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Abstract

We study propagation of plane waves in second gradient solids and
their reflection and transmission at plane displacement discontinuity sur-
faces where many boundary layer phenomena may occur. Second gradient
elastic moduli determine how planar waves behave at discontinuity sur-
faces. We explicitly remark that reflection and transmission coefficients
which we have estimated show also a significant dependence on frequency:
therefore the novel results presented can be the basis of experimental pro-
cedures to estimate some among these moduli.

1 Introduction

In Germain (1973a) and Germain (1973b) a consistent continuum theory allow-
ing for the dependence of deformation energy on second gradient of placement
is presented. The approach used in the aforementioned papers is based on the
principle of virtual works. Let B be the body the motion of which needs to
be described and let S be a regular sub-body of B: Germain, following the
ideas already presented in Cosserat & Cosserat (1909), assumes that the exter-
nal powers balance the internal powers plus inertial powers for every S. When
there exists a deformation energy then the internal power can be represented as
its first variation. When the system is conservative, the postulated principle of
virtual works reduces to the assumption that the action functional is stationary.
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On the other hand, it is possible, by means of a Hamilton-Rayleigh principle
(see e.g. dell’Isola et al. (2009a)), to deduce a particular form of the principle of
virtual works from given action and Rayleigh dissipation functionals. Germain’s
theory does not fit Cauchy format for continuum mechanics. Indeed, so-called
Cauchy postulate is seen to hold, actually, only for a class of materials which
results to be rather particular. Indeed, it results that Cauchy postulate is actu-
ally a restriction on the set of constitutive equations which one is allowed to use.
As already found at least by Casal (1961), when deformation energy depends
on second gradient of displacement then contact surface force densities at every
Cauchy cut must, in general, depend on the curvature of such Cauchy cut. Only
in very particular cases (see e.g. dell’Isola & Seppecher (1997)) second gradient
continua show contact actions of the type described by Cauchy. Germain’s main
result reduces to stating that by means of the only Cauchy stress tensor one can-
not describe the more complex contact interactions occurring in second gradient
continua. Contact surface force densities depending on curvature of Cauchy cuts
must arise in conjunction with i) contact double-force surface densities and ii)
contact edge line force densities. Double-forces expend power on normal veloc-
ity gradients through Cauchy cuts and contact edge line density forces arise at
those lines on Cauchy cuts where the normal suffers concentrated discontinu-
ities. This point is thoroughly investigated in the literature: for more details
we refer e.g. to dell’Isola & Seppecher (1995), dell’Isola & Seppecher (1997),
dell’Isola & Seppecher (2010) and the references there cited. The structure of
contact interactions in second gradient continua is much more complicated than
in the case of Cauchy continua and needs a more sophisticated mathematical
formulation. For this reason, only recently the value of Germain’s results was
appreciated (see dell’Isola & Seppecher (2010)). Second gradient constitutive
equations have been widely recognized to be essential in describing interface
phenomena in phase-transition. Indeed, at the interface between different fluid
phases, contact actions are not, because of long range molecular interactions,
falling in the theoretical framework established by Cauchy. This circumstance
has been recognized already by de Gennes(1981) (see also dell’Isola et al. (1996)
and dell’Isola et al. (1995) and references there cited). More recently also second
gradient constitutive equations for solids and porous media are being consid-
ered of interest (see e.g. Triantafyllidis & Bardenhagen (1996), dell’Isola et al.
(2009b), Sciarra et al. (2008) and Madeo et al. (2008)). Aifantis (2003) showed
that second gradient models are of great use also in the theory of plasticity, and
the same holds true when continuum mechanics is used as a conceptual basis
to describe, by means of numerical methods, damage modelling (see e.g. Yang
and Misra (2010))

Many controversies which arose in the past about the importance and use of
second gradient models concerned the physical interpretation of required bound-
ary conditions and the need of establishing measurement procedures for second
gradient constitutive parameters. The first issue arises whenever a novel theory
is introduced by means of the least action principle or by means of Hamilton-
Rayleigh principle or by means of the principle of virtual work. The needed
interpretation of the obtained boundary conditions, has been, in our opinion,

2



satisfactorily given by Germain. In this paper, we propose to address the second
issue and we study plane waves in second gradient solids and their reflection and
transmission at planar surfaces in which displacement and its normal derivative
may suffer a jump. Our aim is to start, for second gradient solids, to gener-
alize the classical study of wave propagation which, for standard first gradient
elastic media, is presented e.g. in Guyader (2006) and Harris (2004). Indeed,
interesting boundary layer phenomena can be accounted for by second gradient
models and these boundary phenomena may greatly influence wave propaga-
tion, transmission and reflection. To our knowledge, only in Toupin (1962) such
a study has been initiated, even if only for a particular class of second gradient
continua: those for which double contact forces reduce to contact couples. We
prove that second gradient constitutive parameters determine, in a measurable
manner, how planar waves behave at considered discontinuity surfaces. The
novel results presented here can be the basis of experimental procedures to es-
timate some of second gradient constitutive parameters. Indeed, we show that
for two kinds of boundary conditions the reflection and transmission coefficients
remarkably depend on second gradient elastic moduli and that this dependence
is increased when the frequency of the incident wave increases. Further inves-
tigations need to be directed towards a careful study of the influence of second
gradient elastic moduli on the dependence on frequency of transmission and
reflection coefficients. Moreover, the problem of extending the presented results
to the case of more general boundary conditions and to wave propagation in
porous media should also be addressed.

