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Nonparametric estimation of the local Hurst function of multifractional

Gaussian processes

Jean-Marc Bardet and Donatas Surgailis *

June 7, 2012

Abstract

A new nonparametric estimator of the local Hurst function of a multifractional Gaussian process based on the
increment ratio (IR) statistic is defined. In a general frame, the point-wise and uniform weak and strong consistency
and a multidimensional central limit theorem for this estimator are established. Similar results are obtained for a
refinement of the generalized quadratic variations (QV) estimator. The example of the multifractional Brownian
motion is studied in detail. A simulation study is included showing that the IR-estimator is more accurate than the
QV-estimator.

Keywords Nonparametric estimators Hurst function tangent process multifractional Brownian motion Gaussian
process central limit theorem. MSC Primary: 62G05 Secondary 62G20 60F05 60G22

1 Introduction

The present paper discusses nonparametric estimation of the local Hurst function H(t),t € (0,1) of a multifractional
Gaussian process Z = (Z(t))te(o,n observed at discrete times k/n,k =1,--- ,n — 1. The process Z is characterized by
the fact that its infinitesimal increments at each point ¢ € (0,1) resemble a multiple of a fractional Brownian motion
Bty with Hurst parameter H(t) € (0,1):

f.d.d.

()\—H(t)(Z(t + A7) — Z(t)))TZO A—0

() B (1) oo (1.1)
in the sense of the weak convergence of finite-dimensional distributions, where ¢(t) > 0,¢ € (0,1) is a deterministic
function. Recall that a fractional Brownian motion (FBM) with Hurst parameter H € (0,1) is a Gaussian process
(Bu(7)) -, having stationary increments and satisfying EBy () = 0 and EB% (1) = 2%, 7 > 0. Property (1.1) is
called asymptotic self-similarity and the limiting process a tangent process at t. For a Gaussian zero-mean process Z,
relation (1.1) is equivalent to

E(Z(t+71) — Z(t)? ~ A@)r2HO 7 0. (1.2)

A typical example of such Gaussian process Z is a multifractional Brownian motion (MBM) defined through the

following harmonizable representation

eltr — 1 . . 1/2
X(t)= Buw(t) = / |x|H(t =y W(dz), with K(H):= (H I'(2H) sin(7 H)/ﬂ) , (1.3)
where W (dz) is a complex-valued Gaussian noise satisfying E[ [, g(z) W (dz) [ h(z) W(dz)] = [, g(z)h(z)dz, h,g €

L3(R) (see more details in section 7.2.2 of [21]) A first version of MBM was ﬁrst mtroduced by Peltler and Lévy-
Véhel [20] using a slightly different time-domain representation, while the MBM in (1.3) was defined, studied and
generalized in several papers. In particularly, Stoev and Taqqu [22] defined a generalization Y(,+ - of (1.3) depending

*Research of this author was supported in part by the Grant MIP-11155 from the Research Council of Lithuania.



on parameters (a*,a”) € R?\{(0,0)} such that Y{; ;) agrees with X of (1.3) up to a multiplicative deterministic
function, see Section 4 below for details. In the present paper, the functions H(-) and ¢(-) are assumed to belong to a
Holder class C"(0,1), n > 0. The smoothness parameter 1 plays an important role in the asymptotic results discussed
below. In particular, for 0 < n < 1 the local Hurst function of MBM can be very irregular making the problem of its
estimation more difficult.

Another important parameter for estimation of H(t) is the bandwidth parameter « € (0,1). Following a general
approach in non-parametric estimation, discrete observations Z(k/n),1 < k < n — 1 are localized in a neighborhood
Via(t) ={k/n:|k/n—t| <n=} of a given point ¢ € (0,1) containing at most [2n'~*] + 1 points, and an estimate of
H(t) from the localized sample Z(k/n), k € Vy, o(t) is constructed. Choosing a smaller o means that the estimate of
H(t) uses more observations of Z and therefore the variance of it can be expected to be smaller. On the other hand,
increasing the “width” of V,, »(t) (by taking a smaller «) usually increases the bias of the estimator particularly when 7
is small, since the function H(-) is more likely to change in a larger interval V, (t). Hence the accuracy of estimation
of H(t) depends on « and 7 in a crucial way.

The present paper discusses two discusses two estimators of H(t). The first estimator ﬁ,&fﬁ) (t) is a localized version of

the increment ratio (IR) estimator introduced in [5]. It is written as a localized sum of ratios of second-order variations
Ve Z(k/n) = Z((k+2)/n) —2Z((k +1)/n) + Z(k/n), k € V,o(t) and is related to zero intersections of the variations
sequence, see (2.8), also ([5], Remark 1.1). We also discuss a new estimator ﬁé{?) (t) which is a pseudo-generalized

least squares (PGLS) version of ﬁ,&fﬁ) (t) constructed from several dilatations of the second-order variations. At the

same time, we study the generalized quadratic variations (QV) estimator I;Tn?av)(t) of [15] and its refinement (a PGLS
version) I;',(,%VQ) (t). The main reasons for including the QV estimators in this paper is the fact that the study and

the asymptotic results for IR and QV estimators are very similar (both estimators are expressed in terms of sums of
nonlinear functions of Gaussian vectors of the Hermite rank 2), and our desire to compare finite-sample performance
of these two classes of estimators.

Let us briefly describe the main results of this paper. Section 2 introduces the two main Assumptions (A), and
(B), on a Gaussian process Z. The first assumption specifies the rate of convergence in a similar asymptotic relation
to (1.2) and controls the bias of our estimators. The second assumption concerns the decay rate of the covariance of
generalized variations of Z and thus helps to control the variance of the estimators. Under these assumptions, Theorem
1 (i)-(iv) obtains the weak and strong consistency of the estimators ITL(LIS) (t) and I;',(,%V)(t) at a given point ¢t € (0,1)
and some uniform weak and strong consistency rates of these estimators over arbitrary interval t € (¢,1—¢), € > 0 under
increasingly restrictive conditions on a, 7, x and other parameters. A multidimensional central limit theorem (CLT)
satisfied by the above estimators is proved in Theorem 2. Corollaries 1 and 2 extend Theorems 1 and 2 for the PGLS
versions of the IR and QV estimators which are studied in Section 3. Proposition 3 provides limit theorems to the IR
and QV estimators for the MBM (including its generalization in [22]). Section 5 is devoted to simulations while Section
6 and Section 7 contain the proofs. Let us note that the simulations in Section 5 performed on the MBM in (1.3) for
some typical Hurst functions and three different values of the smoothness parameter 1 show a very good performance
of the estimator ﬁ%” (t). The last estimator provides in almost all cases a smaller MISE criterion than A,(,%VQ)(t).
We also note that the numerical results for both classes of estimators are clearly (in the case of IR) or slightly (in the
case of QV) in favor of their PGLS versions.

Nonparametric estimation of the local Hurst function was the subject of several papers ([1], [3], [8], [9], [10], [11],
[15], [18], [19]). However most of these results are less comprehensive and sharp when applied to the MBM while some
contain erroneous statements. See Remarks 2, 7, and 8, below, for more detailed discussion and some controversies.
The MBM is probably the most important example of a multifractional Gaussian process at the present time. It is
considered as a benchmark for the estimation problem of H(t) in the present paper and is discussed in detail in Section
4. We believe that the conditions of Proposition 3 for the IR and QV estimators of the Hurst function of the MBM
are optimal or close to optimal since they are derived from the asymptotic expansion of the covariance of generalized

variations of the MBM in Lemma 4. See also Remark 2.



Notation. In what follows, C' stands for a constant whose precise value is unimportant and which may change from

. . . P a.s, D . .1s
line to line. Also, we write — , — |, — for convergence in probability, almost sure (a.s.) convergence and
n—oo n—oo n—oo

the (weak) convergence of probability distributions, respectively. [n] denotes the integer part of a real number 7.
C"(a,b) is the space of all [] > 0 times continuously differentiable functions f : (a,b) — R on interval (a,b) C R such
that f(") the [n)th derivative of f, is an ( — [])-Holderian function on (a,b), i.e. there exists K > 0 such that
£ () — F0D(y)] < K | — g7 for all 2,y € (a, b)

2 General results

2.1 Definitions of estimators

Consider a filter a := (ag, - ,a,) € R?"! such that there exists m € N* satisfying
q q
prag:() forp=0,---,(m—1) and meag;éo. (2.1)
£=0 =0

Denote A(m, q) the above class of filters. For a € A(m,q) and n € N* define the corresponding generalized variations
of Z by

q

VeZ(t) =Y ar Z(t+t/n),  VOZ(t)=VIZ(). (2.2)

=0
The main examples of generalized variations are the usual simple variations corresponding to a = (1, —-1) € A(1,1), m =
g = 1, and the second order variations corresponding to a = a* := (1,—2,1) € A(2,2), m = ¢ = 2. For a filter
a=(ag, -+ ,a4) € A(m,q) and j € N define its jth dilatation a9 = (aéj), - ,a%)) € A(m, jq) by
ag) '=a; and ag) =0 if k ¢ jN.

For a € (0, 1), define a neighborhood of ¢ € (0,1) and its cardinal by:

2
Vialt) = {k€{1,2,~~~ m—g—1} =~ gn*a} and vpa(t) = # Vn.alt).

Note that for any ¢ € (0,1) and n large enough, vy, (t) = [2n17] or [2n!7?] + 1 depending on the parity of [2n!=?] =
the integer part of 2n'=%. For H € (0,1), define

. . 1
AQ(H) = Ei/f(vﬁl BH(O%V# BH(E))) (23)
where | " (2)|
) p@y.— 1T FT] M 4 ¢ R?
is a function taking values in [0, 1], more explicitly,
1 1 |1+ po(H) < 2 )
Ao(H) = = —p2(H)) + — 1 , 2.5
o(H) = Canceos(—pa(H)) + [ bow (1 (25)
o R =32 2t 7
pQ(H) = COI‘(Vn BH(O)aVn BH(E)) = ] _ 92H+1 (26)

The function Az does not depend on n by self-similarity of FBM and is monotone increasing on (0, 1), see [5]. The
estimators ﬁ,(l%v) (t) and ITL(LI{P (t) are defined for ¢ € (0,1) from observed sample (Z(1/n),Z(2/n), -+, Z((n —1)/n))
as follows:

= 1 A 1 i k T
HEV W) = 557 (log (= o> Ve z2)")) (2.7)
O REVn o (t) =t=P
73 - 1 ok et B
AW =07 (o X0 w20 v 2(52)), (2.8)
N kEVn o (t)



where A := (1ogi — % ?:1 1Ogj)1gi§p € R? is a row vector, AT its transposed vector (vector-column), and A;l is the
inverse function of Ay. Thus, H,(,%V) (t) is defined from a log-regression of generalized quadratic variations, see also [15],
whereas ITIT(IHS) (t) is defined from a sample mean of ratios of the second-order variations in a neighborhood of a given

point ¢t € (0,1). A discrete time version of the last estimator was first studied in [24].

2.2 Assumptions

First, recall (see e.g. [24]) that for a filter a = (ag,--- ,aq) € A(m,q) with m > 1 and for any fixed H € (0,1) and

n €N, (Vi'Bu(j/n));ez is a stationary Gaussian process, (V,fBH(%)) fdd n’H(\/"’BH(j))jEZ by self-similarity,

JEZ
furthermore,
a® . iQH a 1 . 2H ; *
Var (V¢ BH(g)):nTHC(H,a), C(H,a) := Var(V*Bg(0)) = fgk;Oakak/|k—k| , ieN*
LR NS SR o X o S PR
Cov(VnBH(E),V BH(E))7727’LQH ;;aiaj\ —k+j—i
q .m\2 2m—1 / 2H—2m
m+1( i=0 @it ) k" — K| /
N(H) S H(QHJ))T, K — k| > o00.  (2.9)

=0
Note C(H,a) > 0 for any H € (0,1),a € A(m,q) which fact follows from the harmonizable representation of FBM
analogous to (1.3) yielding C(H,a) = K*(H) [ | > 7_, ar(e®® — 1)[*|z|72#~'dz > 0 since the integrand does not
identically vanish on R. In the particular case a = a* = (1,—2,1) (m = 2), then
Var(V By(j)) = 4-— 47,
Cor(V* Bu(j), V" Bu(j+1)) = pa(H),

where po(H) is defined in (2.6).

