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HIGH GAIN OBSERVER BASED ON A TRIANGULAR STRUCTURE

HASSAN HAMMOURI, BOUBEKEUR TARGUI,
AND FREDERIC ARMANET
Laboratoire d’Automatique et de Génie des Procédés, UPRES-A Q 5007, LAGEP, CPE-Lyon,
Bat. 308G, UCBL I, 69622 Villeurbanne cedex, France.

SUMMARY
A high gain observer based on a triangular structure of nonlinear systems is proposed . An al-
gorithm permitting to calculate a gain of the observer is given. This observer synthesis is then
extended to a class of multi-output nonlinear systems which contains the model of binary distilla-
tion columns. Finally, we illustrate the performance of the estimator using numerical simulations
of a methanol-ethanol distillation column.

KEY WORDS Nonlinear systems, observability, observer

1. INTRODUCTION
The knowledge of state variables is often required in order to apply the advanced concepts
of control and diagnosis to practical applications. One way permitting to obtain such vari-
ables, consists of combining a priori knowledge about physical system with experimental
data to provide on-line estimator (observer). This estimator is generally a dynamic system
obtained from the nominal model by adding a correction term which is proportional to
some output deviation. In other words, given a nominal model:

{ (t) = f(x(t), u(t)) (0)

The state x(t) belongs to an open subset V' of R™, the input u(t) belongs to a Borelian
subset U of R™ and the output y(t) € RP. An observer for (1) is generally a dynamic
system of the form:

r(t) and k(t) are called indifferently the gain of the observer. For some particular systems,
the gain k(t) does not depend on the input (see for instance the Luenberger observer).
For general nonlinear systems the observer’s gain depend on the input. This comes from
the fact that the observability concept generally depends on the inputs: given an input u
defined on some interval [0, T'], we say that u render system (1) observable if for every two
initial states x # 2’; there exist ¢ € [0,T] such that h(z,(t)) # h(z),(t)), where x,(t) and
x,,(t) are respectively the trajectories associated with u and issued from the initial states
x, 2'. Generally a nonlinear system may be observable for some input and unobservable
for an other one. For more details, see 79,

An interesting class of nonlinear systems consists of those which are observable for
every input, called uniformly observable systems. For this class of nonlinear systems,
we can design an observer whose gain does not depend on the inputs (see, 1:2:35:6:8,10)
For such systems a canonical (triangular) form is designed in order to design an observer.
To ensure the mathematical convergence, a particular high gain is required. However, the



use of large gain may generate the so-called the peak phenomena (overshoot problem),
moreover the estimator becomes noise sensitive. Due to nonlinearity of the system, the
choice of the gain which gives the best compromise between fast convergence, the noise
rejection and the attenuation of the peak phenomena becomes a difficult task, and only
simulations allow to determine a plausible gain.

This paper is organized as follows: in section 2, we extend the observer synthesis stated
in 5 and % to a class of multi-output uniformly observable systems. In section 3, we apply
this theoretical result to a binary distillation column.

2. HIGH GAIN OBSERVER
Consider the following control affine nonlinear system:

{ 2(t) = f(x(t), u(t)) = fo(z(t)) + 2T, wilt) fix(t)) (0)
y(t) = h(z(t))

where u = (U1, ..., Up,).
In the single output case (p = 1) and when U = R™, the authors in 4 and ® have shown
that if in addition system (2) is uniformly observable, then,

(21, 20) = (h(@), Lgy (h(2)), ... L} (h(2)))

becomes a local system of coordinates (almost everywhere) in which, system (2) takes the
following canonical form:

{ £(t) = Az(t) + Fo(2(t) + 2252, wi(t) Fi(2(1)) (0)
y(t) = Cz(1)

where Ly, denotes the Lie derivative, A, C and the F}’s are given by:

0 1 0 0
1
A= ;C=[10 0]
0 1
0 ... 00

FO = [07"'>07F0n]T; for 1 <1< m, FZ = [Fi17-"aFin]T and E] = Fij(zlv"7'zj)'
Moreover, if the F;’s are global Lipschitz (or if the concerned trajectories of system (3)
are bounded), then an exponential observer for system (3) takes the following form:

A1) = A5(1) + Fo(2(1) + D w(t)Fi(2(1) — S5 CT(CA(t) — y(1))

i=1
where Sy is the symmetric positive definite (S.P.D.) matrix satisfying:
0Sy + AT Sy + SpA = CTC.

