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SCHRODINGER EQUATIONS
ON DAMEK-RICCI SPACES

JEAN-PHILIPPE ANKER, VITTORIA PIERFELICE, AND MARIA VALLARINO

ABSTRACT. In this paper we consider the Laplace-Beltrami operator A on Damek-Ricci
spaces and derive pointwise estimates for the kernel of e™®, when 7 € C* with Re T > 0.
When 7 € ¢R*, we obtain in particular pointwise estimates of the Schrodinger kernel
associated with A. We then prove Strichartz estimates for the Schrédinger equation,
for a family of admissible pairs which is larger than in the Euclidean case. This extends
the results obtained by Anker and Pierfelice [E] on real hyperbolic spaces. As a further
application, we study the dispersive properties of the Schrodinger equation associated
with a distinguished Laplacian on Damek-Ricci spaces, showing that in this case the
standard L' — L estimate fails while suitable weighted Strichartz estimates hold.

1. INTRODUCTION

The study of the dispersive properties of many evolution equations of mathematical
physics, including the Schrodinger and heat equation on R", is of fundamental impor-
tance. Indeed, dispersive estimates represent the main tool in the study of several linear
and nonlinear problems. We recall some standard facts. Consider the homogeneous
Cauchy problem for the linear Schrédinger equation on R™, n > 1,

i Opu(t, ) + Au(t,z) =0
u(0, ) = f(x),

whose solution can be represented as

ult, x) = e () = ﬁ /R IR fy)dy VA0,

By the explicit representation of the kernel of e
estimate

(1)

#A one easily obtains the dispersive

It is sufficient to get rid of ¢ in the kernel to obtain a corresponding representation for
the heat kernel of ', and hence a similar dispersive estimate

”etA”Ll(Rn)—woo(Rn) <t vVt > 0.
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It is well known that, starting from the dispersive estimates, it is possible to deduce other
space-time estimates which are called Strichartz estimates. The first such estimate was
obtained by Strichartz himself in a special case; then Ginibre and Velo [27] obtained the
complete range of estimates with the exclusion of some critical cases, the endpoint cases,
which were finally proved by Keel and Tao [B4]. We recall that the modern theory of
local and global well posedness for semilinear Schrédinger equations is based essentially
on these estimates.

In view of the important applications to nonlinear problems, many attempts have
been made to study the dispersive properties for the corresponding equations on various
Riemannian manifolds (see e.g. [@, B, [1, [T, [, B8, B2, £J, £l among the others).

More precisely, dispersive and Strichartz estimates for the Schrodinger equation on
real hyperbolic spaces H", which are manifolds with constant negative curvature, have
been stated by Banica, Anker and Pierfelice, Tonescu and Staffilani ([, B, [@, B3, Ed, ).
Here we are interested in extending these results to the more general context of Damek-
Ricci spaces, also known as harmonic NA groups ([, B, I3, 4, B2, 3, B4, B3, E2)).
As Riemannian manifolds, these solvable Lie groups include all symmetric spaces of
noncompact type and rank one, but most of them are not symmetric, thus providing
counterexemples to the Lichnerowicz conjecture [24].

We briefly recall the definition of the spaces. Let n = v @ 3 be an Heisenberg-type
algebra and let NV be the connected and simply connected Lie group associated to n (see
Section 2 for the details). Let S be the one-dimensional extension of N obtained by
making A = R" act on N by homogeneous dilations. We denote by @ the homogeneous
dimension of N and by n the dimension of S. Let H denote a vector in a acting on n
with eigenvalues 1/2 and (possibly) 1; we extend the inner product on n to the algebra
s = n® a, by requiring n and a to be orthogonal and H to be a unit vector. We denote
by d the left invariant distance on S associated with the Riemannian metric on S which
agrees with the inner product on s at the identity. The Riemannian manifold (5,d) is
usually referred to as Damek-Ricci space.

Note that S is nonunimodular in general; denote by A and p the left and right Haar
measures on S, respectively. It is well known that the spaces (S,d, \) and (S,d, p) are
of exponential growth. In particular, the two following Laplacians on S have been the
object of investigation :

(i) The Laplace-Beltrami operator Ag associated with the Riemannian metric d.
The operator —Ag is left invariant, it is essentially selfadjoint on L?(S, \) and its
spectrum is the half line [Q?/4, c0).

(ii) The left invariant Laplacian £ = > X?, where Xy, ...X,,; are left invariant
vector fields such that at the identity X, = H, {X3,..., X,,,} is an orthonormal
basis of v and {X,,,11,...,X,_1} is an orthonormal basis of 3. The operator —L

is essentially selfadjoint on L?(S, p) and its spectrum is [0, c0).