2 Mechanical energy transport in second gradi-
ent continua

In this section we deduce, starting from the appropriate equation of motion,
the mechanical energy conservation law for a three-dimensional second gradient
continuum. Similar results can be found in Casal & Gouin (1985) for second
gradient fluids.

Let χ : B × (0, T ) → R3 be the placement map which, at any instant t,
associates to any material particle X ∈ B its position in the physical space. The
displacement field is then defined as u(X, t) := χ(X, t) −X. We set F := ∇χ
and we denote by ε := (FT ·F− I)/2 the classical Green-Lagrange deformation
tensor. Let ρ be the mass per unit volume of the considered continuum in its
reference configuration, we introduce, by means of

E =
1

2
ρ (u̇)2 +Ψ (ε,∇ε) , (1)

the total Lagrangian energy density of the considered second gradient contin-
uum, as given by the sum of the kinetic and deformation energy, which we denote
by Ψ. Here and in the sequel a superposed dot represents partial differentiation
with respect to time, i.e. what is usually called the material time derivative.
Moreover, we recall that, in absence of body forces, the equation of motion for
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a second gradient continuum reads (see e.g. Germain (1973a), dell’Isola et al.
(2009b) or Sciarra et al. (2008) for a variational deduction of the equations of
motion for second gradient materials) 1

div

[
F ·

(
∂Ψ

∂ε
− div

(
∂Ψ

∂∇ε

))]
= ρü (2)

Differentiating Eq. (1) with respect to time and using Eq. (2), it can be shown
that 2

∂E
∂t

+ div

[
−u̇ · F ·

(
∂Ψ

∂ε
− div

(
∂Ψ

∂∇ε

))
−
(
(∇u̇)T · F

)
:
∂Ψ

∂∇ε

]
= 0. (3)

In the calculations for obtaining Eq. (3) we used the fact that ε is a second order
symmetric tensor, that ∇ε is a third order tensor symmetric with respect to its
first two indices and that ∇F is a third order tensor symmetric with respect
to its last two indices. Thus this last equation represents the Lagrangian form
of energy balance for a second gradient 3D continuum in the general non-linear
case.

We now want to focus our attention to the particular case of linear elasticity
in order to study linear plane waves in second gradient 3D continua. To this
purpose, we note that, when linearising in the neighbourhood of a stress-free
reference configuration, the gradient of placement F in Eq. (3) is substituted
by the identity matrix and that the equation of motion and mechanical energy
balance for a second gradient continuum respectively reduce to

div [S− divP] = ρü,
∂E
∂t

+ div
[
−u̇ · (S− divP)− (∇u̇)T : P

]
= 0, (4)

where, following the nomenclature of Germain, S and P are the linearised Piola-
Kirchoff first and second gradient stress tensors respectively. In order to lighten
the notation, however, we will refer to these two tensors simply as stress and
hyper-stress tensor respectively. It is well known that in the case of isotropic
material S = 2µE + λ (trE) I, where E = (∇u + (∇u)T )/2 is the linearised
Green-Lagrange deformation tensor and λ and µ are the so-called Lamé coeffi-
cients. As for the hype-rstress third order tensor P, it can be shown (see e.g.
dell’Isola et al. (2009b)) that in the case of isotropic materials it takes the
following simplified form3

P =c2
[
2I⊗ divE+ (I⊗∇(trE))T23 +∇(trE)⊗ I

]
+ c3I⊗∇(trE)

+ 2c5
[
(I⊗ divE)T23 + divE⊗ I

]
+ 2c11∇E+ 4c15(∇E)T12 , (5)

1The symbol div stands for the usual divergence operator, e.g. (divA)ij = Aijk,k . Here
and in the sequel we adopt Einstein summation convention over repeated indices. The symbol
∇ stands for the usual gradient operator, e.g. (∇A)ijk = Aij,k. A central dot indicates a
simple contraction between two tensors of any order, e.g. (A ·B)ijhk = AijpBphk

2A double dot indicates a double contraction between two tensors of any order, e.g. (A :
B)ij = AihkBkhj .

3We define the transposition operations of a third order tensor as AT23
ijk = Aikj and AT12

ijk =
Ajik and the symbol ⊗ as the usual tensor product operation between two tensors of any order
(e.g. (A⊗ B)ijhk = AijBhk)
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where c2, c3, c5, c11 and c15 are constants depending on the material properties
of the considered second gradient continuum. As it will be seen to be useful
later on, we define the following coefficients

Λ := c3 + 2(c5 + c15) + 4c2, M := c11 + c15 + c5, (6)

which parallel the first gradient Lamé coefficients λ and µ.

