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Abstract

In this work we study the nonnegative solutions of the elliptic system
Au = |z]%°, Av = |z|’uH

in the superlinear case pud > 1, which blow up near the boundary of a domain of RV, or
at one isolated point. In the radial case we give the precise behavior of the large solutions
near the boundary in any dimension N. We also show the existence of infinitely many
solutions blowing up at 0. Furthermore, we show that there exists a global positive solution
in RV\ {0}, large at 0, and we describe its behavior. We apply the results to the sign
changing solutions of the biharmonic equation

A2 = |z|” ul”.

Our results are based on a new dynamical approach of the radial system by means of a
quadratic system of order 4, introduced in [E]7 combined with the nonradial upper estimates
of [{].
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1 Introduction

This article is concerned with the nonnegative large solutions of the elliptic system

Au = |z|%0
{ Av = |z|bu*, (1.1)

in two cases: solutions in a bounded domain 2 in RY, which blow up at the boundary, that is

li = li = 1.2
o Jul@) = lm | e(@) = oo, (1.2)

where d(z,09) is the distance from x to 99; or solutions in Q\ {0} which blow up at 0 :

li = li = 00. 1.
$1£)I%)u($) oo or xl_)r%v(x) 00 (1.3)

We study the superlinear case, where u,d > 0, and
D=pus—-1>0, (1.4)
and a, b are real numbers such that
a,b > max{—2,—N}. (1.5)
First we recall some well-known results in the scalar case of the Emden-Fowler equation
AU =U% (1.6)

with @) > 1. Concerning the boundary blow-up problem, there exists a unique solution U in 2
such that limg, s0)—0 U(x) = 0o, and near 0f)

U(z) = Cd(x,00) @D (1 + o(1)),
where C' = C(Q). Several researchs on the more general equation
AU = p(x)f(U)

have been done with different assumptions on f and on the weight p, with asymptotic expansions

near 9 , see for instance [P, B, [, @, 4], [[7, [[9, B, B); see also [A]], [IJ] for quasilinear

equations. These results rely essentially on the comparison principle valid for this equation,
and the construction of supersolutions and subsolutions.

The existence and the behavior of solutions of ([L.f)) in ©\ {0} which blow up at 0:

lim U(z) = oo,

z—0
called large (or singular) at 0, have also been widely investigated during the last decades, see
for example R3], and the references therein. There exists a particular solution in R\ {0}
whenever ) < N/(N —2) or N = 1,2, given by U*(x) = C* |x|72/(Q71) , with C* = C*(Q, N).



If @ > N/(N — 2), there is no large solution at 0, and the singularity is removable. If @ <
N/(N —2) or N = 2, any large solution satisfies lim,_,o ]x]Q/(Q_l) U=C* or

lim [N ?U=a>0 if N>2, li‘m In|z||U=a>0, if N=2. (1.7)
z|—0

|z|—0 \

There exist solutions of each type, distinct from U*. Moreover, up to a scaling, there exists a
unique positive radial solution in RN\ {0}, such that ([.7) holds and lim 00 |z @V y = ¢,
see [R3] and also [H].

In Section B we consider the blow up problem of system ([L.1]) at the boundary.

Up to our knowledge all the known results for systems are related with systems for which
some comparison properties hold, for example

{ Au = usr?,

Av = uto™,

where s,m > 1, §,u > 0, and éu < (s — 1)(m — 1), of competitive type, see [1J], or §,u < 0,
of cooperative type, see [J; see also some extensions to problems with weights in [R1], or with
quasilinear operators in [[4], [B4], BY], and cooperative systems of Lotka-Volterra in [[J].

On the contrary the problem ([L.1)-([.3) has been the object of very few works, because it
brings many difficulties. The main one is the lack of a comparison principle for the system.
As a consequence all the methods of supersolutions, subsolutions and comparison, valid for the
case of a single equation fail.

Until now the existence of large solutions is an open question in the nonradial case. In the
radial case the problem was studied in [[15], without weights: a = b = 0. It was shown that
there are infinitely many nonnegative radial solutions to ([[.1]) which blow up at the boundary
of a ball provided that ([[.4) holds, and no blow up occurs otherwise. In particular, there exist
solutions even in the case where either u or v vanishes at 0. This shows the lack of a Harnack
inequality, even in the radial case. The precise behavior of the solutions was obtained in [Lj]
for N =1, a = b = 0, where system ([L.1) is autonomous, with an elaborate proof wich could
not be extended to higher dimension.

Our first main result solves this question in any dimension, with possible weights, and
moreover we give an expansion of order 1 of the solutions:

Theorem 1.1 Let (u,v) be any radial nonnegative solution of ([[.]) defined for r € (ro, R),
ro > 0, unbounded at r = R. Then lir%u(r) = lir%v(r) = 00, and u,v admit the following
r— r—

expansions near R :
u(r) = Ard(r) (1 +0(d(r))),  v(r) = Bid(r)~*(1+ O(d(r))), (1.8)

where d(r) = R — r is the distance to the boundary, and

_2(140) 21+ p)
= f=—p (1.9)
A= ((y+DEE+ )Y, Br=(EE+ Dy + 1))V (1.10)



Our proof is essentially based on a new dynamical approach of system ([[.1), initiated in [f:
we reduce the problem to a quadratic, in general nonautonomous, system of order 4, which,
under the assumptions of Theorem [L.1], can be reduced to a nonautonomous perturbation of
a quadratic system of order 2. We then show the convergence of the solution of the original
system to a suitable fixed point by using the perturbation arguments of [Lg].

Theorem can be applied to sign changing solutions of some elliptic systems, in particular
to the biharmonic equation, where § = 1:

Corollary 1.2 Let p > 1, b € R. Then any radial solution u of the problem
Au=z"lul" in (ro,R),  u(R)= oo, (1.11)

satisfies
u(r) = Ad(r)~" =1 (1 + 0(d(r))), (1.12)
with A1 =8(p+3)(u+1)(Bp — 1) (u — 1)~
We notice here a case where we find an explicit solution: for N > 4 and p = %, equation
A2y = u* admits the solution in the ball B(0,1),

u(r) = C(1 —r2)A=N2 o8/ — N(N - 4)(N? — 4),

dv=Au=C(N-4)(1-r?)"N2(N-2r%) >0, and ([.§) and ([.12) hold with v = X4 ¢ =

ST

In Section B we consider the problem of large solutions at the origin, that is ([[.1))-([L.3).
System ([[.1)) admits a particular radial positive solution (u*,v*), given by
u*(r) = Anr= b, v*(r) = Byr et =z, (1.13)

where 2 21 b) 24 b)+ (2
Yoy = & +G)E( 00, =2 )J;)( oy, (1.14)

A% = 'Ya,b('Ya,b - N+ 2) (ga,b(ga,b - N+ 2))5 ’ B][V) = ga,b(éa,b - N+ 2) (Wa,b(rya,b - N+ 2))ﬂ )

whenever

min {vgp,ap} >N —2, or N =1,2. (1.15)
Note that in particular v90 = v,&0,0 = &.