Considerable effort has been produced to study the so-called LP—functional calculus for
the operators —Ag and —L. It turned out that if p # 2, then —Ag possesses a LP
holomorphic functional calculus [[J], whereas —£ admits a L? functional calculus of
Mihlin-Hérmander type [[, [§. This interesting dichotomy between the two operators
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motivated many authors to study both of them in the context of real hyperbolic spaces,
in noncompact symmetric spaces of rank one or, more generally, in Damek-Ricci spaces
and in noncompact symmetric spaces of arbitrary rank [I, B, i, [9, Bd, BT, 9, B0, BT, BS,
B9, .

In this paper we study the dispersive properties of the Schrodinger equations on S
associated with both the Laplacians Ag and L.

To this end, in Section [ we start by proving pointwise estimates of the kernel of
the more general operator €5, for 7 € C* with Re7 > 0. These can be thought as
estimates of the heat kernel of the Laplacian Ag in complex time and are obtained using
the inversion formula for the Abel transform. Similar results were proved in [2g, B7] on
real hyperbolic spaces.

In the special case when ReT = 0 this gives pointwise estimates of the Schrodinger
kernel of e2s for t € R*. These imply the following dispersive estimates:

1_11_1

jt|7mezmazman o< |t <1

eitAs ., <
| Ia (SA)=LI(S,N) ~ M*% if [t >1,

for all ¢,G € (2,00]. As a consequence, we deduce that the solution u of the nonhomo-
geneous Cauchy problem

(2) { i Oyult, z) + Agu(t, x) = F(t,x)

u(0,2) = f(z), ze€S,
satisfies the following Strichartz estimates

(3) lulle; zasny S N fllzzesny + 1 E e @ pa sy »

1
p?

n- {5 @) x 03 222 3u{e D).

Note that the set T, of admissible pairs for S is much wider that the admissible interval
I,, for R™ which is just the lower edge of the triangle. This phenomenon was already
observed by Anker and Pierfelice for real hyperbolic spaces [[] and here is generalized to
Damek-Ricci spaces.

for all couples ( %) and (%, %) which lie in the admissible triangle

As an application of the estimates (f), we study the dispersive properties of the
Schrodinger equation associated with L:

{ i Quult, x) + Lul(t,z) = F(t,z)

() u(0,z) = f(z), x€S.

In this case we prove that there is no dispersive L' — L> estimate for the solution of the
homogeneous Cauchy problem. Beside this, we are able to show that the solution of the
nonhomogeneous Cauchy problem (fl]) satisfies suitable weighted Strichartz estimates for
couples (%, %) and (%, %) in the admissible triangle T,,. More precisely, we obtain this
result as an application of the Strichartz estimates proved for the equation associated
with Ag using a special relationship between the two Laplacians (see ([[0)).
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Note that, in the particular case of real hyperbolic spaces, D. Miiller and C. Thiele
found a similar lack of the dispersive effect for the wave equation associated with £ and
they suggested that Strichartz estimates shall not hold in that case B, Remark 7.2].

2. DAMEK-RICCI SPACES

In this section we recall the definition of H-type groups, describe their Damek-Ricci
extensions, and recall the main results of spherical analysis on these spaces. For the

details see [P, B, I3, 4, P2, B3, R4, BT

Let n be a Lie algebra equipped with an inner product (-,-) and denote by | - | the
corresponding norm. Let v and 3 be complementary orthogonal subspaces of n such that
n,3] = {0} and [n,n] C 3. According to Kaplan [B3], the algebra n is of H-type if for
every Z in 3 of unit length the map Jz : v — v, defined by

(J;X,Y) = (Z,[X,Y]) VX, Y €v,
is orthogonal. The connected and simply connected Lie group IV associated to n is called
an H-type group. We identify N with its Lie algebra n via the exponential map
px3 — N
(X,Z) — exp(X+72).

The product law in N is
1
(X, 2) (X", Z) = <X + X247+ 51X, X’]) VX, X' €v VZ, 7 €53

The group N is a two-step nilpotent group, hence unimodular, with Haar measure d X dZ.
We define the following dilations on N:

6.(X,Z) = (a*X,aZ) V(X,Z)eN VacR"'.

Set @ = (m + 2k)/2, where m and k denote the dimensions of v and 3, respectively.
The number @ is called the homogeneous dimension of V.

Let S be the one-dimensional extension of N obtained by making A = Rt act on N
by homogeneous dilations. We shall denote by n the dimension m + k + 1 of S. Let H
denote a vector in a acting on n with eigenvalues 1/2 and (possibly) 1; we extend the
inner product on n to the algebra s = n @ a, by requiring n and a to be orthogonal and
H to be a unit vector. The map

px3xRT — S
(X,Z,a) — exp(X+ Z)exp(loga H)

gives global coordinates on S. The product in S is given by the rule
1
(X, Z,a)(X", 2" a') = (X + X' 2+ aZ + 5 a X, X a a’)

for all (X, Z,a), (X', Z',a’) € S. The group S is nonunimodular: the right and left Haar
measures on S are given by

dp(X,Z,a) =a'dXdZda and  dA\X, Z,a) =a @V dXdZda.
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Then the modular function is §(X, Z,a) = a=%. For p € [1,00) we denote by LP(S,\)
and LP(S, p) the spaces of all measurable functions f such that [¢|f[Pd\ < oo and
Js 1 fIP dp < oo, respectively.

