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EXTREMELY WEAK INTERPOLATION IN  H*®

ANDREAS HARTMANN

ABSTRACT. Given a sequence of points in the unit disk, a well known ltedwe to Carleson
states that if given any point of the sequence it is possibieterpolate the value one in that point
and zero in all the other points of the sequence, with unifoomtrol of the norm in the Hardy
space of bounded analytic functions on the disk, then thaesezg is an interpolating sequence
(i.e. every bounded sequence of values can be interpolgtéghistions in the Hardy space). It
turns out that such a result holds in other spaces. In thig sbte we would like to show that for
a given sequence it is sufficient to find juste function interpolating suitably zeros and ones to
deduce interpolation in the Hardy space.

1. INTRODUCTION

The Hardy spacéi* of bounded analytic functions dn is equipped with the usual norm
| fllo = sup,ep |f(2)]. A sequence\ = {\,},, C D of points in the unit disk is called inter-
polating for H>°, notedA € Int H°, if every bounded sequence of values- (v,), € [* can
be interpolated by a function iff>. Clearly, forf € H>, the sequencéf(),)), is bounded.

Hence

Nemeae QL pep g

(we identify the trace space with a sequence space). Theesegi is said to satisfy the
Blaschke condition ify (1 — |A,]) < oo. In that case, the Blaschke produgt= [] b,,,

whereb,(z) = '—i‘% is the normalized Mobius transform (¢ D), converges uniformly on
every compact set db to a function in > with boundardy value§3| = 1 a.e. onT. Carleson

proved (see[JCabh8]) that
Aent H® <= inf|B,(\,)| =6 >0,

whereB,, = [],_, by,. The latter condition will be termed Carleson conditiong ave shall
write A € (C') whenA satisfies this condition. Carleson’s result can be refoatewal using the
notion of weak interpolation.

Definition 1.1. A sequence\ of points inDD is called a weak interpolating sequenceHR°,
notedA € Int,, H*, if for everyn € N there exists a functiop,, € H* such that

o for everyn € N, ¢©,,(\¢) = i,
® sup,, [|¢nlle < 0.
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Now, whenA € (C), settingy,, = B,/ B, ()\,) we obtain a family of functions satisfying the
conditions of the definition. Henck € Int,, H*°. And from Carleson’s theorem we get

Aelnt H* <« A€lInt, H™.

With suitable definitions of interpolating and weak intdgimg sequences, such a result has
been shown to be true in Hardy spadé (see [ShH3h] forl < p < oo and [Ka6B] for
0 < p < 1) as well as in Bergman spaces (se [SchS98]) and in certééy-Pdener and
Fock spaces (sef [Sch$00]).

One also encounters the notion of “dual boundedness” fdr saquences (seg JAnj08]), and
in a suitable context it is related to so-called uniform mmality of sequences of reproducing
kernels (see e.g[ [NikD2, Chapter C3] for some general)facts

Using a theorem by Hoffmann we want to show here that giverparaged sequencg then
there is a splitting of\ = Aq U A, such that if there exisisist one function f € H> vanishing
on A, and being 1 on\;, then the sequence is interpolatingAii©.

The author does not claim that such a result is anyhow usefidst whether a sequence is
interpolating or not, but that it might be of some theordtinterest.

2. THE RESULT

Let us begin by recalling Hoffman'’s result (which can e.gfdaend in Garnett’s book[JGarB1]):

Theorem 2.1(Hoffman) For 0 < 6 < 1, there are constants = a(J) andb = b(d) such that
the Blaschke produdB(z) with zero set\ has a nontrivial factorizatiorB = B, B; and

1
al Bo(2)|"" < [Bi(2)] < —[ Bo(2)/"

foreveryz € D\ J,., D(A,0), whereD(),9) = {z € D : |bx(2)| < 0} is the pseudohyperbolic
disk.

In view of this theorem, given any Blaschke sequence of goinn the disk and a constant
5 € (0,1), we will setAq to be the zero set dB, andA, to be the zero set d8; whereB = BB
is a Hoffman factorization oB. We will refer toA = Ay U A; as aj-Hoffman decompositioof
A.

