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1. Additional simulations

We provide here additional simulation results for the complete graph selection problem. We use
the same notations and compute the same estimators as in Section 8.2.

In the third simulation scheme, we consider the case where the ”good” ordering is completely
unknown. We first sample a precision matrix Qf according to the first simulation scheme. Then,
we sample uniformly a permutation of {1,...,p} and reorder the variables according to this
permutation to get the precision matrix €2§. Its Cholesky factor is generally far less sparse than
the Cholesky factor of €1, while Qf is as sparse as 2§. The purpose of this scheme is to illustrate
the limits of procedures based on the Cholesky factor when no suitable ordering is known. As in
the second scheme, we only perform the simulations for p = 200, Esp= 1, 3,5, and n = 100.

| Method | Ledoit GLasso Lasso ChoSelectf |

Kullback discrepancy K(€; Q)

Esp=1 20.1£0.2 9.1+0.2 8.240.1 7.6+0.1
Esp=3 428 +1.8 220+£0.2 2404+04 25.3+0.5
BEsp=>5 52.6+1.0 358+0.3 427+£04 49.14+0.5

Operator distance ||Q — Q|

Esp=1 6.3+0.1 5.640.1 4.7+0.1 4.540.2
Esp=3 10.0£0.1 10.14+0.1 884+0.2 8.0+0.2
Esp=5 14.3+£0.2 1534+0.2 13.0+£0.2 12.6=+0.2

Operator distance [|Q~! — %]

Esp=1 2.7+£0.1 1.74+0.1 2.1+0.1 1.74+0.1
BEsp=3 8.4+0.5 6.44+0.3 11.5+0.8 10.8+0.8
BEsp=>5 16.3+08 14.7+08 265+1.6 25.0+1.4

Table 1: Comparison between the procedures for the third covariance model Q2§ with p = 200.

We observe different results for the Kullback risk depending on the sparsity. When Esp=1,
ChoSelectf still performs better than the other methods. However, the GLasso provides better
results than the two other results for Esp=3 and Esp=>5. This is not really surprising since the
Glasso has been introduced to handle the "unordered” situation. It seems from the case Esp=5,
that the Lasso procedure is more robust to a ”bad” ordering than ChoSelectf. ChoSelect! still
performs better than the other procedures in terms of the operator distance between preci-
sion matrices. Nevertheless, the differences of performance are less obvious than in the previous
schemes. Finally, the Glasso and Ledoit and Wolf’s method exhibit a smaller operator distance
between covariance matrices than the Lasso and ChoSelect!.

2. Proof of the risk upper bounds

Lemma 2.1. Let V be a x? random variable with N > 2 degrees of freedom and let k be some
positive integer such that N > 2k, then

E{%} - (N—2)..1.(N—2k:)

and  E[VF]=N(N+2)...(N+2(k-1)).
We refer to Lemma 5 in [1] for the proof of slightly more general version of this lemma.
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2.1. Proof of Lemma 10.4

Using expression (31) of K [t, Sitm, §m}, we derive

- - 5 I(t,t
2(1 — ko)X (t, s t, 'sv) = 2K [t, s; tm,§m} + (1 — ko) log (%) +(1- Iio)%j,)
I(t
_ M‘Ffioﬁ‘ﬁobg(/\i) .
Sm Sm

By definition of m, log (5/5,,) < pen(m) — pen(m). Hence,

2(1 = ko)K (¢, s; t, 5) < 2K(¢, S;Zm,gm) + (1 — ko) [pen(m) — pen(m )]

s+l — |IT (€ + €m) |2
+ +:‘€0{——+1+10g( } mst) = [ )l
Sm Sm Sm
N 1, t)(1 — ko) + s(1 — ro) — [T (e + €)|2
S )
since 8, = |11} (e +€m)||2 and § = ||IL: (e +€7)[|2. As the function z —log x — 1 is non-negative,

the term [—s/8,, + 1+ log (s/Sm) ] is non-positive. Since X ;t¥, is the best predictor of X; given
Xom, it follows that I(tm,t) = U(tm, tm) + 1(tm, t). Hence,

n L 2 i
BRI ) 1) PN BN 1 CRAE 0 A )

Sm Sm Sm Sm

In the proof of Lemma 7.5 in [8], we state that
Z(Zm’vtm’) < Pmax [nZ:n'Zm’)_l} 1L (€ + em/)H% .
This yields

I(tm,t max 7575 -1 1PN - 2
(=) BOHs g )2 M)+ R [n(Z5Z0) "] IMhae + el
S S
l(tat'fﬁ)
e

+ (1 —ko)(1—ka)
Let us gather all these bounds

2(1 — ko)K [t, s t, s < 2Kt s;tAm,§m} + (1 — ko) [pen(m) — pen(m)]
U(tamst) + (1= m)l(E tm) + Fopmax [0(Z5,Z3) 7] W (e + €a) |13

+ (1 — ko) 5
e POIIE 1 1 Ik w12 = U(tm, t
et el g (3= L) M = )
S S Sm Sm
< 2Kt s;tAm,gm} + (1 — ko) [pen(m) — pen(m)]
(tm,t) + (1 — latﬁl + max Z: 7)1 s (e + €7,)]1
N (17,{0)( ) + (1 = k)l(t, tm) stﬁg [(Z5Z5)"" ] [T )i
1 1 Ise€||? Hie Ilteqmn)n
s (el = s - ) (5 - 3 ) + 2l o Mac Bacn)
Sm 8 s 5
I emll7 2<HL6 I, mhn T €mlln — 1(tm, 1)
s Sm Sm '
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We then use Condition (39) on pen(m) and we apply the inequality

L L _ L Le-)2
2<Hfﬁ651:['m€m>n <Hll(t7i,t) +H;1§<Hm6’nm€m>n

5 5 5 sl(tm,t)
Hence, we conclude that
2(1 — ko)K [t, s;%v,g} [ } (1 — ko)pen(m)
t

+<>

[ (1) V (1~ 2) (1 = io)] + Ra(m) + =Ry () + Ra(m, )

2.2. Proof of Lemma 10.5

This proof follows the same sketch as the proof of Lemma 7.10 in [8]. The main difference lies in
the fact that kg is zero in [8]. Let « be a positive number that we shall fix later. For any k > 0,

let us define
[T
5k = ﬂ + eXp(fk/lﬁ) .

We shall first control the deviations of the random variables involved in Ry(m). Applying devi-
ation inequality for x? random variables and largest values of Standard Wishart matrices (see
e.g. Lemmas 7.2, 7.3, and 7.4 in [8]) to all models m € M ensures that there exists an event B
such that P(BS) < 4nexp(—nz) and under By it holds that

s mlHED 2o
AR T T TR |

W @ [1+vH(|ﬁ”LI)+H(|ﬁz|)] + 3z, (1)
)
)

[Mieald _ n-—lml
Utam,t) - n

IN

2

ot ]
[(1 - (1 + «/2H(|ﬁ1|)) \/@ m) v o}

By Assumption (Hy ), the expression (14 \/2H (m))+/|m|/n is bounded by /7. Moreover,
(H%m) also ensures that [m| < n/2. Hence 0,,_|s| < 0,2 < v(K) for n larger than some quantity

no(K). Since v(K) <1 — /5, we derive that

T (€ + €m)II7 n—|m|
s+ Utm,t

n

IN

NPmax [(Z:‘%Zﬁl)il}

T = () n-vuo - i -av, o
% = (1_@)[1—%[()—\/5]2—2\/%, (3)

Pmax [n (Z%Zm)fl}

IN

[(1—\/77—@) \/0}7
Constraining = to be smaller than (1 — \/7_7)2 /8 ensures that

R2@max |:TL (Z%Zﬁ)_l} ]‘Bl < (K — 1)(1 74\/5 — V(K)) . (4)

imsart-ejs ver. 2010/09/07 file: Appendix.hyper18499.tex date: October 8, 2010



N. Verzelen/Technical appendiz 5

Gathering the definition of R;(.), the inequalities (1), (2), (3), and (4), we get

Ri(m) < n1+1—[1f\/ﬁfy(K)]QJr@(l—ﬁfy(K))QUlnL\/EUgnL:cUg,

where Uy, Uy, and Us are respectively defined by

Ui = —(l-ro)K |1+ 2H(|ﬁ1|)]2+1+(1—Ho>(K—1)/2{”VH('@')]QSO
Uy = 2V2[1+ K]
Uy = 3(K—1)[1— 7 w(K)]

Since U; is non-positive, we obtain an upper bound of R;(m) that does not depend anymore on

the model . By assumption (Hy ), we know that 7 < (1 — v(K) — (3/(K + 2))1/6)2. Hence,
coming back to the definition of k1 allows to prove that x; is strictly smaller than [1—,/n—v(K)]?.