We equip S with the left invariant Riemannian metric which agrees with the inner
product on s at the identity. From [}, formula (2.18)], for all (X, Z,a) in S,

X. 7 1/2 4 412 1 2

where (X, Z,a) denotes the distance of the point (X, Z, a) from the identity.

We denote by Ag the Laplace-Beltrami operator associated with this Remannian struc-
ture on S.

A radial function on S is a function that depends only on the distance from the identity.

If f is radial, then by [, formula (1.16)]
[rm=[se
where

(6) A(r) = 2mFF sinh™ <g) cosh” <g> Vr e RT.

A radial function ¢ is spherical if it is an eigenfunction of Ag and ¢(e) = 1. For s in C,
let ¢, be the spherical function with eigenvalue —(s* + @2/4), as in [}, formula (2.6)].
The spherical Fourier transform H f of an integrable radial function f on S is defined by

the formula
= / s fdN.
s

For “nice” radial functions f on S, an inversion formula and a Plancherel formula hold:

fla)=cs [ AW 0.9 Pas Mz,
and .
/S\f|2d>\:cs/0 [Hf(s)]?|c(s)| % ds,

where the constant cg depends only on m and k, and ¢ denotes the Harish-Chandra
function.
Let A denote the Abel transform and let F denote the Fourier transform on the real

line, defined by
+oo
Fo(s) = / o(r) e dr,

for each integrable function g on R. It is well known that H = F o A, hence H~! =
A=l o F71. For later use, we recall the inversion formula for the Abel transform [P,
formula (2.24)]. We define the differential operators D; and Ds on the real line by

1 0 1 0

(7) b= sinhr Or’ De = ~sinh(r/2) Or




6 JEAN-PHILIPPE ANKER, VITTORIA PIERFELICE, AND MARIA VALLARINO

If k is even, then

(8) AT f(r) = ag DYDY £ (),
where a% = 2~ GmHR)/2z=(m+k)/2 "wwhile if k is odd, then
) AT = a [ DERDR R p(s) ().

where a = 276m+8)/2r=1/2 and du(s) = (cosh s — coshr)~"Y/2sinh s ds.

Let £L=3"", ' X2 be the left invariant Laplacian defined in the Introduction. There
is a special relat1onsh1p between £ and Ag. Indeed, denote by Aq the shifted operator
Ag + Q*/4; then by [f], Proposition 2],

(10) §V2(=L) 8" f = —Ngf

for all smooth compactly supported radial functions f on S. The spectra of —Ag on
L?(S,\) and —L on L*(S, p) are both [0, 4+00). Let Ea, and E, be the spectral resolution
of the identity for which

+00 +oo
—Ag = / s dEa,(s) and — L= / s dE(s) .
0 0

For each bounded measurable function m on R* the operators m(—Ag) and m(—L),
spectrally defined by

+00 +oo
m(—Ag) = / m(s)dBay(s) and  m(-L) = / m(s) dBs(s)
0 0
are bounded on L*(S,\) and L?(S, p) respectively. By ([[0) and the spectral theorem,
(11) §TVPm(=L) V2 f =m(—Ag)f,

for smooth compactly supported radial functions f on S. Let ky,(_z) and kp,(—a,) denote
the convolution kernels of m(—L) and m(—Ag) respectively; then

m(—=AQ)f = [ * km(—ag) and  m(=L)f = f*Eknr) Ve Cx(S),

where * denotes the convolution on S, defined by

/ F(ay) oy dA(y) = / Fay™) g(y) dp(y) .

for all functions f, ¢ in C.(S) and x in S. Given a bounded measurable function m on
R* the kernel kp,(—a,) is radial and

(12) Fin(-c) = ' kin(-ag) -
Moreover, the spherical transform HE,,(—a,) of km(—a,) is given by
(13) Hkm(-no)(s) =m(s*)  VseRT.

For a proof of formula ([3J) see [B, f.
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3. POINTWISE KERNEL ESTIMATES

We consider the general operator €725, where 7 = |7] ¢ € C\ {0} and denote by h, its
convolution kernel. Our aim is to find pointwise estimates of this kernel when Rer > 0.
Notice that if 7 € RT, then h, corresponds to the heat kernel and if 7 = it € iR\ {0},
then it corresponds to the Schrédinger kernel on Damek-Ricci spaces.