For single output non control affine nonlinear system (1), in , the authors have shown
that if a single output system (1) is uniformly observable then, a similar transformation
as above, transforms the system into the following form:



with, the additional condition:

F;
1) 0

0zi11

(z,u) # 0;Y(z,u).

Now set F' = [Fy,..., F,]T, if the following assumption holds:
Hy)
i) The F is a global Lipschitz function:

|| OF (u, )

(u, 2)|| is uniformly bounded.
2z
1) Ja >0 s.t. Y(u,z) € (U x R™) we have:

OF;(u, z)

=
0zi1

then, we can find a constant vector K, such that the following system:
5= F(3,u) + AgK(C2 — y) 0)
becomes an exponential observer for system (4), where:

Ay is the (n x n) diagonal matrix:

Ay = diag(6,6%,...,0™).

Remark 1
In the case where only condition C'1 holds and that U is a bounded connected set,

and the trajectories of (4) lie into a compact set, then hypothesis H; can be omited (see
Remark 2 below).

In what follows, we give a constructive algorithm permitting to calculate such gain K,
and we extend this observer synthesis to a class of multi-output systems.
To do so, we need some preliminary results:

Consider the following k£ x k matrix,

0 ai(t) 0 0



where, the a;’s may be unknown and satisfying the following constraint:
Hy) YVt > 0,01 < a(t) < ay, for some constants aq, ag > 0.

Let S be the k x k symmetric matrix of the form:

s s12 0 0
S12 S22 :
Sk=1 0 " - 0 (0)
Sk—1k
| 0 ... 0 Sp_1r Skk ]

and denote by C} the k-row vector:
Cr =11,0,..,0]

we then obtain the following:

Lemma 1
Assume that Hg holds, then for every p > 0, we can find n > 0 and a symmetric
positive definite (S.P.D.) matrix Sy of the form (6) such that:

Vt >0, AL (t)Sy, + Sk Aw(t) — pCECY, < —nl.

Moreover Sy depends only on the bounds a;, g and not on the knowledge of Ag(t).
The proof of lemma 1 will be given below.

— (2(8)+
1+1

w(t),u(t)) , where w(t) is any vector of R"™. Then from hypothesis Hi, it follows that
the a;’s satisfy Hy, here, @y = « and ao is the Lipschitz constant of F', given by

F
sup||%z(z(t),u(t))||, (z,u) € R" x U. We can state the following:

OF,
Now, let A,,(t) be the nxn matrix of the form (6) in which a;(t) is replaced by 3 -

Theorem 1.
Assume that H; holds, then system (5) in which K is replaced by AgS,1CT is an
exponential observer.

The proof is similar to this given in ¢ ( the extension of this result, is given in Theorem 2
below).

In what follows, we will extend this observer synthesis to the following class of nonlinear
systems which contains the model of binary distillation columns:

), u(t)) +d(t)
) u(t))

- ) + (1) )
y(t) = (1 (2), y2(t))T = (Cm:rl(t), Cn2$2(t))T



£
Wherex:[iz}eR”;ﬂ: | €RMAfori=1,2 (n=mn1 +n2); yi = Cpx’ =19
7
ng .
(Cp, = [1,0,...,0]); u is an known signal such that V¢, u(t) € U, the d"’s are unknown
and bounded disturbances, with sup;> Hd’(t)H =d < +oo.

Finally, the nonlinear dynamics satisfy the following triangular structure:

fi(eloh) T A
) )
fied ot ahw) fala, 2, w5,)
Y ) )
1 _1(m1,u) n2—2( 217 'y Fng—1>
n}’l ({L‘ u) fn22,1(l',u)
e - I o (T, 1) 1

The following lemma gives a sufficient condition which guarantee the uniform observabil-
ity.

