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SMOOTH TYPE II BLOW UP SOLUTIONS TO THE FOUR DIMENSIONAL
ENERGY CRITICAL WAVE EQUATION

MATTHIEU HILLAIRET AND PIERRE RAPHAEL

ABSTRACT. We exhibit C* type II blow up solutions to the focusing energy critical wave equation
in dimension N = 4. These solutions admit near blow up time a decomposiiton

ult,z) = )\N%(t)(Q +E(t))()\it)) with [l2(£), Dee ()| 1 x go < 1

where Q is the extremizing profile of the Sobolev embedding H' — LZ*, and a blow up speed

A(t) = (T — t)e” VIes@=DI0FeM) 5y ¢y,

1. Introduction

1.1. Setting of the problem. We deal in this paper with the energy critical focusing wave equation

Opu — Au— f(u) =0 with f(t) = t%, (1.1)
(u, Opu)jp—o = (uo,w1), (t,z) € R x RY. '

in dimension

N =4.
This is a special case of the nonlinear wave equation
Opu— Au— f(u) =0 (1.2)

which since the pioneering works by Jorgens [10] has attracted a considerable amount of works.

For the energy critical nonlinearity f(u) = :I:tN 2 the Cauchy problem is locally well posed in
the energy space H' x L? and the solution propagates regularity, see for example Sogge [35] and
references therein. Recall that in this case, (1.2) admits a conserved energy

)
E(u(t)) = E(ug,u1) = /5t“ /|V *¥ 2N /

which is left invariant by the scaling symmetry of the flow:

1 t
t1) = ——u(~, —).
u)\( 7‘%‘) >\N2—2 u()\v AQ)

Global existence in the defocusing case was proved by Struwe [38] for radial data and Grillakis [9]
for general data. For focusing nonlinearities, a sharp threshold criterion of global existence and
scattering or finite time blow up is obtained by Kenig and Merle [14] based on the solitonic solution

o (1.1):

N-2

Q) = <1> (1.3)
L+ yov=y

which is the extremizing profile of the Sobolev embedding H' — L?". Indeed, for initial data (ug, uy)
such that E(up,u1) < E(Q,0), those with ||Vug|l 2 < ||[V@Q] 12 have global solutions and scatter,
1



2 M. HILLAIRET AND P. RAPHAEL

while those with [|[Vugl|z2 > |[VQ|| 12 lead to finite time blow up.

Note that like in the works by Levine [20], see also Strauss [37], and as is standard in a nonlinear
dispersive setting, blow up is derived through obstructive convexity arguments, see also Karageorgis
and Strauss [11] for refined statements near the soliton Q). However, this approach gives very little
insight into the description of the blow up mechanism and the description of the flow even just near
the ground state soliton @) is still only at its beginning.

1.2. On the energy critical wave map problem. There is an important litterature devoted to
the construction of blow up solutions for nonlinear wave equations, see e.g. Alinhac [1], and Merle
and Zaag [28], [29] for the study of the ODE type of blow up for subcritical nonlinearities. For energy
critical problems like (1.1), recent important progress has been made through the study of the two
dimensional energy critical corotational wave map to the 2-sphere:

Oru  k?sin2u

attu — 8rru — , 7 = O, (14)

where k € N* is the homotopy number. The ground state is given there by
Q(r) = 2tan~1(r").

After the pioneering works by Christodoulou, Tahvildar-Zadeh [4], Shatah and Tahvildar-Zadeh [36]
and Struwe [39] and their detailed study of the concentration of energy scenario, the first explicit
description of singularity formation for the k = 1 case is derived by Krieger, Schlag and Tataru [17]
who construct finite energy finite time blow up solutions of the form

u(t, x) = (Q +e)(t,

X

s v 100Dl <1 (1.5)

with a blow up speed given by
3
MO = (T =), Yu>3,

see also [19]. The spectacular feature of this result is to exhibit arbitrarily slow blow up regimes
further and further from self similarity which would correspond to the —forbidden, see [39]- self
similar law

At) ~ T —t. (1.6)

Numerics suggest [3] that this blow up scenario is non generic and corresponds to finite codimensional
manifolds. After the pioneering works [34] for large homotopy number k& > 4, Raphaél and Rodnianski
[31] give a complete description of a stable blow up dynamics which originates from smooth data
and for all homotopy number k£ > 1. The blow up speed obeys in this regime a universal law which
depends in an essential way on the rate of convergence of the ground state @) to its asymptotic value

1
T—Q~— as r— oo,
r
and indeed the stable blow up regime corresponds to a decomposition (1.5) with the blow up speed

Ck% for k > 2,
At) ~ d loa(T—p) T2 (1.7)
(T — t)e Vel for k=1.

Note that this work draws an important analogy with another critical problem, the L? critical
nonlinear Schrédinger equation, where a similar universality of the stable singularity formation near
the ground state is proved by Merle and Raphaél in the series of papers [23], [24], [30], [25], [26],
[27].
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1.3. Statement of the result. For the power nonlinearity energy critical problem (1.1), there has
been recent progress towards the understanding of the flow near the solitary wave @. In [15], Krieger
and Schlag construct in dimension N = 3 a codimension one manifold of initial data near ) which
yield global solutions asymptotically converging to the soliton manifold. The strategy developed
by Krieger, Schlag, Tataru in [17] for the wave map problem has been adapted in [18] to show in
dimension N = 3 the existence of finite energy finite time blow up solutions of the form

1 x .
u(t, x) = %(Q +e)(t, W) with [[e(t), ()| 1y 2 < 1

and with a blow up speed given by
3
At)y=(T-t)", Vv> 7 (1.8)

The quantization of the energy at blow up for small type II blow up solutions in dimension N € {3,5}
is proved in [6], [7] in the radial and non radial cases. In particular, for radial data, if T < 400 and
sup [|Vu(t)|F2 + Owuli] < |VQI7. +af, of <1,

te[0,T]
then there exists a dilation parameter A\(t) — 0 as ¢t — T' and asympotic profiles (u*,v*) € H' x L?
such that
1 x Ky s 1 2
u(t,z) — —w—5—Q(—=),0wu(t) | = (u*,v*) in H x L* as t =T,
Azt A
see [27] for related classification results for the L? critical (NLS).
These works however leave open the question of the existence of smooth type II blow up solutions.
We claim that such smooth type II blow up solutions can be constructed in dimension N = 4 as the
formal analogue of the singular dynamics exhibited by Raphaél and Rodnianski [31] for the wave
map problem in the least homotopy number class £k = 1. The following theorem is the main result
of this paper:

Theorem 1.1 (Existence of smooth type II blow up solutions in dimension N = 4). Let N = 4.
Then for all o > 0, there exist C* initial data (ug,u1) with
E(“O) Ul) < E(Q7 O) +a”

such that the corresponding solution to the energy critical focusing wave equation (1.1) blows up in
finite time T = T(ug,u1) < 400 in a type II regime according to the following dynamics: there exist
(u*,v*) € H' x L? such that

w(t,7) — — Q-2 dult) | = (w*0) in B L2 as t—T (1.9)
Azt A
with a blow up speed given by
A(t) = (T — t)e~ VIosT=DI0+e) g5 ¢ 7 (1.10)

Comments on the result

1. On the smoothness of the initial data: An important feature of Theorem 1.1 is to exhibit a
new blow up speed which is valid for C* solutions. Indeed, while the Krieger, Schlag, Tataru [18]
approach provides a continuum of blow up speeds, the exact regularity of the obtained solutions is
not known, which is an unpleasant consequence of their construction scheme. In fact, it is expected
that C*° initial data should lead to quantize blow up rates hence breaking the continuum of blow up
speeds (1.8), we refer to [2] for a related discussion in the context of the energy critical harmonic
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heat flow. Hence we expect the blow up rate (1.10) to correspond to the minimal type II blow up
speed of smooth solutions with small super critical energy. Such a general lower bound on blow up
rate in the spirit of the one obtained by Merle and Raphael for the L? critical NLS [30], [26] is an
open problem. The construction of excited blow up solutions with other speeds and C* regularity
also remains to be done. This problematic is related to the understanding of the structure of the
flow near () which is still at its beginning.

2. On the codimension one manifold: The proof of Theorem 1.1 involves a detailed description of
the set of initial data leading to the type II blow up with speed (1.10). Indeed, given a small enough
parameter by > 0 and a suitable deformation (), of the soliton with

Qbo — Q as bo —0
in some strong sense, we show that for any smooth and radially symmetric excess of energy

b
nos mllgzxm S )

we can find d4 (b, 10, 71) € R such that the solution to (1.1) with initial data

N -2
up = Qbo +770 +d+¢a uy = bO <2Qbo +y- vao) +m

blows up in finite time in the regime described by Theorem 1.1. Here ¢ is the bound state of
the linearized operator close to (Q and generates the unstable mode, we refer to Definition 3.4 and
Proposition 3.5 for precise statements. Hence the set of blow up solutions we construct live on a
codimension one manifold in the radial class in some weak sense. Following [15], [16], the proof that
this set is indeed a codimension one manifold relies on proving some Lipschitz regularity of the map
(bo,m0,m) — d+(bo, M0, M), and in particular some local uniqueness to begin with. The analysis in
[16] shows that this may be a delicate step in some cases. Our solution is constructed using a soft
continuous topological argument of Brouwer type coupled with suitable monotonicity properties in
the spirit of Cote, Marte and Merle [5], and in other related settings, see e.g. Martel [21], Raphaél
and Szeftel [32], this strategy has proved to be quite powerful to eventually achieve strong unique-
ness results. This interesting question in our setting will require additional efforts and needs to be
adressed separately in details.

3. Ezxtension to higher dimensions: We focus onto the case of dimension N = 4 for the sake of
simplicity, and our main objective is to provide a robust framework to construct C* type II blow up
solutions. However, following the heurisitic developed in [31], the blow up speed (1.10) corresponds
to the k = 1 case in (1.7), and we similarly conjecture in dimension N > 5 the existence type II
finite type blow up solutions close to () with blow up speed

T —t
log(T — )| ¥

Note from (1.3) that the higher the dimension, the fastest the decay of the ground state @, and
this should avoid some difficulties which occur only in low dimension like in [31] for large homotopy
number k > 4. We expect the strategy developed in this paper to carry over to the case N = 5,6,
but the extension to large dimension will be confronted in particular to the difficulty of the lack
of smoothness of the nonlinearity. Let us also insist onto the fact that the case N = 4 is in many
ways the more delicate one in terms of the strong coupling of the main part of the solution and
the outgoing tail due to the slow decay of @), which results in the somewhat pathological blow up
speed (1.10). This comment becomes even more dramatic in dimension N = 3 where we expect

)\(t) ~ CN
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our analyis to be applicable to construct C* type II blow up solutions, but this seems to require a
slightly different approach.

1.4. Strategy of the proof. Let us briefly summarize the strategy of the proof of Theorem 1.1.
step 1 Approximate self similar solution.

Let D, A denote the differential operators (1.18). Exact self similar solutions to (1.1) of the form

u(t,z) = AN:Q(t)Q,, (Aft» with b= —\
where @, satisfies the self similar equation
AQy — V*DAQy + Q} =0 (1.11)
are known to develop a singularity on the light cone y = % = 1 leading to an unbounded Dirichlet

energy ||[VQp||r2 = +o0, see Kavian, Weissler [12]. We therefore assume 0 < b < 1 and consider a
one term expansion approximation

Qp=Q + Ty
which injected into (1.11) yields at the order b%:
HT), = —DAQ. (1.12)
Here H is the linearized operator close to QQ given by
N+2 4
H=-A-"—"(Q¥~—2, 1.13
Nt (113

The spectral structure of H is well knwon in connection to the fact that () is an extremizer of the
Sobolev embedding H' — L?", and in the radial sector, H admits one non positive eigenvalue with
well localized eigenvector :

HyY = —Cy, (>0, (1.14)

and a resonance at the boundary of the continuum spectrum generated by the scaling invariance of

(1.1):

H(AQ) =0, AQ(r)~ r]\?_Q as r — +00. (1.15)

In order to solve (1.12), we first remove the leading order growth in the exact solution T} = %\y[QQ
which is consequence of the flux computation:

— L. 4 2
(DAQ.AQ) = 5 lim_y'AQF >0 (1.16)
due to the slow decay of @ in dimension N =4 from (1.3). For this, we solve
. (DAQ,AQ) 1
HT, = —-DA AQ1 th = ~ b— 0.
1 Q+aAQ1 1 with ¢ fyﬁ% 80P ™ ogh] —

The purpose of this construction is to yield after a suitable localization process an o(b?) approximate
solution to the self similar equation (1.11) which dominant term near and past the light cone is still
given by @ itself in the sense that:

1
VT < Q for y> -
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This identifies Q as the leading order radiation term!.
step 2 Bootstrap estimates.

