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Abstract. We derive the stochastic master equations which describe the evolution of open quantum systems
in contact with a heat bath and undergoing indirect measurements. These equations are obtained as a limit of
a quantum repeated measurement model where we consider a small system in contact with an infinite chain at
positive temperature. At zero temperature it is well-known that one obtains stochastic differential equations
of jump-diffusion type. At strictly positive temperature, we show that only pure diffusion type equations are
relevant.

1. Introduction

The theory of Open Quantum Systems aims to study the time evolution of a small system
Ho interacting with an environment &, cf [1, 2, 24, 26]. Starting from an Hamiltonian de-
scription of the coupled system [2, 24, 26|, the evolution of the reduced system H is obtained
by tracing over the degree of freedom of the environment.

In the Markovian approach of open systems, the time evolution of the state of the reduced
system is characterized by a semigroup of completely positive maps, with a typical generator
called Lindblad generator, which gives rise to an ordinary differential equation called master
equation [2, 24, 28|.

In this framework, an active line of research, motivated by recent experimental applications
in quantum optics and quantum communications, is focused on the description of quantum
measurement [7, 8, 9, 10, 11, 12, 13, 14, 24, 27, 28, 26]. Basically, in order to avoid Zeno
effect [24], the measurement is performed on the environment. According to the postulates of
quantum mechanics, this involves a random perturbation of the evolution of the state of Hy.
The dynamics of Hg is then described by classical stochastic differential equations, which are
perturbations of the master equation in terms of white noise [7, 22, 23, 8, 9, 10, 11, 12, 21, 30,
32, 37, 38]. Usually, these equations are called Stochastic Schrédinger Equations or Stochastic
Master Equations and their solutions are called Quantum Trajectories (the name “stochastic
Schrodinger equation” is usually reserved for the evolution of the state of Hy in terms of pure
states whereas stochastic master equations concerns evolution of density matrices).

Work supported by ANR project “HAM-MARK” N° ANR-09-BLAN-0098-01.
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In the literature, most of the results concern models where the environment is at zero
temperature and a lot of investments are still in progress to get right descriptions for model
at positive temperature (even without measurement). Typically, at zero temperature, for the
random evolution of density matrices we get two typical stochastic master equations of the
following form.

1. A diffusive equation
dpi = Lp)dt + (Cpi+ pC* = Tx [ py(C +C*)] py ) AW, (1)

where W; is a one dimensional Brownian motion.

2. A jump equation

dpy = L(py) dt + < CnC” ] —Pt> (ae =T [C pu C*] ), (2)

Tr [C Pt C*
where (Nt) is a counting process with stochastic intensity ¢ — fot Tr [C Ds C*] ds.

In the above expressions £ is the Lindblad operator, the operator C' is an arbitrary operator
(which depends actually on the interaction between the system and the environment, see
Section 2.4). Note that we can recognize from the form of these equations that they all are
simulations of the master equation, for they are stochastic differential equations valued in the
set of states of Hgy and on average they satisfy the master equation.

More complicated models use jump-diffusion stochastic differential equations which are
mixing of equations (1) and (2) [9, 11, 38] (see Section 2.).

Mathematically, there are three usual ways to justify these equations. A first approach
is based on Instrumental Operator Processes connected with the notion of Operator Valued
Measures and Quantum Markov Semi-groups analogy [2, 7]. The second one is based on
classical stochastic differential equation theory and on the concept of a posteriori state [7, 8,
9, 10, 11, 30]. The third approach often called Quantum Filtering is based on the formalism
of Quantum Stochastic Calculus and the notion of input and output field in quantum optics
(2, 12, 13, 14, 21, 22, 23]. In this last setup, the evolution of the small system and the
environment is modeled by Quantum Langevin Equations (also called Quantum Stochastic
Differential Equations or Hudson-Parthasarathy Equations) [1, 2, 31]. These equations are
namely driven by Quantum Noises [1, 2]. Next, by adapting the classical framework of
stochastic filtering, one can obtain appropriate stochastic differential equations driven by
classical noises, which take into account the “incomplete” information of indirect observations.

