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The coordinate system u x x on L*([0,1]) x L*([0, 1]) for the
AKNS operator

L. Amour*

Abstract
A direct proof of the following result is given. The map u x & for the AKNS operator on the unit
interval associated to the separated boundary conditions is one to one on L2([0,1]) x L?([0,1]). The
Schrodinger operators are considered in an appendix.

1 Introduction and statement of the result.

This short paper is concerned with the AKNS operator

0 -1 d —q p
= —_— ]-
o = (Vo )t (00 1)
on [0,1]. In (1) the potentials p and g are real-valued functions belonging to L?([0, 1]).

Let us mention that H(p, q) is the self-adjoint operator of the Lax pair associated to the one dimensional

nonlinear cubic (defocusing) Schrédinger equation i+, —2|ul?u = 0 (setting u = p+iq). The operator

d

H(p, q) is also unitarily equivalent to the Zakharov-Shabat operator ( (1) (1) ) s + < g sg > (with
- x

© = q — ip). Moreover H(p, q) is related to the first operator in the decomposition of the Dirac operator

with a radial potential.

In this paper, the operator H(p, q) is associated to the SL(«, ) boundary conditions where (a, 3) € [0, 7[2.

Y

One says that F' = < 7

) € H([0,1]) x H'([0,1]) satisfies the SL(c, 3) boundary conditions if
cosaY(0) + sinaZ(0) =0 @)
cosBY (1) + sinfZ(1) =0

Fix (a, 8) € [0, 7[%. The operator H(p,q) denotes the following self-adjoint operator

D(H(p,q)) = {F = ( }Z/ ) € H([0,1]) x H([0,1]) satisfying (2)} .

H(p,q)F = H(p,q)F, VF € D(H(p,q))
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Let us recall the following points ([A]). For each (p,q) € L*([0,1]) x L?([0,1]) the spectrum of H(p,q)
denoted by o(H (p, q)) is a strictly increasing sequence of eigenvalues (ux(p, q))rez. Each eigenvalue is of

multiplicity one. The asymptotic expansion is

(1 (p, @) — km — o+ Brez € C(Z). (3)

For any complex number z and any (p, q) € L%([0, 1]) x L2([0, 1]) the functions F} (-, z,p, q) = ( ? E" z’f)’ ?)
IRy 2

and F»(, z,p,q) = < Yoz, p,0) ) denote the solutions to

Z2(,2,p,4)
Hp,9)F = zF (4)
on [0, 1] verifying the initial conditions
rocpa = (g ). Rozpa-(])

Y

In particular, any solution F' = ( 7

) to (4) may be expressed as,

F(z) = Y(0) Fi(x,z,p,q9) + Z(0) F3(z,2,p,q), Y €]0,1]. (5)
Set
F ( ) _ Ya(x’zapv(J)
@ x7z’p7q Za(‘rVZ’p?q)

= —sina Fy(z,2,p,q) + cosa Fs(x, z,p, q).

The px(p, q)’s are the simple zeros of the entire function
2 cos BYo(L,2,p,q) +sin B Za(1, 2,p,9)

and Fy, (-, px(p, q),p, q) is the eigenfunction (up to a non vanishing multiplicative factor) corresponding

to pr(p,q). The sequence (ki (p, q))rez is defined by

ka(p7q) = 7SinﬂYa(17zap7q)+C036Z(1(17'Z7p7q)5 VkeZ. (7)

The maps p and & are then defined on L?([0,1]) x L?([0,1]) by

w(o,q) = (P, @)kez,  K(0,q) = (ke(D:Q))rez- (8)

It is known ([GG]) that u x r is one to one on H'([0,1]) x H*([0,1]). The main result here is the following

one.

Theorem 1.1. The map p X « is one to one on L*([0,1]) x L*([0,1]).

)



According to Theorem 1.1 the map p X x may be viewed as a global coordinates system on L2([0,1]) x
L*([0,1]).

The goal here is to provide a quick and direct proof of Theorem 1.1. Note that this result certainly
should be also proved starting from the Birkhoff coordinates ([GPT, Ch. IIL.8]) or from the action-angle
coordinates. Also note that, although this result is stated in [GG], it is only proved in [GG] for potentials
in H'(]0,1]) x H'(]0,1]) in order to follow the proof of [PT, Theorem 3.5] (see also [S] for singular AKNS
operators with potentials in H*([0,1]) x H([0,1])).

