore, limy Ss () exists and is equal to
() for all irrational numbers a € o/, N B, = A (at least).

e Convergence of Sy to ®, in L2(0,1). It is clear that, for any s € (0, 1],

1 eclog(k)/log log (k)
0] < s 21 <

Hence ), ¢} , < oo and by the Fischer-Riesz’s Theorem, the series S, converges in L*(0,1).
Its L%-sum is ®, because it converges to it also almost surely.

e Fourier coefficients of ®,. Let (¢sx)rez and (Csx)rez denote the Fourier coefficients of

®, and S, respectively (which are already known to be 0 for £ = 0 and k odd). Since both
functions belong to L2(0,1), the coefficients can be computed by the usual integrals and

by the Cauchy-Schwarz inequality, we have for any k € Z, |csx — Cr.s| < ||Ps — §S||2 =0.
Hence, S, is the Fourier series of ®,.
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7.2. Proof of (ii). We now know that §S,N(o¢) = S;n(a) and we start again with the
identity (7.1):

Z ns+1 ZCOS (2mkna) + Z nslﬂ Z cos(2rkna).

1<n<v/N k=1 VN<n<N 1<k<N/n

We now specify a = a/b € Q with ged(a,b) =1, b > 1.
We use again a computation done during the proof of Theorem 4, (7i):

Z oS <27rk:n%> = % zb:cos <27r]nb> + O(b).

1<k<N/n 7j=1

Hence, using the fact that 2221 cos(2mjny) = 0, resp. = b, if b{ n, resp. b | n, we obtain

that
SSW(%) = QN <%> +N Z ns+2 + O<b Z nsl+1> (7:2)

\/N<n<N VN<n<N
bln
L ()1 o(1) + ——
= - 5 )
b LV b(s+1)

N2 (1+0(1)) + O(b).

(In (7.2), the implicit constant is absolute.)
If s € (0, 1), then since H  /x(s) ~ 1—£SN158

, it follows that

a 2
lim —— S, n(=) = . 7.3
N- oo H /z(s) ’N<b> b(1 + s) (7.3)

If s =1, then the term N2 (14 o(1)) is simply O(1), hence

b(s+1) +1)

1 a 1
N—+oc0 HL\/NJ b b
and (7.3) also holds for s = 1. This completes the proof of (7).

7.3. Proof of (iii). Item (éi7) is proved by the same method as the one used to show that
the sequence ®; y does not converge for certain Liouville numbers: for this we use the
approximations (5.1) and (7.2).

8. GRAPHS AND NUMERICAL VALUES

In this section, we present approximate values of the function ®;(a) for various values
of a, obtained using the freeware GP-Pari [10]. For this, we need to find an upper bound
for the speed of convergence of the sequence @, y(«) to its limit. We explain later why,
despite an explicit bound for the speed of convergence of ¥, y(«), we cannot compute
values of ¥(a). Some graphs are also displayed, obtained using the computer algebra
freeware XCAS [22].
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8.1. Speed of convergence.

Proposition 2. (i) If o € @ has a finite irrationality exponent (), we have
|(I)1(Oé) — @171\[(@)’

< m(1+¢(2) (30 + log () 2Bm) 4 5000) - 1>1og<qm>2>

m Am

for any integer N such that N > q,, with m > 6.

(i1) If o € o, (for some s € (0,1)) and has an irrationality exponent p(a) < 1+ =,
then

’q)s(a) — @s,N(a)|

T(1+((s+1))
= (12 g)g ¢ D0

c(a)t=s ) .

3(1+ (@) ~*) log(gm) + -
< | _ a#@ D01

for any integer N such that N > q,, with m > 6.
Proof. During the proof of item (ii) of Theorem 1, we saw that

cos (mn(n + 1)a) sin (mn’a) |[nal|

™
S_
2 [Inaf]

sin (7moz)

for any n > 1. Hence,

>, |cos (mn(n+ 1)a) sin (mna) | 7 <~ ||n?al
®,(a) — b, n(0)] < S N e
[:(a) w(a)] < nz;v n*+lsin (mna) — 2 nz]:V st |nal|
and the conclusion follows by Proposition 1, (i7i) and (iv). O

The bounds given by Proposition 2 are good enough to provide a few digits of ®4(«)
with a computer for any given o and s and with N of a reasonable size. The situation is
somewhat different for the computation of ¥;(«). It is possible to obtain explicit bounds
for the difference |%,(ar) — %, v(a)|, using the fact that

[e.e]

9.(0) — Fn(a)] < % S ﬁ\@s((% T+ 1)a) — By (2 + 1)a)].