Lemma 2 o
If for every (xz,u) € R™ x U. /;

) 7
05 11

(z,u) # 0; then system (8) is uniformly observable.

Proof. The uniform observability means that for every initial states z # Z and every input
from any [0,7] into U, the associated output y(¢) = h(x(t)) and y(t) = h(Z(t)) are not
identically equal on [0, 7], where z(t) (respectively Z(t)) is the trajectory corresponding
to the input w and initial state = (resp. ).

To prove the Lemma 2, it suffices to show that if for every ¢ € [0,T], h(z(t)) = h(z(t)),
then z = Z.

! i
Here, x = 2 and h(z) = x%
Assume that h(z(t)) = h(z(t)),Vt € [0,T].
We obtain

#h() = 2(1), Ve € [0, 7],
Differentiating this last equality, we get:

fi(@l(8), 23(t), u(t) = fi (21(2), 23(t), u(t))

Using the mean value theorem, there exists a wq(t) € [0, 1] s.t.

off _ _
8711(33%@)7 23(t) + w1 (1) (3(t) — 23(8)), u(t)) (w3(t) — T5()) = 0
2
But
off n
= (2, u) # 0,V(x,u) € R" x U.
O0xs
Thus
3(t) = T5(1),Vt € [0, T).
Using the triangular structure of f! and the fact that fg{il (x,u) # 0;V(z,u) € R" x U,

an induction proof gives z!(t) = z'(¢),Vt € [0, T).



In similar manner, using the triangular structure of f2 and the fact that z'(¢t) = z'(t) ,
and 22(t) = 22(t) we can show by similar induction proof that V¢ > 0, 2%(t) = z2(t). This
ends the proof of the lemma 2.

As in the single output case (see hypothesis Hj), the design of an observer for (8),
requires the following assumption :
H3)

i) de > 0;V(z,u), H%(:c,u)” <c

1

of
i1) Ja > 0; Va; Vu, fo (x,u) > a, fori=1,2 and for 1 <j <n; — 1.
0} 14

Remark 2
If U is a connected compact subset of R™ and that the trajectories of system (8) lie
into a connected compact subset K of R™, then hypothesis H3 can be replaced by:

oft

i
0z’ 41

Cc2) (x,u) #0,V(z,u) € (K xU).

Proof of remark 2. Indeed, From C2, it follows that Ja > 0;V(z,u) € (K x U) we have

afi
5 > .
o ()] = |
afi
Now, since K x U is a connected set, it follows that 8a:’f 1 keeps a constant sign.
1
. . aft
Using the simple change of coordinates Zj = e;;2; where ¢;; = sign(axzf] ), system (8)
m
becomes: !
#'(t) = FHE®), ut) + d' (1)
22(t) = fA(2(1), u(t)) + d*(t)
y(t) = (Cn, 7 (1), Cy 7*(1))"

Moreover, it has a similar triangular structure (8) and,

oft ) ~
——(Z,u) > o, V(Z,u) € (K xU)
0% 41

where K = {i“/i; = 5”-3:; and r € K}.
Now as in °, we can always find global Lipschitz functions having similar triangular struc-
ture as fl, fz and satisfying:
a) fi(&,u) = fi(Z,u), for i = 1,2 and for every (Z,u) € (K x U)
(2

b)

Tj+1
This ends the proof of Remark 2.

Noticing that if U is not a connected set, then condition H3 — i) together with C2 are
not sufficient for the existence of an observer of constant gain.

(Z,u) > a,¥(Z,u) € (R" x U)

Conter-example
Consider the following system:



with v € U = {+1, -1}.
Clearly system (S) has a triangular structure and satisfies Hs — i), and C2.
However (S) cannot admit an observer with constant gain.

Proof of the Conter-example. Assuming that (S) admits an observer of constant gain:

L 0 u ~ A
x—{o 0]$+K(Cx Y)

. |k
WlthK—|:k2:|.

Thus the obtained error equation:

é—klue
Tl ky O

becomes simultaneous asymptotically stable for every input v : Rt — {1, —1}.

NowsetAlz[Zl (1]] andAgz[]]zl 0
2 2

é=Adie (i=1,2)

] , in particular the two systems:

becomes asymptotically stable.