The problem has been initiated in [R6] and [H], see also [R7]. Let us recall an important
result of [f] giving upper estimates for system ([[.1]) in the nonradial case, stated for N > 3,
but its proof is valid for any N > 1. It is not based on supersolutions, but on estimates of the
mean value of u,v on spheres:

Keller-Osserman type estimates [{]. Let Q be a domain of RN(N > 1), containing 0, and
u,v € C?(Q\ {0}) be any nonnegative subsolutions of ([[-1), that is,

—Au+ |z <0,
—Av + |zPu* <0,
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with p, 6 satisfying (I.4). Then there exists C = C(a,b,d, u, N) such that near x =0,
w(z) < Clz| e, o(z) < Ozl 5ot (1.16)

Moreover, one finds in [[f] a quite exhaustive study about all the possible behaviors of the
solutions (radial or not) in O\ {0}.

Here we complete those results by proving the existence of local radial solutions large at
0 of each of the types described in [[], see Propositions B.3, B-4 in Section |. By using these
results, we obtain our second main result in this work, which is the following global existence
theorem:

Theorem 1.3 Assume that N > 2 and that holds. Then there exists a radial positive
global solution of system (I.4) in RN\ {0}, large near 0, unique up to a scaling, such that

Tli_)rglo rieby = Ay, rll>ngo réaby = By; (1.17)
and, for N > 2, and up to a change of u, u,a, into v,6,b, when § < %fg, it satisfies
limr¥20 = >0, if p< REL
r—0
lim 7V 2y = a > 0, lin% rN=2u=240)y = B >0, if > —%f;
r—0 r—
lim V=2 |lnr|'o = B>0 if = L
N2y = B0, = N
and for N = 2,
lim [Inr| ' u=a >0, lim |Inr| "t v =8 > 0.
r—0 r—0

Our proof also relies on the dynamical approach of system () in dimension N by a
quadratic autonomous system of order 4, given in [{f]. Finally we give an application to the
biharmonic equation:

Corollary 1.4 Let N > 2. Assume that 1 < p < %. There exists a positive global
solution, unique up to a scaling, of equation

A%y = |z)Put
in R\ {0} , such that

lim rV 2y =a > 0, lim r@H0/ (=1 = O,
r—0 r—00

where CP1 = (4 +b) (N +2+b— (N —2)u) (2u+2+b)(N +b— (N —4)u) (p—1)~%

2 Large solutions at the boundary

This section is devoted to the study of the boundary blow up problem for nonnegative radial
solutions of ([.1). We begin by observing that system ([[.1]) admits a scaling invariance: if (u,v)
is a solution, then for any 6 > 0,

= (0720w (fr), 85 (0r)), (2.1)
where 7,4, a5 are defined in ([[.14), is also a solution.



2.1 Existence and estimates of large solutions

We say that a nonnegative solution (u,v) of ([L1) defined in (0, R) is reqular at 0 if u,v €
C?(0,R)N C([0, R)). Then u,v € C'([0,R)) when a,b > —1, and moreover u'(0) = v/(0) = 0
when a,b > —1, and u,v € C%([0, R)) when a,b > 0.

We first give an existence and uniqueness result for regular solutions:

Proposition 2.1 Assume and only that D = 5pu—1 # 0. Then for any ug, vo > 0, there
exists a unique local regular solution (u,v) with initial data (ug,vo).

The result follows from classical fixed point theorem when ug, vg > 0, by writing the problem
in an integral form:

u(r):uo—|—/ 7_1—N/ 9N—1+av6(9)d9, v(r):v0+/ 7_1—N/ HN_H_bu“(@)d@.
0 0 0 0

In the case ug > 0 = vg, the existence can be obtained from the Schauder fixed point theorem,
and the uniqueness by using monotonicity arguments as in [[§]. We give an alternative proof
in Section [J, using the dynamical system approach introduced in [d], which can be extended to
more general operators.

Next we show that all the nontrivial regular solutions blow up at some finite R > 0, and
give the first upper estimates for any large solution. Our proofs are a direct consequence of

estimates ([L.16]).

Proposition 2.2 (i) Assume ([L.]) and ([I.3). For any regular nonnegative solution (u,v) #
(0,0), there exists R such that u and v are unbounded near R.

(i) Any solution (u,v) which is nonnegative in an interval (ro, R) and unbounded at R,
satisfies

lim v = lim v = lim « = lim v' = oco. (2.2)
r—R r—R r—R r—R

and there exists C' = C(N,0, ) > 0 such that near r = R,
u(r) <C(R—-7r)"7, v(r) < C(R—7r)"¢. (2.3)

Proof. (i) Let (u,v) be any nontrivial regular solution. Suppose first that vy > 0. Then from
(L), »V—14/ is positive for small r, and nondecreasing, hence u is increasing. If the solution is
entire, then it satisfies ([L.16) near oco: indeed by the Kelvin transform, the functions

u(z) = |z N u(z/ ), v() = |2V e/ |2,
satisfy in B(0,1)\ {0} the system

— AT+ || =0,
—AT+ |z’ =0,



where @ = (N —2)6 — (N +2+a),b= (N —2)u— (N + 2+ b), and 44, &, are replaced by
N —2—7,4, N —2—&,p. Then the estimate ([.16) for (@, v) implies the one for (u,v) and thus
u tends to 0 at oo, which is contradictory. Furthermore, from

7,,2—|—a s T‘2+b u
< - < -
B G v v L CENATE R

u and v blow up at the same point R > 0.