3 Dispersion Formulas

Let us now consider a wave travelling in the considered second gradient con-
tinuum. We denote by x1 the axis of a reference frame the direction of which
coincides with the propagation direction and by x2 and x3 the other two di-
rections forming a Cartesian basis with x1. We assume that the displacement
vector has three non-vanishing components depending only on the x1 coordinate
and on time, i.e. u(x1, t) = (u1(x1, t), u2(x1, t), u3(x1, t)). In the following we
will say that we are in presence of a unidirectional wave propagation. With this
assumption it is easy to show that the associated matrix form of the linearised
deformation tensor reads

E =




u′
1 u′

2/2 u′
3/2

u′
2/2 0 0

u′
3/2 0 0



 (7)

where we clearly denote by an apex the partial differentiation with respect to
the space variable x1. Using (7) to calculate the stress and hyper-stress tensors
S = 2µE+ λ(trE) I and P (see Eqs. (5) and (6)), the equation of motion (4)1
takes the following form

(λ+ 2µ)u′′
1 − (Λ+ 2M)u′′′′

1 = ρü1, (8)

µu′′
2 −Mu′′′′

2 = ρü2, µu′′
3 −Mu′′′′

3 = ρü3. (9)

We notice that the equations of motion obtained in this unidirectional wave
propagation are completely uncoupled due to the particular constitutive rela-
tions assumed for isotropic, linear elastic, second gradient continua. Moreover,
the conservation of energy (4)2 gives ∂E/∂t+H ′ = 0 where we denote

H :=− (λ+ 2µ)(u′
1u̇1)− µ(u′

2u̇2)− µ(u′
3u̇3) (10)

+ (Λ+ 2M)(u′′′
1 u̇1 − u′′

1 u̇
′
1) +M(u′′′

2 u̇2 − u′′
2 u̇

′
2) +M(u′′′

3 u̇3 − u′′
3 u̇

′
3),

the energy flux in the considered particular case. We also remark that M and
Λ+ 2M are positive due to definite-positiveness of the internal energy (see e.g.
dell’Isola et al. (2009b)). We now assume that the displacement field admits a
classical wave solution in the form

u =




u1

u2

u3



 =




α1

α2

α3



 ei(ωt−kx1) (11)
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where the eigenvector (α1,α2,α3) gives the longitudinal and transversal ampli-
tudes of the considered wave, ω is the positive real frequency and k its wave
number. Using this wave form for u in the equations of motion for longitu-
dinal and transversal displacement (8) and (9) we get the following dispersion
relations for a second gradient continuum

(Λ + 2M)k41 + (λ + 2µ)k21 − ρω2 = 0,

Mk42 + µk22 − ρω2 = 0, Mk43 + µk23 − ρω2 = 0,

where k1 is the wave number relative to the eigenvector (1, 0, 0), k2 and k3 are
the wave numbers relative to the eigenvectors (0, 1, 0) and (0, 0, 1) respectively.
Since we are dealing with isotropic media, the two transverse dispersion relations
coincide: in what follows we therefore shall ignore the last dispersion relation.

Because of isotropy, the waves arising in considered medium can be either
purely transversal or purely longitudinal. We now look for non-dimensional
form of these relations by setting: k1 = klk̃l, ω = ωlω̃ for longitudinal waves
and k2 = ktk̃t, ω = ωtω̃ for transverse waves. Here kl (or kt), ωl (or ωt) are
characteristic values of the wave number and of the frequency for longitudinal
(or transverse) waves respectively; moreover, k̃l, k̃t and ω̃ are the corresponding
dimensionless variables. This leads to

(Λ+ 2M)

(λ+ 2µ)
)k2l k̃

4
l + k̃2l −

ρ

(λ+ 2µ)

ω2
l

k2l
ω̃2 = 0,

M

µ
k2t k̃

4
t + k̃2t −

ρ

µ

ω2
t

k2t
ω̃2 = 0.

To our knowledge, similar dispersion formulas for a particular class of second
gradient materials has been already studied only by Toupin (1962). We finally
choose k2l and k2t to be such that the coefficients of ω̃2 in the two dispersion
relations are both equal to one and hence we get

k2l = ρω2
l /(λ+ 2µ) k2t = ρω2

t /µ. (12)

The dispersion relations thus reduce to

ε2l k̃
4
l + k̃2l − ω̃2 = 0, ε2t k̃

4
t + k̃2t − ω̃2 = 0, (13)

where we set

ε2l =
ρ(Λ+ 2M)

(λ+ 2µ)2
)ω2

l , ε2t =
ρM

µ2
ω2
t .