Setting

2

€T =

- i B =), = Vi) = (1= vA)
4U, 4Us 8 ’

we get

N 1
Ryi) <15 [0 = Vil = v(K)? =] <1,
under the event Bs.
This is enough to prove Lemma 10.5 if we take B; = Bs. In fact, we shall define an event
B slightly more restrictive in order to simplify the proof of Lemma 10.6. Let B3 be the event

defined by
lell7/s < w7 ()
Since nfl is strictly larger than one and since k; only depends on K and 7, it follows that

P(BS) < exp(—nLk,,) with Lg , > 0. Finally we take, B; := By N Bs.

2.3. Proof of Lemma 10.6

The sketch of this proof is similar to the proof of Lemma 7.11 in [8]. First, under the event B,
it holds that

115 (€ + €a)II7 2
Sy 2 ) — vl /a0,

K2 Omax {n(z%zﬁl)ﬂ} < (K-1)(1 —4\/ﬁ— V(K))? |

This is a consequence of (3), of the choice of  in the previous proof, and of the assumption
(Hk ,,)- Since s = IIL% (e + €m)||2, it follows that s/3 is upper bounded under the event B;.

n’

Hence, we only have to upper bound the expectation of R3(m) on B;.
s . I
E [§R3(m1mﬂl)} < Lk B [R3(M1g,)] . (6)

Let us consider the random variables Fy defined by

o (e Then)? el
=R :
! sl(tm,t) s
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By (5), the random variable Ej is upper bounded under By by

2 (MLe/ | kel k), (el

Es < kj
="M sl(tm,t) s

This upper bound follows the distribution of a linear combinations of y? random variables. More
details about this observation are given in the proof of Lemma 7.7 in [8]. We shall simultaneously
control the deviations of the random variables Eg, |11z (€ + €m)[|2/[l(tm,t) + 5], and ||II (e +
€x)% /s + (tm,t)] by applying Lemma 1 in [5] and Lemmas 7.2 and 7. 3 in [8]. For any = > 0,
we define an event F(z) such that conditionally on F(x) N By,

= -2
Ba < B+ 2y ]+ ) Il(E + H (D) +
ot 26 [€(|] + H (1)) + ]/
Malremli < L [ji] + 2y/[l [WI(L/16 + H(mD) + ] + 2 [1l(1/16 + H()) +al] |
T e tell n—|m | (1+2H (| 2
s+t 1) z 7‘1 | Kl ~ On—|m| — | ‘(n7|7’ﬁ(|| o \/n |m|) VO} )

where 0y, is defined in the previous proof. Then, the probability of F(z) satisfies

e [ Z exp [—|m|H (|m])] (e—ﬁ\ﬁu Yo al e 7;)]

meM

a 1 1 1
€ l—e*§+1—e_1/16+1—e_1/2 '

Let us expand the three deviation bounds thanks to the inequality 2ab < Ta? + 7712

PF ()]

IN

m x
En < % [1+2\/g+2n1_2§+7'1§+72} +ﬁ[2n1_2+72_1+71]

2 ~ ~
H
T k1 [1+771 72} || n(|m|)

n
ﬁ<1Jm/ H (|| ) [1_2+2\/g+2n1_2§+7'1§+72}

o2
+ - [2&1724—7;1—}—7'1} +# [1—}—7‘171/{2} .

m|\/H(|m
a4 ] 4 2 PIVETD

IN

Similarly, we get

Il )12 “ 2

Utm,t)+ s

We recall that |m| < n/2 by Assumption (HZKU) If n is larger than some quantity ng(X), then
Op—|m| < 0py2 < v(K). Applying again Assumption (szm)’ we get

m — IT: (e + €7) |2
kL (y+yf——r—) n I

|m| l(tm,t) +s
2 (v [ (1= vi- ot - [0 v

< —K@ (14 VEEGAD) [ = i~ (K))? — 7] 4+ 2K 2
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Let us combine these three bounds with the definitions of R3(m), k1, and k2, and the bound (4).
Hence, under the event B; NF(x), it holds that

~ 9 L
Ra() < @ 1+ V2HRD] U+ S0z + =520
where
Uy = —EL(1— - u(K) + K3+ 2V + 2672+ &+ 72
Uy = m'+n+Lg,1+1"),
U3 = 1+T1_1 .

Since K > 1, there exists a suitable choice of the constants &, 71, and 72, only depending on K
and 7 that constrains U; to be non positive. Hence, under the event B; NF(x),

L
B < 250 4 /(K )~ .
n n
Since P [F(z)°] < e *Lg,,, we conclude by integrating the last expression with respect to .

2.4. Proof of Lemma 10.7

Let us assume that n > 17.

U(tm,t) + [T €]l
7€ + €mll7

RQ(m) =1-

We shall first upper bound the expectation of Ra(m).

(tm,t) ] Wt t) o _n—|ml Ut t)
Mhe+enl2]  n—m|l=2[s+1(tm,t)] = n—|m| =2 [s+1(tm,1)]

Let us to the second term.

Wtm,t) n—|m| <s+l(tm,t) n— |m|
s nmn—|m|-2" s n—|m|—2

L€l
Applying a convexity argument, we derive that

el s n—|m/—2
IMGe+emlls] — s+ 1(tm,t) n—|m|

Gathering the inequalities (7) and (8) allows to conclude that

2

We get the upper bound
E [RQ (m)lBl] = E [R2 (m)] —E [Rg (m)lmﬂ
e+ REDVE ) 9)
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Thus, we need to upper bound the second moment of Ra(m).

12(tm,t) 1
3{1+E | —— 2 — E[||ILel®]E | e
{ ’ hnae+emm}*¢ Uil hH;e+emm]}

I(tm, t)n ? s(n —|m| +6) 2
1+(w+uum¢»mhM4J +(@+Ktmﬁﬂnhﬂ&)]’

by Lemma 2.1. By Assumption (H%m), we have |m| < n/2. If n > 32, we can upper bound

E [R3(m)] by a universal constant. Combining this result with (9) enables to conclude that
E[Rz(m)1g,] < Licq/n-

IN

E [Rg (m)}

IN

3

2.5. Proof of Lemma 10.8

We bound the quantity R4(m,m) using the same arguments as in the proof of Theorem 3 in [1].
We first split this quantity into a sum of two terms:

Ramo) = (el = st o), |- = 3|+ (600 = mo) = Pel2), |5+ 5]

IN

Ry1(m,m) + Rya(m) ,
where Ry 1(m,m) and Ry 2(m) are respectively defined by
~ 1 1
R471(m,m) = (HEH% 1 — FGQ + |:§— — —:|
Rip(@) = (s(1—ro) —lel?), 3
By definition, we know that log (5/8,,) is smaller than pen(m) — pen(m).
. s
Ras(m, ) < (el = (1= o)), z-1og (=)
1
< (llellz = s(1 = ko)), z=—pen(m) .

Applying Cauchy-Schwarz inequality yields

E[Ryi(m,m)lg,] < E l(”dn — ;(1 = HO))JF] pen(m)
< wﬂwmmmWhﬂgkmm>
> z z n2 enim
< S8 e e
< Lpen(m) ,
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since |m| < n/2 by Assumption Hg , and since n > 17. Let us turn to Ra . (m). We apply
Holder’s inequality with v := |n/8] and v = v/(v — 1).

BlRia)te] < E[(s01— )~ el2), 3

< E[Lgrpziei 2]
< [Pl <50 - )] [E(2)]”

» R
< [Pllellz < s(1 = ko)]] L;/[E(a) ]

Since v is smaller than n/8 and since |m| is smaller than n/2 it follows that n — |m| — 2v is larger
than n/4. Hence, we can apply Lemma 2.1 to any model m € M.

) i 1/v
E[Ri2(M)ls] < exp [_”ﬁ] _mg/[ (n—|m|—2)...(n—|m| - 20)1

2
n Ko 1/v
< - _
< n/2_2vexp[ n4u} |M]|

v

k3]
< mnexp [—n—o M|
4u |

Let us bound the cardinality of the collection M. We recall that the dimension of any model
m € M is assumed to be smaller than n/2 by (Hg ;). Besides, for any d € {1,...,n/2}, there
are less than exp(dH (d)) models of dimension d. Hence,

log (IM]) <log(n)+ sup dH(d).
d=1,...,n/2

By assumption (Hg ), dH(d) is smaller than n/2. Thus, log(]M]) < log(n)+n/2 and it follows
that |/\/l|1/ v is smaller than an universal constant providing that n is larger than 8. All in all, we
get

2
E[R42(m)1lp,] < Lnexp [_n:_o] _
u

2.6. Proof of Lemma 10.9

For any x > 0, the following inequality holds

9 1)°
—-1-1 <—laxz—=) .
x og(z)_64<x $>

This statement is easy to establish by studying the derivative of the associated function. Hence,
we upper bound the Kullback divergence

~ I(Em, t
K[tas;tmasm} = Ai+1_10g (Ai) + (A )
Sm Sm Sm
9 [s2 &2 Utm,t) Ut tm)
< - m ) moy Ym )
= W {ggn 52] s T

imsart-ejs ver. 2010/09/07 file: Appendix.hyper18499.tex date: October 8, 2010
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Thanks to Cauchy-Schwarz inequality, we obtain
9 [s2 321 Ut t) It ts)
7 o 2 ~; a~’m 1 .
(64 [52 + 52} + 5 N s B
st Rt t) (b tm)
1=m (g + pey +— + .