For a given m > 1, a general Gaussian process Z = (Z(t)):c(0,1) and real numbers £ > 0 and « € (0, 1), we introduce

the following assumptions:

(A), There exist continuous functions 0 < H(t) < 1 and ¢(t) > 0 for t € (0,1) satisfying H(-) € C"(0,1) and
¢(-) € C"(0,1), n > 0 such that for any 0 < & < 1/2, j > 1 and any filter a € A(m,q),q > 1,
Var (V,2Z(k/n)) k
—c

max n _)
nel<k<[(-e)n] | Var (V2B (.m)(0)) n

— 0. (2.10)

n—oo

(B)o There exist C >0, v > 1/2 and 0 < 6 < /2 such that for any n € N*, 0 <e < 1/2, [ne] <k <k’ <[(1 —¢)n]
and any filter a € A(m, q),q > 1,
a k a K (1—a)0 (1.0 l1—ay\—
‘Cor(Vn Z(2),V; Z(E))‘ < On=9(|k — k| Anl=e)~7,
Remark 1 If condition (A)g is satisfied for m = 1 then Z admits a FBM as a tangent process at each point ¢ € (0,1),
in the sense that for any k € Z,

nH(”(Z(M)—Z(M)) - iy (MBH(t)(j>)

n n n— oo

. 2.11
JEL (2.11)
Assumption (A), with x > 0 allows to control the uniform convergence rate of generalized variations of Z to the
corresponding variations of the tangent process. Condition (B), provides a bound for the correlation of the process
(V2 Z(k/7)) ey <hrr < (1—eym
the strong consistency and a CLT for the estimators Hff?av), Hﬁ’ﬁ? respectively defined in (2.7), (2.8) can be established
(see Sec. 2.3 below).

(the choice of this bound can be deduced from the expansion (2.9)). Under such conditions,



The following statement deduced from Assumption (A), will be often used in the remaining sections.

Property 1 Assumption (A), implies that for any a € A(m,q) and anye >0, j €N

k kot
VezZ(=),VeZ(—=)) — Cor(VeBy x,(0),VeB 0. 2.12
D) ol 0V B 0 e
Proof. We have
a ar kE+J 1 ok arr kE+J arr k arr kK+J
Vez(OWVez(=2)] = 5 {Var (Ve2(0) + Vez(—2)) = Var (ViZ(2) - Ve z(*—2)}
n n n n
1 ok ek
= §{Var (Ve Z ﬁ)) — Var (V¢ Z(ﬁ))}’
where generalized variations V,fiZ(%) = Y7t aF 7 (5L correspond to filters at = (aF,- -, q+J) € RITH! with
ai = a;1(0 <i<q)+a;i;1(j <i<j+q) a; ==a;1(0<i<q)—a;—;j1(j <i<j+q). (2.13)
Note that a € A(m, ¢q) implies a* € A(m,j + ¢) for any j = 0,1,--- . From (A), with a = a* we have that uniformly

in [ne] <k <[(1--¢e)n), V#iZ(%) = c(&)Var V#iBH(k/n) (0)(1+ o(n™")), implying

Cov (VﬁZ(S),VfZ(¥)) = %C(%){Var (V& Br(a/m) (0)) (14 0(n™")) = Var (V,* Br(i/m) (0)) (1 + o(n™"))}
= % (k ){ Var (V7 BH(k/n)( ) — Var (V2™ B (rm) (0))} 4 o(n=2HE/m=x)
= (S)COV(V Brre/m) (0 )aVﬁ’Bmk/n)(%)) +o(n=2Hk/m=r) (2.14)

We also have

k

vez(E) = el 5 var (V2 Bagym @)1 o), vzt

n

) = el 5 )Var (Vi By (00) (1 +0n ™), (215)

where the last relation follows by writing Var (V2 Z (%)) = Var (VgﬁZ(%)) ~Var (V2Z(£))—2Cov (Vez (L), vaz(*El))
and using the facts established above. Then, (2.12) is deduced from (2.14) and (2.15). O

2.3 Asymptotic results

Denote ) 0
20—a)(1-%) -« 20—a)1—-%)—a—-1
= 1 o , Y = 1 - : (2.16)
Note p > 0 (respectively, u; > 0) is equivalent to o < 27 Qg (respectively, o < 37 2209)

Theorem 1 Let Z = (Z(t))ie(0,1) be a zero-mean Gaussian process.
(i) If Z satisfies condition (A)o and (B)s withm =2, a € (0,1) then for any t € (0,1)
2™ @) 25 H().

n—oo

(i) If Z satisfies conditions (A)g and (B)o withm =2,0 < a < then for any t € (0,1)

2(7 9)

HB @) =% H(t).

n—oo

(iii) If Z satisfies conditions (A). and (B)g with m =2, k > p and —=22=2 < o < 2=2% then for any € >0

3y—204+4vy(nA2) — 3v—26
swp AT ()~ H(1)| = Oy(n").
e<t<l—e
(iv) If Z satisfies conditions (A), and (B)o with m = 2, K > p1 and 37_23_:74% <a< 31__2299 then for any

€e>0,6>0

sup ‘H(IR) (t)— H(t)| = O(n~m=9) g
e<t<l—e



Theorem 2 Let Z = (Z(t))ic0,1) be a zero-mean Gaussian process satisfying (A). and (B)a, with m = 2, a >
m, K > 177(1 and 0 = 0. Then for any u € N* and any t1,--- ,t, € (0,1), t; £ t; (i #7)

Ve (B0 W)~ Ht) e, =2 (W) cic (2.17)
- - n—oo - -
where WUIR) (), 4 = 1,--- | u are independent centered Gaussian r.v.’s such as, with Ay (-) defined in (2.5),
(IR) (4 \12 9 -1 ? 9
EW R ()] i= | = (A2) " (Aa(H (1)) | o (H (1)) (2.18)

where  o®(H):=Y _ Cov (w(V“*BH(O), V* Bu(1)),%(V® Bu(k), V" By (k+ 1))) for H € (0,1). (2.19)
keZ

The following Theorem 3 extends Theorems 1 and 2 to the estimator f[fl%‘/). As noted in the Introduction, both
estimators H,(fg) (t) and H,S,%V) are written in terms of sums of nonlinear functions of Gaussian vectors of the Hermite
rank 2 and their asymptotic analysis is very similar. The proof of Theorem 3 can be deduced mutatis mutandis from

the proofs of Theorems 1 and 2 and is omitted.

Theorem 3 Let Z be a zero-mean Gaussian process and a € A(m,q), m > 1 a filter.
(a) The statements of Theorem 1 (i)-(iv) hold for ﬁ,(f?av) (t) instead of ﬁ,&fﬁ? (t) under respective assumptions (i)-(iv)
with m = 2 replaced by m > 1.

(b) Let Z satisfy the assumptions of Theorem 2 with m = 2 replaced by m > 1. Then for any u € N* and any
b1, o oty € (0,1), 3 # t5 (i #7)

\/W( A,(l V)(ti) - H(ti))1gigu = (W(QV)(ti))

e’
n— oo

(2.20)

1<i<u?

where W(QV)(ti), i=1,---,u are independent centered Gaussian r.v.’s such as, with A defined in (2.7),

_ ATT(H(t:)A

’ Z [ZZLkz:O agcll)al(clz)“lkl —ighy + j[*"
A(ATA)? SH 2H

2
B[W @) (¢,)]? ] ) L(2.21)
ZZl,kFo a;cll)a/(clg)|k1 — ko|?H 1<i1,i2<p

and T(H) := (Z -
1 2 jEZ

3 Pseudo-generalized least squares versions of the IR and QV estimators

Asymptotic and finite-sample performance of the estimators ITL(LH;) (t) and ﬁ,&%”(t) can be improved by using their

pseudo-generalized least squares (PGLS) versions ﬁ%” (t) and ﬁ,(l%VZ)(t) as defined below.

Definition of H{™ (t). Let a™ denote the ith dilatation of the filter a* = (1,—2,1), i € N*, so that V¢ Z(¢/n) =
Z((0+2i)/n) —2Z(({+1)/n) + Z(¢/n). The corresponding IR estimator of H(t) is defined as

~ i i — 1 ai* k ai* k+1
HI (1) = [AY] 1<v—(t) Z 7/)(Vn( )Z(E)vvn( 'Z( )))7
WO keV, o(t)

n

where the function Aéi) :(0,1) — (0,1) is defined as the expectation

(i) (i)

i a a 1 1 i
A (H) =B (Vi B (0), Ve Br(2) = — arceos(—p}”

2
1+ pS) (H)

G g A =20 PH - (20 1P 4 4fi+ 1P 14— 1M 6
H(ﬁ))* 8 — 92H+1 '

and  p$Y(H):=Cor(Ve"" By (0), V2
Under the assumptions of Theorem 2, these estimators satisfy the p—dimensional CLT:

p1—a)/2 (E(l{g),i(t) _ H(t)) 2, N, (0, 2(?>(H(t))) (3.1)

1<i<p n— o0



with the limit covariance matrix X(P)(H (t)), where for H € (0,1)

) . ) ) . .
() R PNONEING! - LN NEPNG)
20 = ([ AP )] o) [ @ m))) (32)
) ) e e
Uz“(H) = ZCOV |V - BH(O) Vv - BH(l)‘ ‘V .J BH(k) +V JV BH(kJr 1)‘ (3.3)
J =~ |V““*)BH(O)‘ + |Va(1*)BH(1)| \Va(“)BH(k)| + |Va“*)BH(k + 1)‘
note that Ve By (k) = By (2j + k) — 2By (j + k) + By (k) for j=1,--- ,p and k € Z). Now define
(note that V" By (k) (2 + k) (j+k)+ By(k) for j=1,-- ,p and k € Z) defi
SP(t) = 2@ (I (1)), (3.4)

which is a consistent estimator of X(®)(H (t)) since ﬁ,&fﬁ) (t) is a consistent estimator of H(¢). Then, with the vector-
column 1, = (1,1,---,1)T € R, the PGLSE H{{ () of H(t) is defined by

FUR2) (1) .— (1T (3@ (1))-1 1. ) 117 (3@ (p)) -1 ( FUR)
AP (1) = (1 EP0) 1 1,) 1 G0 (AIR0) (3.5)
Definition of ﬁ,(fgam)(t). Analogously to (3.4), define
I(t) = THIW), (3.6)

which is a consistent estimator of T'(H (t)) since fAIfL,QaV)(t) is a consistent estimator of H(t). The one-dimensional CLT

satisfied by ﬁ,(f?av)(t) at a given point ¢ € (0,1) (see (2.20)) is a consequence of the following p—dimensional CLT:
~ . D
Vonl-a (T,Epﬁy(t) —2H(t) (1og(z/n))1gi§p — C(t)lp) n:; N, (0, F(H(t)))

with C(t) == log ( — s aMallw — k|2H<t>) and

Ay(w)y(t) = (log (ﬁ Z ’Vs(i)z(k/n)f))gigp;

,Un (e
’ k€Vn, a(t)
see [6] for details. Then Qﬁﬁiv)(t) is the slope of the ordinary least squares regression of the vector ﬁﬁ’i{(t) onto
the vector (log(i/n))KKP. The PGLS estimators ﬁé?!”(t) and 67(1%‘/2) (t) of H(t) and C(t) are obtained from the

corresponding generalized least squares regression with the covariance matrix T'(H(t)) replaced by its estimate I'(t)
(3.6):

7(QV2) -
2Hpo (¢ ~ 1 o~
( ar(l%m)é))) = (2RO @) 29T o) .7)

(3.8)

with 20 (10g(1/n> log(2/n) .. 1og(p/n)>
" 1 1 1 :

Corollary 1 (i) Assume that for each 0 < H < 1 the matriz ©P)(H) of (3.2) is non-degenerate and continuously
depends on H. Then all statements of Theorem 1 (i)-(iv) hold for the estimator ﬁ,&’ﬁ” instead of ﬁ,&’ﬂf)

(i1) Assume that for each 0 < H < 1 the matriz T'(H) in (2.21) is non-degenerate and continuously depends on H.
Then the statement of Theorem 3 (a) holds for the estimator ﬁf}%‘ﬁ) instead of Iflfl%‘/).