(ii) Since 7V~!u’ is increasing, it has a limit as r — R. If this limit is finite, then u’ is

bounded, implying that u has a finite limit; this contradicts our assumption. Thus (E) holds.
By (R.1) we can assume R = 1 and make the transformation

_wiay o [ (N =2)s) VNN £ 2,
r=V¥(s) = { s, i N =2, (2.4)
(in particular r = 1 — s if N = 1), so that s describes an interval (0, sg], so > 0, and we get the
System
Uss = F(s)0°
{ vgs = G(s)ut (2:5)
with
F(s) = p2N-2ta G(s) = r2V=2+b, (2.6)

hence lims_,g F' = lim,_,g G = 1. Then

—Ugs T %fU& <0
_USS + %uﬂ S O

in some interval (0,s;], thus from the Keller-Osserman estimates ([[.1§), there exists C' =
C(N, 8, 1) > 0 such that u(s) < Cs™7,v(s) < Cs~¢, near s = 0 and (R.3) follows.
2.2 The precise behavior near the boundary

In this section we prove Theorem [L.1].

2.2.1 Scheme of the proof

Consider a solution blowing up at R = 1. In the case of dimension N =1, and a = b = 0, we
have that ' = G =1 in (R.6), and we are concerned with the system

f o

Ves = UM,
Following the ideas of [ff], we are led to make the substitution

X)) =-2 vy =-22 zm=  we=2%

U v Ug Vs




where t = In s, t describes (—o0, tg], and we obtain the autonomous system

X, = X[X+1+7],
Y, Y[V +1+W],
Z, Z[1-6Y — 2],
Wy = W[l—puX—W].

(2.8)

We study the solutions in the region where X, Y > 0 and Z, W < 0. In this region system (P.§)
admits two fixed points

0= (07 0707 0)7 MO,l = (7757 —-1- v —-1- 5) (29)

where v and ¢ are defined in ([.9). We intend to show that trajectories associated to the large
solutions converge to My ;. Observe that system (.7) has a first integral, which is a crucial

point in what follows:
uu—i—l U6+1

+1 6+1
equivalently
X7 YW
—2t
XY+—+—)=C
e “u( +5+1+M+1)
Since any large solution at » = 1 satisfies lim,_,1 u = lim,_,; v = 0o, we obtain
X7 YW
XY + =2 4 = =
M R Sl Gl

as t — —oo. Thus, eliminating W, we get the nonautonomous system of order 3

X, = X[X+1+7],
YV, = Y[V +1] = (p+ )XY + 5Z) + o(e?), (2.10)
Zy, = Z[1-0Y —2].

which appears as a perturbation of system

X, = X[X+1+2],
Y, = Y[Y+1]—(p+1)X(Y + 55), (2.11)
Z, = Z[1-06Y —2Z].

Moreover, by using a suitable change of variables, system (R.1() reduces to a nonautonomous
system of order 2, and we can show that the last system behaves like an autonomous one. Then
we come back to the initial system and deduce the convergence.

In the case N > 1 or a, b not necessarily equal to 0, we first reduce the problem to a system
similar to (B-§), but nonautonomous, and we prove that it is a perturbation of (R.§). Moreover
we produce an identity that plays the role of a first integral, allowing us to reduce to a double
perturbation of (R.11]). We manage with the two perturbations in order to conclude.



2.2.2 Steps of the proof

Our proof relies strongly in a result due to Logemann and Ryan, see [[§]. We state it below for
the convenience of the reader.

Theorem 2.3 [1§, Corollary 4.1] Let h : Ry x RM — RM be of Carathéodory class. Assume
that there exists a locally Lipschitz continuous function h* : RM — RM such that for all compact
C CRM and all € > 0, there exists T > 0 such that

supesssup ||h(r,z) — h*(z)|| < €

ceC >T
Assume that x is a bounded solution of equation . = h(r,z) on Ry such that x(0) = xo.

Then the w-limit set of x is non empty, compact and connected, and invariant under the flow
generated by h*.

The proof of Theorem [1] requires some important lemmas. By scaling we still assume that

R=1.

Lemma 2.4 Let (u,v) be any fized solution of system ([[-1) in [ro,1), unbounded at 1. Let us
set t = logs, where s = U~Y(r) is defined in ([2.4). Let F,G be defined by (@.4). Then the

functions

F(s)v® G(s)ut
Xt == S0, vy = -2 50, 20 = 2EEOY 0w = B o (219
u v Us Vs
satisfy the (in general nonautonomous) system
Xy = X[X+1+7],
Vi = Y[Y+1+W],
Z, = Z[—5Y —Z—alt)], (2.13)
Wi = W[l—pX—W-a)],
where 2N — 2+ 2N —2+b
fe— a fe—
=" T~ ¢t t)= — "¢ 2.14
=TT w9 PO-Trm—aa° (2.14)
Moreover we recover u,v by the relations
w=sTF DG D(|ZIX)D(W|Y)D,  v=s F BG B(W|Y)D(Z|X)D.  (2.15)

Proof. Since (u,v) is unbounded, (R.4) holds. We make the substitution (2.4), which leads
to system (R.), with F,G given by (B.). Clearly we can assume that us; < 0 and vs < 0 on

(0, 80], lims_q |us| = limg_yq |vs| = limgpu = limg_,ov = co. Then we can define X,Y, Z, W
by (B.19) and we obtain system (2.13) with
F'(s) G'(s) .

a(t) =—s , t) =—s
then (R.14) follows, and we deduce (R.1§) by straight computation. m
Next we prove that system (R.13) is a perturbation of the corresponding autonomous system

I):



Lemma 2.5 Let N > 1. Under the assumptions of Theorem [I.1, there exist k > 0 and t < tg
such that

1/kE< X,Y,|Z|,|W| <k for t<t. (2.16)
Moreover, setting
X7 YW  w(t)
S+1 pu+1  p+1’

XY + (2.17)

we have w(t) = O(e') as t — —o0.

Proof. We establish some integral inequalities, playing the role of a first integral, then we use

them to prove (R.1(), and finally we deduce the behavior of w.

(i) Integral inequalities. Let o, 6 € R and set

o+l ptl ovug + Buv
Hyg(s) =N CF(s) o G(s) e - TV s
ols)=r (uSUS 51~ T T T v o)

— 27N a2t <XY+ X(Z+a(t) , YW +ﬁ(t))> ,

0+1 w1
where
a(t) = % and f((t) = %
It can be easily verified that
5+1 ptl

H, 5(s) = (N—2—0—0)usvs+F(s)~

5 1(N+a—a(5—|—1))—|—G(s)lu

7 (N+b=0(u+1). (218)

By choosing first the constants ¢ = o1 > 0 and 8§ = 6; > 0 large enough, we obtain that
HJ 5(s) < 0 and thus Hg, p,(s) > —Cy for some t C1 > 0; next choosing 0 = 03 < 0
and 8 = Ay < 0 and large enough in absolute value, we obtain that H:TQ,@Q(S) > 0 and thus
H,, 9,(s) < Cy for some Cy > 0. Hence, there exists functions &;(t), 3;(t),i = 1,2, which are
O(e') as t — —o0, and such that