The relationships between the dimensionless wave number and frequency is thus
easily recovered both for longitudinal and transverse waves by solving the bi-
quadratic equations (13):

k̃l = ±

√
−1±

√
1 + 4 ε2l ω̃

2

2ε2l
, k̃t = ±

√
−1±

√
1 + 4 ε2t ω̃2

2ε2t
.
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If we consider the positive real numbers

k̃pl =

√
−1 +

√
1 + 4 ε2l ω̃

2

2ε2l
, k̃sl =

√
1 +

√
1 + 4 ε2l ω̃

2

2ε2l
, (14)

k̃pt =

√
−1 +

√
1 + 4 ε2t ω̃2

2ε2t
, k̃st =

√
1 +

√
1 + 4 ε2t ω̃2

2ε2t
, (15)

the four roots associated to longitudinal waves are clearly ±k̃pl , ±ik̃sl , and anal-

ogously we have for the transverse waves the four roots ±k̃pt , ±ik̃st . It is clear
that one can derive the corresponding dimensional quantities kp1 and ks1 (for
longitudinal waves) and kp2 and ks2 (for transverse waves) just multiplying the
non-dimensional roots k̃l and k̃t by kl and kt respectively (see eqs. (12)). As we
will see in more detail later on, the roots k̃p are associated to propagative waves
which are a second gradient generalization of the waves propagating in a first
gradient material, while the roots k̃s are the so-called standing waves (or evanes-
cent waves) (see e.g. Guyader (2006), Harris (2004), Carvalho (2001)) and are
peculiar of second gradient models. These standing waves will be seen to play a
significant role close to material discontinuity surfaces in second gradient con-
tinua where phenomena of reflection and transmission may occur. Indeed, there
are other physical situations in which standing waves may appear. For instance,
Ouisse & Guyader (2003) showed that this may occur when studying coupling
between the transversal displacement u and the longitudinal displacement w in
one-dimensional beams.

4 Natural and kinematical boundary conditions
at surfaces where displacement or normal deriva-
tive of displacement may be discontinuous

The problem of finding boundary conditions to be imposed at discontinuity
surfaces is always challenging for the modelling of any physical phenomenon.
Indeed, the only possible method which leads to surely well-posed boundary
conditions, compatible with the obtained bulk equations of motion, is to use
a variational principle. This is the case also when looking for the correct set
of boundary conditions associated to the motion of a second gradient contin-
uum. We just recall here the boundary (or jump) conditions found for a second
gradient material in dell’Isola et al. (2009b) or Sciarra et al. (2008). The
boundary conditions on the considered discontinuity surface S, in absence of
external surface and line actions, can be deduced from the following duality
conditions

[|t · δu|] = 0, [|τ · (δu)n|] = 0, [|f · δu |] = 0. (16)
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The first two of these conditions are valid on S while the last one is valid on
the edges of S, if any. In the previous formulas (16) we set

t :=

[
F ·

(
∂Ψ

∂ε
− div

(
∂Ψ

∂∇ε

))]
· n− divS

(
F · ∂Ψ

∂∇ε
· n

)
,

τ :=

(
F · ∂Ψ

∂∇ε
· n

)
· n, f :=

(
F · ∂Ψ

∂∇ε
· n

)
· ν.

Moreover, n is the unit normal vector to the surface S, divS stands for the
surface divergence operator on S, if the edge is regarded as the border of a
surface then ν is the normal vector to the considered edge which is tangent to
the surface, δu is the variation of the displacement field and (δu)n := ∇(δu) ·
n stands for the normal derivative of the variation of the displacement field.
Finally, given a quantity a defined everywhere and having continuous traces a+

and a−on the two sides of S respectively, we have set [|a|] := a+ − a− (we use
the same symbol for the jump across edges).

When choosing arbitrary displacement variation δu continuously varying
through S and arbitrary normal derivative (δu)ncontinuously varying through
S in equations (16), one gets a particular set of natural jump conditions, which
can be interpreted as the vanishing jump of internal surface forces ([|t|] = 0),
the vanishing jump of internal surface double forces ([|τ |] = 0) and the vanishing
jump of internal line actions ([|f |] = 0) respectively (see Germain (1973a) and
Germain (1973b) for the first introduction of the concept of contact double
force). Indeed, if it happens that the displacement field, due to a particular
constraint, verifies the particular equation δu− = δu+ =: δu (vanishing jump
of the displacement field), and δu is arbitrary, then in order to fulfil conditions
(16)1 and (16)3 one must require that also the jumps of the dual quantities
to δu (i.e. surface forces and line forces) are vanishing. Analogously, if the
normal derivative of displacement is assigned to be equal on both sides of S
and this common value is arbitrary, then in order eq. (16)2 to be verified
one must also impose continuity of internal double forces. Conditions of the
type δu− = δu+, or any similar relationship among δu± and (δu)±n , are called
kinematical boundary conditions. Once the kinematical boundary conditions are
chosen, the associated dual conditions necessary and sufficient to fulfil duality
conditions (16), are called natural boundary conditions associated to the chosen
kinematical ones. Therefore, in addition to those previously discussed, other
kinematical choices are possible in the previously formulated duality conditions,
these choices being indicated by the admissible kinematics of the considered
system or, in simpler words, by the considered phenomenology. We discuss
here some kinematical constraints for second gradient continua, which we call
generalized internal clamp, generalized internal hinge and generalized internal
roller and the natural boundary conditions associated to them.

• Generalized internal clamp.