In [32, 37, 38], an alternative discrete way has been developed. The approach is based on
the model of Quantum Repeated Interactions which provides a “useful” discrete approximation
model of quantum Langevin equations [3, 4] . The setup of quantum repeated interactions is
the one of the interaction of a small system Hg with an environment represented by an infinite
chain @y, H . Moreover, the pieces of the chain are identical and independent quantum
system, that is Hy = H for all k. Each copy H interacts with Hg, one after the other, during
a time 7. In this framework, an appropriate language of discrete quantum noise and dis-
crete quantum stochastic differential equations is constructed. Next, it is shown that the time
continuous limit (7 — 0) gives rise to continuous models of quantum Langevin equations
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and continuous quantum noises. In this context, a discrete time model of indirect quan-
tum measurements, called model of Quantum Repeated Measurements has been developed in
[32, 37, 38]. It consists in performing a measurement of an observable of Hy, after each interac-
tion with Hg (similar models of successive measurements has been considered in [16, 34]). As
in the continuous case, the measurement introduces a random perturbation of the evolution
of Hy, described by discrete stochastic master equations and discrete quantum trajectories.
In the same spirit as [4], by considering the continuous time limit (7 — 0), the continuous
models of stochastic master equations and quantum trajectories are recovered. Much beyond
the approximation result, these discrete time models (without measurement [4] and with mea-
surement [32, 37, 38]) provide a concrete and intuitive physical justification of the continuous
models of quantum Langevin and stochastic master equations. For other applications and
results regarding quantum repeated interactions, we refer to [17, 18, 19, 20, 35, 36, 39] where
‘return to equilibrium”, “large time behaviour” or “thermalization” problems are considered.
We refer also to [25, 29, 42, 43, 44] for an approach based on collision-like models in physics,
where properties such as “entanglement” and ‘decoherence” are studied.

It is important to notice that these four different approaches of stochastic master equations
are crucially based on the “zero temperature” assumption. For example in the approach based
on quantum stochastic calculus, one the main obstacle to consider positive temperature model
is to describe the action of the heat bath on the small system and to derive adequate Langevin
equations.

Recently, in [5], the discrete approach of quantum repeated interactions [4] has been
adapted to models with heat bath at positive temperature. This way, thermal quantum
Langevin equations have been obtained and a clear justification of the action of the thermal
bath has been presented. It is then natural to combine this approach with quantum repeated
measurements in order to derive stochastic master equations for heat baths.

In order to introduce temperature, we consider that each copy H is in a thermal Gibbs state
at inverse temperature 5. The crucial point in all the different approaches at zero temperature
is the fact the state of the environment is a pure state. This is clearly not the case for a Gibbs
state. In order to get around this difficulty, we apply the G.N.S. representation of that state.
This way, the Gibbs state of each copy H can be considered as a pure state in an enlarged
Hilbert space. Hence, with this representation, the convergence result of [38] can be applied
and stochastic master equations for heat bath are derived. Surprisingly, models of the form
(2) with counting processes disappears and only diffusive models remains.

This article is structured as follows.

In Section 2., we remind the discrete models of quantum repeated interactions and then
quantum repeated measurements. Next, we recall the main result of [38] which gives the
stochastic Master equations as continuous limits of these discrete models.

In Section 3., we adapt the result of [38] for model with positive temperature. This
is achieved by describing the G.N.S representation of the heat bath. Hence we obtain the
complete description of stochastic master equations for a small system in contact with a heat
bath and undergoing indirect quantum measurements.

2. From Discrete to Continuous Quantum Trajectories at Zero Temperature

In this section we recall the mathematical description of the quantum repeated measure-
ment model, as developed in [38].
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2.1. QUANTUM REPEATED INTERACTIONS

The model of quantum repeated interactions consists in studying the interaction of a
finite dimensional quantum system o in contact with an infinite chain T® = Q. Hx,
where H;, = H = CN*! for all k. One can imagine that the pieces H represent for example
“a measurement apparatus” or an “incoming photon”...