If one of the two parameters a and ( is not given then it is determined from (3). One may also replace the

sequence (rk(p, q))kez by the sequence of norming constants (||Fo (-, 2k (p, 4), P, @)||L2((0,1))x £2((0,1]) ) keZ-

In order to derive Theorem 1.1 an entire function f is introduced in (12). This function is already used
for the AKNS operator (see [DG]) in the proof of results like one spectrum together with the knowledge of
the potentials on half of the interval uniquely determine the potentials on the whole interval (Hochstadt-
Lieberman type’s result). See also [L],[AR], ... in the case of the Schrodinger operator. The point of

this paper is to remark that this function f still may be used to obtain Theorem 1.1.

More precisely, suppose that (p,q) € L?([0,1]) x L?([0,1]), (p,q) € L*([0,1]) x L*([0,1]) and define
f by (12). The main step is to derive that f is entirely vanishing since the fact that f = 0 implies
(p,q) = (p, q) is provided by [DG]. To this end, the number of the zeros of f has to be sufficiently high.
When pg(p,q) = pr(p, ) for some k € Z then it is already known (see [DG]) that ux(p,q) is a zero of
f. The main fact is the following. If ux(p,q) = px(p,§) and kr(p,q) = kik(p,q) for all k € Z then the

1k (p, q)’s becomes zeros of order at least two of f (Proposition 2.2).

In the case of Hochstadt-Lieberman type of results, (p,q) = (p,q) on [%, 1] implies that f is of type 1
(at most) and the ux(p,q)’s are zeros of f. In the case of Theorem 1.1, f is of type 2 (at most) and
the p(p,q)’s are zeros of order (at least) two of f. That is to say, in the second case, the type and the
number of zeros are multiplied by two. Actually one has to pay attention not only to the type of f but

also to polynomial factors. Precisely, one has f(z) = O (8321 ) and the power | 1| r is used in the proof.
Sz|2 Iz|2

It is proved in Proposition 2.3 that the pg(p, ¢)’s being zeros of order 2 of f lead to a first estimate on
Ny (Ny is a function related to the number of zeros of f, see (17)) and the type, the order and the power
(\1 T give rise in Proposition 2.4 using Jensen’s Theorem to a second estimate on Ny when f # 0. These
tlx\z\y;)l estimates on Ny are not compatible. Therefore f is entirely vanishing.

An appendix is concerned with Schrodinger operators associated with Dirichlet boundary conditions. It
is noticed that the proof of Theorem 1.1 may be adapted to obtain a new proof of the fact that u x &
is one to one on L?([0,1]) ([PT]). In particular this proof does not rely on the existence of an involution
(see the proof of [PT]) and may be also extended to L'([0, 1]).



The next section is devoted to the proof of Theorem 1.1.

Acknowledgment: It is a pleasure to thank Prof. Benoit Grébert who brought this problem to my

attention.

2 Proof of Theorem 1.1

Let us begin the proof with the following remark.

Remark 2.1. It is sufficient to prove Theorem 1.1 in the particular case («, ) = (0,0).

Indeed, defining
B cos(ax +b) sin(ax + b)
Gap(x) = ( —sin(ax +b) cos(ax +b) )’ Ve elo]

wnd L2([0,1]) x L2([0,1]) —  L2([0,1]) x L*([0, 1))

ST =)

for (a,b) € R?, it is checked by direct computations that

(i) H(p,q)F = zF <= H<(92a,2b(§>>T> g F' = (2 +a) gV

(#9) F satisfies the SL(0,0) boundary conditions if and only if go—g,_oF verifies the SL(«, 3) boundary
conditions.

Suppose that (o, 8) € [0, 7[> and (p,q) € L*([0,1]) x L?([0, 1]) are given and let us temporarily emphasize
on the dependance on («, 3) by writing ux(a, 8,p,q) and ki(a, 3,p,q) instead of uk(p,q) and ki (p,q)

i

respectively. Set ( Zﬁ ) = g-2(a—B).20a ( 5 ) The above points (i)(i4) yield that ux(a, S,p,q) =
Mk(ov Ovpﬁv qﬁ) +O£—ﬁ and Fa('a ;u'k(av ﬁvpa Q)vpa q) = gafﬁ,fozFa('» /jfk(oa 07pﬁa qﬁ)apﬁa qﬁ) since the two sides
of the last equality are eigenfunction for the same eigenvalue and the same initial condition. Then (7)
shows that #x (e, 8, p,q) = ki (0,0, p*, ¢*). Moreover, [|(p, D20, x2(0,1)) = H(pﬁ,qﬁ)\|L2([0,1])xL2([0,1])-
This explains Remark 2.1.