We define this constraint imposing the continuity of both the displacement
u and the normal derivative of displacement ∇u · n (and therefore of the
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test function δu and of its normal derivative (δu)n) at the discontinuity
surface S which from now on we assume to be regular (i.e S has no edges).
As already noticed, in this case boundary conditions are

[|u |] = 0, [|∇u · n|] = 0, [|t|] = 0, [|τ |] = 0. (17)

If we consider unidirectional wave propagation, and if we choose a flat
surface S such that its normal is given by n = (1, 0, 0), then the jump
conditions (17) particularize into

[|u1|] = 0, [|u′
1|] = 0, [|(λ+ 2µ)u′

1 − (Λ+ 2M)u′′′
1 )|] = 0, [|(Λ + 2M)u′′

1 |] = 0,

[|u2|] = 0, [|u′
2|] = 0, [|(µu′

2 −Mu′′′
2 )|] = 0, [|Mu′′

2 |] = 0, (18)

[|u3|] = 0, [|u′
3|] = 0, [|(µu′

3 −Mu′′′
3 )|] = 0, [|Mu′′

3 |] = 0.

• Generalized internal hinge

We define the constraint of generalized internal hinge at surface S im-
posing continuity of displacement (which as before implies continuity of
generalized force t) and assuming that (δu)+n and (δu)−n can indepen-
dently take arbitrary values on the two sides of S. These last conditions,
together with the duality condition (16)2, imply that the double forces
must be separately vanishing on the two sides of S. In formulas, the four
conditions for a generalized hinge are

[|u |] = 0, [|t|] = 0, τ+ = 0, τ− = 0. (19)

In the considered unidirectional wave propagation these conditions reduce
to

[|u1|] = 0, [|(λ+ 2µ)u′
1 − (Λ+ 2M)u′′′

1 )|] = 0, ((Λ+ 2M)u′′
1)

±
= 0,

[|u2|] = 0, [|(µu′
2 −Mu′′′

2 )|] = 0, (Mu′′
2)

+
= (Mu′′

2)
−
= 0, (20)

[|u3|] = 0, [|(µu′
3 −Mu′′′

3 )|] = 0, (Mu′′
3)

+
= (Mu′′

3)
−
= 0.

• Generalized 3D internal roller

We define the last kind of kinematical constraint considered in this paper
which we call generalized roller and which is defined in such a way that
it allows independently arbitrary displacements on both sides of S (which
implies separately δu+ and δu− to be arbitrary) and such that the normal
derivative of displacement is continuous through S (i.e. [|∇u · n|] = 0).
The first condition together with eq. (16)1 implies that the generalized
force must be separately vanishing on both sides of S, while the second
condition implies continuity of double forces through S. Hence the four
conditions for a generalized roller are

t+ = 0, t− = 0, [|∇u · n|] = 0, [|τ |] = 0. (21)
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It can be shown that in the considered unidirectional propagation case these
equations simplify into

((λ+ 2µ)u′
1 − (Λ+ 2M)u′′′

1 ))
±
= 0, [|u′

1|] = 0, [|(Λ+ 2M)u′′
1 |] = 0,

(µu′
2 −Mu′′′

2 )
+
= (µu′

2 −Mu′′′
2 )

−
= 0, [|u′

2|] = 0, [|Mu′′
2 |] = 0, (22)

(µu′
3 −Mu′′′

3 )
+
= (µu′

3 −Mu′′′
3 )

−
= 0, [|u′

3|] = 0, [|Mu′′
3 |] = 0.

As occurs for the dispersion relations, also for the boundary conditions,
we can notice that in the considered linear-elastic case, they are completely
uncoupled in the longitudinal and transversal displacement due to isotropy and
to the fact that the displacement only depends on the x1 variable.

5 Transmission and reflection at discontinuity
surfaces

Let us now recall that we are considering a flat discontinuity surface S inside
the considered second gradient continuum. We denote by n the unit normal
to S and we choose the fixed reference frame in such a way that n points in
the x1 direction: we are assuming that the vector n is always the same at
any point of S (see Fig.1). As before, we denote by x2 and x3 the other two
directions of the fixed reference frame forming a Cartesian basis with x1. Using

Figure 1: Domain with flat discontinuity surface

the equations of motion (8) and (9) on both sides of S and the linearised jump
conditions (18), (20) or (22), we are able to describe the motion of two different
isotropic, linear-elastic second gradient continua which are in contact through
the discontinuity surface S and considering three different constraints at this
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surface (generalized internal clamp, generalized internal hinge and generalized
internal roller). Nevertheless, in this paper we limit ourselves to the case of
two second gradient continua with the same material properties (same first and
second gradient elasticity parameters) in contact through the surface S at which
we impose the three generalized types of constraints discussed before.

Let us start by studying the case of longitudinal waves (the involved field is
then the one we previously denoted by u1) impacting at the interface S and then
we will repeat the reasoning for transverse waves (the involved field is then u2):
this is allowed to the fact that the obtained problem is completely uncoupled
with respect to longitudinal and transversal displacements.