We first need to make precise the definition of the countable tensor product T'®. To
this end, let us define an explicit orthonormal basis of T®. Let {Xy, Xi,..., Xy} be an
orthonormal basis of H = CN*t1. Actually note that only the choice of X is relevant in our
construction: it represents a reference state of # (for example a ground state). Put X to be
the copy of the basis vector X; but acting on the n-th copy of H. The orthonormal basis of
T® is then made of those tensor products

X, ®.. . 0X'®...

such that all the i,,’s, but a finite number, are all equal to 0.

On H consider the basic operators aé, 1,7 =0,..., N defined by aéXk = 0;1X; (in Dirac
notation aj = |X;)(X;]). We dilate them as operators a}(k) on T'® by asking them to act as
(3

5 on the k-th copy of H and as the identity operator on the rest of the chain.

a

The model of repeated interactions [4] is now described as follows. Each copy of H is
supposed to interact, one after the other, with Hg during a time duration 7. Each elementary
interaction between Hgy and H is described by a total Hamiltonian

Hiot = HoyQI+1® Hr + \H;. (3)

The operator Hy corresponds to the free Hamiltonian of the system Hg, the operator Hp is
the free Hamiltonian of the system H, the operator Hy is the interaction Hamiltonian and A
is the coupling constant.

The basis {Xo, ..., X, } is chosen to be the basis of eigenvectors of Hp, that is, with our
notations:

N
HR:nyia?azo. 4)

i=1
The interaction Hamiltonian H; is chosen to be of so-called “dipole-type”:

N
Hr=> (Ci®a)+C®ap). (5)
=1

After a time duration 7 of interaction, the evolution of Hy ® H is governed by the unitary
operator
U — e_iTHtot .
That is, in the Schrodinger picture, the evolution of states on Ho ® H is given by
p— UpU*

and in the Heisenberg picture, the observables evolve as

X = U*pU.



[Author and title] )

Now, in order to describe the repeated interactions on the whole space Hyo ® T'®, we consider,
for each k € N*, the unitary operator U, which acts like the operator U on the tensor product
Ho®Hy, and like the identity operator on the rest of the space. For k being fixed, the operator
Uy describes the k-th interaction. The whole procedure is then described by the sequence of
unitary operators (V}) defined by Vi, = UpUg_1 ... U;. For example the evolution of an initial
state p on Ho @ TP after k interactions is given by

2.2.  QUANTUM REPEATED MEASUREMENTS

Now, we are in position to describe the model of quantum repeated measurements [32].
To this end, we need to specify the reference states of Hg and H. Let p denote the initial state
of Hy. For each copy of H, we consider the usual thermal Gibbs state at inverse temperature

0:

P8 = Tyle Bla] (6)

where Hp is defined in expression (4). In particular ps is diagonal, with diagonal elements
that we shall denote by {8, f1,..., 05}

In order to describe the indirect measurement of an observable A of H, we come back to
the description of the first interaction in the space Ho ® H. After the interaction the new
state of Ho @ H is p = U(p ® pg)U*. Now if A owns the spectral decomposition

P
=0
the measurement of A gives a random result in the set of eigenvalues A, ..., A,. In particular,
the value )\; is obtained with probability
P|to observe \; | =Tr [n] ® B . (7)

After having observed the eigenvalue A;, the state p is projected and becomes

UeP)pdehR)

L) = Trip(I® Pl

For i being fixed, the state p; (i) represents the new state of Ho® H after the first interaction
and the first measurement. Usually, we are only interested in the reduced system Hg, that is,
we shall consider only the partial trace

p1(i) = Try (p1(0)) -
The state p; is a random state which takes the values

Li(p)
Tr [Li(p)]

with probability Tr [Ez(p)] respectively, where

Lilp)=Tru [I@P)U(p® pg)U* (I @ P)] .
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This way, the state p; is the new reference state of Hy and we can consider a new interaction
with a copy of H and a new measurement of A. By reducing on Hg, we then get a new random
state po which satisfies similar properties as p;. Iterating this procedure we obtain a random
sequence of state (pr) on Hp. This sequence, called discrete quantum trajectory describes
the random modifications of the state of Hg undergoing quantum repeated interactions and
measurements. More precisely, we have the following proposition (cf [32]).