Notice that, for any 7 € C\ {0} with ReT > 0, we have ¢™®s = m,(—=Ag), where

QT _

m,(v) =e~ "1 ~7™. Then by ([3), the spherical Fourier transform of A, is

Q3r 2

Hh(s) =m,(s*) =e 1 ™|

and by applying the inverse Abel transform (f) and (P]), we obtain the following formula
for the kernel h,:

-1 Q7T ~k/24m/2( _1rZ .
(14) ho(r) = C(|r]e?)2e ! D1/ DQ/ (e=7) ] if keven ,
C (|r]e?)= e [ D§k+1)/2D;n/2 (e"%)dv(s) ifkodd,
where Dy = —ﬁ% and Dy = —mg. We now prove a pointwise estimate of the

kernel h.,.

Proposition 3.1. There exists a positive constant C' such that, for every T € C* with
ReT >0 and for any r € R | we have

n— r?
Clr|™2 (1 47)"2 e 87 emiRAQ T} if |7 <147,
7‘2
C 7|2 (14 7) e 37 emaBe{Qr+7) if || >14r,

(15) |he(r)] < {

Proof. We shall resume in part the analysis carried out in [J, Section 5] for the heat
kernel, in [f, Proposition 3.1] and [R@, B7] in the case of real hyperbolic spaces. Following
the same ideas of [f], Corollary 5.21] by induction we can prove that for any p, ¢ € N
such that p+¢q > 1

pt+q

-2 -2 )
(16) DiDi(e %) =e & ZT_] ai(r),
j=1
where a; are finite linear combinations of products fy, ;s fp;.q; With p1 + ... +p; =

D, 1+ ...+¢q; = qand
fpa(r) = (1+7) e~ #/HOT,
Thus a;(r) = O((1 + 1) e” (pf@”).
We first consider the case when k is even. By ([[4) and ([[d) we obtain that

. , , (k+m)/2 ' ‘ _—
e (r)| S [7| 72 e aRAQLTHEE N T (L) e T
j=1
5 |7_|—1/2 6—%R6{Q27+é} 6—%7" |:1 +r i <1 + 7’)("1)/2] '
7] 7]

This easily implies the desired estimate in this case.
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Let now consider the case when k is odd. By ([4) and ([[d) we obtain

(k+1+m)/2 o0 sinh s
h(r)] < T_jT_l/Q/ ds 1+ 5)7x
he(r)] S ;El 7|7 |7 : \/coshg;—-cosh7‘( )

m2(k+1) 1 2 2
X e 4 S efZRe{Q T+°-} )

Here and throughout the proof, we make repeated use of the following elementary esti-
mates:

s
17 1 h =~ S
( ) SIinn s 1_'_86 ,
and
(18) cosh s — coshr — 2 sinh > " sipp 5"~ 577 5 s
2 2 l+s—r1l+s

or

s2—r2 e’ if T<$<7"+]_
(19) cosh s — coshr = I4r ' =2 = )

e’ if s>r+1.

By () and (I8 we get
[ (r)| S |7 712 e~ R i@} / dS\/1 oo \/1 s e=/2 2 erx

s—r s 1+s

n/2
X |:1 +s + (1_'_8) / i| 6_%86_% 6—%Re{§}_
7| 7]

(20)

After performing the change of variables s=r+wu, we obtain

|h"r(r)| 5 |T|_1/2 6_%R6{Q2T} / du“ 1tu \/We—g(wi—r) 6—%Re{_u2+ri+2ur}'
0 u 1+r+u

Using the following inequalities

N
vVi+r+u

<1, 14r+u<(1+4+7r)(1+u),

we obtain

r? 1 1 n
(21 [helr)] $ Irf7d e einet@tne \+|T +( |+\T) -
T T

This allows us to obtain the desired estimate when |7]|>147.
If |7|<1+r, in order to prove the estimate ([[J), we need to reduce the power 5 to
2=1 . For this purpose, inside ([4), let us rewrite

s2

DFDE D2~y = P(1,5) + R(r, s) ,
obtaining

A 2 oo inh
(22) o) =C(rle”) e [ ds e

s
r Vcoshs — coshr

[P(7,5) + R(7, )],
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where

P(r,s)=C1~

(btlm) g (etlem) 1 (k+1)/2 1 m/i2 9, 2
e A (L
sinh s sinh s/2 Js

(k4+14m)/2—1 __; _s2 . .
and R(7,s) =)0, T 7a;(s) e 4. Arguing as above, we can estimate the second

term in the () as
2, S inh
’|T|—% e ds SInn S R(1,s)
r Vcoshs — coshr
S e et 8 (LE) Y ine
T

Hence, it remains to consider the integral

+00 inh
I(r,7) = / ds S e P(1,s),
” Vcoshs — coshr

when |7| <1+ 7. Let us write
I(r,r) = Li(r,r) + L(r,1),
according to the following splitting

+oo 2-l—|’r +oo
/ / / 7"2+‘T| .
52 32 .
To treat the first integral [;, we differentiate % (e’ﬂ) = —5-¢ 47 and use the estimates
([0, (I9) together with the fact that s is in [r,r 4 1] obtaining