Corollary 2 Let Z satisfy the assumptions of Theorem 2 and the matrices XP)(H), T'(H), 0 < H < 1 satisfy the
conditions of Corollary 1 (i)-(ii). Then for any u € N* and any t1,--- ,t, € (0,1), t; #t; (i #7),

0 D
W(Hg{?)(ti)_}[(“))gigu e (W(IRQ)(ti))1§z‘§u (3.9)
and
— (2(HE P (t) — H(t)) - o
W( CR? () - C(ts) o W), (3.10)
e ! ‘ 1<i<u

In (3.9), w@V2) (t;), 1 < i < u are independent centered Gaussian r.v.’s with respective variances E[W(IRQ) (t)]? =
1 )" '1,) . In (3.10), ti), 1 <1 < u are independent centere aussian random vectors wit

T(s®(H Y1,)7" I (3.10), W@V (1), 1 depend d G d h
-1

respective 2 x 2 covariance matrices E[W(@V2) () W@V (¢,)T] := (pr) T(H(t;)) ! (pr))T)



4 The case of multifractional Brownian motion

This section details Assumptions (A), and (B), for the MBM (1.3) and its generalization due to Stoev and Taqqu
[22]. As a consequence, the asymptotic behavior of the IR and QV estimators for the above process is established under
explicit conditions on the parameters a,n and the function H(:).

The above mentioned generalization of the MBM in [22] is given by stochastic integral representation

D(H(t)+ 1) et — 1
Vit ar)(0) 1= —— /R ey Ve (HO.2) W), (<R (4.1)

where (a™,a™) € R?\ {(0,0)} are parameters, W (dz) is the same white noise as in (1.3), and
U(a+7a7)(H, z) = a+e—isign(z)(H+%)% + a—eiSign(z)(H-i-%)%’ He (0’ 1), z€eR. (4.2)

The above definition implies EY?, ,-(t) =EYZ. -, (1)[¢|*H®) and a covariance structure of Y(,+ ,-) similar to that of
the MBM in (1.3) (see [22], Theorem 4.1). In particular, Y{; o) gives a harmonizable representation of the time-domain
MBM of [20]. The so-called well-balanced case case at =a~ = a # 0, or

V() = —eos(HO)+ 53O +3) [ |§|HT_>+1 W (dz)

s

is more delicate, see ([22], sec. 5), since the function H ~ cos ((H + 3)%) vanishes and changes its sign at H = 1/2. In

2
particular, Y(, 4 (15)/(EY(?17(1)(1))1/2 = —sign(H(t) — 2)X(t), where X is defined at (1.3). Since X has a.s. continuous

2
trajectories under the condition (4.5) on H(-), see [1], this implies that the normalized process Y(aya)(t)/(EY(Qa a)(l))l/Q

is generally a.s. discontinuous at each ¢ # 0 with H(t) = 1/2.

In order to avoid the above complication, we introduce the following generalization X(,+ - of the MBM in (1.3):

x ) = X(), at =a" #0,
S A Yiat ooy (£)/Var?(Vigs o) (1)), a* #a~, ’

where X and Y{,+ ,-) are defined at (1.3) and (4.1), respectively. Accordingly, the process X+ ,-) is defined by the

following harmonizable representation:

eitm -1
X(a*,a*)(t) = K(H(t)) /]R W u(a*,a*)(H(t)ax) W(d.’L'), le (Oal)a (43)
where K (H) is defined in (1.3) and
1, at =a" #0,
U(,ﬁ a—)(H, x) = a+efiSign(z)(H+%)% +a € sign(z)(H+3)3 (4.4)

((a*)?+ (a=)? — 2ata~sin(mw H))l/2 ’

Note that the function H — U,+ o—)(H, x) is analytic on (0,1) for all 2 € R and (a™,a~) € R*\{(0,0)}. This definition
of X(4+ q-) induces that for all £ € (0,1) and (a™,a™) € R?\ {(0,0)}
EX(gra)(t) =0 and  EX(. () ="
The following Assumption (C), is crucial for regularity properties of the MBM, see [1], [3].
(C),, There exists n > 0 such that H(-) € C"7(0,1) and

0< inf H(t) < sup H(t) < min(l,n).
t€(0,1) te(0,1)
It is known that Assumption (C), guarantees that the MBM X = Xy ) of (1.3) is locally asymptotically self-similar
at each point ¢ € (0,1) having a FBM By 4) as its tangent process at ¢ [13] and its pointwise Hélder exponent coincides
with H(t) [3]. A particular case (a = (1,0,---,0,—1) and m = 1) of the following proposition shows that a FBM B
is also a tangent process at t for X(,+ ,- defined in (4.3), see Remark 1 and Property 1.



Proposition 1 Let H(-) satisfy Assumption (C),. Then, for any a € A(m,q), withm > 1, (a*,a™) € R*\ {(0,0)}
and 0 < & < 1/2, there exists a constant Cy(g) > 0 such that for n > 1,

max
[ne]<k<[(1—e)n]

logn 1
1] < G (o + BT (CTYn R ) (4.5)

The next proposition provides an expansion of the covariance of the process V,?*X (at,a-)- For ease of writing, we
consider here the case a = a*,m = 2 only. The case of general filter a € A(m, ¢) is discussed in Lemma 4 (see Section
7).

Proposition 2 Let H(-) satisfy Assumption (C), and (a™,a™) € R?\ {(0,0)}. Then for any 0 < e < 1/2, n € N*,
[ne] <k <k <[(1—¢e)n], ¥ — k> 2q,

« k . ! k K . k . /
Cov (Vf Xat,a) (), Vi X(a*,a*)(g)) = A(;,E)V# H(-) Ve H(-—)
Lk |k*k/|H(%)+H(%)74 ,
+ BQ(E,E) AT + A (k,K'),  (4.6)

where (recall) Vo H(E) = H(E2) —2H (EE) + H(E) are the second-order variations of H(:) and A(t,t'), Ba(t,t') are
defined in (7.11-7.12). The remainder term A, (k, k') in (4.6) satisfies the following bound: for any § > 0 there exist
nog € N*, ko € N* such that for any n > no, |k — k'| > ko, [ne] < k, k' <[(1 —¢)n]

1 K — k[HE)+HE)—4
| | ) (4.7)

!
(kB < 5(n2(nA2) nH(E)+H(E)

Remark 2 From definitions (7.11-7.12) it immediately follows that A(¢,¢') and Bs(¢,t") are bounded on (0,1) x (0,1)

and have finite and generally non-vanishing limits

. / 2 . , 1L
tl,{n,t A(t, 1) = 2H® 1062 ¢ and tl’H—nnf Bs(t,t') = —3 g)(QH(t) —1).

Thus, Proposition 2 and Lemma 4 allow to obtain lower bounds in (4.6) and a decorrelation rate of generalized variations
of the MBM, see Corollary 3, (4.8), which is close to optimal. In turn, the decorrelation rate of generalized variations
determines the decay rate of the variance and the 4th moment of the estimators written in terms of sums of nonlinear
functions of Hermite rank 2 of normalized generalized variations (see the proof of Theorem 2, also (6.10), (6.11)).
Proposition 2 and Lemma 4 also permit to construct explicit counter-examples to some earlier results pertaining to this
issue. In particular, we can show that the expansions obtained in ([15], Lemma 1) and ([11], Lemma 2) are erroneous.
A detailed discussion of the above counter-examples is given in the extended version of this paper [6]. Let us note also
that the Erratum in [16] does not concern ([15], Lemma 1) but another error in the last paper.

Remark 3 Let us note that in [19] and [7], some correct bounds of the decorrelation rate of V% X (£) are obtained,

but their bounds are less sharp than the bound in (4.8). Another correct bound was also obtained in the preprint ([2],
Lemma 2.4).

Propositions 1 and 2 help to verify Assumptions (A), and (B), for the MBM in (4.3).

Corollary 3 Let the conditions of Proposition 2 hold. Then for any 0 < & < 1/2, there exist C(¢) > 0 and no(e) € N*
such that for any n > no(e) and any [ne] <k < k' <[(1 —¢e)n],

/

« k x k 1 1
Cor (V" Xarar) (20, Vi Xarary(T)| < €0 ( ~+ =) s
’ or(Val Xea )(n) n et )(n)) = € k! — k[4—HCD-HED)  p2mA)-H()-H() (4.8)

Moreover,



(i) X(a+,a-) satisfies Assumption (A), with m =2 and any 0 < x <min {(n A1), 2(n — SUDPte(0,1) H(t))};

(i) X(at+,a—) satisfies Assumption (B)o with m = 2 and any 0 < 0 < v/2,2 > v > 1/2 satisfying the following

condition:
2(nN2)—2H(t)

T ,4—2H(t)), for any t € (0,1). (4.9)

¥—0 < min (

Remark 4 The presence of the second terms on the r.h.s. of (4.5) and (4.8) indicates that dependence properties of
increments of the MBM are quite sensitive to the smoothness parameter n of the Hurst function. These terms have
a negative effect on estimation of H(-) and the convergence rates, by imposing restrictions on the bandwidth «, see
Proposition 3 below. [23] argued that the dependence properties of the MBM are rather peculiar and proposed a
different class of multifractional Gaussian processes defined via nonhomogeneous fractional integration of white noise.
These processes are locally self-similar in the sense of (1.1) under less restrictive conditions on H(-) and have better
decorrelation properties than the MBM [23]. On the other hand, the covariance function of the above-mentioned time-
varying fractionally integrated processes is not a local function of H(¢) and H(t') as in the case of the MBM (see (7.1))
and its study is more difficult. Extending Propositions 1 and 2 to time-varying fractionally integrated processes of [23]

is an interesting open problem.

Proposition 3 Let X4+ .-y be the MBM of (4.3) with (a*,a”) € R*\ {(0,0)} and H(:) satisfying Assumption
(C)y, > 0. Then, with a =a* and € = IR, IR2, QV or QV2,
(i) For anyt € (0,1) and any o € (0,1), ﬁ,(f&(t) N H(t).
n—o0
(ii) For anyt € (0,1), ﬁr(lg&(t) L% H(t), provided H(t) <n— % and max(0,1—4((nA2)— H(t))) < o < 1/2 hold.
n—oo

(iii) For any € >0, Sup..;oq_. ’ﬁ,(fo)t(t) — H(t)] = Op(n=C=30)/%) provided o and n satisfy

a > sup (1-4((nA2)—H())), (4.10)
te(0,1)
sup H(t) < n— 1 and 2 < a < 2 (4.11)
te(0,1) 12 3 + 4(7’] A 2) 3

(iv) For any € >0 and § > 0, sup, 4 _, |fl,§%(t) —H(t)| = O(n=(=3279/4) a.s., provided o and 1 satisfy (4.10),

1 1
sup H(t) <n— - and — < a< . 4.12
te(0,1) 0 6 3+4(nA2) (4.12)

W =

(v) For any uw € N* and t1,--- ,t, € (0,1), t; # t; (i # j) the multidimensional CLTs (2.17), (2.20), (5.9) and (3.10)
hold, provided the matriz-valued functions ©®) and T' satisfy the condition of Corollary 1 and the parameters o and 7
satisfy (4.10) and

a > rnax{ 1—4((nA2) — sup H(t)) (4.13)

: )
1 + 2(77 A\ 2) ’ te(0,1) '

Remark 5 Roughly speaking, conditions in (ii) - (v) require that n and H (t) are sufficiently separated, or the difference
1 — H(t) is large enough. Else, it may happen that « satisfying these conditions does not exist. However, if n >
(34 v/41)/8 ~ 1.175 then « satisfying (ii) - (iv) exists for any H(-) € C"(0,1) with sup,¢(q,1) H(t) < 1, while condition

(4.13) in (v) reduces to o > m

Remark 6 In the case of estimators £ = QV or QV2, Proposition 3 can be easily extended to a general filter a €
A(m,q), m > 1. For m = 1, the corresponding results in (ii) - (v) can be proved under weaker conditions on a,n but
the convergence rates are worse. On the other hand, if a € A(m, q), m > 3, the corresponding conditions on «, 7 in (ii)
- (iv) are the same as in the case a = a* except that nA2 in (4.10) and (4.12) can be replaced by n Am. In (v), condition
(4.13) holds. Note also that this proposition also holds for a process (o(t) X(q+ q-)())te(0,1) When o € C7(0,1).
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Remark 7 For a class of harmonizable Lévy processes, Lacaux ([19], Theorem 4.1) obtained the weak consistency
rate of the QV estimator A,(l%v)(t) — H(t) = Op(n~"logn) with p < n— H(t),p < 15

C"(0,1), 0 < n < 1. For the MBM the above result follows from the CLT in Proposition 3 (v) with p = 152 satisfying

p<2(n—H()) and p < 1_41]% This means that concerning the weak consistency of the point-wise QV estimator of

H(t), our results for the MBM are more accurate than those in [19]. Moreover, the last paper does not discuss strong

in the case when H(-) €

and uniform consistency rates and the CLT as in Proposition 3.