This implies that the spectrums Sp(A4;) are in C = {\ € C : Re(\) < 0}.

Let us examine this last fact:

The respective characteristic polynomial of A; and Ay are P, = A2 — ki) — ko and
= A2 — I\ + ko

Set r11 , r12 ( resp. ro1,722) the roots of P (resp. P»), we obtain:

r11+ri2 = —ki
riirie = —ko
ro1 + 122 = —k1
ro1722 = k2

Thus the stability of A; (resp. of Ag) is equivalent to k1 < 0 and k2 < 0 (resp. k1 < 0
and ko > 0). Consequently, there exist no ki, ko which give rise to both simultaneous
asymptotic stability of A; and As.

Now, we can state our main result:

Theorem 2.
Let 61 > 0, 2 > 0 be two constants satisfying:

My —1 o2nq + 1
01 < 09 <
My —1 P2 S 9p, 1

01



set, Aps; = diag(0%,0%%, ..., 6™%) (i = 1,2), and assume that H3 holds for system (8).
Then there exist S.P.D. matrices S,, (i = 1,2) of the form (7) such that the following
System:

#1(1) = F1((0), u(t)) — 11 Agoy S OT (Cra(t) = 1 (1)
22(t) = f2(2(t), u(t)) — 7285, Sz Cra (Cr2 () — ya(2))
becomes an exponential estimator:
Jry,re > 0;30g > 0;¥0 > 0p; 3N, Ao > 0; o > 0,such that for every z(0),z(0), we have:
12(t) — x(t)[| < Are= " [|2(0) — z(0)|| + Azd, here d is the upper bound of ||d’(t)||, i =1,2.
This means that the ball B(0, A2d) is exponentially asymptotically attracts the error of
estimation.

(0)

Remark 3

Noticing that for 8 large o becomes large and hence the speed of convergence of the
observer may be chosed arbitrary . However, for 8 sufficiently large, A1 may become large
and hence the disturbance may affect the performance of the estimator. Consequently, a
good choice of 8 which not affect the performances of the estimator is necessary. Due to
nonlinearity, this problem becomes very difficult and only simulations allows to obtain a
compromise between the fast convergence of the observer and the disturbance sensitivity.
First, let us give the proof of Lemme 1.

Proof of Lemma 1.We will give the proof by induction.

0 al (t)

For k = 2; consider Ay(t) = [ 0 0

], with 0 < a1 < a;(t) < ag, YVt > 0.

Let Sy = [ 211 §12 ] be symmetric positive definite (S.P.D), and set;
12 522

P = 4TS, + ot - p0F G = | 0 S ] v

for some p > 0 and where X = [ml,azg]T.
We have:

XQTPQ(t)XQ = —px% + 2811(11 (t)l‘l.TQ + 2812@1 (t)a:%

Now choosing s11 > 0, s22 > 0 and s12 < 0, and using inequality 0 < ag < a1 (t) < o, we
obtain:
X2TP2(75)X2 < —pﬂ?% + 28110[25611’2 - 28120&1%% (0)

Now, choosing s12 < 0 and s92 > 0 such that:

2 2
S11%2
> 0
312l > A ©
2
s
822>i2 (0)
s11

Inequality (12), implies that:

2511009

X3 Po(t) Xz < —nf| Xa|*, where n = (1 — s =———
2 Po(t) X < —nl| X2||", where 7 = ( 2pa |s12]

)min{p, 2 [s12] a1} > 0,



and inequality (13) imposes that So remains S.P.D. Hence lemma 1 is proved for k = 2.
Now assume that for every p > 0; there exist 1 > 0 and a S.P.D matrix S;_1 of the
form (7) such that:

Vt >0, AL (t)Sk—1 + Sk—14k_1(t) — pCi_1Ch—1 < —np—114—1 (0)

Let us show that for any p > 0; there exists n > 0 and a S.P.D matrix Sj, such that
inequality (14) holds for Si and Cj.

Set, S = [ ?,]“T*l ikfl ], where Si_1 satisfies (15) and Fj_1 is a (k-1)-column vector of
k—1 kk

the form F_, =0, ...,0, Sk_lk]T.