We now use Proposition 2 to bound
P, ((2k + 1)) — Py n ((2k + 1))

but we have to be careful that the bound depends on ¢, = ¢, ((2k + 1)a). There does
not seem to exist general results providing a simple link between the sequences (g, (@))m
and (¢m(fa))m, where £ is any positive integer. Therefore, we uniformize the bounds
of Proposition 2 by means of the (already multiply used) inequality g, (a) > 2m=1/2,
We don’t write the exact result which seems useless in practice because, for example, to
compute the first digit of % (v/2) one needs to compute % 59717522819 (V2)-
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8.2. Explicit irrationality exponents. Our remaining problem is to find numerical ex-
pressions of u(a) and ¢(«) for a given a. Unfortunately, there is no general recipe. In the
proposition below, we collect a few results of the litterature that provide explicit values of
these numbers for interesting irrational numbers. We emphasize that the values of p(«)
below are not necessarily the best known (see [17] for more recent results) but, usually, the
authors of these refinements take c(a) = 1 and state their results for large enough ¢, which
is not the kind of result we need. It also happens in the case of algebraic numbers that
bounds for u(a) close to Roth’s result (which asserts that for any ¢ > 0, m(«) < 2+ ¢ but
without an explicit expression of ¢(a, €)) have been obtained, but at the cost of increased
values of ¢(a), which is not necessarily a good thing for numerical computations.

Proposition 3. (i) (Liouville’s inequality [17]) Assume that « is a real algebraic irrational

number of degree d, with minimal polynomial P(X) = Z;.lzo ¢; X’ € Z|X]. For any rational
number p/q, q¢ > 1, wehave

-1

q

1 1
d—1 d . oA
(|0“ + 1) Zj:lj‘cj‘ q
In other words, we can take (o) = d and c(a) = (|af +1)%! Z?:Lﬂaj\.

(17) (Baker’s inequality [1]) For any rational number p/q with ¢ > 1, we have

Hence we can take u(v/2) = 2.955 and c¢(+/2) = 106,

(i13) (Mignotte’s inequalities [15]) For any rational number p/q with ¢ > 2, we have

Hence we can take p(m) = 21, p(n?) = 18 and c(w) = c(n?) = 1.
(iv) (Bundschuh’s inequality [4]) For any rational number p/q with ¢ > 1, we have
o Pl log log(4q) .
q| ~ 18¢*log(4q)

Hence we can take p(e) = 2.1 and c(e) = 77.

Proof. For (ii) to (iv), we refer to the cited references. Item (7) is also classical (in this or
another form) but its proof is so short that we provide it here.
Let us assume that |o — 2[ < 1. By the mean value theorem, there exists { between

and p/q such that
P(S) = P(a) — P(S) = P(¢)(a- g)
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Since the degree of « is at least 2 and P is the minimal polynomial of o, neither P(%) nor
P'(§) can be 0. Hence, [P(£)| = qid and

d
0 < |P'(€)] < max(L, [€)* Y jleyl.

Jj=1

Therefore, we have

1 1
ix~d Cod
max(1, [§])4! Zj:1]|cj| g

It remains to bound . Since |a — g\ < 1 and ¢ is between o and §, it is clear that
€] <|a|+ 1. Hence max(1, |¢|) < max(1,1+ |a]) = 1+ || and therefore

HE
q

’ p‘ 1 1
a—=—| 2> - —
- d—1 d . d’
q (|a| + 1) Zj:1j|cj| q
Since this bound also holds when | — £ > 1, the result follows. O

8.3. Graphs and numerical values of ®,(«). In this section, we present approximations
of various values of ®,(«) for s = 1. For this, we computed ®, y(«) with GP-Pari with
N and the reader will check using Propositions 2 and 3 that we get three, four or five
significant digits as indicated.

We also present graphical representations of ®g5p000 for s = 1, %, %. Since @, are
continous while ®; is (probably) not, these representations should be taken cautiously.
However, they present some interesting features, coroborated by the results proved in the
previous sections or the table below: we see that ®, y(«) converges for less values of «
when s is getting closer to 0) and also that the absolute minimun of ®, seems to achieved

at ‘/52’1 and 3’2\/5 in the four cases considered.

q)l(Oé) N

Vool | 111153 | 2.05 x 10°
V2 —1| —1.08588 |2.08 x 10°
0558 | —1.08589 | 2.27 x 10°
V2 | —0.1419(0) | 3.39 x 10°

e —0.3666(3) | 1.92 x 108

T 0.357(10) |3.20 x 10®
2 0.370(67) |2.67 x 10°

The figures between parentheses are stable for a long time before reaching the indicated
values of N, but our bound does not prove that they are correct. For the same reason, we
do not mention our numerical results for ® /().
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The choice of the quadratic number —”523’53 is not arbitrary. Indeed, in the Lagrange
spectrum, it is the number with the fifth smallest Lagrange constant: we have

() < s (E0) <o) (7

(see [7, p. 10]). It is interesting to see that this order is not respected by ®; (and also by
P, /5 if we believe our “unpublished” data):

@1(‘/52_ 1) < (@) < ®(V2-1).