Remark 8 Begyn [8] obtained strong consistency and asymptotic normality of sums of quadratic variations for general
non-stationary Gaussian processes under different assumptions on the covariance function which exclude the case of
MBM. In particular, if n < 2 then the covariance R(t,t') = EX(¢)X(¢') in (7.1) is not twice differentiable in ¢ or ¢’
and the derivative 0*R(t,t')/0?t 0t'? for t # t' does not exist, contrary to what is assumed in ([8], Theorem 1 and
2). In the case of quadratic variations localized in a neighborhood V, (t) of given point ¢ € (0,1) as in the estimator
ﬁ,(l%v)(t) (2.7), the imposed conditions in ([8], egs. (5), (21), (23)) exclude the appearance of the first term of the order

O(n=2(""2)) on the r.h.s. of (4.6) which cannot be ignored and which plays a crucial role in our asymptotic results.

Remark 9 Since « depends on n and H(t) that are not available, it is a problem to apply the CLTs of Proposition
3 in concrete situations. However, when n > 2 it is possible to select any « > 1/5 and even to use n'/%log® n instead
of n®; then the convergence rate of the CLT is n?/® up to a logarithm term. Note that [15] proposed a procedure by
minimization of the MISE to select an optimal & and then an adaptive estimator of H (t) is Iflfl?av)(t).

5 Simulations

All the softwares used in this Section are available with a free access on http://samm.univ-parisl.fr/-Jean-Marc-Bardet
(in Matlab language).

We use the original version of the MBM X in (1.3). Since trajectories of the MBM in our simulation study are generated
(for a given Hurst function H(-)) using the Choleski decomposition of the covariance matrix, the number of observation
points limited to n = 6000. Although this data length may appear rather small in the present context, some interesting
features can nevertheless be noted. Three cases are considered: Case 1: H(:) is a smooth function; Case 2: H(:) is a
trajectory of an integrated FBM with Hurst parameter 0 < A < 1 and independent of X, therefore H(:) € C"~ with
n=1+he€ (1,2); and Case 3: H(-) is a trajectory of a FBM with Hurst parameter 0 < 1 < 1, independent of X.

For each local Hurst function H(-), Monte-Carlo experiments are realized from 100 independent replications of observed
paths (X (1/n), X (2/n),---,X(1)) of the MBM (1.3) for the following choices of parameters:

e a=0.2,0.3, 0.4 and 0.5;
e p =5 (= the number of dilatations of ﬁé?av) and ﬁT(I%VQ), = the regression length providing ﬁ,&{ﬁ”) in all cases;
e a =a*=(1,-2,1) and therefore m = 2 in all cases.

Each estimator of H(-) is computed for t = {n"* n~™*+0.01,--- ,min(1 —n~% n~*+0.99)} and therefore an approx-
imation of v MISE = (fol E(H,(t) — H(t))2dt) '/ can be computed. Here there are the results of simulations:

Case 1: H(-) e C™
We have chosen 4 different functions ¢ — H(¢). These functions are:
e Hy(t) =0.6 for any t € (0,1).
e Hy(t) =0.1+0.8¢ for any ¢ € (0,1).
e H3(t) = 0.5+ 0.4sin(5t) for any t € (0, 1).
(t)

e Hy(t) =0.1+0.8(1 —t)sin*(10¢) for any ¢ € (0, 1).
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From Hi(-) to Hy(-), the functions H(-) display more and more ample fluctuations and less regularity, even if these
function are all C*°(0, 1) functions. Figure 1 provides two kinds of graphs (the mean trajectory and single trajectory)
of the two estimators H,S%VQ) and HT(I{}SQ) of the function Hy for n = 6000 and two values of a (o = 0.3 and 0.4). The

corresponding MISE are given in Table 5.

Case 2: H(1)e(C",1<n<2

We have chosen 1 = 1.5 but other simulations with different values of 7 lead to similar conclusions. To ensure impartial
results, we chose to compute the estimators for 50 different functions H(-) generated from 50 trajectories of integrated
FBM. Then 100 independent replications of processes generated with each function H(-). Table 5 contains the empirical
MISE computed from these 50 x 100 processes. Figure 2 provides the trajectories of I;T,S%VQ) (t) and ﬁé{’f) (t) for one
of the 50 differentiable Hurst functions H(-) € C!*5~ for n = 6000 and o = 0.3, 0.4.

Case 3: H()eC",0<n<1

We have chosen here = 0.6. As in the case n = 1.5, we generated 50 different trajectories H(-) obtained from
trajectories of FBM with parameter H = 0.6. Then for each function H(-), 100 independent replications of MBM with
Hurst function H(-) are generated. Table 5 contains the empirical MISE computed from these 50 x 100 processes. An
example of a graph of a function H(-) € C%%~ and the mean trajectories (obtained from the 100 replications) of both
the estimators are drawn in Figure 3.

Conclusions of simulations:

1. In any cases of function H(-), for n = 2000 or n = 6000 and o = 0.2, 0.3, 0.4 or 0.5, the empirical MISE of

ﬁ,(fa”) (t) and ﬁ,%”(t) are smaller than the ones of I;T,S%V)(t) and ﬁé’ﬁ) (t), respectively. This theoretically

corresponds to the Gauss-Markov Theorem which is also empirically satisfied. Note that PGLSE A,S{EZ) (t) allows
for certain cases to divide by 2 the empirical v MISE of fl}f? (t), while the gain obtained with ﬁé%‘/% (t) instead

of I;T,(l%v)(t) is more limited (less than 10%).

2. In agreement with the theory (see the remark at the end of Section 4) in the case H(-) € C" withn = 1.5~ orn = oo,
our simulation suggests to select « greater than (1 + 2(n A 2))~! for “optimal” results. More precisely, it seems
that a good choice is o ~ 0.3 for ITIT(IHS) and 1717(1{52), and o ~ 0.4 for ﬁ,ﬁ%‘/) and ﬁﬁ%vm. This empirical rule seems
also valid for H(-) € C%%" even if the theoretical choice should be v > max {5/11, 2(2sup,¢ o1y H(t) — 0.7)}.
However a bias clearly appears for & = 0.3 when H(t) is close to 7, while this bias is reduced when o = 0.4
(see Figure 3). The tables also confirm that, with the above choice of the bandwidth «, the accuracy of both
estimators increases according to the theoretical convergence rate n!=*)/2 (~ n!/3) as n increases from n = 2000
to n = 6000 (for instance for o = 0.3 the empirical vV MISE of HS"G?) () seems to be divided by 1.5 ~ 30-35),

3. Mutatis mutandis, the values of the empirical v MISE are quiet the same for any functions H(-) € C" with n > 1.
However, even if this observation seems to be able to be extended for n = 0.6, this does not hold since in this case
the function H () is required to vary from 0 to 0.6 while for > 1 it varies from 0 to 1.

4. Finally, in all cases, the best estimator is clearly ﬁ%” with the choice @ = 0.3 (even when H is a constant, the

empirical vV MISE of I;',(JEQ) for a = 0.3 is smaller than the one of ﬁ,(f?av% for & = 0.4). However the asymptotic

variance of ﬁé{?) (t) is a little larger than the one of f[r(f?am). But, as it can be seen in Figure 1 and Figure 3,

ﬁé{?) is nearly unbiased when a = 0.3 (and sometimes when a = 0.2) while the one of ﬁr(l%m) is still biased for

a = 0.3. Then ﬁé{{f” can be used when a = 0.3 with an asymptotic variance varying with n~=(1—®)/2 = 5=0.35

while ﬁ,(l%vm requires o = 0.4 and an asymptotic variance varying with n =93,
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Hy(t)=0.6

(67

0.2

0.3

0.4

0.5

n = 2000

\/m for I:]é%v)
V ]\7]S\E for ﬁ,ﬁ%"z)
V ]@ for ﬁé{{f)
V ]\7]S\E for ﬁé{{f”

0.044
0.041
0.111
0.061

0.055
0.051
0.137
0.077

0.073
0.069
0.186
0.106

0.104
0.096
0.260
0.145

n = 6000

\/J\YIS\E for I:L(l%v)
V ]\7]S\E for ﬁ,ﬁ%"z)
V ]@ for ﬁé{{f)
V ]\7]S\E for ﬁé{{f”

0.026
0.025
0.065
0.037

0.035
0.033
0.091
0.049

0.053
0.050
0.128
0.076

0.079
0.074
0.202
0.115

Hy(t) = 0.1+ 0.8t

(67

0.2

0.3

0.4

0.5

n = 2000

\/ ]@ for ﬁr(l%v)
V MISE for H{S'?
NIISE for 7Y™
NIISE for 7Y™

0.170
0.170
0.115
0.059

0.076
0.073
0.143
0.071

0.075
0.072
0.184
0.098

0.101
0.096
0.247
0.135

n = 6000

\/ ]@ for ﬁr(f?av)
V MISE for H{S?
V/IIE for AT
V/IIE for AU

0.115
0.114
0.070
0.036

0.045
0.044
0.094
0.046

0.051
0.048
0.134
0.069

0.074
0.070
0.195
0.103

Hs(t) = 0.5 + 0.4sin(5¢)

«

0.2

0.3

0.4

0.5

n = 2000

\/Z\le\E for I:]é%v)
V ]\7]S\E for ﬁ,ﬁ%"z)
V ]@ for ﬁé{{f)
V ]ﬁIS\E for ﬁ7(11152)

0.362
0.362
0.129
0.093

0.125
0.123
0.133
0.071

0.084
0.080
0.171
0.091

0.102
0.096
0.229
0.124

n = 6000

\/m for I:]é%v)
V ]\7]S\E for ﬁ,ﬁ%"z)
V ]@ for ﬁé{{f)
V ]\7]S\E for ﬁé{{f”

0.260
0.260
0.078
0.057

0.078
0.077
0.089
0.047

0.056
0.052
0.125
0.065

0.077
0.072
0.180
0.097

Hy(t) = 0.1+ 0.8(1 — t) sin*(10¢)

(67

0.2

0.3

0.4

0.5

n = 2000

\/ ]@ for ﬁr(f?av)
V MISE for H{S?
\% ]@ for ﬁr(f};)
V m for ESLIQ’Q)

0.321
0.320
0.178
0.165

0.165
0.164
0.138
0.098

0.121
0.117
0.160
0.091

0.120
0.112
0.210
0.112

n = 6000

\/ ]@ for ﬁr(l%v)
MISE for H(%'
VIISE for [0
V m for I:L(l{}f)

0.251
0.251
0.158
0.148

0.136
0.135
0.088
0.062

0.074
0.071
0.115
0.067

0.084
0.078
0.164
0.091

Table 1: Values of the (empirical) MISE for estimators ﬁﬁ%v), ﬁﬁ%‘/m, ﬁyfﬁ) and ﬁé{}f) of C*°-Hurst functions for
n € {2000, 6000}, @ € {0.2,0.3,0.4,0.5} and a = (1, —2, 1).
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alpha=0.3 alpha=0.4

H(®)
H®

H®

H(®)