We now roughly consider initial data of the form
uo = Quy +ditp +m0, w1 = boAQuy + m1, with [dy |+ [[n0, 71l g2 < B3, (1.17)

and introduce a modulated decomposition of the flow

1 T

u(ta:E) = )\¥(t) (Qb(t) + 5) <t, )\(t)
Here we face the major difference between the power nonlinearity wave equation (1.1) and the critical
wave map problem (1.4) which is the presense of a negative eigenvalue in the first case (1.14) for the
linearized operator H close to ). This induces an instability in the modulation equations for b, A
which is absent in the wave map case, leading to stable blow up dynamics. However, we claim that
the ODE type instability generated by (1.14) is the only instability mechanism.
The situation is conceptually similar to the one studied in [5] where multisolitary wave solutions
are constructed in the supercritical regime despite the presence of exponentially growing modes for
the linearized operator which are absent in the subcritical regime. We adapt a similar scheme of
proof which does not rely on a fixed point argument to solve the problem from infinity in time?, but
by directly following the flow for any initial data of the form (1.17). This reduces the full problem
to a one dimensional dynamical system for which a classical clever continuity argument yields the
existence of d (bg, 1o, 1) such that the unstable mode is extinct, see section 5.
The key is hence to control the flow under the a priori control of the unstable mode, and here
we adapt the technology developed in [31] which relies on monotonicity properties of the linearized
Hamiltonian at the H? level of regularity. However, the analysis in [31] heavily relies on the existence
of a decomposition of the Hamiltonian

H=A*A, A=-0,+V(y)

> L b(t) = — A

which is central in the proof of the main monotonicity property and is lost in our setting. This forces
us to revisit the approach in several ways, and to rely in particular on fine algebraic properties of
the flow® near @ and coercitivity properties of suitable quadratic forms in the spirit of [22], [23], see
Lemma 4.7, which remarkably turn out to be almost explicit thanks to the formula (1.3). We are
eventually able to find d (bg, no, 1) for which to leading order

b2
T a1 b= _>‘t7 @ = lu
2|logb| e A

which reintegration in time yields finite time blow up in the regime described by Theorem 1.1.

bs ~ —cpb” ~ |di| + |0yyelr2 < b’

1.5. Notations. We define the differential operators:
N -2 . N
Af = Tf—i—y-Vf (H! scaling), Df = Ef—i—y-Vf (L? scaling). (1.18)

Denoting
+oo
(ro)= [ fa= [ ) tar

1
2

see [31] for a further discussion on this issue and the role played by the non vanishing Pohozaev integration (1.16)
after renormalization of the time
3see in particular (4.23), (4.38)



the L?(R") radial inner product, we observe the integration by parts formula:

(Df,g9) = —(f,Dg), (Af,g9)+ (Mg, f)=—2(f.9). (1.19)
Given f and A > 0, we shall denote:

ftr = 1 (5)

and the space rescaled variable will always be denoted by
r
Yy = X
We let x be a smooth positive radial cut off function x(r) =1 for » < 1 and x(r) = 0 for r > 2. For
a given parameter B > 0, we let

”
() =x () (1.20)
Given b > 0, we set
2 logd|
By=-, B} = . 1.21
0 b’ 1 b ( )

To clarify the exposition we use the notation a < b when there exists a constant C' with no relevant
dependency on (a,b) such that a < Cb. In particular, we do not allow constants C' to depend on the
parameter M except in Appendix A.

Aknowledegments: The authors would like to thank Igor Rodnianski for stimulating discussions
about this work. P.R is supported by the French ANR Jeune Chercheur SWAP.

2. Computation of the modified self-similar profile

This section is devoted to the construction of an approximate self-similar solution @, which de-
scribes the dominant part of the blow up profile inside the backward light cone from the singular
point (0,7") and displays a slow decay at infinity which is eventually responsible for the modifications
to the blow up speed with respect to the self similar law. The key to this construction is the fact
that the structure of the linearized operator H close to @) is completely explicit in the radial sector
thanks to the explicit formulas at hand for the elements of the kernel.

We introduce the direction

d = DAQ (2.1)
which displays the cancellation
1

P < 2.2
20| S 15 22)

and the crucial nondegeneracy which follows from the Pohozaev integration by parts formula:

1

®,AQ) = i ~y*AQJ? ) =32 > 0. 2.3
@.0Q) = i (5014QP) =32 23)

Proposition 2.1 (Approximate self-similar solution). Let M denote a large enough constant. Then
there exists b*(M) > 0 small enough such that for all 0 < b < b*(M), there exists a smooth radially
symmetric profile 11 satisfying the orthogonality condition
(T, xm®) =0 (2.4)
such that
Pg, = Q+ x5,0°Th (2.5)
is an approximate self similar solution in the following sense. Let
Up, = —APg, + 0> DAPg, — f(Pg,), (2.6)
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then for allk >0,0<y < %

b2’
kT 1 1+ [log(by)| 1 log(M) + |log(1 + y)|
< S 2.7
d* OPp, | _ bly<op, [1+ |log(by)| 1 log(M) + [log(1 + y)|
= < —v=2h 1 S — 2.8
dyF 9b |~ 1+ yk logh|  2<v< T g2 2liogy w2t T 1+ 2 (28

and, for allk >0, y > 0,

d" 9
‘dyk(‘PBl — cpb X@AQ)‘
< b [1+]log(by)] L log(M) + |log(1 + y)| 1
N l4yR | [logh]  2=u=3 T 2y2flogh| 2Bizv= T 142 y=2h (2.9)
b? )
(L) 2
for some constant
1 1
=—[1+0(— . 2.10
= g1 (1 © (et (210
Proof of Proposition 2.1
Step 1 Inversion of H.
The first green function of H is given from scaling invariance by
N -2 y?
A = 1-— 2.11
QW) 2 (v (2.11)
2 (1 + N(N—2)>
which admits the following asymptotics:
d*(AQ) 0(1) as y— 0
> - , ‘
V k=0, dyk (y) O<y7(N72+k)) as y — 00 (2 12)

Let now
ds

Y
I'(y) = —AQ(Z/)/I W,

be another (singular at the origin®) element of the kernel of H which can be found from the Wronskian
relation:

AQ — T(AQ) = y;ll

From this we easily find the asymptotics of T'®) for any integer k:

d"T [ Oy N2tk as y =0
dT/k(y) N { O(y™") as y — oo. (2.13)
A smooth solution to Hw = F' is given by:
y y
w(y) = F(y)/ F(s)AQ(s)sV tds — AQ(y)/ F(s)I'(s)s™ ds. (2.14)
0 0

4Note that I' must be smooth at y = /N (N —2) where AQ vanishes from the radial ODE HT = 0



We now look for a solution to the self similar equation in the form @Q + b*>T. This yields:
U, = —AQy+b*DAQy — f(Q) (2.15)
= V(HTi + DAQ) + b*DAT) — [f(Q + V*Th) — f(Q) — b*F(Q)T1] -
Step 2 Computation of T7.

Thanks to the anomalous decay (2.2), we chose T solution to

HTT = F=-DAQ+ AQ,
! QtaxgAl (2.16)
(TlaXMCI)) = 0,
with ¢ chosen such that:
(F,AQ) =0 (2.17)
i.e. from Pohozaev integration by parts formula, see (1.21) and (2.3) ,
o = DAQAQ) _ 1limyioy"|AQQ)P
(2AQAQ) ~ 2 [xmAQP
1 1
= — (1 — b .
siogi (140 (jogat)) =20
This yields (2.10). Following (2.14), we first consider
~ Y Y
T (y) = I‘(y)/ F(s)AQ(s)s%ds — AQ(y)/ F(s)['(s)s%ds (2.18)
0 0

The smoothness of T} at the origin follows from (2.18) together with elliptic regularity from (2.16).
We now examine the behavior of T3 at large y.
We first observe that, from the orthogonality (2.17):

- +oo Y
fi) = [r) [ FenQess+aqu) [ Foresa
y 0
Hence, from the degeneracy |DAQ| = O(y~*), this yields that, for % <y< %

) +o0 3 1 Y1463 Bo
T < ds + — —d T ads
Ti(y)| = /y (14 s)(1 + s2) 5+y2 [/0 1+ st S+|Cb’/ 1+s2 :|

log(1 +y)| 1
1+ y? b2y?|logb|”

(2.19)

. B
similarly, for 1 <y < 32,

B “+o00 Yy
i) = \r@) / F(s)AQ(s)sds + AQ(y) /0 F(s)T(s)s%ds

“+o00 Bog 3
< d 7(1
~ ) +84 1+ ) 8+’cb|/ 1+52)

'S —°_ds
* 1+y [/0 1+4S+|Cb/ 1+ s2 ]

1+ [log(by)|  [log(1 +y)| (2.20)
[logb| 1+y%2 '
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We now choose thanks to (2.3):

(Ty, xu®)
(xm®,AQ)
so that the orthogonality condition (2.4) is fulfilled. We note that so that the bounds (2.19) and (2.20)
ensure that ¢ remains bounded by log(M) uniformly in M and b, provided b is chosen sufficiently

small w.r.t. M.
This yields (2.7) for k = 0, the other cases follow similarly.

Ti(y) = Ti(y) — cAQ with ¢ =

Step 4 Estimate on ¥p, and 9,¥p,

We now cut off the slow decaying tail 77 according to (2.5) and estimate the corresponding error
to self similarity ¥p, given by (2.6).
We compute:

Up, = b2XBl (HTl + DAQ)
+ b [-2x, 71 — T1Axp, + (1 — XB,)DAQ + b*DA(xp,T1)]
— [F(Q+¥x5Th) - F(Q) — x5 [ (QT1] .

Outside the support of x5, we have thus ¥, = b>DAQ. On the other hand, in dimension N = 4,

we have the Taylor expansion :
1

FQ+b*x5,T1) — £(Q) — x5, [ (QT1 = b4x%1Tf(y)/O (1= 7)(Q(y) +70°xp, T1(y))dr.
We thus estimate from (2.7), (2.15), (2.16) and the degeneracy (2.2) for y < 2B :

o,n 1 )
I+y 1+92 144

1
VDA T + BT ()| /0 (1 - 1)[Q(y) + 7T (y)|dr.

Up, — b2cbX%AQ S b21y231/2 <

(2.7) now yields (2.9) for k = 0. Further derivatives are estimated similarly thanks to the smoothness
of the nonlinearity. We emphasize here that, given B > 0 large, we have 1/(1+y) S 1/B < 1/(1+y)
on the support of x’z, so that differentiating x p acts as a multiplication by 1/(1 4 y). Furthermore,
there holds 1/B; = o(b) so that we can always dominate 1/(1+y) by b on the support of x5 .
Finally, we compute 0, Pp, from (2.5).
To this end, we note that dyc, = O(1/bllog(b)|?) when b — 0 so that the source term for 7} in

(2.16) satisfies
1 1
F=|o(-—— - A
o =0 (g ) v+ (g ) om] 40

where p(z) = z2x/(2) € C2°(0,00) and we keep the convention for function dilation. Hence, the same
arguments as for 77 enable to show that d,T; and then 9,1} satisfy the estimates:

d*o,T, 1 1+ |log(by)| 1 1+ |log(1 +y)|
TR < — 1 2.21
dyF W= b(1 + ") logh|  2<v< T 522 llogh| v 1+y2 (2.21)
Finally, we compute from (2.5)
O Pp, = 2bxp, T1 + b*dplog(B1)pp, Ty + b*x B, O T1. (2.22)

This decomposition together with (2.7) and the previous computation yield (2.8).
This concludes the proof of Proposition 2.1.
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3. Description of the trapped regime

We display in this section the regime which leads to the blow up dynamics described by Theorem
1.1.