PROPOSITION 1. The sequence (px) is a Markov chain. More precisely, if pr = 0, the state
Pr+1 can take the values
Li(0)
=T
Tr [EZ(H)]

with probability p;(0) = Tr [L;(0)], where L£;(8) = Try [I ® P, U(0 @ pg)U* I @ P;].

=0,...,p

In other words, the above proposition can be summarized as follows. Let 1? denote the
random variable which takes the value 1 if we observe the eigenvalue A; during the k-th
measurement and 0 otherwise, we then have

p
Pk+1 = Z

=0

o

i(Pk) k+1
pi(pr) L ®)

2.3. QUANTUM TRAJECTORIES AT ZERO TEMPERATURE

The equation above is a discrete-time stochastic master equation. In the articles [32, 37, 38]
the author computes explicitely the continuous-time limit of (8) at zero temperature. In the
limit, he obtains the usual stochastic master equations describing continuous measurement
experiments. In general, these equations are stochastic differential equations mixing diffusive
and jump noises. We shall now recall these results.

We now focus on the case where the temperature is zero, that is 8 = +oc. This way, we
have 3; =0 for all i =1,..., N and pg = a = | Xo)(Xo|.

If K is an operator on Hy ® H and for the choice {X,..., Xy} of an orthonormal basis
for H, the operator K can be written as a (N + 1) x (N + 1)-block-matrix, with coefficients

K} = Try [(I@o 1X;)(X,)) K] ,

being operators on Hy. With these notations, we have
N

TrylK] =) K.
=0

In particular the £;(p) are easy to compute explicitely: let U = (U;lg)ogk,lg ~ be the block-
matrix representation of the unitary evolution U and let P; = (p};)o<ki<n in the basis
{Xo,..., X1} (in block form we have I ® P; = (pzl Io<k,i<n), we get

N
Li(p) =Ty [T P, Ulp® pg)U* IQ P = > piy Up p(U))*. (9)
k,l=0

The convergence result of discrete quantum trajectories is based on the asymptotic as-
sumptions described in [4]. These assumptions concern the unitary operator U. If we consider
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the time of interaction 7 being 7 = 1/n, the unitary operator U depends on the parameter
n, that is, U = U(n) = (U}(n))o<ki<n- In [4], it is shown that the operator process (Vi)
satisfying

Vint) = Uy (n) ... Ui (n)

converges, non trivially, to a process (V4), only if the coefficients U ]Z(n) obey certain normal-
izations. The limit process (V;) then satisfies a quantum Langevin equation describing the
evolution of a small system coupled with a Fock space.

Their asymptotic conditions concern the existence of operators L; such that for all (4, 7) €
{0,..., N}? we have

nh_)rrgo nE”(U’( ) = 0i1) = L3, (10)
where €ij = %(5(% + 50j)-

In the context of measurement, the expression (9) implies that only the asymptotic of
the terms U. jQ (n) are relevant. In terms of total Hamiltonian (3), in [4] it is shown that these
asymptotics for the U;’s can be obtained by considering interaction Hamiltonian Hy of type
(5) and by considering the coupling constant A = y/n. In that case, they obtain

LY = —iC),.
Remark In other words, this corresponds to a renormalization in y/n of the field operator a?
and af in order to strengthen the force of the interaction while the interaction-time 7 = 1/n
decreases (when n goes to infinity). Such normalization is essential in order to obtain non
trivial limit (see discussion in Section 4.2 in [4] and [6]). We refer also to [34], where scaling
time and appearance of noises are discussed.