Let us mention that in the case (a,8) = (0,0) the ux(p,q)’s are the zeros of the entire function z —
Ya(1, 2,p,q), Fa(-, ux(p, q),p,q) is the eigenfunction corresponding to the eigenvalue py(p, ¢) (up to a non
zero multiplicative factor) and kg (p, q) = Z2(1, px(p, ), p, q) for all k € Z. The asymptotic expansions of
the quantities used in the sequel are (see [GKP, Prop. 1.3])

Ya(z,2,p,q) = sinzx + o(el3#17)

Zy(x,2,p,q) = coszx + o(elF7) (10)



as |z| — 400 uniformly in z € [0, 1] for fixed (p,q) and (see (3))

(1 (ps q) — km)rez € 52(2) (11)

Fix (p,q) € L*([0,1])x L*([0,1]) and (B, ¢) € L*([0,1])x L*([0,1]). According to Remark 2.1 it is supposed
from now on that («, 5) = (0,0). It shall be proved that if ux(p, q) = ux(p, §) and kr(p, q) = ki (P, §) for
all k € Z then (p,q) = (p,q).

Define the entire function (see [DG]),

= fol {E(‘T,Z,p, Q)Z2(xvzaﬁv (j) + ZQ(SE',Z,]L Q)Y2(mvzaﬁv Q)} (p(m) —;5(35)) + (12)
{ZQ(‘Tv 2y 2 Q)ZZ(x’ zmﬁa d) - Y2(x7 Z,D, Q)YVZ(‘I’ Z?ﬁa d)} (q(x) - (j

for all z € C.

Proposition 2.2. (i) Suppose that ur(p,q) = ux(p,q) for all k € Z. Then the pr(p,q)’s are zeros of the
function f.

(i) If in addition ki(p,q) = kK (D, q) for all k € Z then the uk(p,q)’s are zeros of order at least two of f.

It is actually proved that if pg(p, q) = ux(p, q) for all k € Z and if k¢(p, q) = ke(p, §) for some ¢ € Z then

we(p, q) is a zero of order at least two of f.

Proof of Proposition 2.2: For F' = ( 1; > and F = ( )Z/ ) in L2([0, 1]) x L*([0, 1]) set wronskian(F, F') :=

YZ — ZY. Part (i) of Proposition 2.2 is already observed in [DG] and follows from

z € U(H(pa Q)) ﬂU(H(ﬁ, (j)) = f(Z) = 7WI‘OHSkiaH(FQ(£L’,Z,p, ) FQ(x Z p7 ))|x 0 (13)
= 0 .
(#i) The symbol ~ denotes the abbreviated notation 8 . By direct computations,
f(Z) = Z:2(33a27paQ)Y2(-T727p7 )+Z2(.’E z p7q>Y (SU z paQ) (14)
_1/2(%27]9’(])22(3372’%‘1) YQ(xazupvq>Z (‘T z paq) |§2%} ’
then
f(ﬂ[(p, Q)) = ZQ(]-alu‘e(p, q)ap, q)YQ(]-a/L[(pa Q)vﬁa [j) - Yé(lﬁﬂz(p, q)ap, q)ZQ(]-v/LE(p’ Q)?ﬁ’ (j)v (15)

for all ¢ € Z. Equality (15) follows from Y5(0, z,p,q) = 0 for all z € C implying YQ(O7 z,p,q) = 0 for all
z € C and from Y5(1, ux(p,q),p,q) =0 for all k € Z.