B 3 2t
Xy + XZ o) YW EAD) o ovoe” (2.19)
o+1 p+1 U
X(Z+at)) YW+ Bat)) N_2¢”
< —_—. .
SR pel S W 220

(ii) Estimates from below in (B.14). Using that uss < v® and multiplying by 2u, < 0 we obtain
(u?)s > 20%us = (20%u)s — 260° tuvg > (20%u),

since v, < 0 in (0, sg], hence u? — 2v0u < C' = (u2 — 2v%u)(sg); since limy_,ovou = oo, it follows

that u2 < (5/2)v%u on (0, s1] , for sufficiently small s;. Using the same method for the second

equation, we obtain from (R.12) that

X(t) <31Z()], Y@) <3|W(@®)|, on (—oo,t]. (2.21)

10



Also, from the generalized L’Hopital’s rule,

—\Z] — st dsvdlug 400 — [6Y —1
lim— = lim <lm—— = lim ,
s—0 F s—0—Ug 5—0 —Uss s—0 F
and by symmetry
SlimY > 1+ lim|Z|, plimX > 14 lim|W]|. (2.22)
s—0 s—0 s—0 s—0

Suppose now that lim, , . X = 0. From (P:29), lim;_, oo X > 1/u, hence there is a sequence
{tn} — —oo of local minima of X such that lim, ., X(¢,) = 0, and from the definition of
X in (R.19), X(¢,) > 0 for all n sufficiently large. At each ¢, we have that X;(¢,) = 0 and
Xit(tn) > 0. From (R.I3), using that X (¢,,) # 0, we have that X (¢,) +1 = |Z(t,)| and hence
|Z(tn)| > 1. Since Xy (tn) = X (tn)Zi(ty), it follows that Z;(t,) > 0, and thus, from the third
equation in (R.13), 1 — 6Y (¢,) + | Z(t,)| < 0, implying

1 <1+ |Z(tn)| <Y (tn) + alty). (2.23)

From (R.19) and (R.21]), we deduce
Xay (t)
d+1

hence lim,, o0 Y (¢,) = 0, which contradicts (:23). We conclude that lim, , X > 0, and
similarly for Y, thus X,Y,|Z|, |W| are bounded from below.

(iii) Estimates from above. From (P.3), s7u and sSv are bounded as s — 0, thus from (R-15) and
(), X2Y? is bounded as t — co. Since X,Y are bounded from below, they are bounded
from above, and then also |Z| and |W|, from (R.29), hence (2.16]) holds.
(iv) Conclusion. From (R.19), (2:20), since X,Y are bounded and |a;(t)|, |Bi(t)| < Cé,
X\|Z Y X|Z Y
X2 YWy < X121, Y1)
0+1 p+1 0+1 p+1
for some C3,Cy > 0. Then we deduce (2.17). m

Next we show that a convenient combination of our solution (X,Y, Z, W) satisfies a system
of order 2. We have

Y2 <3Y(Bi(t) + (n+1)X) +3(n+1) +0(e*),

XY + Cyel, (2.24)

Lemma 2.6 Under the assumptions of Theorem [[.1, and with the above notations, let

z(7) = —%, Y= —%, T= —/t Z(o)do. (2.25)

Then (x,y) lies in the region

1 1

Ry 1/k? <z <k
o =A{@y) |1/ o<k, g oy

7 <y <k
for T > 7 >0, and satisfies

{xT = z(—x— 0y +2)+wi(r)
yr = (g — (0 + 1)y — (u+ 1)z) + w2(7),

7) = O(e~E7) for some K >0, as 7 — oc.

(2.26)
where w1 (1) = O(e K7) and wy

11



Proof. We first reduce system (R.13) to a system of order 3: from relation (P.17) we eliminate
W in the system (P.13)) and obtain

X, = X[X+1+7],
Y, = YV +1—(p+ )XY + 5Z4) + =),
Z, = Z1—0Y —Z—a(t)],

which is a perturbation of system (R.11]). Next, defining = = X y= —%, we get the system

7
v = Z[x(2—x—0y) +wi]
v = 2| -(6+Dy = (u+ Da) + =]

with HX £ = a(t)Y
wl — _a(Z2 = O(et), ’WQ = —w( Z2a ) = O(et)’ (227)
from Lemma R.5, and then
Zy=7Z(1+Z(6y — 1) + a(t)). (2.28)

and 7(t) defined by (R.25) for ¢ <t describes [0, 00) as ¢ describes (—oo, t], and 7/2k < |t| < 2kT
for t < f. Hence we deduce (R.26), and the estimates of @y, @s. Notice that 1/k? < z,y < k?

for any 7 > 0 from (B.19), and from (P.17), for 7 > 7 > 0,

1 1 YW 1

— = > ——
541 xZ x5 g

Y

ending the proof. m

Hence system (R.26) appears as an exponential perturbation of an autonomous system that
we study now:

Lemma 2.7 Consider the system

xr = z(2—x—0dy)
{yT = (= m)((p+ Dz —(6+1y). (229)

The fived points of system (2.29) are O = (0,0), and

. 1 o+2 1 20 +1) 2(p+1)

Jo <,5+1>7 0 <6+1’6+1>’ mo = (0 Yo) <M5+25+17M5+25+1 )
and myg is a sink. Any solution of the system (2.29) which stays in the region Ro converges to
the fized point mg as T — oo.

Proof. The point my is a sink: the eigenvalues of the linearized system of (£.29) at mg are the
roots £1, ¢» of equation
1) 342 26 0+ 2 1
@y REOT AL, GO
wo+20 +1 wo+26 +1

equivalently
(Y+DE+(y+E+DE+2(E+1) =0, (2.30)

12



and they have negative real part. Next we show that (£.29) has no limit cycle in (0,00) x
(1/(6+1),00). Let B = aP(y — H%)*q, where p, ¢ are parameters. Writing (R.29) under the
form x, = F(x,y), y: = G(x,y), we obtain

V- (B(F,G)) = Byxr + Byyr + B(Fo + Gy) := MB, where

1 p(6+2)+q(0+1)+1

M=(p—-1-p—q(p+1))z—(pd —q(6+1)+35+2)(y )+

S +1 §+1
Choosinngzgiggﬁ and p=p—1—q(p+1), we find that
(6 + 2p 4 1
C+1)M=—(—F"—+6+2 0.
(0+1) vy R

Hence, by the Bendixson-Dulac Theorem, system (2.29) has no limit cycle. From the Poincaré-
Bendixon Theorem, the w-limit set I' of any solution of () lying in Ry is fixed point, of a
union of fixed points and connecting orbits. But mg is the unique fixed point in Ry. Then any
solution in Ry converges to mg as 7 — co. B

Remark 2.8 It is easy to prove that there exists a connecting orbit joining the two points fg
and myg, but it is not located in Ry.