3.1. Modulation of solutions to (1.1). Let us start with describing the set of solutions among
which the finite time blow up scenario described by Theorem 1.1 is likely to arise. We recall from
(1.14) that v denotes the bound state of H with eigenvalue —( < 0. The following lemma is a
standard consequence of the implicit function theorem and the smoothness of the flow, see Appendix

Al

Lemma 3.1 (Modulation theory). Let M be a sufficiently large constant to be chosen later and
0 < by < by(M) small enough. Let (no,m,d+) satisfying the smallness condition:
b5

% 3.1
ogho| (3-1)

|dt |+ 1m0, Vo, m+ bo(1 = X B, (60) AQs VIl gy pinse 2wz S

then, there exists a time Ty such that the unique solution u € C2([0, Ty); L2(RN))NC([0, Tp]; H2(RY))
to (1.1) with initial data :

uo = Pp,(by) T M0+ d+b, w1 = boAPp, ) + 11, (3.2)
admits on [0,Ty] a unique decomposition
u(t) = (P, pe) +)aw) (3.3)
with
1. X € C%([0,Tp), RY) with
Vitel0,To), (e(t),xm®)=0 and b(t) = —Ag; (3.4)
2. there holds the smallness:
b2
IVe(®)llz2 < bollogbol — [b(t) — bo| + [A(E) — 1| + [VZe(®)[| 2 S m Vtel0,To].  (3.5)

Remark 3.2. Recall that the slow decay of () and the choice of Pp, induces an unbounded tail of
Pp, in the energy norm, and more specifically ||AQ|| ;2 = 400, hence the need for the compensation
in the norm for the time derivative in (3.1).

3.2. Decomposition of the flow and modulation equations. Considering initial data satisfying
the assumption of the above lemma, we now write the evolution equation induced by (1.1) in terms
of the decomposition (3.3). Let

1 r

u(t,r) = O (Pp,(bey) +€) (¢, oL (P31 (o(t)) 5y + 0 (6:7) (3.6)
where b = —\;. Let us derive the equations for w and €. Let
s0=[ .7
0 A7) .
be the rescaled time. We shall make an intensive use of the following rescaling formulas:
1 r ds 1
U(t,’f‘) = WU(S>3/)7 y= X7 E = Xa (38)
1

Oyu = X (Osv + bAD), , (3.9)

1
O = 5 (020 + b(Dsv + 2A05v) + > DAv + bsAv], . (3.10)
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In particular, we derive from (1.1) the equation for e:

O+ Hpe = —Up, —bsAPg, —b(0sPp, +2M0sPp,) — 02 Pp,
—  b(0se + 2M0se) — bsAe + N(e) (3.11)
where, implicitly, By = B1(b(t)) and Hp, is the linear operator associated to the profile Pp,
Hp,e = —Ac + b*DAe — f'(Ppg,)e, (3.12)

and the nonlinearity:
N(g):f(PB1+€)_f(PB1)_f/(PB1)€' (313)
Alternatively, the equation for w takes the form:

Ofw + Hp,w = — [0} (Pp,)x — A(Ps,)x — f((Pg,)x)] + Na(w)

with ~
Hp,w=—Aw — f'((Pp,)\)w, (3.14)
Nx(w) = f((Pp,)x +w) = f((P,)x) — f'((PB,)x)w. (3.15)
We then expand using (3.9), (3.10):
1
87 (Pp,)x — A(Pp)x — f((Pe)A) 22 [0ssPBy + 0(0sPp, + 2A0:Pp,) + bsAPp, + V],
1 1
= F [bA&SPgl + bsAPBl + ‘I’B]A + 04 |:)\((95PBI))\:|
and rewrite the equation for w:
- 1 1
a?w + HBlw = —P [bAaSPBl + bsAPBl + \I/B]/\ — 0 |:)\(85P31)>\:| + N,\(w). (3.16)

For most of our arguments we prefer to view the linear operator Hp, acting on w in (3.16) as a
perturbation of the linear operator H) associated to Q). Then

O*w+ Hyw = Fg, (3.17)
_ _% [bAasPBl + bsAP31 + \IJBI])\ — 8t [i(@sPBl))\]
— [f(@x) = F/((PB,)A)] w + Na(w)
with
Hyw=-Aw+ f/(Q)\)w. (318)

3.3. The set of bootstrap estimates. At first, we fix some notations. We introduce the energy
E(t) associated to the Hamiltonian Hy:

E(t) = A2 / [(Hrdw, o) + (Hyw)?] - (3.19)
Given ¢ € (0,00) the unstable eigenvalue, we set:
1 1
V. = V. = 3.20
=1 e _JT (3.20)
and, we introduce the decomposition of the unstable direction
g, - -
' E as? by = aHEVE a9V (3.21)
Let us denote:
b b
=a —— (0P, (s)=a_(s) — —=(0P . 3.22
Fit () a+(8)+2\f<( bPp,, 1Y), K-(s) =a(s) 2\/5( b Py, ) (3.22)
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We note that the vectors Vi, V_ given by (3.20) yield an eingenbasis of

(¢0)

and hence correspond respectively to the unstable and stable mode of the two dimensional dynamical

system
dY 01
— = Y
ds ( ¢ 0 >

which to first order in b is verified by the projection onto the unstable mode (e,1), see (4.57). The
deformation term bs(9yPp,, %) in (3.22) is present to handle some possible time oscillations induced
by the 92Pp, term in the RHS of (3.11) which cannot be estimated in absolute value but will be
proved to be lower order.

With these conventions, we may now paramaterize the set of initial data described by Lemma
3.1 by a4 = £+(0), and then reformulate the initial smallness properties in terms of suitable initial
bounds for e, see Appendix A for the proof which is standard.

Lemma 3.3 (Inital parametrization of the unstable mode and initial bounds). Let M and by be
given as in Lemma 3.1 and denote by C(M) a sufficiently large constant. Then, given (ny,n1,a+)
satisfying

b2
<9
~ |logbo|
there exists a unique dy with |dy| < b3/|log(bo)| and Ty > 0 such that the unique decomposition

|a| =+ 1m0, Vo, m1 4+ bo(1 = X5, (80))AQ Vil i1 4 pin o 2 (3.23)

u(t) = (P, b)) + €)aq) = (P e)))ae) + w(t),
of the unique smooth solution u to (1.1) on [0, Tp] with initial data (3.2) satisfies the initialization
k+(0) = a4, (3.24)
and the following smallness condition on [0,Ty) :

o Smallness and positivity of b:

0 < b(t) < bbp; (3.25)
e Pointwise bound on by:
b(t))*
b0 < OO s (3.26)
e Smallness of the energy norm:
b(t
(7). 000(0) + 3 ((1 = X009 o < Vo (3.27)
e Global H? bound: b0
b(t
£(1)] < C(M)7|logb(t)|2; (3.28)
e A priori bound on the stable mode:
L b))
k_(t)] < (C(M))s ) 3.29
5 (0] < (COD)E o (3.29)
e A priori bound of the unstable mode:
[b(t)]?
ke(t)] <2 ) 3.30

We may now describe the bootstrap regime as follows:
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Definition 3.4 (Exit time). Let K (M) denote some large enough constant.

Given a4 € [— |10§b0|, |10bg(2)b0‘], we let T'(ay.) be the life time of the solution to (1.1) with initial data
(3.2), and Ti(ay) > 0 be the supremum of T € (0,T(ay)) such that for all t € [0,T], the following

estimates hold:

o Smallness and positivity of b:

0 < b(t) < bbp; (3.31)
e Pointwise bound on by:
b < Ky PO (332
T |logb(t)[*’
e Smallness of the energy norm:
b(t
(720, 000(0) + 3 (1 = X 00)AQx o < Vi (3.3
o Global H? bound:
(o) < () 2O (3.3)
- [logb(t)[?’ '
o A priori bound on the stable and unstable modes:
[b(t))> L [b()]?
k()] <2 s k()| < (K(M))s . 3.35

The existence of blow up solutions in the regime described by Theorem 1.1 now follows from the
following:

Proposition 3.5. There exists ay € |—

} such that

Ti(ay) =T(ay)
and then corresponding solution to (1.1) blows up in finite time in the regime described by Theorem
1.1.

The proof of Proposition 3.5 relies on a monotonicity argument on the energy £ which is the core
of the analysis, see Proposition 4.6, and the strictly outgoing behavior of the unstable mode induced
by the non trivial eigenvalue —( < 0 of H, see Lemma 4.10. The fact that the regime described by
the bootstrap bounds (3.31), (3.32), (3.33), (3.34), (3.35) corresponds to a finite blow up solution
with a specific blow up speed will then follow from the modulation equations and the sharp derivation
of the blow speed as in [31].

4. Improved bounds

This section is devoted to the derivation of the main dynamical properties of the flow in the
bootstrap regime described by Definition 3.4. The three main steps are first the derivation of a
monotonicity property on £ which allows us to improve the bounds (3.31), (3.32), (3.33), (3.34) in
[0, T (a+)], second the derivation of the dynamics of the eigenmode and the outgoing behavior of the
unstable direction, and eventually the derivation of the sharp law for the parameter b which allows
to bootstrap its smallness (3.31) and will eventually allow us to derive the sharp blow up speed.

Remark 4.1. All along the proof, we will introduce various constants C (M), (M) > 0 which do
not depend on the bootstrap constant K (M ). An important feature of all these constants is that, up
to a smaller choice of b*(M) or a larger choice of K(M), we assume that any product of the form
C(M) f(b) where limy_,¢ f(b) = 0 or any ratio §(M)/K (M) is small in the trapped regime. This will
be used implicitly in this section.
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4.1. Coercitivity of £. Let us start with showing that the linearized energy £ yields a control of
suitable weighted norms of (w, ) in the regime ¢t € [0, 77 (a4)].

Lemma 4.2 (Coercitivity of £). There exists My > 1 such that for all M > My, there exists®
(M) >0 and C(M) < oo such that in the interval [0,T1(a+)), there holds:

w 2 4
£> ;V/(HW)?M(M)A? [/(vatw)%/(a;) } — C(M)[K (M)] lobgb‘g (4.1)

=

Proof of Lemma 4.2.

This is a consequence of the explicit distribution of the negative eigenvalues of H and the a priori
bound on the unstable mode (3.35). Indeed, let ¢ € [0, T (ay)), then first observe from (3.21), (3.22),
(3.35) that

@0 +10se, )P S ke + [5-* + |05 (O Pr, , 1)
4 b4

1 1
< [K(M))s M)D?|bs|* < [K(M)]% — 4.2
S KON o+ CONRILE SIKON o, 42)
where we used the estimates of Proposition 2.1 and the well localization of . This yields
<w Ya)? + @w Ya)? = (e,9)" + (9se + bAe, )’
b |Vel|?
< [K(M))3 b / / (4.3)
S )]4\logb|2 + [ (1+\log
and similarly using the orthogonality condition (3.4):
1 1
(0 0@ + 550w, (u®)n)? = (bAe, xar®)?
2
< »MC / Wg' ] (4.4)
1+ Ilog

Moreover, applying Lemma C.3 yields:

Az/]HAwP = /\Hng

[/ e 1+5120g( ))? }

Introducing the rescaled version (C.13) of Lemma C.3, we then conclude:

£ > ;/Az(HAw)%él(M) [v/(vatw)M/ Ni‘z +/y4(1+!ig(y)\)2]
0 [ [ e+ [ ) - COnKGI

w 2 4
> 1 [ s sany [ / o+ [ R —conikoni

where we used the Hardy bound (C.3), and (4.1) is proved. This concludes the proof of Lemma 4.2.