As in the proof of Lemma 10.8, we apply Holder’s inequality with v = [n/16] and u = v/(v—1).
Again, we check that for any model m € M, n —|m|—8v > 1.

4 2t 2t tm
Ellm—m<%+s—m+ (b, t) | (tm, )
S

IN

E

E [IC (t, s,t~,§) llgﬂ

IN

L\/PBS],| Y E

meM

m st 5 S
1 1 1 o~ 1
st 8411 v :3\;1:; v ZQU(tm,t) v lQU(tm,tm) v

We bound the first two terms applying Lemma 2.1 or computing the v-th moment of x?
random variable.

;:; U - (n-— |7771L|4— 8uv)t '
[ ] =

Fhv1v n—|m|)(n —|m .(n—m v — Sm)t v
E[m] _ (( [m])(n — |m| +2) (n(s)4v| [ +2(4v —1))(sm) )

(n— |m| +8v)* (s + 1(0,£)"

<

nist

As ||TL (€ + €,,)]|2 is independent of the couple (||TL,,(€ + €)%, X,,), the random variables 3,,,
and [(t, t,,) are independent. We bound the the [?*-risk of I(%,,,t) thanks to Proposition 7.8 in

8].
E(z%(g%tm))% _ <]E[12v(tAm,tm)]E[$})i

Lv2|m|2n4 5 19 9 n?
- <[ _ .
(=l — a0 = 2 e

Combining these upper bounds and noting that n — |m| — 8v > 1 and |m| < n/2 yields

~ 2n? Lv|m|n? (n — |m|+ 8v)? 10,£)\?
B[ (t565) 1s] < (n—|m|—8v)2  n—|m|—4v + n?2 <1 + T)
X Ly/P[BS]| M|
<

1(0,¢
LK7nn5/2 [1 + %] exp[-nLg | ,

since |M|'/2¥ is smaller than than an universal constant as explained in the proof of Lemma
10.8. Finally, [(0,t)/s is smaller than IC(¢, s;0,1).
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2.7. Proof of Corollary 6.1

First, we claim that the penalties (21) are lower bounded by penalties defined in (7). Suppose
that K > e — 1. Since log(1 + Kz) > log(1 + K)x for any x between 0 and 1, it follows that

||

pen;(m;) > log(l + K)n y—

{1+\/2 [1+10g((i1)/|mi|)]2} ) (10)

if [mg]/(n — |mi){1 + /2[1 +1log((i — 1)/|ms]))]2} < 1. If K < e — 1, there exists a positive
constant ¢(K) such that log(1 + Kz) > Kz , for all z < ((K). Hence, we get

peny(mi) > VE—l {1 201+ log (i - 1>/|mz-|>12} , (1)

n — |m;|

if K < e—1andif [m;|/(n — [mi])[1+ v/2[1 +log((i — 1)/[mi[)]?] < ((K).

Gathering (10) and (11), we get that for any K > 1, there exists some K’ > 1 and some
¢(K) > 0 such that:

pen;(m;) > K’

{4y oG = D/imaP}

n — |m;|
if [mi|/(n — [mai){1 + /2[1 +log((i — 1)/[mai])]2} < ¢(K).

For any 2 <i<pandany 1 <k < (i—1)Ad, H;(k) is smaller than 1+ 1log((: —1)/k). Hence,
peni(m;) is lower bounded by a penalty of the form (7) with some K’ > 1. Assuming that

= {1 +/2[1 + log (i — 1>/|mi|>f} < C(K) An(K") (12)

n = Jm|
we derive that (Hg- ,) is fulfilled and that the risk bound (23) holds.
We conclude by observing that Condition (12) is satisfied if

d[1 +log(p/d) v 0] < niy' (K) ,

for some suitable function 7' (K).

2.8. Proof of Proposition 4.5

We apply the same arguments as in the proof of Theorem 4.4, except that we replace H(|m|) by
l;m. Then, Lemmas 10.4 and 10.7 are still true.

In the proof of Lemmas 10.8 and 10.9, the only difference with the previous case concerns
the upper bound of log (]M|). By definition of ,,,

M| —1<  sup exp(|m|ly) .
meM\{0}

Hence, log(|M]) < 1+ sup,,c v\ (o} [72/lm, Which is smaller than 1+ n/2 by Assumption (Hlj’?%)
Lemmas 10.5 and 10.6 also hold when H(|m]) is replaced by [,,, as explained in the proof of
Proposition 3.5 in [8].
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N. Verzelen/Technical appendiz 12
3. Proofs of the minimax bounds

We note dg(.,.) the Hamming distance between two vectors. The Hamming distance between
two matrices of size p is defined as the Hamming distance between their vectorialized version of
size p2. It is also noted dg (., .).

3.1. Main lemma

We first state two useful lemmas for proving the minimax lower bounds. The first one is known
as Varshamov-Gilbert’s lemma, whereas the second one is a modified version of Birgé’s lemma
for covariance estimation.

Lemma 3.1 (Varshamov-Gilbert’s lemma). Let {0,1}2 be equipped with Hamming distance dy; .
There exists some subset © of {0, 1} with the following properties

dw(0,0') > D/4 for every (0,0) € ©% with 6 # 0 and log|©| > D/8 .

We note ||¢t]|;, the Euclidean norm of a vector ¢.

Lemma 3.2. Let A be a subset of {1,...,p}. For any positive matrices Q and Q', we define the
function d(Q,Q") by

d(Q, Q) = 21

€A

’||12

+Z_,+1 ( ) (13)

i€AC

Let Y be a subset of square matrices of size p which satisfies the following assumptions:

1. For all Q€ Y, 0max(Q) <2 and ©min(Q) > 1/2.
2. There exists (s1,82) € [1;2]? such that VQ € YT, V1 <i < p, s; € {s1,82}.

Setting 6 = ming orer 0z d(Q,Q), provided that maxq oy IC(]P’%";P%,") < k1log|Y|, the
following lower bound holds

inf sup Eq [IC (Q; ﬁ)} > Kol .

Q QeY

The numerical constants k1 and ko are made explicit in the proof.

Proof of Lemma 3.2. This lemma is mainly based on an application of Birgé’s version of Fano’s
lemma [3]. We provide a statement of the result that is taken from [6] Sect.2.4.

Lemma 3.3. Let (P;)o<i<n be some family of probability distributions and (A;)o<i<n be some
family of disjoint events. Let a = ming<;<n P;(A;), then

a S KV maXlSiSNIC(IPi;PO) :
log(1+ N)

where k = 2e/(2e + 1).

Let € be an estimator of . Let Q be an estimator that takes its values in T and satisfies

d(Q,Q) = min d(€Y, Q).
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N. Verzelen/Technical appendiz 13

We note (T, §) and (f, §) the Cholesky decompositions of Q and Q. Let i € {1,...,p}. By the
triangle inequality,

l[t: — tall, <9 [ti — tall7, N [t: — tall7,
4 - 4 4

For any positive numbers a and b, log(1 + a + b) < log(1 + a) + log(1 + b). Moreover, for any
positive number a, we have log(1+ 2a) < 2log(1 + a) because the log function is concave. Hence,
we get

[t: — till7,

log 1+ +2log |1+ (14)

4

||ti_%vi||l22
1+ f S 210g

% —mi]

Let us define the function f by f(x) := z—log(z) —1 for any x > 0. We state that there exists
some numerical constant L such that

(2= () )]

If s; = 5;, this inequality holds for any L > 0 since f(1) = 0 and f is non negative. If s; # 3,
there are two possibilities: either s; = s; and §; = sy or s; = sg and §; = s1. By deriving
f(s1/x) + f(s2/x), one observes that this sum is minimized for x = (s1 + s2)/2 and that this
minimum equals f[2/ (1 +s1/s2)] + f[2/ (1 +s2/s1)]. Hence, we obtain that

(3) =g (i()ﬁfv%z/)(u)} /)G

Since s; and s, lie between one and two, it follows that

f(%)g uﬁ&uf@ﬂl+@{fﬁpﬂl+%ﬂ{f(%)+f(%)]' (16)

The ratio f(x)/ (f[2/(1 + 2)] + f[2/(1 + 1/x)]) is positive and continuous on [1/2; 1[and ]1; 2]. By
studying the Taylor series of f(x) at x equals one, we observe that f(z) = (z—1)%/2+o0[(x—1)?],
f2/(1+2z)) = (x—1)2/8+o[(x — 1)?], and f(2/(1+ 1/z)) = (x — 1)?/8 + o[(x — 1)?]. Hence,
there exists a continuation of the ratio f(x)/(f[2/(1 + )] + f[2/(1 + 1/x)]) around one. The
supremum in (16) is therefore finite and the upper bound (15) holds.