We can now conclude.

Proof of Theorem [L.1]. (i) Convergence for system ). From Proposition P.3, the w-limit
set ¥ of our solution (z,y) of (R.26) is nonempty, compact, connected and contained in Ry, and
% = Upes r>7 (7, £), where (7, £) denotes the trajectory of (B.29) such that ¢(7,£) = £. Since
lim, o (7, £) = myg, there holds mg € . Since my is a sink of (2.29), then from the standard
stability theory, see for example [f, Theorem 3.1, page 327, (x,%) converges to my.

(ii) Convergence for system (B.13). By setting g(t) = 1/Z, we find from (R.2§) that ¢’+(1—a)g =
1 — 0y, hence by L’Hopital’s rule,

Jii=a)y 1— §+25+1
lm Z= fm ) gy 1T XLy g
t——00 t——00 (geff(l_a))' t——oc0 1 — Jy o —1
Hence
205 +1 2+ 1
lm X = lim 2z - 20FD ko lim V= lim yz— 2FD ey
t——o0 t——o0 M(S —1 t——o0 t——0o0 M(S —1

Finally, from (R.17), we obtain lim;, W = —(1 + £) = Wy. That means (X,Y,Z, W)
converges to M 1 defined at (R.9). Then from (R.15) we deduce the estimates

u(r) = A1d” 7 (1 + o(1)), u(r) = Bldfg(l +0(1))

where A, By are given by and ([[.10)).

(iii) Expansion of u and v. We first consider system (R-26)). Setting z = zo + Z,yo + 7, we find
a system of the form
('i'TagT) = A('%7g) + Q('i'7g) + (w17w2)

13



where (Z,7) — (0,0) , the eigenvalues ¢1, ¢5 of A satisfy max(Re(¢1, f2)) = —m < —1/(y+1), and
Q is quadratic and @y (1), w2(7) = O(e 7). There exists an euclidian structure with a scalar
product where (A(Z,7), (Z,7)) < —m||(Z,9)||* . Then the function 7 — n(r) = ||(&,9)|| (7)
satisfies an inequality of the type 1, < —(m — &)y + Ce 57 for any € > 0 and 7 large enough.
Then

n(r) = 0(e 57 + O(e~(m=2)m), (2.31)

Then the convergence of (z,y) to (xg,yo) is exponential. From (R.2§), the convergence of Z to
Z is exponential. Writing 7 under the form

00
T:E—FZQt—{—/ (Z(]—Z),
t

we deduce that 7 = ¢+ Zot + O(e*) for some k > 0. From (R-27) we obtain that wy, wy =
O(e507) with Ky = 1/|Z|; taking K = Ko = 1/(y + 1) in (231), we find that n(r) =
O(e~H07) = O(e!), because m > Ky. Then from (R.2§) we deduce that |Z — Zy| = O(e?), and
then from (R.29), |X — Xo| + |Y — Yo| = O(€'), and in turn [W — Wy| = O(e') from (R.17).
Finally we come back to u and v by means of (R.15): recalling that s = ¢’ and r = 1 + O(s) as
s — 0, we deduce that

u(r) = A1s77(1 + O(s)), v(r) = B1s (1 4+ O(s))
and the expansion ([.§) follows from (P.4). m
Proof of Corollary [[.2. Let u be a radial solution of ([.IT). Then u and v = Au satisfy

Au=wv
Av = |z |u]*

and then u(r) > 0 in (rg, R) and u(R) = co. Integrating twice the second equation in this

system, we have that liII]l% v(r) = 0o and Theorem [L.1] applies. m
r—

2.3 The set of initial data for blow up

Here we suppose a = b = 0. By scaling, for any p > 0 there exists solutions which blow up at
p. Let us call p(ug,vg) the blow-up radius of a regular solution with initial data (ug,vg). From

(1), we find
p(Nug, Avg) = A~ p(ug, vo).

Then for any (ug,vp) € S' there is a unique A such that p(A\ug, ASvg) = 1. Thus there exist
infinitely many solutions blowing up at R = 1, including in particular two unique solutions with
respective initial data (g, 0) and (0,7g). Using monotonicity properties, it was shown in [[Lj]
that the set

S= {(uo,vo) € [0,00) x [0,00) : limu = limv = oo}

r—1 r—1

is contained in [0, @] x [0, Tp]. Next we give some properties of S extending some results of [[[7]
to higher dimensions.

Proposition 2.9 Let N > 1. Ifmin{d,u} > 1, then S is a simple curve joining the two points
(ﬂo, O) and (0, ?70).
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Proof. We claim that the mapping (ug, vg) € [0, 00) % [0,00) \ {0,0} — p(uop, vo) is continuous.
As in [[L1] this will follow from our global estimates.

(i) The function p is lower semi-continuous. Indeed the local existence is obtained by the
fixed point theorem of a strict contraction, since min{d, u} > 1, then we have local continuous
dependence of the initial conditions, even if ug = 0 or vy = 0, and the result follows classically.

(ii) The function p is upper semi-continuous. We can start from a point o > 0 instead of 0.
We prove that for any positive (ug, 0g), considering any solution (@, ) equal to (ag,79) at ro,
with blow-up point g, for any 7 > p, any solution (u,v) starting from r¢ with data sufficiently
close to (g, ?p), blows up before 7 : suppose that it is false, then there exists a sequence of
positive solutions (uy, v,), with data (,,,) at ro, tending to (g, 0g), increasing, and blowing
up at p, > 7. We can assume 7 = 1. Making the change of variables (R.4) we get solutions of
system (R.J) in (0, so], satisfying Co = Co(ro, N, a,b)

—gs + Covd <0
—vgs + Cout <0

with u and v decreasing. In fact estimates ([[.L1I6) hold with a universal constant, in any
B(0,k)\ {0} C Q such that the mean values of u and v on dB(0,r) are strictly monotone.
Then there exists a constant C' = C(Cy, N, d, 1) such that

Un(s) < Cs™, wu(s) <Cs™¢ for s < s,
that means
Un(r) < C’(TQ_N — 177, w(r) < C(TQ_N — 1)_5 for r € [ro,1).