Figure 1: Estimates of the function Hy(t) = 0.1 + 0.8(1 — t)sin®(10t)) with t € (0,1) for n = 6000 and o = 0.3 and
0.4 (from left to right). The top row represents the mean trajectories of ﬁ,(?avm (t) and I/-L(L{f’Q) (t) obtained from 100
independent replications of MBM with the above function H(-). The bottom row represents a trajectory of I%(f?aVQ) (t)

and Affﬁ” (t) obtained from a trajectory of a MBM with the same function H(-). The graphs of H(t), 1?17(17%‘/2) (t), and

f],(lj(f’ 2)(1?) are in black, blue and red, respectively.
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H e C!5(0,1)

(0%

0.2

0.3

0.4

0.5

n = 2000

\/Z\le\E for ﬁ,(l%v)
V Jm for ﬁT(l%V%
V ]\7]S\E for ﬁélg)
/AR for AV

0.261
0.261
0.139
0.098

0.113
0.112
0.141
0.077

0.088
0.085
0.175
0.093

0.103
0.098
0.233
0.128

n = 6000

\/Z\le\E for ﬁ,(l%v)
V Jm for ﬁT(l%V%
V ]\7[S\E for ﬁé{g’
V ]\7]S\E for I;T,SIEQ)

0.164
0.164
0.084
0.054

0.067
0.066
0.094
0.047

0.055
0.053
0.131
0.066

0.074
0.070
0.186
0.098

H €C%5(0,1)

(07

0.2

0.3

0.4

0.5

n = 2000

\/@ for ﬁﬁ%v)
\% Jm for ﬁﬁ%”)
V m for ﬁ,(fﬁ?
V ]\7[S\E for ﬁ,(l{{f)

0.140
0.140
0.148
0.088

0.087
0.086
0.156
0.078

0.083
0.081
0.192
0.096

0.096
0.094
0.249
0.135

n = 6000

\/@ for ﬁﬁ%v)
V MISE for H{SY?
V m for I:T,(f};’)
V m for ﬁyﬁ?)

0.129
0.130
0.096
0.066

0.067
0.067
0.106
0.052

0.057
0.056
0.143
0.067

0.074
0.071
0.201
0.103

Table 2: Values of the (empirical) MISE for estimators ﬁﬁ%v), ﬁﬁ%‘ﬂ), ﬁyfﬁ) and ﬁé{’f) of C"~-Hurst functions for

n = 1.5 (up) and n = 0.6 (down), n € {2000, 6000}, « € {0.2,0.3,0.4,0.5} and a = (1, -2, 1).

alpha=0.3

H(Y)

Figure 2: Trajectories of ﬁﬁ%‘ﬂ)(t) and ﬁé{?) (t) for one of the 50 differentiable Hurst functions H(-) € CY5~ for
n = 6000 and o = 0.3, 0.4 (from left to right). The graphs of H(t), ﬁé%vm(t) and I/-L(l{};’Q) (t) are respectively in black,

blue and red.
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alpha=0.4




alpha=0.3 alpha=0.4
0.551 0.551

0.5
0.45 0.45
0.4

0.35

H(Y)
o
w

0.25

0.05
0

Figure 3: Mean trajectory (from 100 independent replications) of ﬁé%‘/)(t) and ﬁ,&’ﬂf) (t) for one of the 50 differentiable
Hurst functions H(-) € C%®~ for n = 6000 and o = 0.3, 0.4 (from left to right). The graphs of H(t), ﬁ,(f?a‘&) (t) and

ﬁgﬁm(t) are respectively in black, blue and red.

6 Proofs of Theorems 1, 2 and Corollaries 1, 2

The proof of Theorem 1 uses the moment inequality in Lemma 1, below, which is a particular case of a more general
moment bound in [4].
Let (Y1,---,Yn) be a collection of Gaussian vectors Y; = (Yt(l), e ,Yt(”)) € R” with zero mean EY; = 0 and

non-degenerated covariance matrices 3; = (Cov(Yt(u), Yt(v))) , having a joint Gaussian distribution in R¥Y. Let

1<u,w<
e € ]0,1] be a fixed number. Call (Y1, --,Yn) e—correlated if ‘Cor(Yt(u),Y;(v)H <egforanyt #s,1 <t s<N and
any 1 < wu,v < v. Finally, 3" denotes the sum over all distinct integers 1 < ty,--- ,t, < N, t; #t; (i # 7).

Let |x| = (Zi”:l(x(i))Q)l/Q denote the Euclidean norm in R”, A = (a;;) a real v x v matrix, AT the transposed
matrix, / the unit matrix, and ||Al| := sup|g|—, |Az| the matrix spectral norm, respectively. Lemma 1 is a particular

case of the moment bound established in Bardet and Surgailis (2011, Corollary 1).

Lemma 1 Let (Y1,---,Yy) € R*N be an e—correlated Gaussian vector such that
YU < emax .1
1235\[ 127 < cma (6.1)

for some constant cmax > 0. Let Gj¢ : RV — R, 1 < j < p (p > 2),1 <t < N be measurable functions such that
|G tlI? := E|G;+(Y+)]? < 0o. Assume that for some integer 0 < a < p,

E[G],t(Yt):I = 0, E[YtG%t(Yt)} = 0, fO’f’ all 1 S j S a, 1 S t S N (62)

and that ev?cpax < #. Then

/ o o
> EGLL (Vi) -G, (Y3l < Cle,p, 0 cmax) KNPT2 Q1 (6.3)
where
._ (u)y/(v))2
Qv = max > max [BVUYP (6.4)
1<s<N,s#t

K = H§:1 maxi<i<n ||Gjtll, and the constant C(g,p, o, cmax) depends on €, p, &, Cmax only.
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In what follows, we use Lemma 1 with 2 < p < 4,v = 2 only. Let

Sull)i= —— S (k) malk) =

Un.alt) EEVn,a(t)

(V& Z(k/n) + V2 Z((k+ 1)/n)|
Vi Z(k/n)| + Vg™ Z((k + 1) /n)|

Thus, B () = A 1(S,(t)).
Lemma 2 Let Z = (Z(t))ic(0,1) be a zero-mean Gaussian process satisfying (A). with m = 2. Then for any 0 < e <
1/2,

sup  |ES,(t) — A2(H(t))] = o(n ™) +O0(n"+ n (172, (6.6)

e<t<l—e

Proof of Lemma 2. The first relation in (6.6) follows from

e (B (K) — Aa(H(k/m))| = o(n™"), (6.7)
sup o h()] D {Ae(H(k/m) = As(H®)}| < Cnotn? (6.8)
e<t<l—e kEVn,a( )

To show (6.7), write Enn(kz) = B[Y(V,& Z(k/n), V& Z((k + 1)/n))] = A(Cor (V& Z(k/n), V& Z((k + 1)/n)) where

n

A(p) := L arccos(—p) + /12 2 log (1+p) see ([5], p.777), also (2.5). From Property 1,

™

# a* 7 (k 7k +1 — oo(H (K .
[ns/2]§’?%?()§fs/2)n]n ‘COY(VH (k/n)., Y ((k+ )/n)) pa(H( /n))‘ n:zo 0

Since Ao (H) = A(p2(H)) and the function p € (—1,1) — A(p) is analytic we deduce (6.7).
To show (6.8), write
Ao (H(k/m) = As(H(8) = AR(H(®)(H(k/n) = H(®)) + O((H(k/n) — H(t))")
= AS(H(t))(H(k/n)—H(t)) + O((ﬁ _ t)2(m1))
= Aé(H(t))(H(k/n) - H(t)) + O(n72a(n/\1))

3

for k € V,, o(t). Hence

h®] Y {Aa(H/m) — A HW)Y| < Copl] X {Hk/n) — HE}Y|+ OO

kE€EVn, o (t) k€Vn,a(t)
< C(nfa(n/\2) + n*l + n72(3¢(77/\1))7

A

where for n > 1 we used H(k/n)— H(t) = H'(t)((k/n) —t) + O(n=*0"?) and v, L, (£) > ey, (0) {(k/n)—t} =O(n™).
This proves (6.8) and Lemma 2, too. O

Proof of Theorem 1. (i) Recall I;T,(,Hz) (t) = A;'(Sn(t)). Note that the map H ~ Ay(H) is continuous and strictly
increasing on [0, 1] and the inverse map s — A5 '(s) is continuously differentiable on s € [A2(0), A2(1)]. Therefore, since
and S, (t) € [0,1] a.s., so part (i) follows from S, (¢) N Ao (H (t)) which is a consequence of

n—oo

ES,(t) — Ay(H(t) and  Sn(t) —ES.(t) = 0.. (6.9)

n—o0 n—00

The first term of (6.9) is obtained from Lemma 2. The second member of Lemma 2 can be deduced from the following
bound:

E(S.(t) —ES,(t)* < Cn7?, for some p :=2(1 — a)(1 — %) >0, (6.10)
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from Assumption (B), with « € (0,1).

We shall prove a slightly stronger bound: there exists a constant C' < oo such that for any integers 0 < s < t <

n, [t —s| < 2nt-@
¢ 4 20(1—a)
E( Y k)" < Clt—s)’n v, where (k)= nn(k) — Enn(k). (6.11)
k=s+1

Relation (6.11) implies (6.10) with p :=4(1 — @) — 2(1 — a) — 24=20 = 2(1 —a)(1 - 2).
In order to apply Lemma 1 to prove (6.11), we rewrite the ratlos (k) = (Y, (k)) as functions of Gaussian vectors
Y, (k) = (V\V(k), ;¥ (k)) € R2, where

1) Vi Z(k/n) @y . Ve Z(k+1)/n)
Y (k) s YPm = e (6.12)
with

o2 (k) := Var (V& Z(k/n)). (6.13)

Also define

V% By (x/m (0) VB (k/n) (1)

W (k) = H/n) . WPk = (/) . 14
n () v/ Var(Ve* By /) (0)) v () V/Var (Ve By . /n) (1)) (614

Note 1( — y), —y@) = ¢(y®,y@), implying E[Y,, (k)¢ (Y, (k))] = 0; c.f. condition (6.2) of Lemma 1. Property

1 implies that the covariance matrices 3, (k) of the Y, (k)’s approach as n — oo uniformly in [ne] < k < [(1 — €)n)]
L pa(H(k/m)

pa(H (k/n)) 1

W, (k) = (W,Sl)(k), W (k)) and therefore these matrices satisfy the bound in (6.1), viz.,

the corresponding non-degenerate covariance matrices X, (k) := ) of Gaussian vectors

-y - < )
| Jpax n "IEn (k) = Xn (k)| — 0, 1§Iglg§_2|\2n(k) [ < Cmax (6.15)

with some cpax < 00 independent of n.

Next, we “decimate” the sum on the Lh.s. of (6.11) so that the “remaining” vectors Y, (k)’s are &' —correlated, as
follows. Let ¢ = {,, be the sequence of integers increasing to co at a rate o(n'~®) which is specified in (6.21) below.
Write

t —1
Ru(s,t) = Y (k) = > Rue(j),  Rue(j) = > Tin (K). (6.16)
k=s+1 j=0 s<k<t: k=j(mod ¢)
Then
4 A A\ 4 A\ 4
E(Ra(s. 1) < 0 max B(Roe())' and B(Rus(i)" € C (T4 + 55+ Xy + Ta). (6.17)
where

S o= S Bl k)]s Sy = S B [ (k)i (k)i (ks)] |,
22,1 = Z }E (k1) k?)” 22,2 = ZE[ﬁi(kl)ﬁi(kZ)]v

where 3" (respectively, ) stands for the sum over all different integers s < k, < t,k, = u(mod £),k, # ky(p # q)
(respectively, over all s < ki, ks <t k1 = u(mod £), k2 = u (mod ¢)). But, since |7, (k)| < 1 for all k,n,

22,1 +22,2 < C(|t_5|/€)2- (6.18)

Let us estimate ) , and > ,. Let

: )
() = k1, ko), 6.19
Qneli) =, _max Z P2 (K1, k2) (6.19)
s<ko<t,ko=j(mod £),ka#k1
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where
pn(ky, kz) == max |E[Y,") (k1) Y, (k2)] |

and Y,gl)(k),Yn@)(kz) are defined in (6.12). Assumptions (B), and (A)o imply the following bound. There exists a
constant Cy < oo such that for any n > 1 and any [ne] < ky < k2 < [(1 — €)n]

ﬁn(k/’l, 1{32) < n@(lfa)(v{/,l — I{?2| N nlia)i’y; (620)
see also [4]. Now, given Cy > 0, define
Cy:=C1/e"  and  £:=[Con /M=), (6.21)

Relations (6.20) and (6.21) imply that for any 0 < j < ¢, the Gaussian vector (Yn(k), k=j(mod ), k=1,--- ,n) is
¢’ —correlated. We choose €’ < 1/(28¢max), thus guaranteeing condition &’ < 1/(cmaxv?(vp — 1) of Lemma 1 for v = 2
and p = 3,4.