Combining the upper bounds (14) and (15) with the definition of  yields

~ ti*az %\17,{12 i A
d(Q,Q) < QZ{bg 1+% + log 1+w }-FLZ[JC(;—)‘F]C(;—)]
i€A i€ Ac v v
< L@mjb+aﬁﬁﬂgLagﬁy

Hence, one can lower bound the risk of O as follows

sup B [4(2.8)] > 26 sup o [0 8] = 2746 (1~ pigpa [0 =] ) .
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N. Verzelen/Technical appendiz 14

Applying Lemma 3.3, we conclude that

i%f (521611; Eq {d (Q, ﬁ)} > Lil(l — k), (17)

if maxq orer /C(Pgn, ]P’g,n) < klog |T|
Let us now express this minimax lower bound in term of Kullback divergence. Thanks to the

chain rule and Lemma 10.1, the Kullback divergence between two positive matrices €2 and €/
decomposes as

p
’C(Q;Q/): E §|:10gs—+?1+%:| .
i=1 v i i

Straightforward computations allow to prove that the function log(s;/s;) + s;/s; — 14 1;(t;, t})/s}

K2
is minimized with respect to s, when s; = s; + [;(¢;,t;). This leads to the lower bound

; 4 l7, ti,t/- li ti,t/-
1ogi+s—,—1+¥210g(1+u> .
S S; S; S;

By Definition (29) of I;(.,.) the quantity I;(£;, t}) is lower bounded by [pmax (2)] " ||t — ti]|7,. By
assumption, [pmax ()] is larger than 1/2 for any Q € T. Moreover, s; is smaller than 2. We
conclude that for any 2 € T and any positive matrix €', the following lower bound holds

ti —th||? ; ;
2K (; Q) ZZIOg <1+%> + Z %—bg <§> —1=d(Q,Q) .

i€A icAc Tt (

We conclude by gathering this last bound with (17) and setting k1 := x and kg := L=(1 —
K)/2. O

3.2. Adaptive banding

In order to compute the minimax rates of estimation over ellipsoids, we first need to consider a
lower bound over the sets Toralk1, - - -, kp, 7] and Uoralk1, . . ., kp, 7]

Definition 3.4. Let (ki,...,kp) € NP such that k; <i—1 and let r be a positive number. We
respectively define the sets Toralk1, ..., kp, 7] and Uoralkr, ..., kp, 7] as

. i<k _
0 if 1<j<i—Fk 1},(18)

Toulbs, )= {7 € Trig(p) st ve i<t = o0 0 1S4S0 k]

Uoralky, ..., kp, 7)== {T*S7'T | T € Topalks, ..., kp,r] and S € Diag(p)} . (19)

The set Toralk1, ..., kp, r] contains lower triangular matrices with unit diagonal such that for
each line i between 2 and p, the support of the vector (1[4, j])1<j<i—1 is included in {i—k;,i—k;+
1,...,i—1}. We are able to lower bound the minimax rates of estimation over Uprq[(k1, . .., kp), 7).

Proposition 3.5. Assume that k := 1V maxi<;<p ki is smaller than /n. Then,
. L 1
inf sup E[/c (QQ)} > L leﬁp <r2/\—>
i=2 n

Q Q€loral(k1,.skp),r]
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These minimax rates of estimation are not really surprising, since they correspond to the
minimax rates of estimation of p different parametric regression problems whose minimax rates
is known to be of the order k;(r?> A 1/n). We refer for instance to [6] Prop. 4.8. Moreover, the
term p/n is due to the diagonal matrices S in Q = T*S~!T. We believe that the assumption “k
is smaller than /n” is not necessary but we do not know how to remove it.

3.2.1. Proof of Proposition 5.3

The lower bound (17) is a consequence of Proposition 3.5. Let k be a positive integer smaller than
lv/n] A(p—1). Given some 0 < r < /a3 R?/k, we consider the set Uopea[0,1,...,k—1,k,... k7]
Let (T, S) refer to the Cholesky decomposition of a matrix Q belonging to this set. By definition
of uorda

i Tli,i— 2 - r

— =
Hence, the set Upral0, 1, ook —1,k, ... k7] is included in &(a, R, p). By Proposition 3.5, we
obtain the minimax lower bound.

~ a?R? 1
inf sup EI|K(QQ > Lplk+1 ( k /\—>
Q Qe&(a,R,p) |: ( ):| ( ) k n

k+1
> Lp <aiR2/\%> .

Similarly if k& = 0, the set Uopa[0,...,0,400] is included in £(a, R, p) and the minimax rates of
estimation over £(a, R,p) is lower bounded by Lp(agR? A 1/n) with the convention ag = +oo0.
Taking the infimum for all non-positive integers k smaller than [/n]A(p—1) yields the first result.

T"
<kr2/a < R%*.

Let us now turn to the second part of the proposition. We fix some v > 2. The matrices €2
considered in the proof of Proposition 3.5 for bounding the minimax rates of estimation over sets
of the type Upral0,1,...,k — 1, k, ..., k,7] have their eigenvalues between 1/2 and 2. Hence, the
previous lower bound still holds and we get

_ k41
inf sup E[IC (QQ)} > Ip sup (aiRQA i ) . (20)
QO Q€ (a,R,p)NBop () =0, [V A(P=1) n

Let k be a non-negative integer smaller or equal to dA(p—1), where d is the maximal dimension
We consider the model m € Mord defined by

of the models defining the estimator Qd

ord*

=0,{1},....{i—1,...;i—k}....{p—1,...,p—k})

This model corresponds to estimating a k-th banded Cholesky factor. By Corollary 5.1, the risk
of Qgrd is upper bounded by

E [/c (Q Qd)} < Ly, {@ +K (Q;Qm)] (LK, 7). (21)

Let us upper bound the bias term I (€2; Q,,). By Equation (31), it decomposes as

P
2K (2 Qm) = Z _Sl —10g(—_5Z )_1+M

i—1 S; Ron Sz,mi Si,mi

o z zml) L lz(tz;tz,ml)
= Zlog(l—i— ) SZT,

i=1
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N. Verzelen/Technical appendiz 16

since we have mentioned in the proof of Lemma 3.2 that s; ., = s; + li(ti, tim,)-

Let i be an integer between k + 2 and p (if there exists one). We define tf m, as the orthogonal
projection of ¢; with respect to the Euclidean norm in R*~!. Since Q belongs to Bop(7), it follows
that s; is larger than 1/ and that the largest eigenvalue of puax(271) < 7. Hence, we obtain
that

Li(tiy tim,) S
TS <ol tim) < 0| 3 (il = ] ¢l = A1)
[ j=1
[ 1—1
= | D #li—4| £ai R
_j:kJrl

If i < k+ 2, then l;(t;,tim,;) = 0. Combining this upper bound with (21), we get

(k+1)+

E [/c (Q Qd)} < LD [ akHRZ] (LK, ) -

Let us note (¢1(2),...,¢p(€2)) the eigenvalues of 2. Since Q belong to Bop(7),

2K L) /p = 1/pZ i () —log (¢:()) — 1]

< [‘Pmin(ﬂ> — log (min(2)) = 1] V [Pmax(2) — 1og (¢pmax(2)) — 1] < L .

Hence, the term 7,,(Q2, K,n) is smaller than some Lk , p/n. For n larger than some universal

constant, the largest dimension d in the model collection that defines ﬁgrd is larger than |/n].
Taking the infimum over k in 0,..., [v/n] A (p — 1), we conclude that

E{K (Q Qord)} < LKn'vﬁp L ,|_1\I/1£j/\(p ) <ai+1R JF%) :

Let us define d* := sup {d’ >0st. (d+4+1)/n< ad/RQ}. By assumption, d* is smaller or equal

o |v/n]. Hence,

E [/c (Q ﬁgrd)}

IN

d*+1
Lk n,,8p <‘13*+1R2 + " >

IN

Linosinf s B[ (2:8)]
Q Qe&(a,R,p)NBop(7)

thanks to Equation (20).