Now with (10), we are in position to express the main result of [38] which links discrete
and continuous quantum trajectories. To this end, we introduce functions (when it has a
meaning) defined on the set of states:

N .
> i Lip(L)”
k=1 B
N p
Z pkl L )
k=1

N
Z pkl LkP Lz )"

N

N
Z Pho Lip + pbi. p Lk - Tr Z pko LYp + pi P(Lg)*)] P]
k=1 k=1

1

1

i

P}
N
L(p) = Lip+ p(LO)* + > LY p (L))

THEOREM 2. Let A =" X\iP; be an observable of H. As >, P; = I, without restriction,
we can assume that pQy # 0. Let I = {i € {1,...,p}/p, =0} and J = {1,...,p} \ I. Let po
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be a state on Ho and let (pn(t)) be the stochastic process defined from the discrete quantum
trajectory (pr) by pn(t) = Pint- We then have the following convergence result.

o If J =0, the process (pn(t)) converges in distribution to the solution of the stochastic
differential equation

t Pt
Pt = Po —i—/o L(ps—)ds+ Z/o /Rgi(ps_)]'0<l'<vi(Ps) [Ni(dm, ds) — dx ds], (11)
i=1

where (N;)1<i<n are N independent Poisson processes on R2.

o If J # 0, the process (pn(t)) converges in distribution to the solution of the stochastic
differential equation

t:po+/£ps ds + Z/ i(ps—)dWi(s)

ieJ UJ{0}
+Z/ /gz Ps— 10<:v<vl(ps ) [Ni(dxads) —dzx ds] (12)
el
where (W;(t))o<i<n are N+1 independent Brownian motions independent of the Poisson
processes (N;)i1<i<n

Remark: In Theorem 2, the notion of convergence in distribution concerns the convergence
in distribution for stochastic processes, that is, in the Skorohod topology (this corresponds
also to the notion of the weak convergence, see [15, 33| for a complete introduction on this
theory).

Remark: Let us stress that Theorem 2 concerns model in finite dimension. In infinite
dimension, there exist results concerning stochastic Schrédinger equations, we refer to [11]
for Lindblad bounded operators and [30] for non-bounded operators. We refer also to [20]
for quantum repeated interactions setup in infinite dimension related to ”one-atom maser”
model.

2.4. THE 2-DIMENSIONAL CASE

In order to illustrate this theorem, we investigate the case where # = C2. In this situation,
we get two different behaviours depending on the fact that p80 =1 or not.

Indeed, in the case p80 = 1 we have J = () and the case p80 # 1 corresponds to J # 0.
Furthermore the case p), = 1 corresponds to a case where the observable A is diagonal in the
basis {Xg, X1}, that is, of the form

A= Xad+ Mial.

The limit equation is then

Pt—ﬂo+/£,0s d8+//< 1/1)8,03 LO))*]_Ps>><

X Locoete(L0p_(£9)] [N (dz,ds) —dzds] . (13)
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By putting LY = C' and by considering the process N; = f(f Jz 10<:B<Tr[L?ps_(L?)*]N(dx’ ds),
we obtain the jump equation (2) mentioned in Introduction. Indeed, the process (N;) is a
counting process with stochastic intensity fg Tr[LYps_ (LY)*] ds. Actually, the expression (13)
is a rigorous way to consider jump stochastic Schrédinger equations (see [37]). Typically this
equation describes the experiment of photon-detection in quantum optics [24, 27, 40, 41, 12].

The other case p80 = 1 gives rise to a diffusive equation. For example, consider the case
P99 = 1/2 (the other situations are similar). The observable A has then to be of the form

A:)\

A
5 (af +af + a5 +ad) + 5 (af — af — a5 +ai).

Hence, we get the limit equation

! ! 0 0 0 0 \/5
pr = pot /0 Lo(ps) ds + /0 (Llps +ps(L1)" = Tr[Lips + ps(Ll)*]ps> - AW(s)
t _\/5
+ /O (L(l]/)s + ps(LY)* = Te[Lps + ps(L(f)*]ps> —— AWa(s). (14)

Note that by defining a Brownian motion W; = (v/2/2) Wi (t) — (v/2/2) Wa(t), we recover
the diffusive equation (1). In quantum optics, this equation describes heterodyne/homodyne
detection experiments [7, 40, 41].

In [32, 37], the equations (13, 14) are studied in details and the convergence from discrete
to continuous trajectories is obtained (with different techniques than the more general result

(38]).