Passing to the limit we find that u,v are bounded at the point p < 1, which is contradictory.
Then the claim is proved. Thus S is a curve with

(ug,v9) = {p’y (cos B,sinf) cos B, p* (cos B, sin ) sin 6| , 6 e[0,7/2],

as a parametric representation. m

3 Behavior of system (1) near the origin

3.1 Formulation as a dynamical system

In [ff] the authors study general quasilinear elliptic systems, and in particular the system

T

—Av = — (v, + XLu,) = eprbut, (3.1)

{ —Au = —(up + XLu,) = 7%,

where 1 = £1, 9 = 1. Near any point r where u(r) # 0,4'(r) # 0 and v(r) # 0, v'(r) # 0,
they define

1+a,,0 14+b,, 1
Xit)=-"2 vyt =-"" Zt)= - W) = -, (32)

U v Uy Up
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with ¢ = In7, so system (B.I]) becomes

X, = X[X-(N-2)+7,
Y: Y[Y - (N-2)+ W],

Zy = Z[N+a-906Y —Z7], (3.3)
Wy = WIN+b—pX - W]J.
One recovers u and v by the formulas
umr e (|ZX )P (WY P, e WY )HP | ZXP 3.4

and we notice the relations v, + 2 +a = 0§, and §,p +2 4+ b = py,p-

As mentioned in [f], system (B.3) is independent of £;, i = 1,2, and thus it allows to
study system (B.I]) in a unified way. In our case 1 = g3 = —1, then XZ = —r**2¢9 /y and
YW = rb+2yut /u, thus we are led to study (B.3) in the region

R={(X,Y,Z,W)| XZ <0, YW <0}.

This system is quadratic, and it admits four invariant hyperplanes: X = 0,Y = 0,7 =
0,W = 0. The trajectories located on these hyperplanes do not correspond to a solution of
system (B.1), and they are called nonadmissible. System (B.J) has sixteen fixed points, including
O = (0,0,0,0). The main one is

MO = (X(]a Yba ZOa WO) = (Wa,baga,ba N—-2— ’Ya,b,N —2- ga,b) ;

which is interior to R whenever ([[.L15) holds; it corresponds to the particular solution (u*,v*)
given in ([.I3). Among the other fixed points, as we see below,

No=(0,0,N +a,N +b),
Ry=(0,—(2+b),N+a+(2+0b),N+b), So=(-(24+a),0,N+a,N+b+(2+a)u),

are linked to the regular solutions, and

Ay = (N—=2,N—2,0,0), Go = (N—2,0,0, N+b—(N—2)u), Hy = (0, N—2, N+a— (N —2)3,0),

Po=(N—2,(N—2)u—2-b0,(N+b—(N—2)u)),
Qo=((N-2)6§—2—a,N—2,N+a— (N —2)50),

and Mpyare linked to the large solutions near 0. Notice that Py ¢ R for ﬁ,i_bz <pu< % and

Qo ¢ R for ]%t% <6< %J_rg We are not concerned by the other fixed points

In= (N —-2,0,0,0),Jo= (0, N —2,0,0), Ko= (0,0, N +a,0), Lo= (0,0,0, N +b),
which correspond to non admissible solutions, from [ff], and
Co=(0,—(2+4+10),0,N + ), Dy=(-(24+a),0,N +a,0),

which can be shown as non admissible as ¢t — —oo.
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3.2 Regular solutions

First we give an alternative proof of Proposition P.1.

Proposition 3.1 Assume ([I.4) and D # 0. Then a solution (u,v) is reqular with initial data
(ug,vp), up,vg > 0 (resp. (up,0),ug > 0, resp. (0,v9),v9 > 0), if and only the corresponding
solution (X,Y, Z, W) converges to Ny (resp. Ry, resp. Sy) ast — —oo. For any ug,vg > 0, not
both 0, there exists a unique local regular solution (u,v) with initial data (ug,vo).

Proof. The proof in the case ug,vo > 0 is done in [}, Proposition 4.4]. Suppose ug > 0 = vy,
and consider any regular solution (u,v) with initial data (ug,0). We find

H H
/ Uy 1+b Ug 2+4b
=Y 1 1 = 1 1
% N"—br ( +0( ))? v (N+b)(2+b)r ( +0( ))?
10 N—1+a+(2+b)s 61, 1+a+(2+b)5
(PN Y = 20T S(1+o(1), o = o T (1+0(1));

((N +b)(2+0)) (N +b)(2+b)°(N +a-+(2+0b)d)

then from (B.9) the corresponding trajectory (X,Y,Z, W) converges to Ry as t — —oo. Next
we show that there exists a unique trajectory converging to Ryg. We write

Ry=(0,Y,Z,W)=(0,—(2+b),N+a+ (2+b)5,N+b).

Under our assumptions it lies in R. Setting Y = Y +Y,Z = Z+ Z,W = W + W, the
linearization at Ry gives

X, = A X, YQ:Y[YJFW}, Zt:Z[—aif—Z}, Wt:W[—uX—W};

the eigenvalues are

)\1:2+a+5(2+b)>0, )\2:—(2+b)<0, A3 =—72 <0, )\42—(N+b)<0.

The unstable manifold V,, has dimension 1 and V,, N {X = 0} = (0, hence there exist precisely
one admissible trajectory such that X < 0 and Z > 0. Moreover it satisfies
lim e ™X=0C;>0, lim Y=Y, lim Z=2, lim W=W.
t——o0 t——o0 t——o0 t——o0
Then from (B-4) v has a positive limit %y, and v=0(e?"), thus v tends to 0; then (u,v) is regular

with initial data (@,0). By (B.) we obtain existence for any (ug,0) and the uniqueness still
holds. Similarly the solutions with initial data (0,vp) correspond to Sp. ®

3.3 Local existence of large solutions near 0

Next we prove the existence of different types of local solutions large at 0, by linearization
around the fixed points Ay, Go, Hy, Py, Qo. For simplicity we do not consider the limit cases,
where one of the eigenvalues of the linearization is 0, corresponding to behaviors of u,v of
logarithmic type. All the following results extend by symmetry, after exchanging u,d,a,vap
and v, 1, b,&q p-
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Proposition 3.2 Assume N > 2.
(i) If 6 < 82 and p < REL, then there exist solutions (u,v) to () such that

lim 7V "%y = a > 0, lim 7V "%y = 8 > 0. (3.5)
r—0 r—0

If 6 > N‘f“ or 1 > +b , there exist no such solutions.