. /\/r2+r| 5
T

N[

|Il(T’T)| S |T|_% (]-‘|“T)nT_l e_%re_ Re{%} ds

= |7t (L4 7) T e 87 e iRelT °}y
By integrating by parts in the integral I5, we get
Iy(r,r) = g(r,7) + J(7,7),

where
g(r,7)
1 k+1)/2 m/2 s 00
_ i sinh s s%_1<— ‘1 )( +1)/ <_ ' 1 ) / (e_é) +
\/coshs — coshr sinh s sinh s/2 s=+/721|7|
and

+o0 2
J(1,7r) = —7'_;“/ ds e i x

0 [ sinh s ﬂ_l( 1 )(k+1)/2 ( 1 )m/2]
X — (= _— .
0s Ly/cosh s — coshr ° sinh s sinh s/2
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We first estimate the boundary term g(7,7), in the following way

g(r )| S 17157 (14 VT F 3 e 87 emimets)
A (14 ) P e Freni®T) Y <14
Then to estimate the integral term J we write it
J(r,r) = Ji(r,r)+ Jo(T, 1),

400 r+1 400
/ - / + / .
A/ T2+ |T] \/ 24| 7] r+1

By computing the derivative which appears inside the first integral J; and using the

according to

elementary estimate % = se~°, we obtain
h 1/2

PAGA IR A / ds (14 )22 —1Re{s" }{ ~5 o3 (%) /
N S

bbb (AET)
(& (& -5
52 _ ,r.2
2 3 r+1
S |
A/ T2 |T]

I R S (1T Ve <14

ds{ﬁ—i—(l—i—r)(

s
s2 — 12)3/2 }

We can estimate the second integral J; as above, changing variable s = r +u and getting

Bl S I E [ s tse i)
r+1

n ’7‘2 0
<rztt e~ 1Re{T} / du (1+7+u)>2(u+r) e~ % (ut)
1

< |T|—%+1 6—%Re{é} (1 +T)n/2—1 6—%7"

n

S|rEh e iRlT (1 4 ) e | <147
We have, thus, proved that
n n— ’7‘2
I(7,r) = O(|7| 75+ (1 +7)"3 e 27 e iRel7),
Then, the first term in (PJ) is estimated by
1 Q2 n n—1 Q IR 1"2
(24) HT\’? e 57 I(r, r)} Sir72(1+7r) 2 e 2Me 4 A=}
which, combined with (PJ), allows to conclude the proof. O

Remark 3.2. Notice that, in the case when 7 € R estimates from below for the heat
kernel h, were proved in G, Theorem 3.1] for real hyperbolic spaces and [B, Theorem
5.9] for Damek-Ricci spaces. In Lemma 5.1, we shall prove an estimate from below for
the kernel h, when T € iR \ {0} in a suitable region of the space.
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As a consequence of the previous pointwise bounds of the kernel h,, we can estimate
its norm in the weak Lorentz spaces.

Corollary 3.3. Let 2<qg<oo and 1<a<oco. Then there exists a positive constant C
such that the following kernel estimate holds

2
C —n/2 — S Rer if 0< <1
(25> ”hTHLq’a(S,)\) S { |7'| e 4 Zf |7'|_ 5

2
Clr[32e SR if |r|>1.

Proof. 1t suffices to argue as in [[J, Lemma 3.2]. We recall that the Lorentz spaces
LS, \) are the spaces of functions f such that :
if 1 <a < oo, then

Ml = [/omd_j (o] = [/;“dr %3 W reye]" <o

or, if & = 0o, then

|l Laco(s,n) = sur_o) sl/qf*(s) = sup V(r)l/qf(r) < 00,
5>

r>0

where the decreasing function f* is the rearrangement of f.
Notice that, if f is a radial decreasing function, then f* = f o V!, where

Vir)= C/Or ds sinh™**(s/2) cosh®(s/2)

_ r* asr — 0
- eQ" as r — 4o00.
Replacing f by h, and using the kernel estimate ([J), we conclude the proof. O

4. SCHRODINGER EQUATION ON DAMEK-RICCI SPACES

Consider the homogeneous Cauchy problem for the linear Schrédinger equation asso-
ciated with the Laplace-Beltrami operator on a Damek-Ricci space S

{ iOwu(t, ) + Agu(t,z) =0

(26) u(0,z) = f(z), z=€S,

whose solution is given by
u(t,x) = s f(x) = frs(x),

where we denote by s; the kernel h;; for any t € R\{0}. Our aim is to study the dispersive
properties of €25, and to do so we follow the strategy used in [[], where the authors
applied the Kunze-Stein phenomenon. Notice that, for general functions on Damek-Ricci
spaces, this phenomenon is known to be false [[3, [[7, B3, Bf]. To solve this difficulty, we
define suitable spaces of radial functions on S which have a “nice” convolution property.
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Definition 4.1. For s in [2,00), we define Ag as the space of all radial function k on S
such that

/000 d\rﬁ('r’)\s/z ¢o(r) A(r) < o0,

where A(r) is the radial density of the left measure, introduced in (B). Given x in As,
set

Illa, = ([ a2 n(r) A )

0

For s = 0o we denote by A the space of L>°(S, \) radial functions on S and by || || 4.
the L*°-norm.