Set,

autey = [ Ar ]

where vg_1 is the (k-1)-column vector vg_1 = [0, ...,O,ak,l(t)]T.

Consider the symmetric matrix Py(t) = SgAg(t) + Ar(t)T Sk — pCLCk. As for k = 2, we
will show that we can choose S, such that for every X € R¥, XkTPk(t)Xk < —n|| X2
A simple computation gives:

_ Pr_1(1) Sk-1vk-1(t) + AL () Fr
FL A1 (t) + ol (£)Sk—1 20 vk (t)

Py(t)
hence,
XIPt) Xy = X Py () Xpo1 + 2X7 1 Skqvp—1 (t)xp + 288 _1pap_1(t) 3.
Now, choosing si_1; < 0 and using the fact that 0 < oy < ag_1(t) < ag, we get:
X Po(t) Xk = X[ Poo1 () Xpom1 + 20| Sk ||| Xnmt || |2k] + 285150127, (0)
Inequalities (14) and (15) yield to:
Xii Pe(t) Xk < =1 [| X1 |[” + 202 k-1 1| Xp—1 || [25] + 285150127 (0)

Now, consider s;_1x < 0 and such that:

azl[Se-1ll 4
V2 [sk—1k] camr—1
or equivalently;
2 2
a3 || Sk—1
e < 2315
Q1Mk—1
Combining this last inequality with (16), we get:
2| S—1]]

X7 PL(t) Xy, < =] Xe|%, where n = (1 ) min{e_1, 285 1501}

V2 [8k—1k] @1mK—1

To end the proof, we will choose sy so that Si remains S.P.D.
From the above notations, we have:

XESka = X]ZLlSk,le,l + 2F571Xk,11‘k + Skkl'z
> X1 Sko1 Xe-1 = 20| Frma |1 Xp—1 || Jzn] + senah

> X1 Sk-1Xe-1 — 2 |sk— 1kl 1 Xe—1 ]l |zn] + serai (since [|[Fo—y| = |sp—1x])



From the induction hypothesis, we know that S;_; is S.P.D. Hence there exist a constant
vp—1 > 0 s.t. X,f_ISk_le_l > ﬂk_1||Xk_1||2.
Thus,

X3 S X > U [| Xe—1l1? = 2 sk—il | Xl |2k + swnah

Now, choosing sg; such that

2
s
Spp > k—1k
Vg—1
or equivalently;
Sk —1%| <1
v/ SkkVE—1
we obtain:
XFSp Xy > vg|| Xe|* where v, = (1 — M) inf{oy_1, skx} >0
\V SkkVEk—1

This ends the proof of lemma 1.

proof of Theorem 2. Let «, ¢ be the positive constants given in assumption Hj3 and
consider two any unknown matrices:

0 aj(t) O 0

A, (1) = : a(?) ' : fori=1,2
0 e A, (1)
0o ... 0 0

such that : a < ag-(t) <c, fori=1,2and 1 <j <n;.
From lemma 1 in which aq, ag are respectively replaced by « and ¢, we know that there
exists two matrices Sy, and S, which only depend on « and ¢ such that:

vt >0, AZZ (t)Snz + SniAni (t> - pZCZZCm < _niIm' (0)

for some constants p; > 0 and n; > 0,7 =1, 2.

In what follows, we will show that system (9) in which the S,,,’s are those satisfying (17),
is an exponential estimator.

ol A1) — 2
Set e(t) = #(t) — a(t) = [ 628 ] - [ (t)—= (t) ] where z(t) and #(f) are two

respective trajectories of systems (8).
Differentiating e(t), we obtain:

)t (t) = fH@ (), u(t) — fH(a(t), ult))

—11 8¢5 8y, O, (Cry &1 (¢ t) =i (t) +d'(t) (0)
(1) = FA(a(t), ())— *(x () u(t))

—1285, S, O, (Cry @ (8) — w2(1)) + d2(2)