Then let us consider an incident longitudinal wave ul
i propagating in the x1

direction and defined as
ul
i = αl

ie
i(ωt−kp

1x1),

where αl
i is the amplitude of the incident (subscript i), longitudinal (superscript

l) wave which we assume to be assigned, ω is the real positive frequency of such
an incident wave and, kp1 = k̃pl kl (see eqs. (14)1and 12) is the positive real wave
number associated to the propagating wave travelling in the x1 direction. When
this wave reaches the interface S reflection and transmission phenomena take
place (see Fig. 2). We call ul

r and ul
t the reflected and transmitted longitudinal

! !
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(
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Figure 2: Reflected and transmitted waves

wave respectively. According to the geometry of the considered problem and
to equations (14) the reflected wave propagates always in the x1 direction and
take the following form

ul
r = ulp

r + uls
r = αl

re
i(ωt+kp

1x1) + βl
re

i(ωt−iks
1x1),

where αl
r is the amplitude of the propagative reflected wave travelling in the

−x1 direction and βl
r is the amplitude of the standing reflected wave. Note

11



that ks1 = k̃sl kl (see eqs. (14)2 and (12)) is the positive real wave number
associated to the standing wave and that the standing reflected wave vanishes
as x1 approaches−∞. Analogously, the transmitted wave is may be represented
by

ul
t = ulp

t + uls
t = αl

te
i(ωt−kp

1x1) + βl
te

i(ωt+iks
1x1),

where αl
t is the amplitude of the propagative transmitted wave travelling in the

x1 direction and βl
t is the amplitude of the standing transmitted wave. Note

that the standing transmitted wave vanishes as x1 approaches +∞. We remark
that, among the two possible standing reflected (transmitted) waves we did not
consider that one which diverges as x1 → −∞ (x1 → +∞), as we assume a
Sommerfeld-type condition at infinity.

As we want to deal with dimensionless quantities, we introduce the non-
dimensional counterpart of these displacements by considering the non-dimensional
variables t̃ = ωlt and x̃1 = klx1, where the characteristic quantities ωl and kl
have been defined in section 3. We can then introduce the non-dimensional form
of the considered displacements as

ũl
i :=

ul
i

αl
i

= ei(ω̃t̃−k̃p
l x̃1), (23)

ũl
r :=

ul
r

αl
i

= α̃l
re

i(ω̃t̃+k̃p
l x̃1) + β̃l

re
i(ω̃t−ik̃s

l x̃1), (24)

ũl
t :=

ul
t

αl
i

= α̃l
te

i(ω̃t̃−k̃p
l x̃1) + β̃l

te
i(ω̃t+ik̃s

l x̃1), (25)

where clearly we set α̃l
r = αl

r/α
l
i, β̃

l
r = βl

r/α
l
i, α̃

l
t = αl

t/α
l
i and β̃l

t = βl
t/α

l
i,

where k̃pl and k̃sl are given by Eqs. (14) and where the dimensionless frequency
ω̃ = ω/ωl has been defined in section 3.

It is clear that once the frequency and the first and second gradient elasticity
parameters are given, the only unknowns of the reflection/transmission problem
are the four amplitudes α̃l

r, β̃
l
r, α̃

l
t and β̃l

t. These four scalar unknowns can be
found for each of the three types of constraints introduced by considering Eqs.
(18)1, (20)1 and (22)1 respectively which only involve the longitudinal displace-
ment. In conclusion, if we notice that here the first component of [|u|] takes the
form [|u1|] = ul

i − ul
r − ul

t, and if we replace the wave form of the longitudinal
displacement field in the non-dimensional version of equations (18)1, (20)1 and
(22)1 at x1 = 0, we can finally recover the expression of the four amplitudes for
each of the three types of constraints considered.

• Generalized internal clamp.

As for the generalized internal clamp, the non-dimensional jump condi-
tions (18) in the considered case in which the two continua on the two
sides of S have the same material properties simply read

[|ũ1|] = 0, [|ũ′
1|] = 0,

[∣∣ũ′
1 − ε2l ũ

′′′
1

∣∣] = 0, [|ũ′′
1 |] = 0,

12



where, with a slight abuse of notation, we indicate with an apex the deriva-
tion operation with respect to the dimensionless space variable x̃1. Re-
placing the aforementioned wave form for non-dimensional displacements
in these boundary conditions we calculate the following non-dimensional
amplitudes for longitudinal waves

α̃l
r = 0, β̃l

r = 0, α̃l
t = 1, β̃l

t = 0. (26)

This means that in the case of a perfect internal clamp at the surface S,
the incident wave is completely transmitted. This result is not astonishing
if we think that the two materials on both sides of S have been chosen
to have the same material properties: indeed, it is as if there were no
discontinuity at all and hence the incident wave proceeds unperturbed
across the surface S.

• Generalized internal hinge.

As for the generalized internal hinge between two continua with the same
material properties, the non-dimensional form of jump conditions (20)
reads

[|ũ1|] = 0,
[∣∣ũ′

1 − ε2l u
′′′
1

∣∣] = 0, (ũ′′
1)

+ = 0, (ũ′′
1)

− = 0,

Using the considered wave form for displacements in these boundary con-
ditions, the calculated non-dimensional amplitudes take the form

α̃l
r =

ik̃pl [1− ε2l (k̃
s
l )

2]

(k̃pl + ik̃sl )(−i+ ε2l k̃
p
l k̃

s
l )
, β̃l

r =
(k̃pl )

2[1 + ε2l (k̃
p
l )

2]

k̃sl (k̃
p
l + ik̃sl )(−i+ ε2l k̃

p
l k̃

s
l )
,

α̃l
t =

k̃sl [1 + ε2l (k̃
p
l )

2]

(k̃pl + ik̃sl )(−i+ ε2l k̃
p
l k̃

s
l )
, β̃l

t =
(k̃pl )

2[1 + ε2l (k̃
p
l )

2]

k̃sl (k̃
p
l + ik̃sl )(−i+ ε2l k̃

p
l k̃

s
l )
. (27)

• Generalized 3D internal roller.