We observe that A, may be identified with the weighted space L*/2((0, 00), ¢o(r) A(r) dr).
Theorem 4.2. For any q € [2,00] we have that
LY(S,\) x A, C LIS, \).

More precisely, there exists a constant C, such that for every function f in L7 (S, \) and
K in A,

1 * Fllzagsn < Cqllmllag 11l sx)-
Proof. The case when ¢ = 2 follows by [B, Theorem (3.3)]. When ¢ = oo, taking f in
LY(S,\) and & in A, we have that for every x in S

|/ w(@)] < /S F) sy~ @) dA) < klloe 112ty = ElLage 1122 cs0)-

By interpolating between the case ¢ = 2 and ¢ = oo we obtain that
(27) [L2(S,A), LH(S, Mo * [Az, Asclo C [L*(S, ), L=(S, A)]g = LU(S, A)

where 1/q = (1—6)/2, with 6 € (0, 1) (see [, Theorem 5.1.1]). Moreover, by [B, Theorem
5.1.1]

[L*(S, ), L*(S, \)]g = L7 (S, \)
and
[L! ((O, 00), ¢ A dr), L™ ((O, 00), ¢g A dT)]g = [9/? ((O, 00), ¢g A dr).
We then have [As, Ax]p = Ay, which combined with (1) implies the theorem. O

Let us turn to L9 — L7 dispersive properties of the propagator e™?s on S.

Theorem 4.3. Let 2<q,g<oco. Then there exists a positive constant C' such that, for
all t € R\ {0}, the following dispersive estimates hold

itAg
e 7 <
I 4 (50> pa(s.0) < {C|t|‘% i [t>1.
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Proof. For 0 < |t| < 1, by applying Corollary B.3, we obtain
e || s yorasny = IsillLasy < C 72 Vg>2,
[ ”Lq'(S,)\)—>L°°(S,)\): [stllzagsny < C |t‘7% Vg>2,
€25 || 2 n-r2(sn) = 1.

By interpolating the previous estimates, we deduce the desired result.

When [t| > 1, we apply Corollary B.3 and Theorem .9 obtaining

€25 || 1oy rasyy = Isellzasy < C t]72 Vg>2,

(28) | e#As ”Lq’(s,A)—woo(s,A): [stl[Lagspy < C Mfg Vg>2,
[ e®as e sarasn < Cqllsella, Va>2.

For any 2 < ¢ < oo, we have to estimate the 4;,-norm of the kernel s,. To do so, we use
Proposition B.1, formula (f) and the following inequality (see [, Lemma 1])

Go(r) < C(L+7)e 2",
from which we deduce that s, lies in the space A, and

Isella, S 16732 V|t > 1.

Using the previous estimate in (B§) and applying interpolation, we conclude the proof
when |¢] is large.

0

Finally, by combining dispersive estimates (proved in Theorem [.3)) with the classical
TT* method in the same way of [, Theorem 3.6], we deduce the Strichartz estimates
for a large family of admissible pairs.

Theorem 4.4. Consider the Cauchy Problem for the linear Schrodinger equation

iOwu(t, ) + Agu(t,z) = F(t, z)
u(0,z) = f(z), = €S.

@ = {05 x (09) iz gk {(03))
n pa q ) 2 ) 2 . p q - 2 ) 2 )
then the solution .
u(t, r) = s f(x) + / ds 'R F(s, x)
0
satisfies the following Strichartz estimates

[ull Leszasn) S N fleaesny + 1F N o @sne s, -

Remark 4.5. The applications to well-posedness and scattering theory for the NLS ob-
tained in [, Section 4, 5| on real hyperbolic spaces, can be easily generalized to all Damek-
Ricci spaces. We omit the details.



14 JEAN-PHILIPPE ANKER, VITTORIA PIERFELICE, AND MARIA VALLARINO

5. AN APPLICATION: THE SCHRODINGER EQUATION ASSOCIATED WITH L

We now consider the homogeneous Cauchy problem for the linear Schrodinger equation
on a Damek-Ricci space S associated with the distinguished Laplacian £

i0u(t,x) + Lu(t,z) =0
u(0,z) = f(z), z €5,

whose solution is given by

u(t,z) = f*ou(x),

where o, is the convolution kernel of the operator e~.
It is interesting to observe that L' — L> dispersive estimate for the Schrodinger equa-
tion associated with the Laplacian £ does not hold. To show this fact, we first prove
that the kernel o; is not in L*°. More precisely, we estimate from below the kernel s;

and we use the relationship ([[J) between kernels of multipliers of —Ag and —L,
(30) oy = 612 el St,
where ¢ is the modular function on S.