Recall that a sequenck is separated if there exists a constant> 0 such that for every
A€ Ay XN # p, |ba(p)| > do. For such a sequence, we will callcarrespondingHoffman
decomposition a Hoffman decomposition associated ¥vithd, /2.

Theorem 2.2. A separated sequendein the unit disk with corresponding Hoffman decomposi-
tion A = Ay U A4 is interpolating ford>° if and only if there exists a functioh € H such that
f|A0 =0 andf|A1 =1.

The condition is clearly necessary.

Proof of TheoremPreliminary observation: by factorization > (see e.g.[[Gar81]), we have
f = BoF whereF' is a bounded analytic functions (that could contain innetdes). Then for
everyu € Ay

L= f(1) = [Bo(w|F()] < el Bo(p)
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which shows that
[Bo(p)| = m:=1/c.
Replacingf by ¢ = 1 — f we obtain a function vanishing now on and being 1 on\,. And
the same argument as before shows thapfer A,
[Bi(p)l =
(let us agree to use the saméere).
Pick nowp € A;. Then

[ Bo(p)| = 1.

We have to check whether such an estimate holds also for tendeiece. Now, let €
0D(u,d) (note thaty = dy/2, whered, is the separation constant &f so that this disk is far
from the other points ol). Then by Hoffman’s theorem

| Bay(2)] = al Bo(2)["*
Hence

| Banguy (2116 (2)] = al Bo(2)['*
and "
[Baign (2)] = 51Bo(2)[""

Now By ,\,; andB, do not vanish inD(y, ). We thus can take powers 8f and divide through

getting a functionBAl\{M}/Bé/b not vanishing inD(u, 6). By the minimum modulus principle
we obtain

B (2)
b
By (2)
for everyz € D(u,d) and especially in = p so that

a
| Bag\uy (1) > gnl/ b

a
>
)

Hence

a
Batur ()] = [Bo() | Ban o ()] = 507"

By the preliminary observation above, the same argumerteaarried through whem € A,
so that for every: € A we get

[ Bavgu ()] = ¢
for some suitable > 0. HenceA € (C') and we are done. [
Remark 2.3. 1) It is clear from the proof that it is sufficient that thereisy > 0 with
2.1 inf | B > and inf |B >
(2.1) Jmf | Bo(u)| =1 Jnf |By(u)| =

This means that in terms of Blaschke products, we me&edunctions instead of the sole function
f (which is of course not unique) as stated in the theorem. Oulklcaise the question whether it
would be sufficient to have only one of the conditiondin](Zth¢ condition is clearly necessary).
Suppose we had the first condition

inf | Bo(u)| >
Jnf | Bo(u)| =1
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Then in order to obtain the condition of the theorem, we waded to multiplyB, by a function

F € H* such that By F')(i) = 1 for everyp € A;. In other words we need thaét, + B, H>

is invertible in the quotient algebrd>/ B, H> under the condition thdt < n < |By(u)| < 1.
This is possible when; is a finite union of interpolating sequencesHi (which in our case
boils down to interpolating sequences since we have sonrevetssumed that, and hence\,,

is separated). See for examyle [Har96] for this, but it can be deduced from Vasyunin’s earlier
characterization of the trace &f> on finite union of interpolating sequences (dee [Vas84)).

We do not know the general answer to this invertibility peshlwhenA; is not assumed to be
a finite union of interpolating sequences.

2) Another question that could be raised is whether in Tha@e? the assumption of being
separated can be abandoned. At least Hoffman’s theoremnibedlow us to deduce that the
sequence is separated. As an example, one could have a Gitvamiaterpolating sequence the
elements of which come arbitrarily close to each other. &\it= (J, o, whereo,, contains
two close points of\ one of which is of the first interpolating sequence and therotime from
the second interpolating sequence. Agtbe the union of the even indexed’s andA; the odd
indexeds,,’s we obtain a Hoffman decomposition for which we can fjhds in the theorem, but
A is not interpolating.
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