(ii) Let Yap > N —2 and let p < 2% or i > {25, Then there exist solutions (u,v) of
such that

lim 7V 2y = a > 0, lim (N =2H=C40)y, — B(a) > 0, (3.6)
r—0 r—0

with B(a) = /(N =2)u— N —=b)(N —2)p —2 —=0b). If vop < N — 2, there exist no such
solutions.

(iii) If p < 2% then there exist solutions (u,v) of such that

lim 7V "%y = a > 0, limv = 8> 0. (3.7)
r—0 r—0

If > ]%i_g there exist no such solutions.

Proof. (i) We study the behaviour of the solutions of (@) near Ay as t — —oo. The lineariza-
tion at Ag gives, with X = N -2+ X, Y =N -2+,

Xt:(N—z)[f(Jrz}, Yt:(N—Q)[YMFW}, Zy=XsZ, W, =MW,
with eigenvalues
)\1:)\2:(N—2)>0,)\3:N—i—a—(N—2)5,)\4:N—{—b—(N—2),u.

Ifo < & +“ and p < N , then we have A3, Ay > 0; the unstable manifold V, has dimension 4,

then there exists an mﬁmty of trajectories converging to Ag as ¢ — —oo, interior to R, then

admissible, with Z, W < 0. The solutions satisfy tlim e™M'Z = 7y < 0 and tlim e~ MY =
——00 ——00

Wy < 0, with . lim X = lim Y = N — 2. Hence from (B.4), the corresponding solutions (u,v)
——00

t——o00
of (L) satisfy BF). If 6 > 542 or p > %—H’ then A3 < 0 or Ay < 0, respectively, and V,,

has at most dimension 3, and it satisfies Z = 0 or W = 0 respectively. Therefore there is no
admissible trajectory converging at —oo

(ii) Here we study the behaviour near Py. Setting Py = (N — 2,Y,,0,W,), with
Yi=(N—2)u—2-b, Wy=N+b— (N —2)pu,
the linearization at Py gives, with X = N -2+ X, Y =Y, +Y, W =W, + W,
X, = (N-2) [XJFZ}, Y, =Y, [waif], Zy=NsZ, Wi=W, [_MX_VV} .
By direct computation we obtain that the eigenvalues are

Al:N—2>07 )\2:Y>H )‘3:N+a_5Y*:D(')/a’b—(N_Q))7 )\4:—W*
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Assume first that 74, > N —2. Then A3 > 0. If pn > % , then also A2, Ay > 0 and thus V), has

dimension 4, then there exist an infinity of admissible traJectorles with Z < 0, converging as

t— —oo. Ifu < %, then A9, Ay < 0, thus V,, has dimension 2, and V,,N{Z = 0} has dimension

1, thus there also exist an infinity of admissible trajectories with Z < 0 converging when

t - —oo. Then lim e™'Z =C3<0, lim X=N-2, lim Y =Y, and lim W = W,,
t——00 t——00 t——00

t——o00
thus (B4), (u,v) satisfy (B.). If 7,5 < N — 2, then A3 < 0 and V,, = V,, N {Z = 0} and there
is no admissible trajectory converging when ¢t — —oc.

3 (iii) We consider the beha\{iour near Gy. The linearization at Gg gives, with X = N — 2+
X, W=N+b—(N-2)u+W,

Xi=(N-2)|X+2], Yi=(@+b-(N-2)uY,
Zy=(N+a)Z, Wy=(N+b—(N—2)p) [—MX—VV},
and the eigenvalues are
AM=N-2>0, A=24+b—(N—-2)u, 3=N+a>0, \q=(N—-2)u—N—b.

If < 2% then M\, A4y < 0. Then V, has dimension 3, and V,, N {Y =0} and V,, N {Z = 0}
have dimension 2. This implies that V, must contain admissible trajectories such that X > 0
(because N —2 >10), Y <0, Z < 0and W > 0 (because N +b— (N —2)u > 0). Clearly,

lim X =N—-2and lim W =N+b— (N —2)u > 0. Moreover, lim e Y = Cy <0

t——o00 t——o00 t——o00
and thm estZ = C5 < 0, thus (B-7) follows from (B4). Let now p > 22, so that A\p < 0. If
——00

p < 8EL then Ay < 0, V, has dimension 2, and also V N{Y = 0}, hence V,, =V, N {Y = 0},

and there exists no admissible trajectory. If p > N , then Ay > 0, V, has dimension 3 and
also V,, N {Y = 0}, there is no admissible trajectory. l

24b

N 5 then u is

Remark 3.3 If u > ]]\\ﬁg, in (ii) the two functions u,v are large near 0. If u <

large near 0 and v tends to 0.

Next we study the behavior near My, which is the most interesting one.

Proposition 3.4 Assume N > 1 and ([{.18). Then (up to a scaling) there exist infinitely many
solutions defined near r = 0 such that

lim rYeby = Ay, hm réaby = By.
r—0 —0

Proof. Setting X = Xo+ X, Y =Yo+Y,Z = Zy+ Z,W = Wy + W, the linearized system is
X = Xo(X+2),
; = YO(Y + W),

Zo(~0Y — 7Z),
W, = Wo(—pX —W).

N
I
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As described in [[l], the eigenvalues are the roots A1, A2, A3, A4, of the characteristic polynomial

Xo— A 0 Xo 0
B 0 Yo—A 0 Y,
F=det 10 Szl 1zl = A 0
w |Wol 0 0 Wo| — A
= (A= Xo)(A+ Zo)(A = Yo)(A + Wy) — duXoYoZo W, (3.8)

where we recall that Xg, Yy > 0 and Zy, Wy < 0. We write f in the form
FO) =X+ Eg)® + Fod? + Go\ — Ho,

with
Ey = Zy— Xo+ Wp—Yo,
Fo = (Zo— Xo)(Wy —Yo) — XoZo — YoWo,
Go = —YoWo(Zo — Xo) — XoZo(Wo — Yp),
Hy = DX,YoZoWo.