8.2.2. Proof of Proposition 3.5

Given r > 0, let T

O

property: "for any two different elements 7" and 17" of 7/ 4[k1, ..., kp, r], the Hamming distance
du(T,T') is larger than 37, o, ki /47,

alki, ..., kp, 7] be a maximal subset of Toralki,. .., kp,r] which satisfies the

By Lemma 3.1, there exists such aset 7 4[k1, ..., kp, r] which satisfies log | 7] 4[k1, . . ., kp, ]| >
> o<icp ki/8. Let T be a matrix in 77 [kl, ook, ] Standard computations allow to prove that
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N. Verzelen/Technical appendiz 17

the diagonal elements of T*T lie between 1 and 1+ kr?. Besides, the sum of the absolute values
of the off-diagonal elements on each line is upper bounded as follows.

S| j|_ZZ|Tz AT < D TEA+Y TEi+Y . > TLAT[, 5]
#i =1 jAi i#i #i i A
< 2%kr+ k*r? .
If r is smaller than 1/(8k), the matrices T*T are diagonally dominant and their eigenvalues lie
between 5/8 and 1.3. Let us choose the subset A of {1,...,p} defined by A := {i, k; > 0}. Then,
we introduce the subset S[A4, p,r] as

S[A,p,r] :={S € Diag(p), S[i,i]=1ifi€ Aand S[i,i]=1or 1 +rif i € A°} .

Applying again Lemma 3.1, we define a subset S’[A, p,r] of S[A, p, 7] such that log |S'[4, p,r]| >
log (|A¢|) /8 and such that its elements are |A°|/4-separated with respect to the Hamming dis-
tance. If 7 is smaller than 0.5, then the eigenvalues of any matrix in S’[A, p, r] are between 1 and
1.5. Finally, we define the set U 4lk1,...,kp, 7] as

ord
k1, ... kp,r] :={T*ST, T € Toalk1,... . kp,7] and S € S'[A,p,r]} .

ord

We therefore lower bound its cardinality

log U gk, . .- Eopy ]| > <|AC|+iki> /8> (wi;ﬂ) /16 .

i=1 i=1
Moreover, if r < 1/(8k), the eigenvalues of any matrix in this set are between 1/2 and 2. Let us
upper bound the Kullback entropy between any two elements Q = 7*S~!T and ' = 775"~ 11’
Of uérd[kl, ey k’p,T].

I; (ti,t
2K(Q;Q’):Z¥+ > S+l g( >1
iCA 5 i€ Ac 5y 5y

If i € A, then s; = 1. Besides, l;(t;,t]) < [pmin()] 7 [t: — t;]|7, < 2kir?. Recalling that the
function f is defined by f(z) = z —logax — 1 and that r < 1/8, straightforward computations
lead to f (s}/s;) < Lr*. Hence, for any (1,$2) € U/ 4lk1,. .., kp,7], it holds that

p
K(PE™PS") < L (p +) k:) r?

=2

Moreover, we have f(1 +7) > Lr? and f[(1+r)~'] > Lr? since f(1 +2) = 22/2 + o(2?) and
r < 1/8.If Oy # Qq, then d(Q1, Q2) is lower bounded as follows

a0 > Stow (145 ) + e a sy

“ 4
i€A
E ki+p|r

lz ki + | A°|
i€A

since r is smaller than 1/8 and k;r%/16 is smaller than 1/64. Hence, as long as r» < L1/\/n A
1/8k A 1/2, one can apply Lemma 3.2.

inf sup ]E{IC( )}>L[Zk +p

Q QeUoralk,....kp,r

Y

T>L

By assumption, 1/k? is larger than 1/n and the result follows.
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3.3. Complete graph selection (proof of Proposition 6.2)
3.3.1. First case: minimaz rate over Uy (k, p)

Let T € T1[k,p,r] be the set of lower triangular matrices of size p with a unit diagonal and such
that each line contains at most k& non-zero off-diagonal entries. These entries are also smaller
than 7 in absolute value. We first provide a minimax lower bound on the minimax risk over

T € Tilk, p,7].

Proposition 3.6. Let k and p be two positive integers such that k < p. Assume that n >
LE%[1 + log(p/k)], where L is some universal constant exhibited in the proof. Then, for any
r > 0, the minimax rates of estimation over the set Ti[k,p,r] is lower bounded as follows

_ 1+ log (2
inf sup K (T*T; Q) > Lkp |72 A T+log(f) | (22)
O TeTlkp.r] n

We believe that the condition n > Lk?[1+1og(p/k)] is essentially technical but we do not know
how to remove it. Thanks to Corollary 6.1, we can easily derive the minimax rates of estimation
over the sets U [k, p]. Let us first provide the proof of Proposition 3.6 and then derive the proof
of Proposition 6.2.

Proof of Proposition 3.6. Assume first that & is a power of 2, that 2k divides p and that log(p/k) >
19. Let us consider the set Tl(l) [k, p, 7] of lower triangular square matrices T of size p such that:
1. the diagonal of T" is made of 1,
2. the lower left submatrix of T" of size p/2 contains exactly k entries that equal r on each

line and on each column,
3. every other entry of T is zero.

Clearly, ﬂ(l)[k,p, r] is in one to one correspondence with the set ©[k, p/2] of binary square
matrices of size p/2 that contain exactly & non-zero coefficients on each line and each column.

Consider T' € ﬂ(l)[k,p, r]. We claim that as long as r is smaller than 1/8k, the eigenvalues of
T*T are between 1/2 and 2. Indeed, the diagonal elements of T*T are all between 1 and 1+ kr?.
Besides, the sum of the off-diagonal elements is upper bounded by

P

STl 4 = YN T AT ) < Y Tl Y T+ Y] > T AT ]
J#i 1=1 j#i J#i J#i JA#i jAIF
< 2kr + k%%

Hence, if » < 1/8k, the matrix T is diagonally dominant and the sum of the off diagonal terms
is smaller than 3/8 whereas the diagonal term is between 1 and 1 + 1/8.

Let T and T” be two elements of Tl(l) [k, p,7]. Let us upper bound the Kullback entropy between
the corresponding precision matrices.

p P
UC(T*T;TT) = Y Liltint) < D Pmax(TT)|[ti — |7, < 4kpr? . (23)
=1 i=p/2+1
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Lemma 3.7. Assume that log(p/k) > 19. Let Ok, p/2] be equipped with Hamming distance d .
There exists some subset ©'[k,p/2] of Ok, p/2] with the following properties

Az (0,0") > pk/4 for every (0,0') € 0" with 0 £ 0 and log|©'] > kp/20log (%) L (24)

The proof of this lemma is postponed to the end of this subsection. By Lemma 3.7, there exists
some subset 7'1(2) [k, p,r] of 7'1(1)[k:,p, r] such that dy (T, T") > pk/4 for every (T,T") € 7'1(2) [k, p, 7]
with T # T" and

p
log | ;" [k, p, 7]| > kp/20log (E) : (25)

Let us take A = {1,...p} and let us consider the function d(.,.) defined in Lemma 3.2. Observe
that 2kr? < 1/32 since r < 1/(8k). By the mean value theorem, we obtain that log(1+z/4) > z/8
for any positive number o smaller than 2kr2. Hence, we get

* I3l - dH it z - dH tlvt;
dT*T,T"T") = Y log |1+ >y
=1 =1
2
K2
> dH(T,T'>%zp3; , (26)

for any T # T in 7'1(2) [k, p,r]. We are now in position to apply Lemma 3.2 to 7'1(2) [k, p,r] with
the bounds (23), (25), and (26).

inf sup E [IC (T*T;ﬁ)} > @pkr2 ,
2 1eT P k,p,r] 64

as long as 2kpnr? < k1kp/20log (p/k) and r < 1/8k. This yields

inf sup E {IC (T*T; Q)} > Lpk [TQ A log (%)]

Q TeTi[k,p,r]
141 D
> Lpk lTQ A &(k)] ,

since n > k?[1 + log(p/k)] and log(p/k) > 19.