Y

I

=

Remark 4.3. Note that (4.1) together with the Hardy estimate (C.1), the coercitivity estimate
(C.9) and (4.4) yield the following weighted bound on & which will be extensively used in the paper:
let

n(s,y) = A7 ot Ay) = dse(s,y) + bAe(s,p). (4.5)

Srecall remark 4.1
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then:

2 2 2 1 4
[ [+ S 19 s eon |5|+[K<M>14|lbb|2 . @
S cOnjEl+ VRO o ()

4.2. First bound on b;. We now derive a crude bound on bs which appears as an order one forcing
term in the RHS of the equation for £ (3.11). This bound is a simple consequence of the construction
of the profile @ and the choice of the orthogonality condition (3.4).

Lemma 4.4 (Rough pointwise bound on bs). There holds the rough pointwise bound®:

(e, HD)

(1= Gigw)) S 3kl VEO e ()
Remark 4.5. This is in contrast with [31] where the b, term could be treated as degenerate with
respect to € thanks to a specific choice of orthogonality conditions and the factorization of the
operator H in the wave map case. This difficulty in our case will be treated using a specific algebra
generated by our choice of orthogonality condition (3.4) which gives the right sign to the leading
order terms involving bs in the energy identity (4.6), see (4.24), (4.38).

Proof of Lemma 4.4.
Let us recall that the equation for ¢ in rescaled variables is given by (3.11), (3.12), (3.13). Observe
also that from (1.19), the adjoint of Hp with respect to the L2(RY) inner product is given by:

Hp = Hp, +2b°D. (4.9)
To compute by we take the scalar product of (3.11) with x3;®. Using the orthogonality relations
(0"e, xu®) = (07"(Pp, — Q), xu®) =0,  Vm=>0
we integrate by parts to get the algebraic identity:
bs [(APp,, X ®P) + 2b(A0y Py, x i ®) + (Ae, X1 D))
—(¥By, xm®) — (6, Hp, (xmr®)) + 26(9se, A(xmr ®)) + (N (€), xm®).  (4.10)

We first derive from the estimates of Proposition 2.1:

b4
(\IIBNXM(I))z 5 Hogb\Z (411)
Similarly, using (4.6) yields:
b4
(9, Alxar®))? < C(M) [c<M>|s| i \/K<M>“Ogb,2} (4.12)

and

(e, Hp, (xr®)) = (e, H) — (He, (1 = xa)®) + O <M%2\/ c(M)IE] + \/W!ll;;b) |

We then use the improved decay (2.2) and (4.7) to estimate:

(He,(1—xm)®)* < (/ |H5‘N> |g‘+\/7|10gb|2
Yy

> l+y

6recall remark 4.1
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Thus: A
% 2 _ 1 b
(e, Hp, (xur®)) — (6, HO)|" S —|E] + VE (M) 5. (4.13)
M [logb|
similarly,

(APB17XM(I)) + 2b(AabPBl,XM(I)) + (Aé‘ XMq))
= (AQ, <I>)+O<()+MC\/|S|+«/ |10gb|2>

= (AQ®)+0 <logb(b)>

where we have used that in the trapped regime & < K (M)b*/[log(b)]?. Finally, on the support of x s
and for b < bj(M) small enough, the term @ dominates in @, = @ + b*T;. Hence, for the nonlinear
term, we have from Sobolev and (4.7):

2 3 2
@l 5 [ (Tt o) S [ s 0+ el
4
< o) [£+\/K(M)“Ol;b‘2].

Injecting this together with (4.11), (4.12), (4.13), (4.14) into (4.10) yields (4.8)" and concludes the
proof of Lemma 4.4.

(4.14)

4.3. Global H? bound. We derive in the section a monotonicity statement for the energy £ which
provides a global H? estimate for the solution. The monotonicity statement involves suitable re-
pulsivity properties of the rescaled Hamiltonian Hy in the focusing regime under the orthogonality
condition (3.11) and the a priori control of the unstable mode (3.35), which themselves rely on the
positivity of an explicit quadratic form, see Lemma 4.7.

Proposition 4.6 (H? control of the radiation). In the trapped regime, there evists a function F
satisfying

<+ VK 4.1
F + |logb|2 (4.15)
and such that, for some 0 < a < 1 close enough to 1, there holds:
d [ E+F b bt
— < KM)——|. 4.16
i | < s |VEOD s (1.16)

Proof of Proposition 4.6

step 1 Energy identity.

Let
~ N 2 T N+2 4
Vi) = N2 ) = 5V (5), Vi) = Qi)

We first have the following algebralc energy identity which follows by integrating by parts from
(3.17):

i o= o« fonor} - fav [

7

—|—wH)\’w:| +/6th,\F31. (4.17)

recall remark 4.1
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We now use the w equation and integration by parts to compute:

—/atf/wHAw = —/&f/w(FBl —8ttw) (4.18)

= jt{/atf/w(?tw} —/&ef/wFB1 —/atf/(@tw)Q—/attf/wﬁtw (4.19)

We next pick 0 < a < 1 close enough to 1 and combine the above identities to get:

2;% {A?a [ / (Opw)? — / 7 (0w)? + / (Hyw)? — 2 / 8t‘~/w8tw]}

2 ~ ~
= —Rl + R2 + ;w/atiatw — /8tti8tw (420)

where Ry collects the quadratic terms:

R = %b [ / (Opw)? — / 7 (Opw)? + / Hyw) } / 0,7 (Oyw)? / 0,7 (AQ),
= % [a/(ayn)2—a/Vn2+a/(H5)2+g/(2V+y-VV)7]2

— 65/8(2‘/ +y- VV)AQ} (4.21)
and Ry collects the nonlinear higher order terms:
. by
Ry = /8th>\FBl — /@VU} |:FB1 + )\Q(AQ))\:| (4.22)

step 2 Derivation of the quadratic terms and treatment of the by term.
Let us now obtain a suitable lower bound for the quadratic term R;. The main enemy is the b,
term which is order one in € and will be treated using a specific algebra generated by the choice of
orthogonality condition (3.4).

Observe from H(AQ) = 0 that (AQ/N)x(y) = (1/)\) (AQ)(y/ ) satisfies:
—AAQ/NAW) — (/N2 (5/N(AQ/Na(y) = 0.
Differentiating this relation at A = 1 yields:
H® = H(DAQ) = 2V +y - VV)AQ.
We inject this into the modulation equation (4.8) to get:

4 9\3
b, /5(2V by VV)AQ = B(®,AQ) + |bs|O ('1\54’ + \/K(M)k)l;w) | (4.23)

We thus conclude using the sign
(®,AQ) >0
and (4.21), (4.8) that:

R > % [a/(ayn)z + /[(3 —Q)V 4 2y VI + a/(Hs)2 + ex(by)?
<|€| +\/7 bP)] (4.24)

for some universal constant ¢; > 0 independent of M.
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step 3 Coercitivity of the quadratic form.
We now claim the following coercitivity property of the quadratic form in 1 appearing in the RHS
of (4.24) in the limit case a = 1, see Appendix B:

Lemma 4.7 (Coercitivity of the quadratic form). There exists a universal constant co > 0 such that
for alln e H ad’ there holds:

J@nr [ |2v 5 wv] i = f@m? - & [0 + mor].

€o

From a simple continuity argument, there exists 0 < o <1 such that given 0 < o* < a <1, for
all n € Hrlad, there holds:

o [@nr+ [e-ave fuvv]e=G [omn -2 [mv?+ mer).

We now pick once and forall such an « < 1 and control the negative directions.
Using (4.3) and (4.7), it yields:

b4
(n,¥)* SBE|+ K(M)W
Similarly, we compute (1, ®) = (7, xpr®) + (1, (1 — xas)®) for which (4.4) and (4.7) yield
b4
(m, X ®)? S BIE| + v/ K(M)m
and we have, applying (C.1):

(1, (1= xa0)®)” < [lynlfie [ / “I" S 3 [0
y>

This together with (4.24) yields the lower bound on quadratlc terms:

4
Ry > % [cl((bs)2 +lEh+0 < K(M)“OZ;W)] (4.25)

for some universal constant ¢; > 0. Indeed, a straightforward integration by parts in (3.19) yields:

€< / Byl + / Hel?.

step 4 Control of lower order quadratic terms.

The lower order quadratic terms in (4.20) are controlled similarly:
‘/@Vw@tw b [/52+/”1 < L (bC(M)|€|+\/K(M)b4>
~ N2 1+90 y | A2 [logh[? )’
1 []€] b
2 (M + vV K(M) ) , (4.26)

|logh|?)

2 2 2
< (% s+ [ 5|
1+y6 y2

b
<be' 5
~A3< ME+VE ugb\2>

AN

and, with the help of (3.32),

CAJ

' / 875,5‘7?1}81511)
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Remark 4.8. We note here that (4.26) is sufficient for the proof of our theorem. Indeed, the es-
timated term [ 9, Vwdw has been integrated by parts with respect to time, so that it becomes a
part of F. Furthermore, we note that to compute (4.16), we multiply F by A>®. Consequently, the
commutator ba/\ [ O:Vwdsw appears on the right-hand side. However, (4.26) yields that, in the

trapped regime, this supplementary term is controlled by b/A3\/K (M)b*/|logb|?. Similar arguments
will be repeated implicitly below for the terms which require an integration by parts with respect to
time.

step 5 Rewriting of the nonlinear Rs terms.

It remains to control the nonlinear Ry terms in (4.20) given by (4.22). According to (3.17), this
term contains bss type of terms which cannot be estimated in absolute value and require a further
integration by parts in time. Let

1
Fp, = F — 0/Fy with Fy = X(aSPBl)A (4.27)
and rewrite:

R2 /8th)\F1 /8ti [Fl + —= (AQ :| /ath,\ﬁtF2+/8tiatF2

We now integrate by parts in time to treat the F5 term:
— /E)th,\ath + /c%f/wf)th

d - - .
= —a {/8tU}H)\F2 — /&Vng} — /(&gti + 28tV8tw)Fg + /8tth)\F2.
The last term is rewritten using (3.17) and integration by parts:

/GtthAFg = /[Fl — Oth — H)\'LU]H)\F2

1d > 1 y
- 14 {/ywﬂ?—/wg}—Q/atVF§+/[F1—HAw]HAF2~

eventually arrive at a manageable expression for Ro:

Ry, = _i {/ath)\Fb—/atiFg—i-1/‘VF2’2_;/‘7F22} (4'28>

_ /@Vw |:F1 + — bs (AQ :| /&f’lUH)\Fl /(Ottf/w + QOtVﬁtw)Fg

- /8tVF2 / H)\U)]H)\FQ

We now aim at estimating all the terms in the RHS of (4.28). According to (3.17), we split F} into
four terms:

1
—5 ¥, + Fi1+ Fia2+ N(e)], (4.29)

Fy + (AQ) 2

with
Fi1=bA0sPp, + bs(APp, — AQ), Fi2=[f(Q)— f'(Ps)]e. (4.30)
step 6 F} terms.
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Up, terms: We first extract from (2.9) the rough bound:

b2

— 1 C(M)b*1 4.31
RIRPS Tosbl (1598 T (M)b™1y<om, (4.31)
which yields:
/1+ HOgy’ | |2 b4
1+y4 Bl ~ logh|?
and thus from (4.7):
o1 el s, |
HVw— (U < = .
< El+ VK
~ )\3]1 \/’ [+ VM) gb|2
< iJK(M)L
~oA3 [logh|?
Next, we use the fundamental cancellation H(AQ) = 0 and (2.9) to estimate:
bt 1+ [log(by)| 1 log(M) + |log(1 + y)|
HY 1 ———1 1
(HY [ S 1492 [ [logb| 2<y<2Bo + b2y2|logb| Qo<y<oB, 1+ 92 vs2B1
b2
_—1
(1 + y*)[logb| ="/
and thus
bG
1 H((Y 4.32
Jas PP < (432
Hence:
1 b 1 ) NE
OrwHN(5 (T | S ygln/vlle: | [ 351+ y) [ H(Ps,)]
< i/}((M)i
~oA3 [logb|?
F1 1 terms: From (2.7), (2.8), there holds :
1 + [log(by)| 1 log(M) + |logy|
Fiq| < |bs|b? | ——22 —_—
Fal 5 1o [ logh|  2<v= T p2y2log] R <vsem L+y?
and, recalling that differentiation w.r.t. y acts as a multiplication by 1/(1 4+ y) :
[bs[6> [ 1 + [log(by)] 1 log(M) + [logy|
HF 1| SC(M —_—
HEL] S e )1+y2 logb| 2<y< P " 522 logh| 7°§ <2B 1+ y?
from which
b’ (1 + [logy|?)
1+ y?) | H(F1)]? < |bs]? ——, /F 2 < b 202, 4.33
[ PAmEE DR S e R NI (4.3)
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Hence similar arguments as with the ¥p, terms yield:

‘/@f/me S b|b ‘C \/|5| + \/7“ gb|2
~oN3 |logb|?’
and
b b| b ’b8|2 g b
I F < K(M)———
’/@w PYS RS \/‘ [+ \/7]1 gb|? S A3 [\logb\ * [logb| " ( )|logb]2

b bt
S —=VvEWM .
~oN3 M) o2 llogb|?
F1 o terms: The explicit expansion of the cubic nonlinearity and the bound (2.7) yield:

C( )b2 _CcOny | cnw
Y +y

Ve (4.34)

from which:

] ) CMW [ 2 _ b b
4 F < < KM)———
12 /ati( 1’2))\ N 23 / 1+ y6 ~ )3 b‘g’ + m,long )

and, after integration by parts of the laplacian term:

C(M) n| b? b? b?
<
s 92/ S 2|ar+/\vm el + Ve
€] KD
<
~ [ " o gb|2 |
Nonlinear term N (g): We expand the nonlinearity:
N(e) = 3Pp,e? + &%
This yields using (3.27), (C.1) the rough bound:

<
VOIS
In what follows, we will use the following bound on 1 which follows from (4.6), (C.1):

1
bto\?
ynli= < [Vl < (c<M>rer T \/K<M>10gb‘2)

1
2 /3th,\(F1,2),\

2

b leP

b
_ < K
3 1+y5 N )\3|V€]L2 (C ’g‘+ b|2>

We then estimate:
S
< b T bt
S o VEQM)

1 -
)\2/8ti(1\7 £
[logb|?

for by < b*(M) small enough We split the second term:

/a HA< > /va < V(e m) —/V@tw <(N§§))A> (4.35)
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The second term is estimated in brute force:

-~ NED| < nlle® / le[?
< Y oneg + vEGD- "
~oNs [logb|?

S

The first term in (4.35) is split into two parts:

/va ( ) /V@tw w?) 4 3(Pp,) AV (w?)] + ;’3/ e?Vn-VPpg,.

The last term is integrated by parts in space and then estimated in brute force:
3
3

< 1/| | 52 _‘_‘gHVE‘ | ’
Sl B FI R N)\?’ynL

R Y
< < JEl+ vE |1gb|2) <N

A3 [logb|?”

3
e / e2Vn - VPg,

/ n [e*APp, +2eVPg, - Ve

IVEIT

The first term is the most delicate one and requires first a time integration by parts:

d 3
/vatw. [V(w?) + 3(Pp, )2V (w?)] = pr {/ |Vw|? {2102 + 3(PBl)AwH
- 3/watwyw|2 - 3/ VW w0 (Pa, s + (P, )adu]
We may now estimate all terms in brute force:

|V5|2 bt
S )\2 [logb|?”

3 1
‘/V’w!z [2w2+3(PBl)Aw” p[!y&?\LerlyPBllLoo y&?\Lw/

/

A

3
VeQ
Sotelamtomo [E < (o) + vian )

b v
A3 |logb|?’

A

‘/ [Vw[*wdy(Pp, )

[yw| e / [Vwl> T b
< C(M)b|bs|1,<

b [logb| |Vel|?
S IVelz (1+C(M)|bs\ c >/ -

b v
A3 |logbl?

N

AN
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where we used the rough bound extracted from (2.8): |0yPp,| S C(M)bly<p,, and finally:

3
< Sl Vel < ( M)E + VE(M) s )
~oN3 L4+y3 ™ |logb|2
b vt
A3 |logb[2’

for by < b*(M) small enough. The above chain of estimates together with remark 4.8 closes the
control of the nonlinear term N(g).

\ JCRGANT

S

step 9 F5 terms.

We estimate from (2.8):
abPBl / 9 1 / 1 9 b
oy P, < Oy P < 4.36
and hence:
15| \nl!abPBll /
HyFy| < —_— P,
‘/atw A2 S A2 (1+ |V’I7||V8() Bl|
< L Il c(M)yS\Jm/K(M)L
~ A2 |logd| [logb|?
€] KD
<
~ [ * ]10gb]2 ’

2

bs|b Oy Pp,|le bs|b bt
< ’Ag‘ B < e [+ RG]

(1+y*) =~ A2|logd|

[|g| i ﬁ|logb|2} ’

2 2
/‘VFQF—F‘/VFQQ S ‘b | l:/ |8bPB1| /’vabPBll2:|

1 b
<
)\2 ylong ~ 22 [logh|2’

’/ 8tiF2

N

similarly:
2 2
- > o 2| < 10s] /((bs| +b%)|e| + b[n|) |0 Pp, | /labPBJ
‘/(attiJrQ@tVE)tw)Fg + ‘/@VFQ S~ 3 |: (1 +y4) + |b5’b 1 +y4
[bs| | (Ibs| +0) b b2
< AEL /

B
<
~ [ VK |long

Eventually, (4.32), (4.33) ensure:

/(1+ MHWp + F )< | Pl P
Y Bt [logbl? " [logb[2] ~ Jlogb]?
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which together with (4.36) yields:

L Wb _ b b
~ A3 [logb|? S A3 |logb|?

'/)\2 Up, + FLa H\F2| S

We similarly estimate from (4.34) and after integration by parts:

< 1bs] /52|<«-;||abPB1 /|V8P | b2e| b2|V6|
~ 3 1+ 6 B 1_|_ 3 1+y2

s congi ([ [0 P
~ A3[logb| 145 14+y*) ™ A3 |loghl?

For the nonlinear term, we extract from (2.8) the rough bound

1
‘/ F(FLZ))\HAFQ

[H(0pPp,)| S [C(M) + 10%(5)]7115317

1+
which together with (C.1) ensures:

‘/ 2 e))NH Ay

< [C’(M)+log(b)]b|/ b g2 1
~ A3 ST y2 14y v

|b8]|logb|4/ g2

< o

s 0D (T vl

< 2vb (el + VK <L b
~oN3 \1 gbl2 ~ A3 [logh|?”

step 10 The remaining F> term has the right sign.

It remains to estimate the term

—/H)\'U)H)\FQ

in the RHS of (4.28). Let us stress onto the fact that this term is a priori no better O(%é’) due to
the bs contribution and the bound (4.8), recall remark 4.5.
We now claim that the main contribution has the right sign again.

Indeed, we first compute from the 7} equation (2.16):

HT = 0t s AQ. HOTy = O L 25 (4.37)
1= XL B HABIL =T Jllogh] (1 + 42) '

We then apply the decomposition (2.22):
H(3,Pp,) = H(Zle + 2b(xp, — 1)T1 + b23log(B1)pp, Tt + b*xn, ale) = 23+ %

and estimate using (2.8), (2.21), (4.37):

b 1 1
o< |1 L .
=I5 1+y? Llogbl 2<y< 2 T 2 y?|logb| TOS ]

/755
~ Togh

In particular,
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and thus using the modulation equation (4.8) :

—/H,\'UJH)\FQ_—f\g/(H&)H(aprl)——f\Z/HE(—2b(I)+2)
_ ol e He) + bo bl e+ vEOD-2
= Zyhle N logb?
o [ e €] A
- %3[ (AQ, <I> (\/ VR bP)] (e, HE) + O<|logbr2>
2 (g,H<I>) €] b bt
- % aew o (i VEOD 612) 55 (o) (438)
< o[+ VK |1ogb|2> 39

The recollection of all above estimates yields (4.16) and concludes the proof of Proposition 4.6.

4.4. Improved bound. We now claim that the a priori bound on the unstable direction (3.35)
coupled with the monotonicity property of Proposition 4.6 imply the following improved bounds:

Lemma 4.9 (Improved bounds under the a priori control (3.35)). There holds in [0,T}(a4)]:

[(Vw(t), dpw(t) + i((i))((l = XB106())) AQ))at) lL2x 12 S bollogbol, (4.40)
b4(t) b4(0)
logb(t)[2A2(1-2)(¢) - Ilogb(0)[2X2(1-a)(0) (4.41)
4
" < K(QA/I) lol;bP’ (4.42)
4
E@)] < K(QJW) (10bgb>2 (4.43)

Proof of Lemma 4.9
step 1 Energy bound.

The energy bound (4.40) is a consequence of the conservation of the energy. Indeed, the conser-
vation of the energy and the initial bounds of Lemma 3.1 ensure

E(u, 0pu) = E(uo, u1) = E(Q) + O(bo+/|logbol),

(see Appendix 3.1) and thus:

E(Q) + Olbyllogho) (1.44)
= 5 [ 0Pa+ o+ 5 [19CPa+ Tul = [ [(Pas+ul”

We lower bound the first term by expanding,

3

b (A[XBlTl]))\+ (8bPBl)

b
7(XB1AQ)>\ )\

A
b
= Ow+ X((l —xB)AQ)A + X

b
O(Pp)x+ 0w = Ow+ X((l —xB;)AQ)x +
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with
»? < b|loghy|,
where we used the bootstrap bounds ( 1), (3.32). Finally :
b 2
/ [0:(Pg, ) + Opw]? L\ (1 = xB)AQ)r + atw} — O(b|logbo|). (4.45)

We then expand the second term:

1 1 1
/[V(PBl))\—I—Vw —/ PB1 )\—I—w :2/[VP31+V€]2—4/[P31+6]4

= /|VPBl‘ —/’PB1 — AP31+PBl </|V5|2 /P§152>

-3 (4P31€3 + %)

From the construction of Pp,,

5 [ 1vPel = [ 1Pal' = BQ) + 0@z (4.46)
The linear term is treated using (2.9), the improved decay (2.2) and (4.31):
|(e,APp, + P3,)| = |(,6°DAPp, — Vp,)|
< le/yllizlly(0® DAPy, — Up,)| 12 < b|Vel 2 (4.47)
We now rewrite the quadratic term as a small deformation of H and use the coercivity bound (C.8)
to ensure:
/|V52 - 3/Pé1€2 > ¢ / |Ve|? + Def, (4.48)
with )
Def := 3/(@2 A (E’c‘f) .

Collecting (2.7) and (C.1), on the one hand, and (4.2) on the other hand, we compute:

[@ -

The nonlinear term is easily estimated from Sobolev:

< y*(Q* = P le=|Vellz: S blIVelza,  I(e,9)* < 0?[logdl. (4.49)

~

/!(31331 +2)e®| < |lyPa, |z~ lyell= Vel 72 S v/bol Vell7: (4.50)
Injecting (4.45), (4.47), (4.46), (4.49), (4.48), (4.50) into (4.44) yields (4.40).

step 2 Lower bound on b.

We now turn to the proof of (4.41). First observe from the bootstrap estimate (3.32) that

b2 1—a
bs| < /K (M < b2 4.51
|bs| < ( )|10gb| <0 (4.51)

This implies:

d b? 4b° 1 1-«
— = bs | 1— b*| >0
ds ((logb)Q)\?(l_O‘)) A2(1-)(logh)? [ ( 210gb> T } ~
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and (4.41) follows.
step 3 Improved H? bound.