Using (6.20), (6.21) and v > 1/2, |t — 5| < 2n'~* we obtain

nfi—a) lt—sl/¢ ,
012132(2@71,@(]) s O )1<kn<12|?£s|/é Z oy = ko7
- == ko=1,k1#ka
0(1—a) ,
< 20(Z e S KT < C (6.22)
k'=1

Thus, the sums ), and >, can be bounded using Lemma 1 with N = [|t — s[/{]. Accordingly, for )", with p =a =4

we have
34 < C (It = sl/0* 3 (max Que()* < C (1t = s1/0)*. (6.23)

0<j<

Similarly, for } ., with p =3 and o = 2 we get

S < Ot = sl/0* 7 (max, Que)* < C (It = s1/0°. (6:24)

Relation (6.11) follows by combining (6.17), (6.18), (6.23) and (6.24).

(ii) Similarly as in the proof (i), it suffices to show

S,(t) —ES,(t) £ 0. (6.25)

n—o0
In turn, (6.25) is a consequence of (6.10) with p > 1 (since o < ﬁ%z)) and Chebyshev’s inequality imply that for any
0<d<(p—1)/4

iP(lsn@) ~ES,(t)] >n7%) < in“E(sn(t) —ES,(1)* < cinu—p <.

Hence, (6.25) follows by the Borel-Cantelli lemma.

(iii) We first estimate sup, ;. | Sn(t)) — A2 (H(t))|, where S, (t) is defined in (6.5). Split Sy (t) — A2(H (1)) = (Sn(t) —
ES,(t)) + (ES,(t) — A2(H(t))). Since v, = vy o(t) ~ 201~ do not depend on t € (¢,1 — €) for n large enough, so

sup |8, (t) —ES,(t)] < vyt max  |Rn(s,s+vn)| < vyt Z max |R (5,8 +v,)|, (6.26)

e<t<l—ce o " 0<s<n—v, - " (i—1)vn<s<iv,

1<i<n/vy,

with Ry (s,t) as defined in (6.16). Therefore for any a > 0

P Sp(t) —ES,(t)| > < P R, (8,84 v,)| > av,). 6.27
(e<§l<1]§l)fe’ ( ) ( )’ a) 1<i§/vn ((ifl)znnaé)§<ivn| (S 5 v )| av ) ( )
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Since |Ry (8,8 + vn)| = |Rn((i — D, s + vn) — Rp((i — Dog, )| < |Rn(( — 1)vn, s+ v,)| + |Rn((i — 1)vy, s)|, therefore

< .
P<(i—1)§fg§<ivn |Rn(s, 8 +vp)| > avy) < 2P((i_1)vn1£1§mi<(i+1)vn |Ry, ((i — L)vp, s)| > avy /2)

We will use the following fact from Billingsley ([14], Theorem 12.1, see also (12.5), (12.10)). Let &, 1 < j < m be
arbitrary r.v.’s. Suppose there exist nonnegative numbers u; > 0, 1 < j < m such that

S

E( i &< (Y w)’  o<t<s<m. (6.28)

j=t+1 Jj=t+1
Then for any € > 0

max ‘Z§J‘>e < Ke™ (Zuj)2+P(|Z§j‘Ze/2), (6.29)

1<s<n1 - X
j=1 J=1
where K > 0 is an absolute constant.
We shall apply (6.29) with
6(1—a)
& =i = Do +4),  wj=CY2 57 mi= v, ~ 217,

where C' > 0 is the same as in (6.11). The validity of condition (6.28) follows from the bound (6.11). Hence from (6.29),
(6.11) and Chebyshev’s inequality we obtain

P, max  Ra((i = Lon, ) > avnf2) < Clava/4) 020 ™5 4 P(IRa((i — 1)vn,iva)| > av, /4)
< Ca~ ™5™ 4 Clavn) " UE|Ru((i — 1)vp, ivn)|!
< Ca~to 25
< Ca74n—2(1—a)(1—%).
Hence and from (6.27) we obtain
P( sup [Sa(t) —ES,(t)] >a) < Ca*n*" 21-)1-5) (6.30)

e<t<l—e

where C' > 0 does not depend on a and n. Taking a = dn™* with p given in (2.16) results in P(sup,,;_. |Sn(t) —
ES,(t)| > én™#) < C5~*, V6> 0, or

sup |8, (t) —ES,(t)] = Op(n™"). (6.31)
e<t<l—e
Next, from Lemma (2) we have
sup  |ES,(t) — Ao(H(t))| = o(n™")+ O(n=2"d) = O(n™"), (6.32)

e<t<l—e

since 2a < 1. Finally, (6.32) and (6.31) imply

sup[Su(t) ~ Aa(H(D)| = Op(n"), (6.33)

e<t<l—e
The result in (iii) follows from (6.32) and the properties of the inverse map s +— A;'(s) mentioned in the proof of (i).

(iv) Follows from the Borel-Cantelli lemma, (6.30) with a = n~(#1=9) and (6.6) with u replaced by p; (which in turn
follows from (6.7), and (6.8)). Here, we use the facts that 2(1 — «)(1 — (8/v)) —a —4(u1 — ) = 1+ 46 > 1 and
a(nA2) > py. Theorem 1 is proved. O

The proof of Theorem 2, below, uses the following lemma which is a particular case of a more general result in [4]
(see also [5], Theorem A.1).
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Lemma 3 Let Yy ny = (Y] k(A),, e Y(V)) eRY, 1<k <N, N €N be atriangular array of jointly Gaussian vectors, with

zero mean EY ), v = 0 and non-generated covariance matrices X N = (Cov( k(%\),,Y(U)))Ku v 1<k<N,Ne€eN.

Assume that there exists a function p : Z — R such that S
VG )€ {1 NY max [BYJRYIN| < oG- R with Do) < oo (6.34)

T JEZ
Moreover, assume that for any 7 € (0,1) any J € N*,
D

(Yj+[NT]aN)7JSjSJ e (Wj)f']gjg']v (6'35)
where W = (Wj(l), e ,Wj(”)), J € Z is a stationary Gaussian process taking values in RY and such that the covariance

matriz X = (COV(Wéu), WO(U)))KU v<p s mon-degenerated: det X # 0. In addition, assume that
| ax, IZe.n =2 — 0 (N = o0). (6.36)

Let G : R” — R be a bounded measurable function such that

E[YinG(Yin)] =0, VI<E<N, NeN (6.37)
Then, with o* = ZCOV(G(WO),G(Wj)) < 00,
JET
—1/2 D 2
Z{ (Yin) EG(Y,C,N)} S N(0,0). (6.38)

Proof of Theorem 2. For notational simplicity, we restrict the proof of the p—dimensional CLT in (2.17) to the case
p=2. Let 0 < t; < t3 <1 be arbitrary time moments and S, (¢) be defined as in (6.5). First, we prove the following
bivariate CLT for (Sy(t1), Sn(t2)):

Vanl—a _ N D _ [ o*(H(t)) 0

where 2n'=% ~ v, = #V,, o(t;),i = 1,2, for all n large enough. Relation (6.39) follows from ES,(t;) — A2(H (t;)) =
o(n1=®)/2) (which is a consequence of (6.6) and the inequalities for £ and « in the statement of Theorem 2) and

(2n'=)V2(S, —ES,) 2 N(0,02), (6.40)

n—oo

Su = a1S(h) + eaSalta),  o” = G0 (H(1)) + o> (H(12)). (6.41)

where c¢1, co are arbitrary numbers.

To show (6.40) we use Lemma 3, with N :=v,,, v = 4. Let ¢(y1), y)) = % as above and rewrite
N
Sy = N7 Z G(Yin), Gy =™, y®) +eap@y®, @),  y=u",y?,y® W) R,
Yk,N = ( k(lj\)[a e aYk(jljz[) ) jnl = [ntl - nl—a]’ 1= 13 2)

a k+jn1 a® ktjni+1 a” ktjn2 a® ktjn2+1
vy e WZERR) e WS g WA g W2
kN Un(k + ]nl) ’ kN Un(k + ]nl) ’ kN Un(k + ]n?) ’ kN Un(k + ]n2)

Similarly to (6.14) define
Wi = ( w,. W<4)) keZ,  o2(H):= Var(Ve By (0)) =4 — 41,

wo - YV Burew®) e VOBureE+D) e VU Barae®) VO Basen ()
g o (H(t) = " o (H(t)) = F o (H(t2)) = " o*(H(t2))
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where (B; p(t,)(t)),i = 1,2 are independent FBM’s with respective parameters H (t;). By definition, (Wk)kez is a sta-

tionary Gaussian process with Wy having a non-degenerated covariance matrix ¥ = (EW(u)W(U)) E(Wou))2 =
1<u, ’U<4

Lu=1, 4, BWI W = pa(H (), BIWSI W] = pa(H (1)), BIWS W =0, u € {12}, ve (3.4,
By definition, E(Y,C(?\,) =1, ¢ = 1,3. From Property 1, it follows that max;<x<n |[E(Y} (z) —1]—=0,i=2,4 and

max ‘cov(Yk(j;@, Y%) — Cov (W™, W}“)‘ =0 (6.42)
for u,v € {1,2} and u,v € {3,4}. For u € {1,2} and v € {3,4} relation (6.42) follows from (B) and (2.10), implying
for the above u,v that maxi<g j<n ‘COV Yk(%\),,YJ(?\;)’ < C(nlta — t1])™7 — 0. Relation (6.42) guarantees the finite-
dimensional convergence in (6.35) for the Gaussian vectors (Y, n) and (W},) defined above, including the convergence
(6.36). The covariance bound in (6. 34) also follows from (B) since 'y > 1/2. Condition (6.37) follows from symmetries
Yi N o _ Y~ and G(y) = G(—y). Finally, the expression for o in (6.41) follows by independence of By g,y and
By (t,) and the definitions of G(y) and o in (6.38). This proves (6.40) and (6.39) as well. Then, the clt of Theorem
2 (2.17) for p = 2, together with the expression (2.18) for the limit variance, follows from (6.39) by an application of

the Delta-method. Theorem 2 is proved. O

Proof of Corollary 1. By definition,

H{E2) (1) Zb (HB @)H (t),  where bi(H) :=

where e; := (0,---,0,1,0,---,0)T € R is a unit vector. Using the fact that > >_, b;(H) = 1, we can decompose
——
i—1
A2 (8) = H = Wa(t) + Ua(0), (6.43)
where ) ,
Wa(t) = D b(H)(HID(0) — H),  Uat) := Y (0(HID () — bi(H)) (AL () — H)
=1 i=1

If view of the assumptions on X(P)(H), the functions H ~ b;(H), 1 < i < p are continuous on (0, 1) implying that
|Un(t)] < (maxi<i<p ‘Hn IR).¢ (t) — H‘)6(|ﬁ7(f§) (t)) — bi(H)|), where 6(z) = o(z), x — 0. As a consequence, in all cases
(i) - (iv) the term U, (t) is negligible w.r.t. the term W,,(¢). From the proof of Theorem 1 it is evident that all statements
S (IR).é
Hn,a

of Theorem 1 hold with ﬁ,&fﬁ) replaced by any estimator , 1 <4 < p. This proves the corollary. O

Proof of Corollary 2. From the decomposition (6.43),
Vo= (HUED (1) — H) = V2n'=o(W,(t) + 0,(1)). (6.44)

Clearly, it suffices to prove the corollary with ﬁﬁ{ﬁ”(t) — H replaced by W, (t). In turn, this follows from the (p x
m)—dimensional CLT