Furthermore, using infinite products expansions

Y2(]-7Zapv ) Z — Mo pa H ﬂ’k 9 (16)
keZ



for all z € C. In (16), J[;cz means limy i o0 [[ <, Equality (16) comes from the estimates (z —
1o(P: @) [iez ’““(pg) = = sinz(1 + o(1)) uniformly on T, = {z € C | |2| = (n+ )7} as n — 400

([DG, Lemma 5], see also [GKP]) together with Ya(1, z,p,q) = sin z + o(el%?!) as |z| — 400 (see (10)),
e

In particular (16) yields that for each z € C, the sequence (uk(p, q))rez determines Y5(1, z, p, ¢) and also
Y2(1,2,p,q). Thus, according to (15), if ux(p,q) = p(p,q) for all k € Z and if k(p,q) = ke(p,q) for
some /£ € Z then f(pe(p,q)) = 0. This completes the proof of (ii). O

For any t > 0 let ny(t) denotes the number of zeros counted with their multiplicity of the function f
inside the closed ball of radius ¢ and centered at the origin.

Set

Ny(R) = /O " "ft(t) dt, (17)

for any R > 0.

On one side it is derived that

Proposition 2.3. Let R; = min(—p_;(p,q), 1t(p,q)), ¥j € N. Then the sequence (Ny(R;) — %Rj)jeN

is bounded from below.

Proof of Proposition 2.3: Define r; = max(—pu—_;(p,q), 1 (p,q)), ¥j € N. Let ko € N be such that (see
(11)) Ry, > 0 for all k > ko. According to Proposition 2.2

nf(t) > 4k, YVt € [Ry,ri| (18)
nf(t) > 4k + 2, Vt € [rg, Ret1], Yk >ko
in such a way that
120 e 4k Rit1 4 2,
Ni(R;) > / v Z / + o)
k_
0 : 19)
1 e = Rit1 gL 4 9 (
> -y [ Gary [T R avo,
Ry t R t
=k ¥ Ttk k=ko ¥ Br
as j — +oo. From (11), (rx — k) € £3(N), (Ry, — k) € £2(N) and therefore
Z In = O(1), as j — +oo. (20)

k=kq

Writing,
(4k+2)(InRky1 —InRg) = (4(k+1)—2)InRk11 — 4k —2)In Ry, —4In Ry,



it is clear that

Jj—1 Jj—1

> @k +2)(In Ry —InRy) = (45 —2)InR; —4 > IRy +O(1), as j — +o0.

k=ko k=ko
That is to say, (19)(20)(21) shows

j—1
Ny(R;) > (4 —2)InR; —4 ) InRi+ O(1), as j — +oc.
k=ko

From (11), R; = jm +s; for all j € N with (s;);en € £2(N).

First, using Inj! = (j + ) Inj — j + O(1) and ch;}co In(1+ &) = O(1), it is deduced that

j—1

1
> IRy =jlnm+(j— F)mj—j+0().
k=ko

Next,
InR;=Inj+0O(), jlnRj=jlnj+jlnm+0O(1), as j — +oo.

Consequently, (22)(23)(24) yield

N¢(R;)

Y

j+O(1)
R; +

O(1), as j — +oo

v
ERE

since the terms behaving like In 5 and j In j disappear. This proves Proposition 2.3.

On the other side, it is proved that

Proposition 2.4. If the function f is non vanishing then imp_ 4 Nf(R) — %R = —o0.

(21)

Proof of Proposition 2.4: According to Ya(z,z,p,q) = sinzz 4+ O(e?5%1%) and Zy(z, 2, p, q) = cos zx +

O<€2|Sz|x)’

1
f(2) :/O (sin 222 + O(e*¥21)) (p(x) — plx)) + (cos2zz + O(e*%%1%)) (q(x) — 4(x)) da.

In particular, one deduces using Cauchy-Schwarz’s inequality that

62|\§Z|
f<z>0( - - q>|L201DXL2([ou)

|3z

First suppose that f(0) # 0. Then Jensen’s Theorem for the function f may be written as

27
Ni(R) = 5= [ wlp(Re?) a0

(25)

(26)



Therefore (27) with (26) imply (see [L] for a similar computation) that the following equality is satisfied

4 1
Ny(R) = fR—ilnR+O(1), as R — +oo0. (28)
™
Next assume that f has a zero of order m at the origin. For ¢ > 0 define n’; (t) as the number of zeros of
fin{zeC|0<|z[ <t} and for R > 0set Nj(R) = OR "0 gt. In that case, Jensen’s Theorem reads
as ) (o)
1 " 0 f " (
N} (R) = %/0 In|f(Re")|dd —mInR — —
implying
4 1
Ni(R) = ;R— <2+m> InR+O(1), as R — +o0. (29)
Since ny(t) = n}(t) +m then N¢(t) = N7(t) +mIn R+ O(1) and (28) stays valid in that case. The proof
of Proposition 2.4 is finished. O

Proposition 2.3 and Proposition 2.4 imply that f is entirely vanishing on C. This yields using the same
argument as [DG] that (p,q) = (p,G). The proof of Theorem 1.1 is complete.