We now turn to the proof of (4.43). We integrate (4.16) in time and conclude from (4.1), (4.15):

2(1—a)
PO (i((f)))) £00)) (4.52)

L bi(t) s1—ay [ (1) b'(r) -
+ w0 [ +hor ™ [ ]

We then derive from (4.51):
t 4 t 4
/ b(T) b*(7) dr — _/ At b 0
o [A(T)]>72 [logh(7)[? o A%72 [logb|?
- 1 bA(t) 1 /t bs b3 L2
T 21— a) X20=)(B)logb(t)]2 2(1 — ) Jo A372 |logb|? [logb|?
4 t 4
b(t) n \/m/ [)\(b(]T) b (7) L
0

~ x21-0) (¢)[logh(t) |2 7)]372 |logh(T)|? [logh(T)]

and hence the bound:

g [T b BA() b(1)
A= (r) /0 \(7)p3—2a \logb(T)IQdTS |logb(t)[?

Injecting this into (4.52) and using the initial bound (A.12),(A.17) and the monotonicity (4.41)

yields:
A )27 54(0) 0
0 5 (50)  maor T CO0 paap
b'(t)
< 1{'(1\4)7“%6@)’2 (4.53)

and (4.43) follows. (4.42) now follows from (4.4) and (4.53).
This concludes the proof of Lemma 4.9.

4.5. Dynamic of the unstable mode. We now focus onto the dynamic of the unstable mode. We
recall the decomposition

_| &y .
Y =| (50, =0V +a V- (4.54)
and the variables given by (3.22):
b b
=a —_(0yPpB,, ), k_(s)=a_(s) — —=(0pPp,, ).
riq(s) a+(5)+2\@( bPp,, 1Y), K-(s) =a(s) 2\fg( b PB1,v)
Lemma 4.10 (Control of the unstable mode). There holds: for allt € [0,T1(a+)],
1 L b?
_ < = M))s 4.
5 (0] < 5O (4.55)
and k4 1s strictly outgoing:
dre S| < Vb i (4.56)
ds 1= logh|” '
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Proof of Lemma 4.10

We compute the equation satisfied by the unstable direction (e,) by taking the inner product of
(3.11) with the well localized direction v to get:

2
3(6) ~ (o) = B(e) — (3P, 0) (4.57)
with
E() = —(Up,,¥) —bs(APp,,¢) — b(0sPp, +2A0sPp,, 1) — b(0sc + 2A0s¢e, 1))
bo(Bey )+ (N(0), ) + B (A, D) + (7' (P) = (@), ). (1.58)

Simple algbebraic manipulations using (4.54), (3.22) and the initial condition yield the equivalent
system:

%/@r = /Cry(s) + gt/(?, C%/L = —\/Ch_(s) — 2_\/(?5(0) (4.59)
with
By(s) = B(s) ~ 2 (0Ps, ) B-(s) = Bls) + 2 (0P, ) (4.60)

We now have from the explicit formula (4.58), (4.60), the exponential localization of v, the orthog-
onality

(w? AQ) = 07
the estimates of Proposition 2.1 and the bootstrap estimate (3.32) the bound:
L] S Il + VIE]+ VRO ) < Vi (161
WAL s ) S Vb—up, .
Ve [logb| [logb|
which together with (4.59) yields (4.56). Let then
_ 2 |logb|?
g =rZ b
then from (4.59), (4.61), (3.32), we estimate:
dg dr_ [logb|? 9 4[logb|?  2logb
e Pkt b | —
ds as 2 b

logb|? E_ logb|? by
2’054’ |:I€<—\/>I{—\/Z>:|+H2_|0§;4’ O<’b‘>

2 2 2
_ﬁ\logb\ 2 +|logb| % Vb b <_\/Z

= 2 T bl logb| ™~ 9Tt

We integrate this in time

G(s) < G(0)e 5 +/ e 5 ge <1
0

where we used the initial inequality (A.18) yielding that G(0) < 1. This concludes the proof of (4.55)
and of Lemma 4.10.
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4.6. Derivation of the sharp law for b. We now turn to the derivation of the sharp law for b
which will yield the required monotonicity statement on b to close the smallness bootstrap estimate
(3.31), and will eventually lead to the derivation of the sharp blow up speed (1.10).

Lemma 4.11 (Sharp derivation of the b law). Let
Pp, = x 5,Q, (4.62)
b
G(b) = b|APg, 7. +/o b(9yPg,, APp,)db, (4.63)
I(S) = (856, APBO) + b(€ + 2A€,APBO) + bs((‘)bﬁBO, APBO) — by (8{7(]331 — PBO), APBO)) R (4.64)
then there holds:

G(b) = 64b|logb| + O(b), |Z| S K(M)b, (4.65)
d b2
—{G()+I(s)} +32v*| < K(M : 4.66
G + () ()~ (1.66)
Remark 4.12. Observe that (4.65), (4.66) essentially yield a pointwise differential equation
b2
be ~ —
° 2|logb|
which will allow us to derive the sharp scaling law via the relationship —% =b.
Proof of Lemma 4.11
The proof is inspired by the one in [31]. We multiply (3.11) with APBO and compute:
(bSAPBl + b(@SPgl + 2A88P31) + agPBl,AﬁBO) = 7(\I’BlaAPBQ) - (H316, APBO)
- (agg 4 b(Dye + 2A05e) + byAe, APBO> + (N(e), APg,)
We further rewrite this as follows:
(bsAPBo + b(@SPBO + 2A85PBO) + 83]530, APBO) = —(\I/BI,A]SBO)
- (bSA(PB1 - PBO) + b(as(PBl - pBo) + 2A88(PB1 - PBO)) + 8§(PB1 - PBO)7 APBO)
— (Hp,e,APg,) — (835 + b(Dse + 2M0se) + bsAe, APBO) + (N(e),APg,). (4.67)

We now estimate all terms in the above identity.
step 1 b terms.

An integration by parts in time allows us to rewrite the left-hand side of (4.67) as follows:

- - - - - d . . .
(bsAPizy (D, P2y 200, Py )+ 02 Py, APpy) = G(b)+bs(abPBo,APBO)]+|bs|2|abp30|§2 (4.68)

with G given by (4.63). Observe from (3.32) the bound
2 2 2

K(M))? < :

165|210y P, |7 -
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We now turn to the key step in the derivation of the sharp b law which corresponds to the following

outgoing flux computation®:

. 1
Up,,APg,) = 32b* : 4.
(Vp,, APp,) = 32b ( +O<“Ogb’>) as b—0 (4.69)

Indeed, we first estimate from (2.9):

(Up, — cbeX%AQ, APBO)

/ [1+ [log(by)l | 1+ 10g(1+y)|}
<20 | [logb|(1 + y?) (1+y?)?

llogb!

The remainder term is computed from (2.10) and the explicit formula for @) (1.3):

- b2 1
9 _ 2
— 2 1
- <1 o <|10gbl)> ’
and (4.69) follows.

We now estimate the lower order terms in b which correspond to the second line of (4.67). One term
is reintegrated by parts in time:

_ ) d
_(ag(PBl - PBO)?APBO) = _£

The remaining terms are estimated in brute force using (2.8) and (3.32) which yield:

{0:(00(Pp, = P5,), APr,) |+ b2(00(Pp, — Pp,), 04\ Ppy).

(A (P, = Pay) + b(0u(Pa, — Py) +200,(Pp, — Pr,))), APs))

2 2
bl < kon

+ b2 |(0o(Pp, — Pp,),0,APB,)| <

|logb|

step 2 ¢ terms .

We are left with estimating the third line on the RHS of (4.67). We first treat the linear term
from (4.1), (4.7), (3.34):

‘(HBI&“, A]SBO)

S |(He AP, | + [ [<1PB, - QPlIAPs,| +17 | (DA< AP,

(4.70)

On the one hand, (4.7) together with bootstrap estimates yield:

1
2\ 3
P2 _ O2IAP <b2/ \e|<b§</ le] )

<

8see again [31] for more details about the flux computation statemement and its connection to the Pohozaev inte-

gration by parts formula
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On the other hand, after integration by parts, we repeat the same arguments and apply (C.4). This
yield:

v? |(DAe, APg,)

S b2/ ‘E‘ / |€’ + b2/ |v€
y<Bo (L +y ) Bo/4<y<Bo/2 (1 +4?) y<Bo ’1 + 92

1
) ) ()
~ 1 ‘l‘ y°) Bo/4<y<Bo/2 (1+yh) y<By 1+ 4>

40\3
log ()] <c(M)|5 + \/WHOZW )

o

S
b2
S VEM)———.
|log (b)|
Finally:
- b?
(He, APpy)| < |He[g2/[logh| + /K (M
log(b)

S V/|logh| \/!5\+\/ bPN\/

We further integrate by parts in time to obtain:

\/ Ilog |

(afs 4 b(Dse + 2A0,¢) + byAe, A1530> - di‘i [(asg, APpg,) + b(e + 2Ae, APBO)}
~ b, [(855 + bAe, A9y Pp,) + (c, cpb)}

with
®, = —APp, — A2Pp, — bAdy Py, — bA*9,Pp,.
We thus estimate from (4.1), (4.5), (4.7), (3.32), (3.34):

5 Ul / el
D,e + bAe, Ay P, ) + (e, ‘g be / bl _lel
(0s bPB,) + (€, Pp)| < [bs] [ Bocyer ¥ | Jyer 1412

|bs Hlogb\ b?
S V= El+ VK K(M

The non linear term is estimated as previously. Indeed, we have:

(N(e), APg,)| < / (1P, | + )2 A Pr|

< 1 2 D Bo ’5’2
S pllv(Pe |+ el (1 +y") APl 0

1+y4)
s e kon i | < &0 v

b2 ‘10gb|2 A/ llogb’ '

step 5 Control of G(b) and Z.

Injecting the estimates of step 1 and step 2 into (4.67) yields (4.66). It remains to prove (4.65).
The estimate for G(b) is a straightforward consequence of the choice (4.62) and the explicit formula
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(1.3). It remains to control Z. We integrate by parts in space in (4.64) to rewrite:
T(s) = (9 + bhe, APg,) — ble, APp, + A2Pp,) + by(0Pq, APpy) — by (5P, — Py, APgy) ) -
The b terms are estimated as in step 1:

_ _ _ _ by
1[0, APr,) — @0(P, — Pr) AP < ) <

The linear term is estimated using (4.1), (4.5), (4.7), (3.32), (3.34):

g
s merf
y<Bo Y y<Bo Y

1 1

1 /!77!2)2 llogb| </ B )2
< = LA 4 R bl E— < K(M)b
~ob ( y? b? y<Bo, Y1+ [logy[?) )~ (M)

and (4.65) is proved.

‘(855 + bAe, APp,) — b(e, APg, + A2Pp,)

This concludes the proof of Lemma 4.11.

5. Sharp description of the singularity formation

We are now in position to conclude the proof of Proposition 3.5 and Theorem 1.1 as a simple
consequence of the a priori bounds obtained in the previous section.The proof relies on a topologi-
cal argument which closes the bootstrap argument, and then the sharp description of the blow up
dynamic is a consequence of the a prori bounds obtained on the solution and in particular the mod-
ulation equation (4.66).

Proof of Proposition 3.5

_ b b3
[logbo|’ [logbo] |

We argue by contradiction and assume that for all a4 € [

Ti(ay) < T(ag).

In view of the Definition 4.9 of the bootstrap regime and the improved bounds of Lemma 4.9 and
Lemma 4.10, a simple continuity argument ensures that 77 (a4 ) is attained at the first time ¢ where
[b(t)[?

r4(t)] = Mog(b(®))] (5.1)

The fundamental fact now is the outgoing behaviour (4.56) which together with (5.1) ensures
d/i+

dt(Tl(aJr))‘ > 0.

Thus from standard argument?, the map
[~
— R*+

- [logbo |’ |logbo|
atr = Ti(ay)

is continuous.

We may thus consider the continuous map:
. b b3
® [~ Togbo Toghor R

a+ — H+(T1(a+))W

d

9see [5, Lemma 6] for a complete exposition
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b5 b5
o (|- : c{-1,1}.
([ [logbo| “Ogbo\}> { J

On the other hand, the outgoing behavior (4.56) together with the initialization k1 (0) = a4 ensures:

b g
® (- =—1, =1
< Ilogbo|> <Ilogbo!>

and a contradiction follows.!This concludes the proof of Proposition 3.5.

On the one hand, (5.1) implies:

Proof of Theorem 1.1
step 1 Finite time blow up and derivation of the blow up speed.