3. From Discrete to Continuous Quantum Trajectories at Positive Temperature

All the results mentioned in previous section are based on the construction of [4] which
makes heavy use of the fact that the reference state of H is a pure state. Indeed, this condition
is strongly needed in order to define the countable tensor product ®,cn+H and its continuous
limit, the continuous tensor product ®;cp+H.

When considering that the environment is made of a chain of systems H each of which in
thermal equilibrium state

we cannot directly apply their results. The idea here follows the one developed in [5], that
is, we take the G.N.S. representation of the state pg. This way, the state pg becomes a pure
state, but on a larger state space.

3.1. THE G.N.S REPRESENTATION OF THE HEAT BATH

The G.N.S representation of (H,pg), also called cyclic representation, is described as
follows. At positive temperature, since the state pg is faithfull, it defines a scalar product on
H' = B(H) by

(A,B) =Tr [pg A*B], (15)

for all (A,B) € H'.
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For all A € H', we denote by 7(A) the linear map from H’ to H' defined by

m(A)B = AB,
for all B € H'. The linear map 7 from H’' into B(#H') is a representation of (H,pg), the
so-called “G.N.S. representation”. In particular we have

(I, 7(A)T) = Tr [ps4],

for all A € H'. This means that transported by 7 the action of the state pg on a observable
A is the same that the one of the pure state |I)(I| on w(A).

In order to compute the matrix coefficients of the operator 7(U), we need to specify an
orthonormal basis of H’. The only restriction on this basis is that it has to contain the
reference state |I)(I|.

The Hilbert space H' is a (N + 1)? dimensional space. We denote by X{ the identity
operator. Next for i =1,..., N, we denote by Xii the diagonal matrix with diagonal elements
{v9,..., v} such that

(X, X7) = dij
for all 4,5 = 0,...,N. Such operators can be constructed by extending the vector (1,...,1)
into an orthonormal basis of CN*! for the scalar product

N
Z BiTiyi -
i=0

In order to complete the basis, we define X; fori#j€{0,...,N} by

. 1.
T 7
X = 5, aj.
Thus, we have construct an orthonormal basis {X]’:,i,j = 0,...,N} of H' for the scalar

product (15).
In this basis an operator K on Ho ® H is transported by m as an operator 7(K) =
(Kli]l)oﬁivj,kJSN where the coefficients Kli]l are operator on Hg. These coefficients are given by

Ky =Ty [(I @ ps)(I @ XF)K(I® X)) (16)

3.2. ASYMPTOTICS OF U IN THE G.N.S. REPRESENTATION

Recall that we have defined the basic unitary interaction U as
1
U:exp(—iE(H()@I—i-I@HR—i-\/ﬁHj)) . (17)

We are in position to describe 7(U) in the asymptotic way. Here, the translation of condition
(10) is the existence of operators L} such that
: (i _ i
Jim 7 <Ukl - 5(i,j),(k,l)1) =Ly, (18)

where €)) = 1,€% = ekl = 1/2 and the others are equal to zero.

We need to check that the unitary operator (17) provides good asymptotic. Actually in
our context of indirect quantum measurement, according to Theorem 2.3., we only need the
expression of Lg?.
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PROPOSITION 3. The expression of the final relevant limit operators Lg? s given by

N N
1
L88 = iHp+ Z Bivil + 5 Z (ﬁoC;CZ' + ﬁiCZ'C;),

i=1 i=0
LR = —iVBCi, LY = ~iv/BCi (19)
Proof: In block form we have
Hy  ViCi  iCy ... iCy
vnCy Ho+ml 0 .. 0
Hi = | VPC2 0 Ho+ vl ... 0
VnCn 0 0 ... Ho+nI

and hence the operator U(n) can be shown to be of the form (cf [4])

I—LiHy—itywl — —id-Cf+o (#) . —ikcr+o (#)
N
_%% >ie1 CiCito (#)
—i—=C1 +o (#) I—LiHy—itp1 ... ~Llocy
33 C10f +0(53)
—i=Cx +o (L/) ~Lloyer o T—LiHg— il