We now turn to the case where k is not a power of 2 or 2k does not divide p. We only
assume that log(p/k) is larger than 19 + log(2). Let us define &' := 2U°82%] and p’ as the
largest integer that is divided by 2k’ and is smaller than p. Here log, refers to the function
log(.)/log(2). It follows that k/2 <k’ < k and p/2 < p’ < p. Consequently, log(p’/k’) is larger
than log(p/2k) > 19. Let Tl(l)[k’,p’,p, r] denote the set of lower triangular matrices T' such that
the diagonal elements of T' equal 1, the lower left submatrix of T of size p’/2 contains exactly
k' entries that equal r on each line and on each column and such that every other entry of T is
zero. Arguing as in the first case, we obtain that

1+ log (p—j)
L'k |r2 A R LA
n

1+ log (%)]

Y]

inf sup E {IC (T*T; Q)}
Q TeTi[k,p,r]

Y]

Lpk |72 A
n
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Finally, we consider the situation where the ratio log(p/k) is smaller than 19 +log(2). The set
Toral(0,1,...,k —1,k,... k), r] is included in T; [k, p, r]. If we choose the set A to be {1,...,p},
then a slight modification in the proof of Proposition 3.5 allows to show the minimax lower
bound:

~ 1
inf sup K [T*T; Q} > Lkp [ﬁ A —} ,
Q TEToral(0,.. Ky sk), 7] n

as long as k < y/n. Hence, it follows that

n 2 A

~ 1
inf sup K [T*T; Q} > Lkp |:T2 A —} > Lkp
Q TeTilk.p,r] n

n

1+1og(§)]

since log(p/k) is smaller than 19 + log(2).
O

Proof of Proposition 6.2. We derive from the proof of Proposition 3.6 a minimax lower bound
over U [k, p] N Bx(n?). First, we consider the case where k is a power of 2, 2k divides p and
log(p/k) is larger than 19. Take r? = [(1 + log(p/k))/n] A (8k)~2. In the previous proof, we have
shown that

1+ log(p/k)

N 1+1og(p/k)) > Lip ,
n

n

inf sup E [IC (T*T; (AZ)} > Lkp (r2
Q TE’Tl(l)[k,p,T]

since n > k%(1 + log(p/k). Moreover, we have mentioned that for any matrix 7 in 7'1(1)[k:,p, 7],
Omin(T*T) > 1/2. Let us now upper bound the Kullback divergence with the identity matrix.

—1 *
< Pmin (T T)

P
K(T*T;1,) < Zli(ti,oiq) < fHT* IPH%
i—2

|~

< kpr? <p<pn”.

Hence, the set {T*T, T € Tl(l)[k,p, 7]} is included in U;[k, p] N Bi(n?) and the lower bound
follows.
The case where k is not a power of 2 or 2k does not divide p is handled similarly if one

uses the set ﬂ(l)[k’ ,0',p,r| defined in the proof of Proposition 3.6. Finally, one uses the set
Tordl(0, ..., k... k), r] if log(p/k) < 19 + log(2).

Let us turn to the upper bound on the risk. By Corollary 6.1, the estimator ﬁgo satisfies

+ LK,npn5/2 1+ K(Q;I1,)] exp [-nLk ;)

1+1 L
< LKm,ﬂpk’jL%(k),

E[c(2:0l)] < LK,npk%

for any Q € U [k, p] N Bx(n?). We conclude by gathering the lower and the upper bounds.
O

imsart-ejs ver. 2010/09/07 file: Appendix.hyper18499.tex date: October 8, 2010



N. Verzelen/Technical appendiz 21
3.8.2. Second case: minimazx rate over Us(k,p)

This proof follows the same sketch as the proof of Proposition 3.6. Let k be an integer smaller
than p/2. It is sufficient to prove the result (25) for all k smaller than p/2 since this lower bound
holds up to a multiplicative numerical constant. Assume first that log(p) > 21.

Let us take A:={p—k+1,...,p}. We need to build a suitable subset of Us[k, p] that is well
separated with respect to the function d(.,.) introduced in Lemma 3.2. Let r1 and ro be two
positive numbers respectively smaller than 1/4 and 1/8. We shall fix them later.

Let us introduce the set S[A¢, p, 1] of diagonal matrices S such that S[i,i] =1if i € A and
S[i,i] is either 1 or 1 47 if i € A°. The cardinality of this set is 2/4°l. Applying Lemma 3.1,
there exists a subset S'[A¢, p,r1] that satisfies log |S'[A¢, p,71]| > |A°|/8 and such that any two
elements of S'[A°, p, 1] are |A°|/4 separated with respect to the Hamming distance dp;.

Let us consider the set 7'2(1) [k, p, r] of lower triangular square matrices T' of size p such that:

1. the diagonal of T is made of 1,

2. the lower left submatrix of T' of size k X |p/2]| contains exactly one entry that equals 79 on
each line and at most one on each column.

3. every other entry of T is zero.

Lemma 3.8. Assume that logp > 21. There exists some subset 75(2) [k, p,7a) ofTQ(l)[k,p, 9| such
that the Hamming distance between any two different elements of ’72(2) [k, p, 2] is larger than k/2
and such that log |7'2(2) [k, p,r2]| > klog(p)/10.

We now define the subset Uj[k, p, 71, r2] of Us [k, p] by
Uslk,p,r1,m2] = {Q =T*S7T, Te 7;(2)[]€,p, ro] and S € S'[A°, p, Tl]} )

In order to apply Lemma 3.2, we need to bound the eigenvalues of the matrices in U} [k, p, r1, 2],
lower bound the function d(.,.) defined in (13), upper bound the Kullback divergence between
elements of Uj[k, p, r1, 2], and lower bound the cardinality of Us[k, p, 71, 72).

1. Let us first bound the smallest and the largest eigenvalues of the matrices {2 in this set. Let
T and S correspond to the Cholesky decomposition of 2. Straightforward computations
allow to prove that each diagonal element of T*T is between 1 and 1+73 and the sum of the
absolute value of the off-diagonal elements of T*T" on each line is smaller than 2r,. Hence,
T*T is diagonally dominant and puyax(T*T) < (1 + 72)? and @min(T*7T) > 1 — 2r5. Since
o is constrained to be smaller than 1/8 than the eigenvalues of T*T are between 3/4 and
3/2. The eigenvalues of S are between 1 and 5/4, because 71 is constrained to be smaller
than 1/4. The eigenvalues of Q) are bounded as follows: ¥max(2) < Gmax(T*T)Pmax(S™1)
and Pmin(2) > @min(T*T)Pmin(S™1). Hence, we conclude that the eigenvalues of Q are
between 1/2 and 2.

2. Let us now lower bound d(£2, ') if Q # /. The quantity dg(t;,t,)r5/4 is smaller than 2.
Hence, by the mean value theorem log(1 + dg (t;,t})r3/4) is larger than dg (¢;,t;)r3 /8. By

3
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definition of the sets 7;(2) [k, p, 2] and S’[A°, p, 7], we get

p—k k ,
d(Q, &) > (%) + Y log (1 + M)

i=1 i=p—k+1
Ay
> ka[f(lJrrl)/\f(l/(lﬁLTl))]jL@
> Li(p—Fk)ri+ klog(p)Tg}
> L [pr? +klog(p)ri]

since k is assumed to be smaller than p/2.
3. Let us upper bound the Kullback divergence between two element Q and Q" in U [k, p, r1, 73]

P /
S S ll ti;ti
i=1 7 7 2
p—k s,
= S—j log ( ) -1+ g Li(ti,th) .

Il
-

% i=p—k+1

Since the smallest eigenvalue of € is smaller than 1/2, it follows that [;(¢;.t;) is smaller
than 2||t; — ¢;||7 which is smaller than 473 by definition of 7'2(2) [k, p,72]. Let us recall that
the function f defined by f(z) = o — 1 —log(z) is positive and equivalent to (z — 1)? when
x is close to one. Since r is smaller than 1/4, there exists some numerical constant L such
that f(s;/s}) < Lr?. All in all, we obtain the upper bound

K(Q;Q) < L[(p—k)r?+kr3] <L[pri+kr3].
4. Finally, we lower bound the cardinality of U[k, p,r1, 2]

p— k klogp
— + =L > Llp+klog(p)] -

IOg |u2 [k b7, 7’2” > =
Applying Lemma 3.2, we conclude that

inf sup E [/C (Q; ﬁ)} > L [pri + klog(p)r3]
Q Qeulk,p,ri,r2)

provided that r1 < 1/4, ro < 1/8, and n [pri + kr3] < L1 [p+ klog(p)]. Choosing r§ = 1/16 A
(L1 A1)/nand r3 = 1/64 A (L1 A 1) log(p)/n yields

~ 1
inf sup E {IC (Q,Q)} > Lw ,
Q Qeullk,p,ri,r2] n

since we assume that n > log(p). Let us now prove that the set Ujlk,p,r1,r2] is included in

Bic(1).

kr3 klo
K©L) < lpmn(@) 22+—f(1+ ) < nngrp—kgp,

since f(5/4) <1 and n > log(p). Hence, the following minimax lower bound also holds

8 o (98] 2 P
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If logp < 21, we consider the set Uppa[0,...,0,1,...,1,7] where there are p — k times 0 and k
times 1. It is included in Us [k, p] and by Proposition 3.5, we conclude that

p+ klogp
n b

i, O] 25

since logp < 21. Besides, one can prove that the set Uya[0,...,0,1,...,1,7] is included in B (1)
if 7 is smaller than 1/y/n A 1/8. Hence, the same minimax lower bound holds on Us [k, p] N B (n?)