Let from Proposition 3.5 an initial data with 77(a4+) = T'(a4). We first claim that u blows up in
finite time
T =T(ay) < +o0. (5.2)
Indeed, from (4.41),
2(1—a)

A21-0) <3 and thus A3 <A 3 <b=—\.
Integrating this differential inequation yields
ESAS(0) —As(h) $1
and (5.2) follows. The (H'NH?2)x (L2NH') bounds (3.33), (3.34) on (¢, ds¢) and hence on (u, dyu) in

the bootstrap regime and standard H? local well posedness theory ensure that blow up corresponds
to

At) =0 as t— T(ay).

We now derive the blow up speed by reintegrating the ODE (4.66) and briefly sketch the proof which
follows as in [31].
First recall the standard scaling lower bound

At) < Cluo)(T —t)

which implies that the rescaled time is global:

todr
s(t) = —— > 400 as t —>T.
0=

Let
J=G+1
so that from (4.65):

1 . J 1
— 64bllogh| (1 +0 [ —— b= | 1+0| ——= >3
J Iog|< + <|10gb,>> e 64|logj\< " (W)) >

and J satisfies from (4.66) the ODE:

J? 1
-2 (110 ——)]=0
St Slog TP ( ! («/7|log\7|>>

10pig topological argument is of course the one dimensional version of Brouwer’s fixed point argument used in [5].
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IlogJ 2

We multiply the above by , integrate in time and obtain to leading order:

128(logs)? 1 ) As 2logs 1

where we used (5.3). Integrating this once more in time yields:

—log\ = (logs)? 0 !
log\ (lg)(l—l— (\/@>)

b:—)\t_exp< \log)\ <1+O< 1 1)))
[logA[

Integrating this from ¢ to T where A\(T") = 0 yields the asymptotic
1
At) = (T —t)exp [ —/|logA(®)| | 1+ O | —
[logA ()|

step 2 Energy quantization.

and thus

which yields (1.10).

It remains to prove (1.9) which can be derived exactly as in [31], this is left to the reader.
This concludes the proof of Theorem 1.1.

Appendix A. Modulation theory

This appendix is devoted to the proof of Lemmas 3.1 and 3.3. The arguments are standard in the
framework of modulation theory and we briefly sketch the main computations.

A.1. Proof of Lemma 3.1. First note that the bounds
IV(Pp, — Q)|r2 + b|APp, —b(1 — x5, )AQ|12 < bllogh|
ensure that our initial data are of the form
up = Q + 1o, w1 =1
for a small excess of energy in the sense that:
IVi0, 7|22 < bollogbol,  [V*7j0, Vit [l 22 < bo. (A1)

Hence the continuity of the flow associated to (1.1) ensures the existence of a time 7 > 0 (uniform
in 70, 171) for which the solution w to (1.1) (ug, u1) satisfies on [0, Tp]:
sup HV(U - Q)? 8tuHL2><L2 5 bo\logb0|, : (A2)
0,To
Step 1 : Modulation near Q).
The non degeneracy (AQ, ®) # 0 ensures'! that « admits on [0, Tp] a decomposition

u(t) = (Q +£(t)aw) (A.3)
with:
(E(t),xmu®) = 0. (A.4)

Hys a direct consequence of the implicit function theorem and the smoothness of the flow (1.1)
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Moreover, A € C%([0, Tp); R* ) and noting that 7j satisfies

b6
P
we obtain the bound:
b2
A(0 A5
A0) 11 5 (A.5)
We then let b(t) = —A¢(¢) on [0, Tp).
Step 2 : Positivity of b.
Straightforward computations yield:
. b(t)
— —=A :
0E(t) = (@u NG u> N
(®)
Taking the scalar product with x5, ®, we obtain at the initial time:
o ) g ar®) R
0) = A0 , 6
O, xr®) A0
X(0)
where (2.5) together with (A.5) imply:
b6
D) = by(A )+ 0 A7
() g xar®) = o(AQu ) +0 (1) (A7
((Auo) 1o xm®) = (AQ xu®)+0 (b5llog(bo)]) - (A.8)

This yields the positivity of b(0) and moreover, the positivity of b(¢) for small time together with:

2
uw=%+onﬁﬂ> (A.9)

As b > 0, we may introduce the decomposition:
u(t) = (Q+)xw = (Ppipy) + e e e(t) = &) — (Pp,ow) — Q) (A.10)
Observe from (2.4), (A.4) that
vVt e [0,To], (e(t),xm®P)=0. (A.11)

The uniqueness of such a decomposition is guaranteed by the (local) uniqueness of (A, €).

Step 3 : Smallness of €. _ '
To complete the proof, we obtain the smallness of € in H! and H?. To this end, we note that:

(0) = (UO)T — Pp,0)) = {(PBl(bO))MIO) - PBl(b(o))} + (no + d#/’)ﬁ

Simple computations based on the estimates of Proposition 2.1 yield the expected result :

£(0) b6

+[|V2e(0) |2 <
Tyt YO0 = g

IV2(0)]112 < bollog(bo)| \ (A12)
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A.2. Proof of Lemma 3.3. The proof of this lemma is divided into two steps. First, given
(1m0, M, d+) satisfying smallness condition (3.1) for small by, we prove that b, bs and w satisfy (3.31)-
(3.34). Then, we show that, given (bg,n0,m1), we can apply the inverse mapping theorem to
d+ — k4(0) close to 0. The arguments are standard and we refer to [5] for a detailed proof in
a similar setting.

Step 1: Smallness of initial modulation given (ng,n1,d+).
Given (ng, n1,d4+) satisfying smallness condition (3.1) we can apply Lemma 3.1 this yields 7 and
b, e, w such that (3.31) holds and

2
P
llog(bo)|

We emphasize in particular that Lemma 3.1 implies by /2 < b(0) < 2bg for sufficiently small by.

As previously, we focus now on bounds satisfied initially. We first compute b5(0) using (1.1)
and the orthogonality condition (A.11). Recalling that () Pg,, xm®) = (05 1e, xp;y®) = 0 for any
integer k, we get like for (4.10):

IVw(®)l 2 < bollog(bo)l [ VZw(t) (A.13)

bs [(AP817XM(I)) + Qb(AabPBl,XM(I)) + (AE, XM(I))]
= —(Up,, xu®) — (&, Hp, (xnr ®)) + b(9se, Alxmr ®)) + (N(€), xu®)

where, denoting LHS and RHS the left-hand and right-hand side at initial time, we compute, for
sufficiently small by w.r.t. M :

b5
[log(bo)|

On the other hand, after time-differentiation, we obtain :

bs(0
+||ass\L2(y<M)>, | ;)‘(AQ,XMQ)S\LHS]. (A14)

is| < oo (

638(0) = )\(O)Ote(O) = —bS(O)abPBl(b(O)) — b(O)A’LLO + )\(O) (bOAPBl(bo))ﬁ (A15)
Observe now from (2.8) that
HabPBl(bo)Hp(ygzM) S C(M)bo < \/%
which together with (A.5), (A.9) and (3.1) yields:
b2
H885(0>HL2(y§2M) = /\(O)Hatg(O)HLQ(ySQM) N Wobtﬂ + |bs<0)’\/b>7 (A.16)
which together with (A.14) concludes the proof of the initial bound (3.26) on bs.
Then, we compute :
b5(0) b(0)
Ow(0) = uy — ()\(O)abPBl(b(O)) + WAPBl(b(O)) o)
so that, introducing (A.15) and previous estimates on b(0), we compute :
b(0)
19w (0) + W((l — X810 AQ) ()| 2 S bol In(bo)| < v/bo.
and
b6
Vo,w(0 < —— A7
Vo O)lse S 1o (A1)

Together with (A.13), this yields (3.27) and (3.28).
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Finally, straightforward computations yield:

1 1 bs
= 5(571/1) - Z@s&@@ %

Consequently, we apply (3.28), noting that w(t) = (£(t))x(), and (A.15) because of the exponential
decay of ¥ to compute

(abPB1 ) 1/)) )

b2
k_(0)] < —2 A.18
5O % ot (A.18)
Step 2: Computation of d.
We now claim from an explicit compuation that given a., the initialization (3.24) can be reformulated

in the form

oF _IliZs
M |d+=0 — 9
which from the implicit function theorem concludes the proof of Lemma 3.3.
Let us briefly justify (A.19). We want to study the mappping

y — R?
dy = [b(t),bs(t), (€(0), %), (Ose(t), )]

where V is a neighborhood of 0. To this end, it is necessary to study the dependencies of all initial
parameters on dy. For conciserness, we denote by d differentiation w.r.t. d4 in what follows
Computation of (A(0),£(0)). As a first step in the modulation theory, we proved that (A(0),£(0)) =
®(ug) where @ is a smooth mapping H'(RV) — R x H'(RV) defined in a neighborhood of Q. Due
to the exponential decay of ¢ € C°(RY) we thus have that A(0) is a smooth function of d; with
differential dA(0) = d\ € R. We have the same result for ¢ with differential d&(0) = dé € H*(RV).
By definition, we have

F(dy) = as with + O(bo) (A.19)

€(0) = up — Q1
so that: "
dé:w—l—W(AQ)ﬁ).

Computation of b(0): From (A.6), b(0) is a C' mapping with:

BO) = @ ((u1) o ,XM‘I’) +((A2U0) XM ®) = ((Aur) 1 Lo Xu®)
((AUO) 1 Xu®) ((AUO) L ,XM<I>)
- )\(0)(( D 7XM‘I’)((A¢) L Xu®)
((Auo) 7XM(I))

where (A.6) and (A.7) ensure that, for some db € R, there holds :
db(0) = db+ O(bo).
Computation of £(0): Next,
£(0) = £(0) — (P, b0y — @)
Consequently, (¢(0), 1) is also a smooth function of dy with derivative dps;(0) satisfying
dps1(0) = (d&,v) — db(0) (0 Pp, v(0)): %)

Replacing dé by its values, and applying that (AQ, 1) = 0 together with [A(0) — 1| < b2/[log(bo)]|, we
get:
(d2,9) = [[¥lIZ2 + O(bo)



39

so that:
dps1(0) = [[%][72 + O(bo)-
Computation of Jse(0) + bs5(0)9, Pp, (v(0)): From (A.15),

0se(0) = —bs(O)abPBl(b(o)) — b(0)Aug + A(0) (bOAPBl(bo)) 1

X0)
so that (05e(0) + bs(0)9Pp, (5(0)), %) is a smooth function of d with derivative :
+ (b0A2PBl(bo)) 1

1
A(0) A (0)

dps2(0) = —db(0)(Aug, ) + dA ([(bOAPBl(bO)) } ,7/1) = b(0)(AY, ),

where, for the same orthogonality reason (AQ, ) = 0, we have:

(Aug, ) = (AQ, ) + O(bg) = O(bo)

Consequently dps2(0) = O(b).
Conclusion: Finally, there holds

o410 = 3 [(€00).8) + 2 (0.e(0) + 0,000, o )]

and k4 (0) = ay reduces to a simple 1D equation F'(d4) = a4 with F' computed as combination of
the above functions so that it is smooth in a neighborhood of 0. Moreover, there holds:

1 el
V< 2

and (A.19) is proved. This concludes the proof of Lemma 3.3.

szihmmw- dps3(0) +O(bo),

Appendix B. Coercivity estimates

The aim of this section is a proof of the coercivity properties of the quadratic form:

B(n,n)Z(Bv,v)Z/ |3m|2+/ Wn?
R4 R4

where
6 9 2

(1+72/8)2  4(1+12/8)3
We use the elementary method developed in [8]. The coercitivity property of Lemma 4.7 is a

consequence of the two following facts. First the index of B on H} = {u radial with [ |Vu|>+ [ :f—j <
+oo} is at most 2. From standard Sturm Liouville oscillation theorems, see Theorem XIII.8 [33],
this is equivalent to counting the number of zeroes of

{ BU =0 on (0, 00),

3
W(T) =2V + 5 TV/ =

(B.1)
U)=1 U'(0)=0,
and this can be analytically reduced to counting the number of zeroes of a Bessel function. Then
we need to show that the orthogonality conditions (n,v) = (n,®) = 0 are enough to treat the
two negative directions. Arguing exactly as in [8], see also [13], this is equivalent to first invert
the operator B on Hrlaw and then show that B restricted to Span{B~'¢, B~1®} is definite nega-
tive, which is an elementary numerical check. We shall check these two facts below and refer to
[8] for the proofs that this implies the claimed coercitivity property. Note that the proofs in [8] are
given for exponentiallly decaying functions and potentials, but one checks easily that the decay of the
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FIGURE 1. Solution to (B.1) computed by MAPLE

potential [W (r)| ~ % at infinity and |®(r)| ~ -4 are more than enough to have all proofs go through.

rd rd

B.1. Computation of the index of B. We claim:
Lemma B.1 (Derivation of the index). The index of B on H} is at most 2..