3 Appendix

Let H(q) = —% + ¢ on [0,1] associated with the Dirichlet boundary conditions y(0) = y(1) = 0 with
q € L*(]0,1]). Let us recall the following facts ([LG],[PT], ...). Set ya(-, 2, q) the solution to H(q)y = 2y
satisfying (0) = 0 and 4/ (0) = 1. It is known that yo(z, 2, ¢) = 22 f +0(¢ Jflz) The spectrum of H(q)

is a sequence of strictly increasing simple eigenvalues (11, (¢))n>1 Satlsfymg tn (g w24 fo x)dz+o(1)
as n — 4o00. The p,(q)’s are the zeros of the entire function y»(1, -, q) and for each n > 1, ya(-, pn(q), q)
is an eigenfunction corresponding to w,(q). Let k,(q) = y4(1, un(q),q), Vn > 1 and define u(q) =

(Mn(q))nzlv KJ(Q) = (“n(qnnzl-

The purpose of this appendix is to provide another quick proof (similar to the one of Theorem 1.1 for
the AKNS operator) of the following result. In particular, our proof do not rely on the existence of an

involution.
Theorem 3.1. ([PT]) The map u X & is one to one on L*([0,1]).

Remark 3.2. Actually we can prove here u X k is one to one on L'([0,1]).

Proof : First the proof in the L?([0,1]) is given since it is similar to the case of AKNS operators. Let
q € L*([0,1]), ¢ € L?([0,1]) and suppose that the p,(q)’s and the p,(§)’s are strictly positive (since the
map ¢q — ¢ + C translates the whole spectrum). As in (12) define

f(z) =/0 ya (2, 2%, Q)ya(z, 22, q) (q(z) — §(x))dz, VzeC.



Suppose that (1 x £)(q) = (1 x £)(G). Similarly to Proposition 2.2, it is obtained that the ++/p1,(q)’s are
zeros of order at least two of the entire function f, implying that n s (t) > 4k for allt € [\/ux(q), \/1r+1(q)]
(2k since /i, (q) and —+/jun(q) are zeros, and 2k since these zeros are order of at least 2). Set R; =
Vii(q), Vj > 1. Tt is then deduced analogously to Proposition 2.3 that Ny(R;) > ST f}f:“ A gt
implying

4

(Nf(Rj) ——R;j+2In Rj> is bounded from below. (30)

™ .
jz1

Besides, the counterpart to Proposition 2.3 is written as follows. One has ys(z, 22, q)ya (2, 2%,q) =

(0] (M) and the Cauchy-Schwarz inequality provides an additional |z|2 in the estimates for f. Namely,

[z]?
62\$z| ~
f(z) = O <|Zg|q - (J||L2([o,1])> ; (31)
implying (Jensen’s Theorem), if f # 0, that
4 5
Nf(R)—fR—i—ilnR = O(1), as R — +o0. (32)
T

Therefore (30)(32) yields f = 0 implying (see [L] or [AR]) that ¢ = §. The proof of Theorem 3.1 is then
complete in the L?([0,1]) case.

In the case ¢ € L([0,1]) and ¢ € L'([0,1]) the proof is modified as follows. Equality (31) becomes

(instead of applying Cauchy-Schwarz inequality an argument is borrowed to [L])

If(z)] < C BE (e~=18#l 1-5)), (33)

for all € > 0, where §; — 0 as ¢ — 0 and for some C' > 0. Note that that C and §. depends only on
llg = ||z (j0,17)- The estimate (33) gives rise to (Jensen’s Theorem, see [L])

4
li Ny(R)——R+2InR = — 34
Gim Ny(R)——R+2n 00 (34)
if f# 0. Since (30) is still valid for L' potentials then (30)(34) prove that f = 0 and ¢ = G as before.
The proofs of Theorem 3.1 and Remark 3.2 are finished. 0
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