“af (gUR) iy ) D IR
Vo= (HID () = H(1)) 1croy), crem ((wim ))1<z<p)1§j§m’ (6.45)
where (W(IR) (t ))1 <i<p’ j =1,---,m are independent Gaussian vectors with zero mean and respective covariance
matrices YP) (H (t;)). The proof of (6.45) mimics that of Theorem 2 and we omit the details. O

7 Proofs of Section 4

This section contains the proofs of Propositions 1 and 2 concerning the asymptotic behavior of (co)variances of gen-
eralized variations of the general MBM X 4+ o) for (a™,a™) € R?\ {(0,0)} with local Hurst function H(-) satisfying
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Assumption (C)n‘ We discuss the general case of filters a := (ag, - ,a,) € R satisfying condition (2.1) for some
m € N*.
First introduce the following notations. Using Theorem 4.1 of [22], for ¢,¢ € (0,1)

EX(a*,a*)(t)X(aJr,a*)(tl) = Q(H(t)’H(tl)’t’t/)’ (71)

where @ is a function of 4 variables ¢,¢' € (0,1), H,H' € (0,1) satisfying Q(H, H',t,t') = Q(H', H,t',t) and defined
for t <t by
1
L(H,H) (— sin (AB(H, H')) (t' logt’ — tlogt — (' — t) log(t' —t))
™
Q(H, H',t,t') := +cos (AB(H, H')) t) fH+H =1 (7.2)
(LU(H, H) 4 Lo (H, HY) ¢H '~ Lo(H HY) () — t)H+H’) if H+ H # 1,

|~

with

5 LUEH")cos (AB(H,H') — $(H + H'))
P e cos (5(H + H")) ’ (7.3)

. L(H,H'ycos (AB(H,H') + 5(H+ H")) ,
Loo(H,H') = cos (g(H—i—H’)) = Li2(H, H'), (7.4)

and where s
(i (i) K (17))

K ()

K(-) is defined at (1.3), AB(H,H') := 8(H') — B(H),

Arg(a"’e_i(}”‘%)% + a‘ei(H"’%)%), at #a”,

7.6
0, at =a" #£0, (7.6)

where Arg(z) € [0,27) is the principal argument of the complex number z # 0 (note that L(H,H) = 1 and
Li;(H,H' t,t') = L(H,H') for a* = a~ #0). In particular, for any a # 0

1 ! ! !
EX(g.0) ) X(@@at) = EX)X({) = 5L(H, 2 e e (A A B t<t. (7.7)

Note that the functions (H,H') — L(H,H’), (H,H') — AB(H,H') are analytic on (0,1)? and hence (H,H')
Q(H,H',t,t') is also analytic on (0,1)? for ¢ # t with possible exception on H + H' = 1 where the denominator
cos (2(H + H')) in (7.3)-(7.4) vanishes. To show the analycity of (H,H') — Q(H,H’,t,t') on H + H' = 1, let
w:=H+H —1#0,0<t<t <1 and rewrite Q(H, H',t,t') in (7.2) as

QH,H' t,t") = %L(H, H')cos(AB(H, H')) (' +¢"1T9 — (¢ —t)1¥) (7.8)
1 w w 1 lw 1 ! w 1
— G sSnABO H) fs (1( ) ¢ () + () (=),

Then, the first term on the r.h.s. of (7.8) clearly is analytic in w at w = 0 and the same conclusion holds for the second
term because of the analycity of the functions w — 7z and w — w™(t* — 1) (t > 0) in a neighborhood of w = 0.
It is easy to check that the limit of (7.8) as w — 0 coincides with the definition of Q(H, H’,t,t') in (7.2) for H+ H' = 1.
As a function of four variables, Q(H, H',t,t') is analytic on (0,1)* except for t = ' but @ is continuous on (0, 1)*.

For 0 <t < t' < 1, introduce the 2 x 2-matrix of the second order partial derivatives:

R (1) Ripy ()
RA(t,t") = , (7.9)
R () RON(t.¢)
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"= H(t),

whose elements are the corresponding partial derivatives of the function @ computed at H := H(t), H
0%Q 0%Q
R, (¢t ), H(t'),t,t), -, B2t H(t), H(t'),t,t').
H,H( ) aHaH/( ()’ ( )a ’ )’ ’ tt( ) 8tat’( ()a ( )a ’ )

if H(t)+ H(t') =1

)H(t)+H(t/)_2 if Hit)+ H(t') #1
(7.10)

-1

-1) (¢ -t

In particular, for all 0 <t < ¢ < 1,
Rt = { LL(H(0), H)) sin (3(H()) - BHE)) (¢ 1)
H —5 Li2(H(t), H(t")) (H(t) + H(t')) (H(t) + H(t')

Finally, define also for 0 < ¢, ¢’ < 1,
At )= aHaQH’ (H(t),H(t'),t,t) (7.11)
(ayee B2 (e L (ba), 1) sin (BUE) — BUEQY) i 1) + H() =
B (t,t'):= (s ima-). 2m—1 (7.12)
(—1)m+! Wm(ﬂ(w, H(t) H (Hit)+H({') () if H(t)+ H(t') # 1,
’ £=0
Remark that A(t,t') and B,,(t,t') are bounded on (0, 1)2.
<[ —e)n], K =k = 2q,

with 8=0ifat =a™.

Lemma 4 Under Assumptions of Proposition 2 and for any 0 < e < 1/2, [ne] <k <K
k K k k kK K k't

Cov (VaX (at.a (=), ViaX (at.ay(—)) = (VEH(Z),V2=) x R®) VOH(—),Ve—

OV( n<*(at,a )(n)a n“*(at,a )(n)) ( n (n)’ nn) X (n n) X( n ( ); )
kK ‘k’ _ le(;)—i—H(%)—Qm

- = - (kK. (713
- () + An(k, K. (7.13)

The remainder term A, (k, k') in (7.13) satisfies the following bound: for any § > 0 there exist ng € N*, ko € N* such
<[(L—e)n]
1 |k —
/
Palk ) <6 (g

that for any n > ng, |k — k'| > ko, [ne] <k <K
k|H(k/n)+H(k'/n)72m
). (7.14)

nH (k/n)+H(K /n)

k
Remark 10 In (7.13) Vi— = —
noon
the quadratic form on the r.h.s. of (7.13) coincides with the term A(%, %/) V#*H(%) V,f*
Proof of Lemma 4: For k, k' € {1,2, ,n—q—1}and 4,5 € {0,1,---
k ) k k/ . k/
i &= HE + Ly~ H(ZY, |8 = max [3],
n n "

a
Z ia;) or 0 depending on whether m = 1 or m > 2 holds. In particular, for a = a
H(%/) in the expansion (4.6).

,q} denote

6] == Jax |5'| (7.15)

Assumption H(-) € C"(0, 1) implies that there exists C' > 0 not depending on k and n and such that max{|d;|, ||} <

Cn~". Using the definition in (7.1) and the notation in (7.15)
VI
=, = 42, (7.16)

Zazaj ( =

k K
E[V#X((fr,a—)( )V X(a*a ) )+6Z,H( )—I—(SI ——|—_’_
o n'n n
,p4) € N* of integers and s # s', introduce partial derivatives of order

Similarly to (7.9), for any collection p = (p1,- - -
pl:=p1+---+psof Qin (7.2):
D
(PN — o Q
Rle JH'P2 sP3 s'P4 (555/) = OHP OH'P> DsPs O5/pt H(S),H(SI),S,SI). (717)
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Without loss of generality, assume k' —k > 2q in the sequel. Using the Taylor expansion of order 2m of Q in (H, H', s, s'),
one obtains:

. k % -
E[VnX(a+,a*)( )V X(a*a )( )} = Z Jn(p)+ Z Jn(p)a (718)
0<[pl<2m pl=2m+1
where
.7 1 (P ’f k’ P(g) P J\pa
Jn(p) = mle ama( ”20%%515 p2(n) (n) :

q . .
Jop) < C sup [RE) ,M(s,s')\Z|6f1<6;>p2(%)“(1>“\

I(k 5 4,j=0 n
and where the set I(£, %/) C (0,1)* is defined by

k/

k k k
1, =)= {(HH's.8) s [H=HE)| < 8]l [H = H(Z)| <19,

s Mty Mod o0
n n n n

Note terms in (7.18) corresponding to |p| = 0 and |p| = 1 vanish because of the moment condition (2.1). In particular,

q
_ o (s R (E Ky L Wk ¥
> e = 3 iy (8R4 TRDGLD) =0

IpI=1

In a similar way,

Z Jn(p)

L &) R ul 23w ) (S0 )R, (2
5( ; Zaa o (— E)"’""" (Zai_)(zaa‘ﬁ) S,S’(ﬁﬂ

n -
|p|=2 i=0 7=0
k k kK K K
= (VeH(=),V2=) x R® VeH(=), Ve=)T 7.19
e vy« m (58 o e ) vy (7.19)
since Y0 aid; = VIH(E), -, 31, a;L = V,2E. Note that the partial derivatives in (7.17) involving arguments [

and H' contributes to a factor log (T) at each d1fferentiation while each differentiation in s or s’ contributes a factor
A
kn—’k‘ ; in other words,

K —k mx By e K —
sup Rﬂﬁl') . ,p4(s,s’) < C(1+|—|H(”)+H(") pemp x |log (—— )}lerpz) (7.20)
I(%,%’) n n
Also note i &
ViH (S| < Cn~nm), Visl<Cn™™ 1<k<n-—g (7.21)
From (7.21) and (7.20) we obtain
1 |]€ k|H(k/n)+H(k’/n)72
| Z Tn(p)| < C(n2(n/\m) + P H (/) +H (K [n) 1{m:1}) (7.22)

IpI=2

since V,7£ = 0 for m > 1. We also have from (7.2) (with 8 =0if a* = a™),

win G = DU @)y K oy ey BRI

2(m!)? n n n n n

it H () + H(Y) =

Jn(0,0,m,m)1 >0 = (—1)

q aﬂ'mQ ; 2m-1 / _ I H(E)+H(E ) —2m
o) g EN T v - o B2

2(m!)2 n n

nH(E)+H(E)

if H(E)+ H(E) #£1 (7.23)

25



which coincides with the second expansion term on the r.h.s. of (7.13). It remains to prove that all the other terms in
the Taylor expansion (7.18) are negligible with respect to the main terms in (7.13), in other words, to show the bound
(7.14) on the remainder term A, (k,k’). Define

1og2 n |k’ _ k|H(k/n)+H(k’/n)72m
n2(mAm) nH(k/n)+H(K /n)

A, =

We shall prove below that there exist 81 > 0, 82 > 0 independent of n, k, k" and such that for any 0 < e < 1/2, n € N*
and [ne] <k <k <[(1-—e)n],

Jo(p) < Onhn, 2<|pl <2m, p#(0,0,m,m), (7.24)
Tup) < O lpl=2m+1. (7.25)
where
/ o l 61 |k/ - kl Ba / / o / 1
on(K' k) = (n) +(7n )72, o (K k) =0, (K k) + =

The statement of the lemma including (7.14) follows from (7.18), (7.19) and (7.24), (7.25).
Let us prove (7.24). Define

Un(p) = Zaiéfl(%)m, Ul (p) = Zaj(ag)m(i)“. (7.26)
1=0

We claim that for any n > 0 and m > 1

@) £ O + =) (7.21)

nmvps nn+ps

and a similar bound holds for U/ (p). Let us check that (7.27) and (7.20) imply (7.24). Indeed, from the above relations
and the definition of J,(p) we obtain

k K
Ta@)l < [REED s ) U0 U ()]
k' —k H(k/n)+HE Jn)—ps— 1 1 1 1
pi+p2 |V P3—Ppa
< C(logn)" s || (s + =) (e + )
< C(logn)P*P2 (I + Ly 4 In1 + Ina),
where
A ‘U‘H(k/nHH(k//n)—ps—m 1 I o ‘k:’ -k ‘H(k/n)+H(k//n)—p3—p4 1
11 = n 7’L2m 3 12 -— n n(mVP4)+"7+p3 )
I o ‘U‘H(k/nHH(k//n)—ps—m 1 Ly i ’k’ _k/”H(k/n)—i-H(k'/n)—pg—;m 1
o n n(mVps)+n+ps’ 22 = n n2ntpstpa’

It suffices to prove (7.24) for I;;, i, = 1,2.
Let H = (H(k/n) + H(K /n))/2, j = |k — K|, p = ps + ps. For Iy, (7.24) follows from

J\2H— 1 J\2H /N 1 JN2H ;M\ 2m—1 1 j2H72m J j
(=) pnz—m:(_) (_~)pn2—m < (5)7 (%) = (o)) < Andiin, i =, (7.28)

n n j n j
which is immediate from 0 <p<2m —1land 1 <j < n.