We note that Ey < 0, Fy > 0 and 2Gy = —Ey [YoZo + XoWo] < 0. From ([.4) we have Hy > 0,
hence A1 A2A3A4 < 0. Hence there exist two real roots A3 < 0 < A4, with

>\4 > maX({XO’}/E]a |ZO| ) |WO|}

from (B.§), and two roots Ai, A2, which may be real or complex. From the form of f()\) in
(B-§), we also see easily that if the roots Ai, Ao are real, they are positive. Next we claim that
ReA; > 0. Suppose ReA; = 0. Then f(iIm A1) = 0, then G3 = EyFyGo + E3Hp, and thus,
dividing by Ep,

E2
0= G2~ EyFyGo + E2Hy = & <[Y0Z0 + XoWol? + 2 [YoZo + XoWol Fo — 4H0) ,

hence [YOZO + XoWo + FQ]2 = F02 + 4Hy > F02; but
YoZo + XoWo + Fo = (Xo — Wo) (Yo — Zo) € (0, Fp)

which is a contradiction. Since Re )\ is a continuous function of (4, i), it is sufficient to find a
value (u,0) satisfying ([.L1) for which it is positive. Taking § = y, the equation in A reduces
to two equations of order 2:

FO) = (A= X0)* (A = | Z|)? = 6° X3 23
= [\ = (X0 + 20X — (6 — 1) X0 | Zo|] [N = (Xo +1Z0[)A + (1 + 6)Xo | Zol] ,

and Xo + |Zo| > 0, thus the claim is proved. Then V, has dimension 3 and V, has dimension
1. Hence the result follows. m

Remark 3.5 In the case N = 1, two roots are explicit: A3 = —1, Ay =2+ v+ &, and A\, Ao
are the roots of equation

X (L4 +OAF2(1+9)(1+6) =0. (3.9)
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The 4 roots are real if (1 4+~ +&)% —8(1 +~)(1 + &) > 0, that means
(6pp + 34 2 4 26)% — 8(ud + 26 + 1) (ud + 21 + 1) > 0,

which is not true for § = p, but is true for example when 6/u is large enough. The roots of
equation ([3.9) and the roots of equation ([2.3Q) relative to the linearization of system (2.29) at
mo are linked by the relations £ = M1/ | Zo|, ba = X2/ |Zo|. Indeed My = My, defined at ([2.9)
satisfies relation with @ = 0, thus (Xo, Yo, Zo) is a fived point of system (2.11) and the
linearization of ([2.11) at this point gives the eigenvalues —1,\1, A\a. The point my is the image
of (Xo, Y0, Zo) by the transformation (2-23), which divides the eigenvalues by |Zy|, due to the
change in time t — T.

3.4 Global results

Here we prove our second main result.

Proof of Theorem [1.3d. From the proof of Proposition B.4], the linearization at My admits
a unique real eigenvalue A3 < 0. From (B.§) a generating eigenvector (uj,us,us,uy) satisfies
ujuz < 0 and usuy < 0, and hence it is of the form @ = (—a?, —32,02,p?), or —i. There
exist precisely two trajectories Tz and T_z converging to My as t — oo and the convergence
of X,Y,Z,W is monotone near ¢t = oco; from (B.4), the corresponding solutions (u,v) of system
(1) satisty (CT3).

We consider the trajectory Tz corresponding to . Let us show that the convergence is
monotone in all R. Notice that neither of the components can vanish, since system ([L.1]) is of
Kolmogorov type. Near t = 0o, X and Y are increasing, and Z, W are decreasing. Suppose
that there exists a greatest value ¢; such that X has a minimum local at ¢1, hence

Xu(t1) = X(t1)Z(t1) > 0, Z(t1))=N—-2—-X(t1),
thus Z;(t1) > 0 . Then there exists to > t1 such that Z;(t2) = 0, and
Z(ta) = —0Z(t2)Y:(t2) <0, Z(tz) = N +a — Y (t2),
then Y;(t2) < 0. There exists t3 > to such that Y;(t3) = 0, and
Yi(ts) = Y (t3)Wyi(ts) > 0, Y(ts) = N —2 — W(ts).

There exists t4 > t3 such that Wi (t4) = 0 and Wy (t4) = —W (t4)X:(t4) < 0. From the definition
of t1, this implies ¢4 = t1, and then all the conditions above imply that (X,Y, Z, W)(t;) = My,
which is impossible. Hence X stays strictly monotone, and similarly Y, Z, W also stay strictly
monotone. Since X,Y > 0, and Y,Z < 0, then 7Tz is bounded, hence defined on R and
converges to some fixed point L = (l1,ls,13,l4) of the system as ¢ — —oo and necessarily
l1 < Xo,lo < Yy,lg > Zy,lg > Wy.

e Case N > 2. First we note that along 7; we always have X, Y > N — 2. Indeed, if at
some point ¢ we have X (t) = N — 2, then X;(t) = (N — 2)Z(t) < 0, which is contradictory.
Hence the possible values for L are Ay, or Py when p > %, or )y when § > %fg, since I is

nonadmissible. By hypothesis, 7,5, > N — 2, then either u < % ord < % We can assume
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that § < %fg Then Q¢ ¢ R, then L = Ag or Py. When p < %, then L = Ap. When
> %—fg, from Proposition B.3(i), we have L # Ay, thus L = Py. In the limit case p = Y42

N—2’
we find Py = Ag. From the linearization at Ay we have
AM=X=N-2>0, )\3:N+a—(N—2)5>0, A= 0.

Coming back to the proof of Proposition B.4(i), we find that the convergence of Z and X =
X — (N —2) to 0 are exponential. From the fourth equation in (B.3) we see that W; + W2 > 0,
hence —1/W < CJt| near —oo. Then, there exists m > 0 such that

Wy = W2H=1— W 1X) = W2(=1+ 0(e™);

integrating over (t,o), to < 0, we obtain that W (t) = =+ O(tN_Q). In turn we estimate Y
setting Y =Y + W, then Y, = (N —=2)Y +Y(Y — W) + W(—puX — W), and thus

Y= ((N—-2)+et)Y +0(t?),

implying Y = O(t72) and thus Y = N —2 — "1 + O(t~?). Next we find that Z;/Z = A3+t~ +
O(t~2), which yields lim;_, o, e3t|t|7°|Z| = C' > 0. Finally, by replacing in (B.4), and deduce
the behavior of u and v as claimed:

lim

“2u=C; >0 and limrV72|log(r)|"tv = Cy > 0.
r—0 r—0

e Case N = 2. Then necessarily L = O = (0,0,0,0). The eigenvalues of the linearized
problem at this point are 0,0,2+a,2+b. Since Z; = Z(2+a—0Y —Z) and Y and Z tend to 0
as t tends to —oo, Z converges exponentially to 0, and similarly . Since X; < X?, it follows
that X > C |t/ near —oo. Then

X = X1+ Z/X) = X*(1+ O(e™))

for some m > 0, hence X = —1/t + O(t2), then the function t — ¢ = wu(t)/t satisfies
@i/ = O(t™2), then ¢ has a finite limit, hence u(r)/Inr has a finite positive limit, and
similarly for v. m
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