Recall that:

fjl = f]l(l‘%(t% e ,le+1(t),u(t)),] = 17’ N B 1

= foy (2, 0)
f2 f2(1:1,...,:nj2-+1,u);j:1,...,n2—2
32 1 5271(%“)
s = Sy (T, 1)



Using the following notations:

5f1 f (21, .. le,x]_ﬂ, u) — fjl(x%,...,x]lﬂ,u);j:1,...,n1—1
5f%1= 1(UACU) (25 0)

(5f2 f2(a:1,...,x§,:z?+ ,u) — ff(w%,...,x?+1,u);j =1,...,m2—2
(5f722_1 —2 gg_l(a%l xj, . ,iiz_l,xfm,u) — 22_1(331,30%, . ,:U%Q,u)
5fn2 = an(xau) - fng(x7u)
we obtain:
for1<j<n;—1;
f]1(£'7u) - f]l(x7u) = f]l(i'%v s 7'%}—1—17“) - f]l(i'%a s 7'%}7'1‘}4—17“) + 5fj1
of; .
= UG a0 u)eb () + 1]
J+1
where ajl-(t) = :Z‘}-H( )+ 7i(t)e j+1( ) for some 7;(t), 0 < 75(t) < 1.
Similarly, we have:
2 2 8f2 22 2 2 2 .
300 = £ = 556 o000 4 555 For 1< < g =2
j
and,
2 - 2 Offy 1,1 o -2 2 2 2
n2,1($, u) - ngfl('%u) 8.562 (x 1 L1y 5 Tpy—1) Uj (t)v u(t))enz(t) + 5fn271
n2
where ajz(t) = ;f:?H(t) + le-(t)ej2+1(t) for some 7;(t), 0 < 7i(t) < 1.
Now set:
1 afjl -1 -1 1 ‘
aj(t) = 5l (@1(2),...,2j(t),0;()); for j=1,...,m —1
Jj+1
2 6sz -2 ) 2
aj(t) = a$2 (xl(t)v ’xj(t)ao-j (t))a for J = 1, y N2 — 2
j+1
off . . 3
@by i () = 2B, 0, (), u(t)
n2
0 ai(t) O 0
0 e, (1)
0 0 0
The error equation (18) becomes:
et(t) = Ap, (1) (t) + 0 f1 — r1Aps, Sm CL Crye'(t) + d (1)
E2(t) = Apy (t)€2(t) + 0f% — 1205, S, L CF C’ e2(t) + d?(t)

(0)



Where6f1 68,y 6fL]T and 8£2 = [6f2, ..., 6 f2]7.

As in ®, we use the following change of coordinates:

;—995161f0r]—1 ny
?_975262f01"]—1 no

1

€ . .
Set el = [e}, ..., el |1, &% = [¢2, ...,5%2]T and € = [ 2 }, this change of coordinates takes

-1 1
=] 2]
15 A e

A simple calculation shows that the error equation (20) is equivalent to:

the vectorial form:

{ EL(t) = 021 (A, (t) — S, 10 Cn Del(t) + A, o L5 f 4 dh(t) (0)
E2(t) = 0% (Ap, (t) — S, 1CT Cy)E2 () + A (012 + d*(1))

To end the proof of theorem 2, we only need to show that for 6 sufficiently large, we have:

le()Il < c1e™" + cad
for some positive constants ¢q,co and o.
To do so, we will show that the quadratic form V(e) = (¢1)7S,,e! 4+ (e2)78,,e% is a
Lyapunov function for system (21). Let e(¢) be a trajectory of (21), and differentiate
V(e(t)), we get:
V(e(t)) = 6% (" ()" [Any () Sy + Sy Ay (1) — 2 Cyf, Oy €' (2)
+ 0% (1)) [Any ()" Sy + Sy Ay (t) — moT na)E2 (t)
+2(1 (1) Sny Ay, (OfF + d (1)) + 2(2(1)T Sy Ay, (0.7 + d*(1))

Now, choose 7; = & and using inequality (17), we get:

V(e®)) < =" mlle' ()7 — %02l ()]
+2(1 (1)) Sy Ay, 61 +2(2(1)) T Sny A, 1

+2(1 ()T S, Mg, d () + 2(3(1))T Snp A g, d(2)