Proof. First, we note that W (r) > W (r) where:

- 3 72
MR T

Hence, classical Sturm-Liouville theory ensures that U has less zeros than U the unique solution to :

Ld [r3dU] +WU =0 on (0, 00),
(B.2)

Second, we look for U of the form:
N 2 __
U(r) = SU(2/2),

with U a sufficiently smooth function. Denoting by s the new variable 72 /2, straightforward calcu-
lations yield that U is a solution to :
2
—U+WU=0 on(0,00),
S
U/

d (B.3)
U(0)=0

0) =1,
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where:
— 3 1

T
Setting then U(s) = /1 + s/4 U(1/+/1 + s/4), we obtain that U is a solution to (B.3) if and only
if U is a solution to
TQd—Qﬁ + Tiﬁ + (9672 = 1)U =0 on (0,1)
dr? dr N T

O=0 U(1)=-8
Hence, U is a combination of Bessel functions:
U(r) = CJ(1,4V67) + CoY (1, 4V67)

We compute (C1,C>) and draw the explicit combination with MAPLE. We obtain Figure 2. The

computed solution U has two zeros on (0, 1). Moreover, it diverges in 0 so that U(7) ~ K/7 close to
0 with K # 0 As a consequence

A K
U(r)NZ#O when r — oo,

and thus the index of —A + W on Hﬂad is exactly two. Hence the index of B is at most 2. This
completes the proof of Lemma B.1. ]

FIGURE 2. Solution to (B.3) computed by MAPLE
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B.2. Choice for the orthogonality conditions. We now invert B. We first check numerically
that the solution U does not vanish at infinity ie
lim U(r) >0,
r—+00

see Figure 1.

Hence U is not a resonance -note that if U had been a resonance, we could have removed the
resonance by diminishing a bit the potential and getting a potential with index 2 and no resonance-,
and thus from standard ODE arguments, [8], there exists unique smooth solution in H%, .4 of:

1d d
BU =—=— |rP—U|+WU= 0, 00),
3 dr [r dr ] voon (000, (142 € L (B.4)
U’(0) =0,
and g q
BU=———|r—U|+WU=20 0, c0), 2
3 dr [r ar ] on (0,00), i (1+%)U eL®  (B.5)
U'(0) =0, ¢
We denote B~ and B~!® the respective solutions to these systems. We recall the explicit formula
2 —3r2/4
®(r) = DA = —.
(r) Q(r) (1+r2/8)3

In the remainder of this section we, check numerically that the restriction of B to Span(B~11, B-1®)
is definite negative, or equivalently:

Lemma B.2 (Numerical check of the orthogonality conditions). The symmetric matriz

B | (BTlw) (BTl
(B71®,¢) (B~1®,)

satisfies:
(B~Y4,4) <0 and detB > 0, (B.6)
and is thus definite-negative.

Numerical proof of Lemma B.2 We use standard MATLAB routines for the computation of
solutions to (B.4,B.5). We note that we only fixed the initial value for U’(0). The value U(0) is left
open in order to achieve the expected decay at infinity which characterizes the inverse. In order to
obtain B~14), we first compute 1. We obtain that the corresponding eigenvalue is approximatively | =
—0.5860808922. Because 1) decays exponentially, we only need to obtain an approximation on a short
time-range. We computed our solutions until Ty, ;,4, = 30. We emphasize here that we use an explicit
scheme. As a drawback, the accumulation of errors tends to make the numerical solution to become
negative when the exact solution is exponential small. Hence, our scheme becomes unstable after
time T, w,maz = 18. Nevertheless, we extend our numerical solution with 0 after this time. This induces
an exponentially small error. The pictures in Figure 3 illustrate this computation. On the left-hand
side is drawn the obtained solution. On the right-hand side, we draw e (r) = 1(r)exp(v/—Ir). We
observe here that our solution enters the exponential asymptotic regime before the instability comes
into play.

The solution B~14) is computed with the extension of 7. Straightforward ode analysis shows that
the unique solution decaying fast at infinity behaves like 1/r? asymptotically. The choice of U(0) is
made with respect to this criterion. Figure 4 illustrates that we obtained a solution with the suitable
decay. As previously, on the left-hand side is a picture of the numerical solution. On the right-hand
side we plot B~ e (r) = r2B7 (7). In the latter computations, this solution is involved in scalar
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products with . Hence even if drawn until T;,,, = 300, we only need a precise computation of this
solution until Tg-14 paqe = 18.
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FIGURE 4. Numerical simulations for B!

The last solution B~'® is computed with the same method. In this second case, the expected
decay of the solution is log(r)/r?. Figure 5 illustrates that we obtained a solution with the suitable
decay. The picture on the right-hand side restricts to the time-interval » = 0..100 because this is the
significant region. In the latter computations, this solution is involved in integrals which converge
slowly. Hence, we compute this solution until Tg-1g 4, = 1000.

We now compute numerically the entries of the matrix B. We first compute (B~1®, 1) = (B~1¢, ®).
The exponential decay of ¢ implies that we need to compute the first integral (B~'®, ) on a shorter
time-interval. Hence, we prefer this computation to the second one. We compute the L2-scalar
products with a standard trapezoidal method. Changing the time-interval and the time-step, the
computations are stable up to an error of 1072. We get the following approximations for the integrals
involving .

(B~ 14, 1p) = —4.63+ 1072 (B7'®,¢) = 32.65+ 1072

The last integral is a more involved computation. Indeed, standard real analysis implies that there

holds :

I(M) = /M B1oQ(r)®(r)rd3dr = (B™1®, ®) + err(M)
= ,
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AQ on r=0..100 Asymptotic behavior of AQ

AQ(r)*Pllog(1+7)
8

_ . . ) , :
() 20 40 60 80 100 60, 200 200 600 800 1000

FIGURE 5. Numerical simulations for B~1®

with a remainder satisfying err(M) = (K + o(1)) In(M)/M? for some constant K. This remainder
going slowly to 0, we see numerically that our computations has not converged even when integrating
until Tg-1¢ ymae = 1000 (see Figure 6, red crosses). In order to improve the rate of convergence we
compute an approximation of coefficient K and substract the estimated error term of our computa-
tions. This yields Figure 6, blue circles. On this second computation we obtain a very good rate of
convergence. Hence, we provide the approximation

(B7'®,®) = —574.25 4+ 102

Hence
det(B) = 1591 + 10

which concludes the numerical proof of Lemma B.2.

Appendix C. Some linear estimates
We start by recalling some obvious integration-by-part results :

Lemma C.1. For any N > 3, there exists a constant C for which there holds, for anyv € H' (RN)

rad

URN |v|;y‘;|2]% + sup (!y\¥lv(y)\) <C [/R \Vv(y)]zr. (C.1)

yeRN

Looking for control on further derivatives, we prove:

Lemma C.2 (Hardy inequalities). Let N = 4. Then YR > 2, Yo € H2 ,(RY), there holds the
following controls:

2

J25E < faor, (©2)
‘UP < / "%“’2 / 2

S ) -y B Ll B A C.3

/ng y4(1 + [logyl)? y<i Y y<2 o (C3)

2 8 2
/ lof” SlogR/ |y;)|+/ 2. (C.4)
R<y<2R Y y<rR Y y<2
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Proof. Let v smooth. (C.2) follows from the explicit formula after integration by parts

/(Av)2 _ /(ayyv + Ny_layv)? _ /(ayyv)2 F(N-1) / '3;7;‘2.

To prove (C.3), let

a € [1,2] such that |v(a)* < / v|%.
1<y<2

Let f(y) = —m so that V- f = m, and integrate by parts to get:

/ 1 i 2 / o>V - f
a<y<r Y*(1+logy) a<y<R

_{\vl“’r”/ _wdp
1+1log(y)], y<r ¥3(1+logy)

N

1
9 v]? )2 <;/ |0y
vla =+ —_—
[v(a) </y<R y4(1 + [logyl)? y<r Y

)? .
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similarly, using f (y) = m, we get:

/ . |v? . / W2V - f
e<y<a Yy (1 - logy) a<y<R
|U’2 ]a / !
— | 42 VOV ————
{1 —log(y) ], y<a  y3(1—logy)

(C.5), (C.6) and (C.7) now yield (C.3). The last inequality (C.4) is a straightforward variant of [31,
Lemma B.1, (B.4)] and is left to the reader. O

Lemma C.3 (Coercitivity estimates with H). Let 1) be the first eigenvector of H. Then there ezists

¢ >0 and My > 1 such that for M > Moy, there exists §(M) > 0 such that given u € H} (RY),
there holds .
(Hu,0) 2 ¢ [@00° = 1 [0 + (w02 (€3)
Oyu)? u? 1
Hu)* > §(M /(y +/ ]— xm @) C.9
/( u)” 2 o(M) [ y? y(1 + [logy|)?]  o(M) (w0 x0r ) (G.9)

Proof. (C.8) is a standard consequence of the coercitivity of the linearized energy which admits
exactly 1 as bound state and AQ as resonance at the origin, the good enough localization of ® (2.1)
and the nondegeneracy (2.2). The detailed proof is left to the reader.

To prove (C.9), we first observe the key subcoercivity property:

/ (Hu)? = / (Au+ Vu)? = / (Au)? — 2 / V(9yu)? + / (AV 4 V2)u?

c[/(Au)QJr/lfyﬁ} —% [/%Jr/lfyg]. (C.10)

where we used the asymptotic value

v

N(N +2)(N -2 1
V(y) = ( y‘)l( ) [1 + O(y2)] as y — +oo.
(C.9) now follows by contradiction. Let M > 0 fixed and consider a sequence u,, such that
(Oyun)? / u;
+ | s =1 C.11
/ y? y*(1+ [logyl)? (©1
and )
/(Hun)2 <, (tn, X20®) = 0. (C.12)

Then by semicontinuity of the norm, u,, weakly converges on a subsequence to us € H lloc solution
to Huso = 0. us is smooth away from the origin and hence the explicit integration of the ODE and
the regularity assumption at the origin u., € H lloc implies

Uso = @AQ.

On the one hand, the uniform bound (C.11) together with the local compactness of Sobolev embed-
dings ensure up to a subsequence:

(8yun)2 / |u”|2 / (ayuoo)2 / ’uooP
Ay Peo) JUoo| d & o
/ 1+y4 * 1+y8 - l—|—y4 + 1_|_y8 an (Un,XM )*)(UOOaXM )
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thanks to the xas localization. We thus conclude that

a(AQ, X1 ®) = (Uoo, Xy ®) =0 and thus « = 0.

On the other hand, the subcoercivity property (C.10), the Hardy control (C.2), (C.3) and (C.11),
(C.12) ensure

(Oyun)? / up
>C>0
/ T R

from which

S LT B Gy T
! [/ 1142 + T+48| 14y + 1erg_C'>0 and thus o # 0.

A contradiction follows. This concludes the proof of (C.9) and Lemma C.3. O

Straightforward computations show that the coercitivity estimates with H can be adapted to any
of the operator H) yielding, for any A > 0 and u € Hﬂad(RN),

1
(Hau,u) > C/(ay )2 — —a L (W)n)7 + (u, (xar®)2)?] (C.13)
for the same ¢ and §(M) as in Lemma C.3.
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