Lemma 5.1. For every t in R\ {0} there exist positive constants K and ¢, with ¢ > 1,
such that

t\r)] = B r%e’% r > 14 c|t|.
s > K [t|/? r Vr>1+clt

Proof. We suppose for simplicity ¢ > 0. We first consider the case when k is even. By
the expression ([4) of the kernel and the expansion ([[§), we obtain

(k+m)/2—1

Q% 2 ,
si(r) =Ct1/? T e Z t™7a;(r)
j=1
1 \k/2—1 1 m/2 2
O 4—1/2 g=(kbm) /241 (km) /21 ( _ ) ( _ ) D, (i
(31) * " sinh r sinh(r/2) en)

1 k/2 1 m/2-1 L
O 4= 1/2 p=(etm) /241 (ktm) /2—1 ( _ ) ( _ ) D, (o5
* " sinh r sinh(r/2) 2(e)

= A(t,r) + B(t,r),

where A(t,r) corresponds to the sum and B(¢,r) comes from the last two summands.
By computing the derivatives which appear in the term B(t,r), we obtain

i\ (n—1)/2 1 \k/2 1 m/2 2
Bt,r) = Ct 20z (1) (-5) (7)) €™
(t:7) 2 sinh r sinh(r/2) ‘

As in the proof of Proposition B.1, we see that
(32) A(t,r) = O "2 p=D2-1 =§ry  yp s ] 4y,
and there exists a positive constant C' such that

(33) |B(t,r)| > Ct 2D/ e~ % Vr>1+t.
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By (B2) and (B3), we deduce that there exists a sufficently large constant ¢ and a positive
constant K such that |s,(r)| > K t/2r®=D/2 =37 Wr > 14 ct, as required.

Suppose now that k is odd. As before, by ([4) and ([L6]), we can write
(34) si(r) = A(t,r) + B(t,r),

where A(t,r) = C't~1/? Z (kA TEm)/2=L 1945 g, e'% dr(s) and
(35)

- o0 1\ *k+1)/2 1 m/2 0 1 2
Bt ) = (412 /241 / n/H( ) < ) _( 17) duls) .
(t.r) = Ctmt , ° sinh s sinh(s/2) s\ v(s)

As in the proof of Proposition B.1], we see that

(36) /Nl(t, r) = O(t*(nfl)/2 Fn/2-1 67%7’) .
Since
inh — 172
dv(s) = B = sinh s (2 sinh > a sinh > T) ;
v/cosh s — coshr 5

the main term B(f,7) can be written as

_ L2 [ — o\ -1/2 (k—1)/2
B(t,r)y=Ct "2 el / dss (sinh s;r sinh > r) < i ) X

2 sinh s
s m/2  2_.2
X ( . ) el
sinh s/2

2 o0
=t~ D2 i / dss f(s)e"

~1/2
where f,.(s) = (sinh =2 sinh 82;r> <

2_ .2 . .
u = == the integral transforms into

(k—1)/2 m/2
) <m) . By changing variables

sinh s

- 2 [T
B(t,r)=Ct" e /0 du e™ f.(s(u)).
Hence N
Bl = (Cle T m{ [ due s

which can be split up in the following sum

oo A (2j4+ )7
\C|t__ Z/ du sinw { f,(s( S(s(u+m))},
which, since u — f,.(s(u)) is a positive decreasing function, is estimated from below by

|t /OW du sinu { fr(s(u)) — fr(s(u+m))} .
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To estimate the last integral we write

fr(s(u)) = fu(s(u+ 7)) = /ﬂ dv{—=fi(s(u+v)} s'(utv).

0

Notice that s(u) = v4tu + 72, so that s'(u) = % We now compute the derivative of

— f, obtaining

(37)
1 s+ s—17\ "3 s\ (k-1)/2 5 m/2
o) = g (s sinh =55 P () ()
f2(s) 4 (sm o T PR b s sinh s/2
+<, hs+r , hs—r)-%[k—l( s )(k—3)/23c:oths—1( s )m/Z
sin sin
2 2 2 \sinhs sinh s sinh s/2
( s )(/’6—1)/2 m( s )m/2—1 Scoth(5) — 1 }
sinh s 2 \sinh s/2 sinh § '
We now use in (B7) the elementary estimates
sinh s < e°, sinh(s/2) =< e*/2, scoths — 1 < s,
and
_ 2,2
sinhSJrTsinhs 2T e’
2 s
to obtain

n—1

—fl(s) = (s —rH) Y257 e 3 [(s* =r*)"s+2].
By replacing s = s(u + v) = \/4t(u + v) + 12, we get
(38) — fi(s(u+v)) = (4t(u+v))_1/2 s(utv)"T e Fety) [(4t(ut0)) " s(utv)+2] .