Finally, if we consider a generalized roller between two continua with the
same material properties, the non-dimensional form of jump conditions
(22) reads

[|ũ′
1|] = 0, (ũ′

1 − ε2l u
′′′
1 )+ = 0, (ũ′

1 − ε2l u
′′′
1 )− = 0, [|ũ′′

1 |] = 0,

Using the considered wave form for dimensionless displacements in these
boundary conditions we get the following values for non-dimensional am-
plitudes

α̃l
r =

ksl [1 + ε2l (k̃
p
l )

2]

(k̃pl + ik̃sl )(−i+ ε2l k̃
p
l k̃

s
l )
, β̃l

r =
(k̃pl )

2[1 + ε2l (k̃
p
l )

2]

k̃sl (k̃
p
l + ik̃sl )(−i+ ε2l k̃

p
l k̃

s
l )
,

α̃l
t =

ik̃pl [−1 + ε2l (k̃
s
l )

2]

(k̃pl + ik̃sl )(−i+ ε2l k̃
p
l k̃

s
l )
, β̃l

t =
−(k̃pl )

2[1 + ε2l (k̃
p
l )

2]

k̃sl (k̃
p
l + ik̃sl )(−i+ ε2l k̃

p
l k̃

s
l )
. (28)
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Let us now consider the case of transverse waves travelling in the x1 di-
rection. As done for longitudinal waves, we introduce the incident transversal
displacement as:

ut
i = αt

ie
i(ωt−kp

2x1),

where αt
i is the amplitude of the incident transverse wave which we assume to be

known and kp2 is the wave number associated to a transverse wave propagating in
the x1 direction. We then call ut

r and ut
t the reflected and transmitted transverse

wave respectively. According to the geometry of the considered problem the
reflected and transmitted waves take the following form

ut
r = utp

r + uts
r = αt

re
i(ωt+kp

2x1) + βt
re

i(ωt+iks
2x1),

where αt
r is the amplitude of the propagative reflected wave travelling in the

−x1 direction and βt
r is the amplitude of the standing reflected wave. Note that

the standing reflected wave goes to zero as x1 approaches −∞. Moreover, the
transmitted wave is defined as

ut
t = utp

t + uts
t = αt

te
i(ωt−kp

2x1) + βt
te

i(ωt−iks
2x1),

The obtained equations for transversal waves are formally analogous to lon-
gitudinal ones, since one has just to replace ũ1 with ũ2 and all the subscripts
and superscripts l with the subscripts and superscripts t respectively. Repeat-
ing the calculations performed for longitudinal waves, we can then calculate the
four amplitudes α̃t

r, β̃
t
r, α̃

t
t and β̃t

t of the reflected and transmitted transverse
waves for the three considered types of constraints imposed at the surface S.

6 Dependence of transmission and reflection co-
efficients on second gradient elastic moduli

In this section we will show plots displaying the reflection and transmission
coefficients at discontinuity surfaces of the three types considered before as
functions of second gradient elastic moduli. To do so, we start by noticing that
owing to the fact that the problem is completely uncoupled in the longitudinal
and transversal displacements, we can account separately for the energy fluxes
of longitudinal and transversal waves. Moreover, due to the linearity of the
problem in study, we can consider separate contributions for the fluxes of the
incident, reflected and transmitted waves which, starting from expression (10),
can be written in terms of the introduced non-dimensional variables respectively
as

H̃ l
i(x̃1, t̃) = (αl

i)
2klωl(λ+ 2µ)

[
−
(
ũl
i

)′ ˙̃ul
i + ε2l

((
ũl
i

)′′′ ˙̃ul
i −

(
ũl
i

)′′ ( ˙̃ul
i

)′)]
,

H̃ l
r(x̃1, t̃) = (αl

i)
2klωl(λ+ 2µ)

[
−
(
ũl
r

)′ ˙̃ul
r + ε2l

((
ũl
r

)′′′ ˙̃ul
r −

(
ũl
r

)′′ ( ˙̃ul
r

)′)]
,

(29)

H̃ l
t(x̃1, t̃) = (αl

i)
2klωl(λ+ 2µ)

[
−
(
ũl
t

)′ ˙̃ul
t + ε2l

((
ũl
t

)′′′ ˙̃ul
t −

(
ũl
t

)′′ ( ˙̃ul
t

)′)]
,
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where we recall that, with a slight abuse of notation, the apex and the dot stand
here for the derivation operations with respect to the introduced dimensionless
space and time variables. The corresponding energy fluxes for transversal waves
are formally analogous and are obtained from the previous ones just replacing
everywhere the apex l with the apex t and the parameter εl with the parameter
εt. In order to be able to calculate the reflection and transmission coefficients for
the considered problem, we substitute in Eqs. ( 29) the wave forms (23) , (24)
and (25) for the displacements and we calculate the integrals over the period
2π/ω̃ of the introduced energy fluxes. It can be shown that, due to conservation
of energy, these integrals do not depend on the space variable x̃1. Owing to
this independence on the variable x̃1, in order to simplify calculations, we can
simply introduce these integrals as

J l
i =

∫ T

0
H̃ l

i(0, t̃)dt̃, J l
r =

∫ T

0
H̃ l

i(−∞, t̃)dt̃, J l
t =

∫ T

0
H̃ l

i(+∞, t̃)dt̃.