—3aCONCY +0 (52)

Now we can compute the asymptotic form of U,Slo (n). Keeping in mind that in the ap-
propriate basis B, the partial trace of an operator is the operator obtained by summing the
diagonal blocks, we get

UR(n) = Trull ® ps XU XS] = Try[l @ pg U]

1 1Y
= bBo <I—E<iH0+§ZC;Ci>>

i=1

al 1/ 1., 1
+> B I——(iHo+%I+5CCY ) ) +o ~

i=1

1 al 1 1
= I <z‘Ho + Bl + 3 > (BCiC +ﬁiCiCz'*)> te (E) - (20

i=1 =0
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Let us stress that we have used Zi\io Bi = 1 to get the expression (20). Now if £ = 0 and
[ # 0, we have

Usy = %Tm (I @ pg) (I ®agp) U]

- —i%\/%Cl +o <%> : (21)

In the same way if [ = 0 and k # 0, we get
U = —z’—l VBrCr + o =S (22)
k.0 vn k vn)

Actually the terms (20, 21, 22) are the only terms which remain when considering the limit
by applying (18). Indeed the other terms are expressed as

N N
1 — 1 — . 1 1
UY = _E< E Bivi(vI + 56}6’;‘) + Bov) <2’on +3 E CiCi*> ) +o0 <E>

i=1 =1
and if k #0,1#0and k #1

11 1
Ulglo = ———\/ﬂkClC]: + o <—> .

n 2 n

Hence, by (18), they do not contribute in the limit. O

3.3. QUANTUM TRAJECTORIES AT POSITIVE TEMPERATURE

Before stating the equivalent of Theorem 2.3. with positive temperature, we need to be
clear on how observables are transformed by the G.N.S representation. In particular, we have
to describe (I ® P) when P is a projector. By the rule (16), the coefficients Py of 7(I ® P)
are given by

Py = Try[l@ps (10X 1® P(I® X))
= Ty [I® (ps (X[)* PX})]
Tr [pp (X[)* P XI] T (23)

Define pzl =Tr [pg (XF)* PX;] and P = (pzjl) Equation (23) means
n(P)=I®P'. (24)

We are then in a similar situation as for zero temperature, but one has to notice a very
important fact: the first coefficient p3) is now always strictly positive. Indeed, we have

poo = Tr [ps (X0)* P X3] = Tr [pg P] = Tr [pg P*P] = (P, P) > 0. (25)

This simple remark has an important consequence: there will be no jump contribution
in the stochastic master equation for a heat bath.

Indeed, let us consider an observable A = Y7 (AP and n(A) = Y7 NI ® P, In
Theorem 2.3., the jump contribution is directly connected to the set I = {i € {1,... ,p}/p%o =
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0}. In positive temperature, with the notation P, = (p;gl (m)) the analogue of set I is the set
I'={ie{1,...,p}/pd(i) = 0}. Hence, the property (25) implies that I’ = (), which implies
that there is no jump contribution.

Consider the following functions defined on the set of the states:

N
hilp) = %[;@20(>Lkop+p0k<>L8kp+poo<> p(L)* + pB(0) p(2E0)")
T [p30) L9p + p30) Lo + P3G) p(LI9)" + 5 (5) p(L0)"] p] (20
Lp) = Lo+ pLY +Z(Lkop+p W)+ Lo+ p(LE)") . (27)

THEOREM 4. Let A = Y7 (NP, be an observable. Let py be a state on Ho. Let (py)
be the discrete quantum trajectory describing the quantum repeated measurements at positive
temperature. Let (py,(t)) be the sequence of stochastic processes defined for all t and all n
by pn(t) = piny(t). Then (pu(t)) converges in distribution, when n goes to infinity, to the
solution of the stochastic differential equation

pt = po + /Ot L(ps)ds + Z /Ot hi(ps) dWi(s), (28)
=0

where (W;(t)) are N + 1 independent Brownian motions.