Observe that, in the integral defining B(t, r), we have 1 <r < s and

t
5:7’\/1+4(u+v)

r2

Since 0 < u+v < 27 and r > 1 + ¢, we deduce

s(u+v)Sr [1+%} ST+2(U+U); Sr+44r.
From (BY) and the previous estimates, we get
— fl(s(u+v)) s'(u+v) < (46(u+ v))_l/2 s [(4t(u + v))_1 r+ 2] %
(39) = (4t(u+ v))71/2 riT e 8T [(2(u+ v))f1 + %}

= (u+v)_% 3t e 8T Vr>14t.

Hence
—1 Q
n 57,,

fr(s(u)) = fr(s(u+m)) < wTETEErtT e e
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so that we obtain
(40) |B(t,r)| > \C|tn21/ du sinu { fu(s(u) = fu(s(u+m)) } > Ct3r"2 e 57,
0
By (BA) and (f(Q), we see that there exists a sufficiently large constant ¢ and a positive
constant K such that |s,(r)| > K¢~ r"z e 57 for all r > 1 + ct, as required. O

Proposition 5.2. For every t in R\ {0}, the following hold:

(i) the kernel oy does not lie in L>(S, p);
(ii) the operator e'* is not bounded from L'(S, p) to L>=(S,p).

.02
Proof. Since o, = §'/2 e s¢, from Lemma p.1] we deduce that there exist constants
c¢>1and K > 0 for which

lo(z)| > K [t| 2 6Y2(z) r(z) "2 e §r@ Vr(z) > 14 c|t].
Let €, be the following region:
UG ={z=(X,Z,a)cox3xR": r(x) >1+t|,a<1,|(X,2)| < 1}.
By formula (f]), for any point (X, Z, a) in €, we have
erXZa) — g1 and r(X,Z,a) < log(a™").
Hence for any point (X, Z, a) in
0:(X, Z,0)| 2 Ca™ @t flog(a™")]*F a9 > C [t 2 [log(a )] T

This shows that oy is not in L>°(S, p) and proves (i).

Let now ¢, be a sequence of approximations of the identity, i.e. functions in C'°(S)
supported in the ball centred at the identity of radius 1/n such that ||¢,|/z1(s,,) = 1,
0 < ¢, < 1. Suppose that the operator e is bounded from L'(S, p) to L*°(S, p). Then
there exists a constant M such that ||¢, * 0y||1=(s, < M. Since ¢, * o, converges to
o, almost everywhere we deduce that |o;] < M almost everywhere which contradicts (i).
Thus the operator e* is not bounded from L'(S, p) to L>(S, p). O

Even if the L! — L> dispersive estimate does not hold, we shall prove suitable weighted
Strichartz estimates for the Schrodinger equation associated with the Laplacian £. We
shall deduce them from the Strichartz estimates which hold for the Schrodinger equation
associated with the Laplace-Beltrami operator. To do so, for any g € [2, 00) we introduce
the weight function ¢, defined by

11

(41) 5, = 5102 = 51 (i-3).

The weights J, are involved in a simple relationship between the L? norms of functions
computed with respect to the right and left Haar measures.

Lemma 5.3. For any q € [2,00), the following hold:

(i) 1672 Fllzacspy = [ fllLas .0 for every fin LIS, 6,p);
(1) 1 flzasny = ||51/2f||Lq(575qp) for every f in L(S,\).
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Proof. Take f in L(S,d,p). We have that
157 sy = [ 571117 dA
= [0 frsan

(42)
_ / §901/a-1/2) | fla d
ST,
This proves (i). The statement (ii) follows directly from (i). O

Theorem 5.4. Consider the Cauchy Problem for the linear Schrodinger equation

{ i0pu(t, x) + Lu(t,z) = F(t, x)
u(0,2) = f(z), x €S.

For all (l l) and (% %) in the admissible triangle T),, the solution

t
(43) u(t,r) = e f(x) + / ds e LR (s, 1),
0
satisfies the following weighted Strichartz estimates
ull o agsog o) S L2500 + 1N o gy 7 (506, 1)) -

Proof. By (B(), we deduce that

2

2t i
(44) u(t,x) = et f*(0Y%s,)(x) +/ ds et [F (67 54-9)] (5, 2).
0
It is easy to see that for any functions h,g on S
(45) hx (5'2g) = 6"2[(671/2h) « g].
Applying (E5)) in (f4), we obtain
2 t Q%5
(46) e 52 u(t,z) = (5_1/2f) * s(x) +/ dse 1" [5_1/2F % S(—s)| (8, 7).
0
Suppose now that (1, ;) and (3, z) lie in the admissible triangle T, introduced in (B9).
By Lemma p.3 and Theorem @ we get

[l r@:pas., o) = 1672 ull Lo@szags.n)
(47) SN fllzasny + 1672 Fll o o s
= ||f||L2(S,p) + ||F||LI3'(R;L‘?'(S,6(7//)))’

as required. O
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