We are then finally able to introduce the reflection and transmission coefficients
for longitudinal waves as

Rl :=
J l
r

J l
i

, Tl :=
J l
t

J l
i

,

which are such that Rl+Tl = 1. The reflection and transmission coefficients Rt

and Tt for transversal waves are formally analogous.
We show in the following figures the behaviour of reflection and transmission
coefficients in terms of the second gradient parameter ε, and of the frequency ω.
These figures refer to both the longitudinal and transversal case: one has just
to interpret ε as εl and εt respectively. In the plots, with an abuse of notation,
ω stands for ω̃.

Referring to Fig.3, we can note that, for very low frequencies (approaching to
zero) and considering a generalized internal hinge at the discontinuity surface,
the energy of the travelling wave is almost completely transmitted independently
on the value of the second gradient parameter ε2. For higher frequencies, Fig.3
shows that the second gradient parameter starts to play a role with respect
to the amount of energy which is reflected or transmitted. In particular, for
frequencies increasing from 0 to 1, we can notice a gradual increase in the
reflected energy: this increased amount of reflected energy is more evident for
values of the second gradient parameter included in the interval [0, 0.5]. This
behavior can be explained if one thinks that, for increasing frequencies, the
wave length of the travelling wave decreases and becomes comparable to the
characteristic length of the heterogeneities that are present in the material at
a microscopic level. The described phenomenon is revealed by using a second
gradient model which, though macroscopic in nature, allows for the description
of some microscopic effects. The presence of heterogeneities at a microscopic
level hence triggers the phenomenon of increasing the amount of reflected energy
at the discontinuity surface. Hence, for frequencies lower than or equal to 1 we
are able to detect this phenomenon of enhanced reflection, but the amount of
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Figure 3: Reflection and transmission coefficients in presence of a generalized
internal hinge for low-frequencies. The plots for the generalized internal roller
are completely specular: the blue dashed lines must be referred to the reflection
coefficient, while the red lines must be referred to the transmission coefficient.

reflected energy still remains lower with respect to the amount of the transmitted
one for any value of the second gradient parameter. In this sense, the value of
frequency ω = 1 can be regarded as a threshold value. In fact, referring to Fig.4
we can notice that frequencies bigger than 1 allow for the existence of ranges of
the second gradient parameter corresponding to which we can detect an inverse
behavior: the bigger amount of energy is reflected and cannot pass through the
discontinuity surface. This means that for high frequencies the micro-structural
inhomogeneity of the material starts playing a predominant role.

Considerations for the generalized internal roller are completely reversed
with respect to those just made for the generalized internal hinge.
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Figure 4: Reflection and transmission coefficients in presence of a generalized
internal hinge for high frequencies. The plots for the generalized internal roller
are completely specular: the blue dashed lines must be referred to the reflection
coefficient, while the red lines must be referred to the transmission coefficient.

7 Conclusions

The presented results are a first step in the direction of the establishment of an
experimental method for getting measurements of second gradient parameters
in second gradient continua. We propose to use a discontinuity surface between
two macroscopically homogeneous second gradient solids and the measurements
of reflection and transmission coefficients at this interface as a method for mea-
suring the bulk properties of considered continua. In the present paper we
simply assume that the discontinuity surface is the only possible localization of
displacement (and normal gradient of displacement) eventual jumps. More com-
plicated discontinuity surfaces may be conceived carrying themselves mechan-
ical properties and directly influencing transmission and reflection coefficients.
Although the investigation of the behavior of such more general discontinuity
surfaces is of importance, the simplest discontinuity we considered here seems
the most suitable for getting estimates of bulk second gradient elastic moduli.
Indeed, performing such a kind of experimental indirect measurements by us-
ing reflection and transmission of plane waves would undoubtedly be of great
scientific and technological interest. In fact, the field of second gradient con-
tinuum theories, even if it is attracting much more interest in the last years,
still receives some criticism due to the fact that no experimental measurements
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are available in the literature. Measuring second gradient elastic moduli for a
certain class of solids would then be useful as a starting point for further in-
vestigations. More complicated subsequent analyses should involve the study
of reflection and transmission properties at structured interfaces between sec-
ond gradient solids, at permeable and impermeable interfaces between different
porous media in presence of Darcy-type fluid flow, interfaces between damaged
and undamaged solids.

The results obtained in the last section of this paper show that also the
boundary layer which may arise in the simplest second gradient solid greatly
influence wave transmission and reflection.
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