3.3.8. Technical lemmas

Proof of Lemma 3.7. Let ©'[k,p/2] be a maximal subset of O[k,p/2] which is pk/4-separated
with respect to the Hamming distance. Then, the closed Hamming balls By (x, pk/4) centered
at the elements of ©'[k, p/2] and with radius kp/4s are covering Ok, p/2]. Hence,

Ok.p/2l< Y |Bu (w,05k5)] .
z€0'[k,p/2]

The balls By (z, kp/4) can also be considered as subsets of the set {0, 1};’; //22)2 of binary sequences

of size (p/2)? with exactly kp/2 non-zero coefficients. In the proof of Lemma 4.10 in [6], Massart

shows that if p > 8k
p (p/2)%\ [ p\~Pk@/2)
) < i
‘BH (x’k4)‘ = ( kp/2 (Qk) ’

where p > 0.23. Since we assume that log(p/k) > 19, we can apply this result. If follows that

g €'k p/21| = ivtog () + og 01k.p/2] - 1og (¥/7)) (27)

Let us now lower bound the cardinality of ©[k, p/2]. Observe that |©[2k, 2p]| > |0k, p]|*. Let us
indeed cut the square matrix of size 2p into four square matrices of size p. Then, any combination
of any four elements of O[k, p] yields an unique element of ©[2k, 2p]. Since k = 2° for some integer
s > 0 and since 2k divides p, one concludes by straightforward induction that

log |O[k, p/2]| > k*log|O[1,p/(2k)]] -

Moreover, ©[1, p/2k] is in correspondence with the set of permutations of p/2k elements. Thus,

log|O[1,p/(20)]| = ()1 = L log (52-)

since a! > (a/e)® for any positive integer a. If follows that log|O[k,p/2]| > pk/2log[p/(2¢k)].
2 2
(n/2) ) is upper bounded by kp/2log[pe/(2k)] since < (ae/b)® for any

kp/2 -
positive integers a and b. Gathering these bounds with (27) yields

In contrast, log (

S 2
N——

log |©[k,p/2]| > p?k [plog (%) 7p10g2,2} > gkplog (%) 7

since log(p/k) is assumed to be larger than 19 which is larger than 2log2 + 4/p.
O
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Proof of Lemma 3.8. The set 7;(1) [k, p, 2] is in one to one correspondence with the set Oa[k, |p/2]]
of binary matrices of size k x |p/2] with exactly one non-zero entry on each line and at most
one on each column. The proof is then quite similar to the proof of Lemma 3.7. Let 5[k, |p/2]]
be a maximal subset of O]k, |p/2]] such that the Hamming distance between any two different

elements of O4[k, [p/2]] is larger than k/2. Then, we take the set 75(2) [k, p, 2] that corresponds
to Ok, [p/2]].

Let us lower bound the cardinality of ©4[k, | p/2]]. Since the closed Hamming balls with radius
k/2 and centered at the elements of ©4[k, |p/2]] cover Ok, |p/2]], we get

Oafk, [p/2)]1 = Y |Bu(x,k/2)| .
z€04k,|p/2]]

One can consider these balls as subsets of the set {0, 1}£Lp/2J of binary sequence of size k|p/2]

with exactly k non-zero coefficients. We use the same lower bound for the Hamming balls as in
the previous proof:

k|lp/2 _
Bty < (") (or2p
if p > 8. We recall that p > 0.23. We can apply this result since log(p) > 21. It follows that

k|lp/2
g 0415, Ln/21]| > phlog (1p/21) + g 0alk, Lp/21] ~ tog (/)
The cardinality of ©s[k, |p/2]] is |p/2]!/(|p/2] — k)!. For any positive integers a and b, it holds
that (a) > (a/b)® and a! > (a/e)®. Hence, we obtain

b

02l Lp/21] = Tog (1) + tog(at) = o (2221

€

Let us combine the previous bounds and and let us apply the inequality <Z> < (ae/b)® which

holds for any positive integer a and b. Hence, we get

log |4k, p/2]]| > pklog ([p/2)) — 2k > k[plo(r) — plog(4) — 2] > 2 log(p)

since log(p) > 21.

4. Proof of the Frobenius bounds
4.1. Proof of Corollary 5.4

For any symmetric matrix A, we denote {¢;(A) }1<i<p, the set of its eigenvalues. Since z—log x—1
is equivalent to (z—1)? when z goes to one, the Kullback-Leibler divergence K (£2; Q') decomposes
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as

K@) =

~
=<

[tr (%) — log (|Y'X]) — pa

{ (VEQVE) —log [0 (VEVE) | -1}

1

N = N
5

.
Il

[ (VEvE) - 1}2+0[K(Q;Q’)]

Il
=
'M“

@
Il
i

Il
=
'M"ﬁ

@
Il
i

f(\/_Q’\/_ I,) + oK @) ,

when K (€2; ') is close to 0. This last sum corresponds to the Frobenius norm of vXQ'v/Y — I,
Hence, we get

IVEQVE — I, I3 = 41K ()] + 0K (%) (28)

when K (£2; Q) is close to 0. Let us come back to the Frobenius distance between €' and €,

I -} = o [Vo(VEevE -1, ) (VEQVE - 1, ) vV
< P (D IVEXVE L, |13 -
Gathering this upper bound with the preceding result yields
197 = QI < 4f 0 () K (2Q) + 0 (K ()], (29)

when K (€; €) is close to 0. By Corollary 5.1, the risk of Q% on Usa[k1,, . . ., kp, 400] N Bop ()
is upper bounded

n+ Pn k/,
Dot 2t (k).

E [/c (Q Qd)} < Ly lnt ezt T
The Kullback divergence K (€; I, ) /pr is upper bounded by ¢max(Q2)V (10g[1/@min(2)]—1) < L,.
Hence, the term 7, (K, 7, ) is upper bounded by Lg ,; ~pn/n. We conclude that

Pn + Zfil ki )

5 e (0:08,)] = i Pt

Gathering this upper bound with (29) yields the first result. By Proposition 5.3, we know that

E [ (2984)] < Licyapa (RFT0775 A %) .

We prove the second result using this last bound and (29).

The corresponding minimax lower bounds are proved as Propositions 3.5 and 5.3. Indeed,
we consider again the set U. j[k1,...,kp,,7] defined in the proof of proposition 3.5 with r <
(8k)™* A 1/n. We recall that this set belongs to Bop(2). For any two matrices Q5 # € in this

set,
Pn

Zkz + Pn

i=1

K(Q1;Q2) > 2d(01,Q2) > L

r?,
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where d(.,.) is introduced in Lemma 3.2. The second lower bound is given at the end of the proof
of Proposition 3.5. We also have stated the converse upper bound

Pn

Zki+pn

i=1

r? .

Arguing as previously, we connect the Frobenius distance between €25 and 22 with the Kullback
entropy.

1 1
Pmin () V1 Qv -1, |F

>
> 4hin () K (213 Q2) + 0 [K (21592)]
> K(Q1;Q) +0[K(21;Q)]

191 — Qo7

because @min(21) is larger than 1/2. Since 7? is assumed to be smaller than 1/n and since

Pr ki +pn = o(n), K (Q1;Q2) goes to 0 when n goes to infinity. Hence, for n sufficiently large,

Pn

Zki + Pn

i=1

r? .

1
(2)
n

as long as n is large enough. This proves the first minimax lower bound.

1
191 — Qa3 > §/C (Q1;9Q2) > L

Applying suitably Lemma 3.3 yields

Pn

Zki+pn

i=1

inf sup E[le-QI3] =L
% QeUpra [kl ..... kpn,’l“]ﬂBOp(’y)

Let us define k,, := (R?n)"/@stD A (p — 1) and r, = 1/(8y/n). Since s > 1/4, k,, is smaller
than |y/n] for n large enough. We straightforwardly check as in the proof of Proposition 5.3
that Uopeal0,1, ..., Ky, ... ky,7y] is included in E'[s, py, R] N Bop(2). Using the last minimax lower
bound, we conclude that

_ 2
inf sup E {HQ — QH%} > Lpnkn > Lp, ((E) A Pn ) ,
nS

0 Q€E'[s,pn,R]INBop(2) n n

for n large enough.

4.2. Proof of Corollary 6.3

From the previous proof, we know that for any estimator Q such that K(82; (AZ) = op(1) satisfies
12— Q||% = Op[K(2;Q)]. Let us apply Corollary 6.1:

kn+1)1 n
(# + Lican®? [p+ K (4 1, )] exp [=nLic] -

E[C(20)] < L,
The Kullback divergence K (€2;1p,) is upper bounded by pp [@max(2) V (log[1/@min(2)] — 1)].
Hence, we get

%[1+0(1)] _

E|KC(%9)] < Lias

Gathering this last upper bound with (28) yields the first result. Since the Frobenius norm
dominates the operator norm, the second result follows.