< =0mllet ()7 — 0%l ()]
+ 2 0T S, (0 (gd 67T S Bk o
20/ (2(0)T S 2(1) /(8,1 612)7 S, 8 L 62
+ 20/ (1 (0) S0 (O (A 40T S Ak 1)
24/ (€2(1))T S0y 22(01/ (B (1)) TS, A (1)

Recall that the following inequalities hold for any S.P.D matrix S

Amin(SIIX]? < XTSX < Anaa(S) |1 X2



where \p,in(S) and A\ (S) are respectively the smallest and the largest eigenvalues of S.

Applying these inequalities, we obtain:

. 961771 962772
V(e(t) < ,m(sl(t))Tsmsl(t) T Sonan (S

20/ M () (€ (0)7 S 1 (1) | 8,1 617
20/ N (S )\ (20T S 2 (1) | 867
(£1(6))7 S, (
(2(6))7 Sua?(

T
T

2/ Az (S ) (1) S, (1) | A5 ' (1))

(e%(1))" Sna€”(2)

129/ X (S )\ (20T S 2(1) | A5 (1) |
Lsfi
Recall that A, 16 fi= : , and using H3)-i) and the triangular structure of the
9"1i5i Tllz

((5f;)’s we obtain:

For j = 1,...,n1 — 1; H*j‘sl\éfﬂ < ch™In \/(e%)2 +...,(ej1-)2 where ¢ is the Lipschitz

constant of the f*’s.
Hence,

07951 < 0\ [(BP el (6)2 + . (0591} (1))

Now, taking 0 > 1, we get:

For j = ny, we have:

=S fy, | < B le(t)]

For # > 1, we obtain:

Similarly for 8§ > 1, we have:

For j = ne — 1, no, and 0 > 1, we obtain:

07157}] < ey (EH0)? + - (H(0)? < el 0] (-11)
= e \/ (09 L(1)2 + ... + (Bm1el (£))2 + (0%22(1))2 + ... + (Bm20262_(#))?
o= SFL | < clle (1) + e 2 )| (1)
679215 f7| < ¢l (1) for 1 < j < ny (-11)
oIS 2| < D e D) =y 1)
o-m0203 2, < cll2(2)]| + om0 (1), (= mo) (11)

< cfle2(0)]| + com = (m2=Di2 |1 ()| (since § > 1)
Finally, inequalities (24) to (27) with 6 > 1, lead to:

{ 1A 611 < clle" ()] + com22—mou|e*(#) |
1805, 82| < =020l (1) + clle®(#)



hence;

1855811 <~ VE O ST (0) + e /20T 50, 22(0) o
{ [ 8gsad 2] < L2 SIS, 10 + tres VW50
Combining (23) and (28), we obtain:
V(e(t)) < —( Miil(’gnl) — 2 i\\::((jzll)))(51(t))TSn151(t)

(i — 20V (1) S, )
+2c(9"252*"151\/m+en161 (na— 1)527123:(?:12)))\/(51 NTSn, et (t)/e2(1)T S, e2(t)
+24/Amaz (Sn ) v/ (€1(1) T Snael (1) | Ay, d* (1)
+2Wmax(5;n2 IV (E2(1))T S, 2(t) | A, (1))

1

6
Setting W1 = 072 \/(1(t))T Sy, (t), Wo = 07 v/ (€2(1))TS,,€2(t), we obtain:

9_61 )\maa:(Snl)

y m
Vv e(t § — — 92 Wl
) = =575 5
6_62 )‘max Sn
- 1725 —2 ( 2))W2
max( TLQ) /\mm(SnQ)
+ 9e(pnatr-mdr=F =) V dmar(Sn)
2 o /\max Sn
B N
min\Pny

51 52
+ 2072\ Amaa(Sn )V W AG @ (Ol + 2072 v/ Amaa(Sna) v Wall Ay (1)

%2 51 %2 )\maz(snz)

(n2bs—m 81—~ 2) VAmaz (1) | p(n1di—(na—1)6— %~ 2) :
Set a(@) (9 202—"N101 p) ) + g\mo1—(n2—1)o2 2 /\mm(snl)), we get:
m 9751 )\max(sm)
V(e(t) < — —2c —al®)W
CO)==5 G M)
2 9762 Amaz (STL2 )
— —2c — a(0)) W
()\max(snz) AszL(STLQ) ( )) i

!