The function @, does not have a clear diophantine signification, since it is just a brick used
to define ¥,. But the fact that &, (\/‘?’2_1) seems to be a minimum value of &, is puzzling.

8.4. Graphs and numerical values of ¥,(«). We present approximations to four digits
for a few values of % («); they are computed from % 30000(cr). However, we cannot garantee
that even a single digit after the decimal point is correct, even though our computations
in Pari-GP suggest this is the case. It seems that

541(\/52_ 1) =0.2169..., % (V2—-1) =02103..., % (—7565_53> =0.2105...

82

and again we observe that the order of Lagrange spectrum does not seem to be respected.

We also present graphical representations of % 999 for the same values of 1, %, %0. (For
s = 1, the plot is displayed in the Introduction.) The same precautions should be taken
as for ®, 50000 concerning their interpretation. However, they present the same interesting
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features: we “see” that ¥ n(«) converges for less values of a when s is getting closer to 0)
and also that the absolute maximun of 4, seems to be achieved at ‘/52_1 and 3_2‘/5.
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9. OPEN PROBLEMS

We collect here some questions that we believe are interesting and worth investigating.
The answer might depend on the value of s € (0, 1].

1) To find the exact domains of definition of ®; and ¥;.
2) To prove or disprove that ®, resp. ¥, is bounded below, resp. above, on its domain
of definition. To prove or disprove that ®, resp. ¥, is not bounded above, resp. below.
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3) To prove or disprove that ®,, resp. ¥, takes its minimum, resp. maximum, at \/52_1

and %5

4) To improve the bounds in Propositions 2 or to device a different and more efficient
method to compute approximate values of ®, and ¥.

5) To find expressions of liminf, F,,(a) and limsup,, F,,(«) in terms of some known
diophantine characteristics of a. The techniques of [3] and [19] might be useful here.

6) For some given s < 1, consider a, 3 € @7 such that (o) < @4(5). Do we have
O, () < Oy(f) for any t € (s,1]7 Same question with ¢, instead of .

7) Do the graphs of ®; and ¥, have any kind of fractal/auto-similarity structure, even
in an approximate sense? For this problem, does the similarity of the Fourier coefficients
of @, with those of Eisenstein series can be used in some way? We recall for exam-
ple that Itatsu [11] used theta series to study the differentiability of Riemann’s function

Zoo Sin(ﬂ#, See also [8]

n=1
8) Since cos(mn(n + 1)a) = cos(mna) cos(rn’a) — sin(mna) sin(rna), we have

= (mna)sin(2mn’a) = sin(rn’a)?
Z s+l N Z nstl
n=1 n=1

The second series on the right hand side converges for any o and any s > 0 and is remi-

niscent of Riemann’s function. The first series seems to attain its minimum at @ when
s € (0,1]. Is this true?

In connection with the last two questions, we observe that the implied series have a
ressemblance with the one on the left hand side of the identity

Z (—1)m=D/2gm* /4 o (mﬂa _ m;) _ _i93(04)94(04)92(04) (9.1)
~ 2 04(z, @)
m odd

where ¢ = €™ and

— Z 617712622'71'771:57 04(27, Oé) _ Z<_1)mqm262iﬂ,mx

mEZ mEZ
_ Z qm2/4ei7rm:c7 01([E,C\4) _ Z (_1)(m—1)/2qm2/46i7rmz
meZ meZ
m odd m odd

are the usual Jacobi theta series. The modular properties of the function in (9.1) and of
many other related functions are studied in [16].
Finally, let us mention that the related series (amongst many others)

Z sin(2mn||nal|) Z sin(2mn||na|[) Z |[n%a|sin(7n2a)

— n?sin(r||nall)’ —~  n?||nall n?||nal|
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all seem to be extremal at o = \/52’1. On the other hand, the series >~ % seems to

be minimal at /5 — 2; it is studied in details [20], along with the series > 02 (—1)" nal

n?[|nal|
which seems to be minimal at /2 /2.
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