Next, consider Is». Assume first that n < m. Observe that in this case, A, > n=27 if j > np(n=H)/(m=H) anq
A, > §2H=2mp =20 if 5 < p=H)/(m=H) Thus in the case j > n(=H)/(m=H) "the bound (7.24) for Iy translates to

'2H7p 1 .

J2H— 1 1 . ) _ J\2H J\2H
(E) pW < %522,71, with 522,n = nQ—H = j_P(E) < (E) (7'29)

since j > 1. Next, let 1 < j < n=H)/(m=H) 4, > 1 then the bound (7.24) for 5, follows by

: 2H—2m -2m—p :
JoH—p 1 J : J J \2m-p _ _
(E)QH pn2n+p < 5221717”21{ ,  with dagp 1= 5 = ( 2 ) M=P, B2 <n ﬁ227 (7.30)
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where 99 := QH(m:Z)J;]ID("*H) > 0. Next, consider Iz for 7 > m. Then the first term in the definition of A,, is negligible

with respect to the second term and the corresponding relation reduces to

j?pr j2H72m ] ,7 )

o S Ot With Oy =t < (2) (7.31)
Next, consider I15. Accordingly, we need to show
J \2H—ps—pa 1 1 j2H72m
(E) n(mVp4)+7]+p3 S n ( n2(n/\m) + n2H ) ’ (732)
where 0, satisfies the bound in (7.26). Let 7 < m then (7.32) becomes
J\2H—ps—pa 1 1 j2H_2m

(_) n(m\/p4)+n+p3 S 5" (% + n2H ) ’ (733)

Let j > nw=i . The first term on the r.h.s. of (7.33) dominates the second one and (7.32) for 2H < p3 + p4 follows from

J\2H—ps—pa 1 / 1 . B /
(ﬁ) v Trirs = Oznigyy With i, =TT 5y, >0,
where
/ n—H I
Bz = 2H —n+(mVps) —pat - —(ps+ps—2H)

(p3+pa—m)(n—H)+H(m—mn), ps>m,

= (m—-H)x
(m —ps+H)(m —n)+ps(n—H), ps<m.

Thus 819 > H(m —n)/(m — H) > 0. On the other hand, if p3 + ps < 2H < 2 then the first inequality in (7.33) holds
with &, = 61, ,, where

] 1

/ o (J\2H—p3s—pa —(m—n)
512’" 7( ) n(mVpa)—n+ps — "

3

with m —n > 0, since m > 2, py <2 and (mVpy) —n+ps >m—n>0.
n—H
Next, let j < nm=#. Then the second term on the r.h.s. of (7.33) dominates the first one and (7.32) follows from

. 1 2H—2m jQW—PS—IM

J\2H—p3—pa n o J : "o —By
(n) n(mvpa)+ntps — “12n om0 with 075, = ni+H(mVpa)—ps snome,
where
—H
1 = mV pa) — ps — (2 2m — p3 —
12 0+ (mV pa) —pa = () p3 — pa)

(p3+pa—m)(n—H)+H(m—mn), ps>m,

= (m—-H)'x
(m —pa+ H)(m —mn)+ps(n—H), ps<m,

and therefore 31, = 15, implying 875 > 0 as above.
It remains to consider I15 for n > m. In this case the second term on the r.h.s. of (7.33) dominates the first one for

all 1 < j < n and (7.32) follows from
J\2H—ps—ps 1 m j2H_2m . 1" o j2m_p3 s J 2m—p3 —pa J
) s S Oa s With O, = Cmmson < (T < (D)
since ps +pg < 2m and n+ (M V py) —2m+ps = (n —m) + ((m V pg) —m) + ps > 0. This proves (7.32) or (7.24) for
J12. Since consideration of I; is completely analogous, the proof of (7.24) is now complete.

Let us prove the claim (7.27). Write d§; = dg; + I';, where for ¢ € {0,--- ,¢} and r = {0,--- , [n]},
[n] .
H T\r k
D= —(- H, := H"(2).
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By Assumption C(n),
max(|dg;]) < Cn™", max(|H,|) < C. (7.34)

From binomial expansion,

Ualp) = Y (TO’ -m)( _T)Z agp Gyt

To+ -+ T =P1

where 7; € N, i =0,1---,[n] are nonnegative integers. According to (2.1), for any s =0,1,- -
i
‘ Zai(—)s < Cn™°1(s > m).
i—o "
Therefore from (7.34) it follows that
n—n‘ro—ps—z[fil Ty > 1,
‘ Z 552 p3+2r T < Cpre B 70 =0and ps + 31" 77 > m,

0, otherwise.

Note that for 79 = 0, we have Z 2, r7. > p1. Hence,
. [n]
n7p372r:1 TT"’]_('T — 07p3 + ZTTT Z m) S (nfm) A (n7p17p3) < n*(mVpg,).

r=1

Therefore

[n]
p3+ TT,
§ a; 5(7)’;) p3 E =1""r

< C(n—ﬂ—:ﬂs +n—(mvp3)),

proving (7.27) and (7.24).
It remains to prove (7.25). Let Uy, (p) := >.? 7o Jaidt (L pg‘ Since ||6]] < C'n~""D | see (7.34), it follows that

ijn(p) < Cn~(MAD)p1—p3 (735)
and a similar bound holds for U/,(p) := Z?:o |a;(8))P2 (%)m‘. Relations (7.35) and (7.20) imply

‘QH p

K —k 2m+1—p —(nA1)(2m+1—p)—
% [log ()| )=t P (7.36)

Tulp) < C (1 + \
where p = p3 +ps € {0,1,--- ,2m + 1} and |p| = 2m + 1. Relation (7.25) now can be verified directly, by inspecting
the casesn <1, > 1,p=0,1,2m+ 1 and 1 < p < 2m + 1 separately. This ends the proof of Lemma 4. O

Proof of Proposition 1. Note first that the result of Lemma 4 cannot be used for establishing Proposition 1 because
Proposition 1 treats the case k close to k&’ which is excluded by the proof of Lemma 4 (the second derivative R; s does
not exists for ¢t = t').

For any [ne] < k < [(1 —&)n] similarly to (7.16) and using the notation in (7.15) with &’ = k + ¢ we rewrite the variance
Vn(k) == Var (VX 4+ o) (£)) as

+-, =+

3|
3|

). (7.37)

3| =

1< k k
Valh) = 5 7 aia; Q(H(Z) +6:, H(=) +3;,

4,J=0

Next, we use a Taylor expansion of @ given by two analytic expressions in (7.2), see also (7.8). In order to avoid

cumbersome notation, we shall assume in the rest of the proof that the function H(:) is separated from 1/2, i.e.,
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SUPye(0,1y [ (t) —1/2[ > 0. Then the second expression for @ in (7.2) applies, viz., Q(H, H',t,t') = (3)(Qui(H, H',t) +
QQQ(H, H/, t/) — ng(H, HI, t, t/)), Where

Qui(H, H',t) := Ly (H, Ht*"1 | Qoo(H, H',t) := Loo(H, H)WTTH' | Quo(H, H' t,t') := Lio(H, H')|t' — t|7+H"

Accordingly, V,, (k) = %(Vnu(k) + Vinaa(k) = Viia (k)), where V,;; are defined as in (7.37) with @ replaced by Q;;, 1 <
i < j < 2. Note that (H, H',t) € (0,1)3 — Q11(H, H',t) is analytic except for H + H' = 1 and the last case is excluded
by our assumption that H(-) is separated from 1/2. Using the last fact, the Taylor expansion of Q11 as in (7.18) in the

proof of Lemma 4 and the bounds (7.21), it follows that for all n large enough,
1

n2nAm)

sup Va1 (k)| < C(e)

[ne]<k<[(1—e)n]

(7.38)

with C'(g) > 0 not depending on n. Clearly, the same bound (7.38) holds for V;,22.

It remains to estimate V,12. For 4,5 € {0, - ,q}, we have

J = 0 2H(E) 45+, J— i 2H(E) J—1 J— 1 2H(E) logn
‘T’ +0i+0; — ‘T’ eXp{((Si—F(Sj)lOg‘T’} = ‘T’ +O(W)

Here and in the rest of the proof, we denote O(-) a bounded function depending on H(-), € and ¢ only, and not depending
on k or n. Next, since (H, H') — Lq2(H, H') is analytic for H + H' # 1, so

k k
ng(H(ﬁ) 6 H(-) + 5]-) =14 0(=)-
Therefore,
- —2H(E) logn
Voi2(k) = C(H(k/n),a)n + O(7H2H(§)+WA1) (7.39)
where C(H,a) = —n?? fi—oaiaj |% 1 = ovar (V2B (0)) does not depend on n and does not vanish for H €

(0,1), see Sec. 2.2.
Using (7.38) and (7.39), we obtain:

_ 1 —2H(k) 1 logn
“ k logn 1
= Var (Vn BH(s)(ﬁ)) (1 + O(nﬁAl) + O<n2(’l7/\m)72H(§)))'
Hence the bound of Proposition 1 can be deduced. O

Proof of Corollary 3. Fact (i) is immediate from Proposition 1. By Property 1, E(V% X4+ o—)(k/n))? ~ (4 —
AH /)y =2H(k/M) and hence E(V,® X+ -y (k/n))? = Cn=2H*/M) for some C' > 0 independent of 1 < k < n — 2
and n. Use the last fact, Proposition 2 (4.6), (4.7), boundedness of A(t,#) and B(t,t'), and |V,¢" H(£)| < Cn=(12) to
conclude inequality (4.8) for |k — k'| > ko and kg large enough; for |k — k'| < ko (4.8) is trivial since the Lh.s. of (4.8)
is bounded by 1.

It remains to prove fact (ii). Let k' —k =: k > 1, H := H(k/n), H' := H(K'/n). Let first k < n'~®. Then in view of
(4.8) it suffices to check that

1 Cnf-a) 1 Cnf-a)
< = .

LA-H-H' — kv ’ n2mA2)—H-H' = P (7.40)

The second inequality in (7.40) holds for k < n'~® because of (4.9) and min(2(n A 2) — 2H,2(nA2) —2H') < 2(nA2) —
H — H'. The first inequality in (7.40) holds trivially since v — (4 — H — H') < 0. Next, let k > n'=“. Then using (4.8)
it suffices to check the inequalities

1 < C 1 < C
pA-H-H' — p—0)(1-a)’ n2A2)—H-H' — p(v=0)(1-a)’
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which easily follow from (4.9), similarly as above. U

Proof of Proposition 3.. Part (i) is immediate from Theorem 1 (i) and Corollary 3 (i). Part (ii) follows from Theorem
1 (ii) and Corollary 3, by taking 6 = 0 and v > 1/2 sufficiently close to 1/2 (in such case the inequality v < 4 — 2H(t)
of (4.9) is satisfied since H(t) < 1). To prove (iii), use Corollary 3 and Theorem 1 (iii) with 6 = 0 and v > 1/2
which can be chosen under (4.10), with = (2 — 3«)/4 and condition (4.11). Note that the lower bound (4.11) implies
(nA1) > (2 —3a)/4 and (4.10) implies 2((n A 2) — supye(o.1) H(t)) > (2 —3a) /4, or condition k£ > p of Theorem 1 (iii).
Parts (iv) and (v) follows similarly from Corollary 3, Theorem 1 (iv) (with 6 =0, k > p; = (1 — 3«)/4 satisfied from
(4.10)) and Theorem 2 (with a > 1 — 2k and (1+2(nA2))~t >1—2(n A1) for all n > 0). O
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