The corresponding asymptotic minimax lower bound is proved as Proposition 6.2 using again

the lower bound of the Frobenius distance [|2—Q||% in terms of the Kullback divergence K(2; Q).
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5. Proof of Lemma 10.2

Let d be a positive integer larger than one. By Jensen’s inequality, we first notice that ¥(d) is
non-positive. Using the density of a x2(d) distribution, we obtain

400 log(t)efttd/271

where I'(.) stands for the Gamma function. Let us exhibit a recurrence relation for I; applying
integration by parts:

+oo —tyd/2—1 +oo
I - / log(2t)e~ 't/ g — 0+/ e,ttd/Q,Ql+10g(21t)(d/27 1)
0 I'(d/2) 0 I'(d/2)
1
= 7d/2—1 + 1o .

Hence, we only have to work out I; and I in order to compute I.
I log(2) +T"(1)/T(1) = log(2) - 7,
L= log(2)+T"(1/2)/T(1/2) = —log(2) — 7,

where v is the Euler constant. For any positive integer d, we therefore derive that

d—1

Wed) = S5 -y —logld)
d
Bd+1) = Y 2; -~ 2log(2) ~ log(d +1/2) .

Using the asymptotic expansion of the harmonic series yields ¥(2d) = —1/(2d) + O (1/(2d)?).
We note h(d) the d-th partial sum of harmonic series. Straightforwards computations lead to

U(2d+1) = 2h(2d) —h(d) —~v —2log(2) — log(d + 1/2)
1 d -1 1
= ¢ (E) +log <d+1/2> T 2d+1 +O<W> '

Thus, we obtain the asymptotic expansion ¥(d) = —1/d + O (1/d?). Let us turn to the lower
bound. From now on, we assume that d > 3. We define the sequence vq by vq := ¥(d)+1/(d—2).
We know that vy converges to 0 when d goes to infinity. Let us prove that the subsequences
(v2d)a>1 and (v24+1)a>1 are decreasing. Since log(1 — ) < —z —2%/2 for any 0 < z < 1,

3 1 1
V2d42 — V24 = 2_d72d_2+10g li—d—i—l
- 1 1 1 1
— d 2dd-1) d+1 2(d+1)?
1 1
- <0.

<
~ 2d(d+1)2 dd+1)(d-1)
Analogously, we compute

3 — +log | 1—
2d—1 2d—3 8 20+ 1

4 8
d—1)@d+1)? @i-3)@Ei-ned+rn ~

V2d+1 — V2d—1 =

IN
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We conclude that vg is non-negative for any d > 3. It follows that ¥(d) > —1/(d — 2).

6. Proof of Proposition 7.2

For the sake of clarity, we forget the subscript p — 1 and p in the collection of models M, the
penalty pen(.) and the vector t.

The proof is divided in two steps. First, we explain why the “true” model m, belongs to M
with high probability. Then, we prove that m, minimizes the penalized criterion over the whole
collection MC% with high probability. The matrix 3.,,_1) refers to the submatrix of 3 where
the last line and the last column are removed.

The restricted eigenvalues of order ¢* of the matrix ¥y.(,_1) lie between c. and c*. Define
Z = Xl:(p—l)\/iiép—l)' The matrix Z follows a standard Wishart distribution with parameters
n and p — 1. Let us define V' = Uj4|—¢» Usupp(u)=a VZu as the images of ¢*-sparse vectors by
VE. The set V is the union ((qul)) subspaces of of dimension ¢*. Let us call V7 one of these
subspaces. By Theorem 2.13 in [4], it holds that
P i TV
nu*u

with probability larger than 2 exp[—n(1—1/v/2—+/q* /n)]. Applying an union bound, we conclude
that

u* [\/EZ*Z\/E] N u

2 <
/2 < nu*u

< 2c, VA with |A| = ¢ and u € RY

with probability going to one. Hence, the empirical design Xy.,_1) satisfies a sparse Riesz con-
dition of order ¢* with spectrum bounds ¢, /2 and 2¢* with probability going to 1.

We will apply Theorem 2 in [9]. In order to check the assumptions of this theorem, we
shortly use the notations of Zhang and Huang (See Section 2 in [9]). Since ¢ is g-sparse, we

have 71 = 12 = 0. Moreover, M; and M3 only depend on ¢, and c¢*. As p is large, we can take
A = 4v/2¢*\/slog(p)n. By Theorem 2 in [9], the Lasso estimator #* selects all non-zero coeffi-
cients of t and selects no more than (M; —1)q other variables with high probability. We conclude

that m. belongs to M with probability going to one.

The notations o(1), O(1) respectively refer to sequences that converge to 0 or stay bounded
when n goes to infinity. These sequences may depend on K, but do not depend on m,, on the
true covariance X, or a particular model m. For any model m of size smaller than D, let us define

A(m,m*) = ||H717—1Xp|‘72l€pen(m) _ HH#L*XpH?ﬂpen(m*) 7

where the notation H,J;l is defined in Section 10.1. Observe that m = m, if A(m,m,) is positive
for any model m.

CASE 1: m, € m. We have A(m,m,) > 0 if

1L s am€ll2/Im \ ma|  epenmD) — gren(a) ( — |m))

el /(n = |m]) m\ | epen(@

(30)
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Let us call A; and As the right and the left expression of (30). By definition (21) of the penalty,
we derive that

A, > 2K log (%) (1+0(1)) , (31)

since glog(p)/n goes to 0 and p/|m/| goes to infinity (uniformly with respect to m such m < D =
n/log?(p).

Let us turn to Ag. Consider v € (0,1) and let FB}N (u) denote the 1 — u quantile of a Fisher
random variable with D and N degrees of freedom. By Lemma 1 in [2], it holds that

DFply(u) < D+ 2\/13 <1 + 2%) log (%) + (1 + 2%) % {exp (%log (%)) - 1] .

Let us set u to
-1
w = p72 pP—q
[m\ m| '

Applying the inequality (7) < slog(er/s), we get the upper bound

1 21o 21o
Ay = ﬂm\m*‘,n_|m‘(u) < [2 log (Vn{ﬁ) + 2 |m \g75’12| + |m \gg:3| (1 + 0(1)) ,
< 4log <W) (1+o0(1)) , (32)

since |m|log(p)/n < Dlog(p)/n goes to 0.

Conclusion. Let us compare the lower bound (31) of 4; with the upper bound (32) of As.

e Let us first assume that |m| < 2¢. Then,
Ay > 2K log (73) (14 0(1)) > 2K(1 — v) log(p) (1 — o(1)) .
q
since ¢ < n"/log(p) < p¥. Hence, we get

Ay < 4log <m> (14 0(1)) < Ay,

for n large enough since we assume that 2K (1 — v) > 4.

o If |m| > 2|m.|, we also have

Ay < 4log (%) (1+0(1)) < A4 ,

for n large enough since we assume that 2K > 4.

It follows from Ineq. (30) and the definition of A; and A that P [m. C m] < L/p, for n larger

=

than some positive constant that may depend on K, s, but does not depend on m..
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CASE 2: m, ¢ m. The random variable n|[IL;; X,||2 /(s +(tm,t)) follows a x? distribution with
n — |m| degrees of freedom. Applying Lemma 1 in [5], we derive that for any model m

||H7J7_1Xp||31 > (1 B 2\/|m| log(ep/|m|) + 210gp> _ S(l + 0(1)) :

n

with probability larger than 1 — L/p. Similarly, we get that

1
el < s |1 +4 M] =s(l+o(1)),

n

with probability larger than 1/p. Let us define the random variable E,, by

X(t = tm) >2
By = (e, ——
< 1X(t = tm)II7

The quantity A(m,m,) decomposes as
1
A(m,my) > —|pells + M.l — 2B + 5|\H$X(t —tm)ll7
4+ s[1+o(1)][eP™™ — 1] — s[1 + o(1)][ePe" ") —1] .

The random variables involved in this last expression follow x? distributions. Applying Lemma
1 in [5], we get that for all m,

w < 6@1%(%) [1+o(1)]
En 6@@('%) 1+ o(1)]

X =t > Ut )/2
with probability larger than 1 — L/p. Hence, with probability larger than 1 — L/p, we get

+ (K- 12)'%| log (%') [1+o(1)] — K% log (g) [1+0(1)] .(33)

A(ms,m) - U(tm,t)

S - 2s

CASE 2.A: |m| > 2q. In this case, we lower bound the difference exp(pen(m)) — exp(pen(m.))
as in (31). Hence, we obtain that

A(m,my)

) > (] - ) = 120 1og (2 ) 1+ (1)

m|

which is strictly positive for n large enough since K is larger than 24.

CASE 2.B: |m| < 2¢. In such a case, we derive from (33) that

A(mam*) > l(tmvt)
s - 2s

(K + 12)% log <§> [1+0(1)] .
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By Assumptions (H.1) and (H.2) we derive that
Ut t) = 5 Ma(K. e,)s7 log(p) -
n

Since Ma (K, cx) > 2(K + 12)/cs, A(m,m,) is positive for n large enough.
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