Proof: With the expression (24), with the fact that the state pg is a pure state in the G.N.S.
representation, we can apply directly Theorem 2.3., with the particular restriction we have
mentioned above. This gives easily Equation (28). O

With the explicit expression of the coefficients Lkl’ Equation (28) can be made more
explicit:

N
Pt = po +/Ot <—ZH0,P5 - %Z (Bo(CECh ps + s CECr = 20 p, CF))
k=0 1 N
-3 Z <5k(CkC;; ps + ps CkCr — 2C% ps Ck)>> ds
k=0
. ¢ 1 l . 00 0k * 00 0k *
=32 [ | St () e b= e s =i

N

+ Z iv/Be (PR(m)Cips — Pi(m)pCr = Tr [l (m)Cips — b (m)psCil ps [ AWin(s) . (29)
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In this equation the expression

N

5 . 1 . n .
£(p) = =ilHo,p) = 5 3" (A(CiCip+ pCiCi — 2C1 p C) )
k=0
1 N
) Z (5k (CkCrp+ pCrCr —2C5 ka)) (30)
k=0

corresponds to the usual Lindblad operator describing the evolution of a small system in
contact with a heat bath at positive temperature.

3.4. THE 2-DIMENSIONAL CASE

As in Section 2.4., we want now to specialize the equation (29) when H = C? and when
considering particular observables.

The first case is when the observable is diagonal that is A = A\ga) + Aal. In this case

we have to compute 7(a)) and w(al) As we have a) + a} = I and 7(I) = I, we just have

to compute m(aj)). Since p) (0) p92(0) and pE9(0) = pi3(0), we have only three terms to
determine: pJ9(0), pd7(0) and p{Y(0).

We get
poo(0) = Tr[pgag] = Bo
1
00 0% -0 30 1.0
po1(0) = Tr[pg(X{) agXy| = —== Tr|psagag] =0
01() [B( 1)00] \/% [Boo]
1
pl(0) = Tr[ps(X()*apX(] = —= Tr[pgalag] = 0. (31)

VB

As a consequence the equation (29) for a diagonal observable becomes

t
Pt = po +/ L(ps)ds
0

which is just the master equation for a heat bath, with no noise contribution. Hence, at posi-
tive temperature, the repeated measurements of the observable A gives rise to a deterministic
limit behavior. Recall that at zero temperature, the limit behavior was described by a jump
equation.

At positive temperature, we had already seen that the limit behavior should not involve
jump contribution, but here, in addition we have no randomness at all in the limit.

Let us now consider the observable A = \o/2(a) +a¥ +a} +a}) + A1 /2(ad — af — a} + ai).
As we have 1/2(al + a9 + a} + a}) + 1/2(al — a¥ — a} + al) = I, we just need to compute
7(1/2(ad + af + af + a})). With the previous computations, we only have to determine 7 (af)
and 7(a$). In order to simplify the notations put R = af and S = af. We have

R88 = RIO = 500 = 501 =
R = /Bo, Sip = \//81- (32)
Hence by (31, 32), for Py = 1/2(ad + af + a} + a}), we get

RO =3, 80 =22 80 =L2 (3)
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The equation (29) becomes
t tl\/§ . .
Pt = po +/0 L(ps) ds — /0 — | Po (Clps — psCT — Tr[Crps — psCl]ps)+
+ 51 (Cips = puC1 = TrlCi pi = p.Cilps ) | dWWi(s)

Liv2 . .
+ / T Bo (Clps - pscl - TT[Cl,Os - pscl]ps>+
0

+ B <Cf,05 — psC1 — Tr[CTps — psC1]ps> dWi(s). (34)

By defining a new Brownian motion W; = v/2/2(Wy(t) — Wi (t)) and by putting C = —iC1,
the above equation becomes

t t
pt = po + / L(ps) ds + / Bo (C,os + psC* = Tr[Cps + psC*]ps)+
0 0

+ 61 <C*ps + psC — Tr[C*ps — psC]ps> dWs. (35)

The equation (35) is then the equivalent of diffusive equation (1) (see Introduction) for the
model with positive temperature.
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