+ 2072V Anaw (S ) VWL At d (1)
L)

2072V Amaa(Sny) VW2 | A, d2 (1))

Now using the condition of theorem 2: ”1 151 < by < "1+161, it follows that:

o1 P
n151—(n2—1)5g—5—5<0

Hence there exist 6§y > 1 such that for every 6 > 6y, we have:
691 \/Nmaz (Sny) .
2 Pty T O =

A SN
9c? 2V Amaz(5ny) /\m”(sw)—i—a(é?) 1

)\mzn(snz) - 2)\maz( "2)



Combining (29) and (30), and taking 6 > 6y, we deduce that:

y m 72
< - S N—
V(E(t)) o 2)\maas(sn1) Wl 2Amaz(sn2) W2

+ 29**\/ maz(Sny) d VW +29 \/ maz(Sny) d v/ W- (-14)

where d = supyso{ ()51 = 1,2}
Hence,

) 51 2
Vie(t) < —%(61@)?&161(0—%

2001 \/ A (S )\ (1 ()T Sy (1)
249" \/Amaxwm)wa?(t))Tsme?(t)
—o(O)V(=(1) +1(O)dV2Y V(D) (-16)

(€2()" Snae(2)

N+ +

where
o(#) = min{ QAme(;nl)’ 2Ama35;n2)} () = max{26~"" V Amaz (Sn, ) 20~ v/ Amaz (Sny)
and, d = max{d', d*}.

Hence the ball B(0, 2 9))d ) exponentially attracts e(t).

Since e(t) = #(t) — ) = [(Ays et ()T Aps,e2(1)]T it follows that e(t) is exponentially
attracted by some B(0, A1(0)d).

3. APPLICATION TO BINARY DISTLLATION COLUMNS
Based on the Lewis assumption (the molar overflow is constant), the model of a binary
distillation column that we consider is the classical (L, V) model:

Hii1 =V (y2 — 1) ( total condenser)

Hit; = L(zi—1 —x;) + V(yis1 —vi)(i = 2,..., f — 1; rectifying section)

Hyiy=F(Zy —xf) + L(zg—1 —xf) + V(yp41 — yy) (feed tray)

Hii; = (F+ L)(zi—1 —zi) + V(yiy1 —yi) (i = f+1,...,n — 1; stripping section)

H,i, = (F + L)(%—1 — ) + V(zn — yn)(boiler)

(-16)

Where H; is the liquid holdup on the ith-tray supposed known, z;,y; are the liquid and
vapor compositions on the ith-tray, f is the number of the feed tray, I, L,V are the feed,
reflux, and vapor rates (measured), and ZF is the feed composition. On each tray the
liquid and vapor compositions, y; and x;, are linked by the liquid-vapor equilibrium law:

ax;

1+ (Oé — 1);1’,'Z (_16)

Yi =

where « is the relative volatility constant (0 < o < 1). The state of the model are the set
of liquid and feed compositions (z;, Zy)of the most volatile component. The two control
variables are L and V, i.e. u = [L,V]’. In practice, the top and bottom product compo-
sitions 1 and z,, are measured, i.e. y = [z, xn]T. In the sequel, we will use the following
notations:



1 2 Tn
1 2 Lf
xn1 :L'f_l an Zf

Here, ny = f — 1, no = n — f + 2, The dynamics of Z; is assumed to be unknown and
bounded: '
Zf = €(t)

The extended model is then of the form (9):

2l(t) = f1(x(t), u(t))
#2(t) = f2(x(t), u(t)) + d*(t) (-16)

y(t) = (1,23)" = (21, 20)"

where d2, (t) = (t) and dZ(t) =0, for 1 <i <ny — 1.

In order to apply the observer design of section 2, one has to check hypothesis H3).

Let us check H3):

H3) -i) can be obtained by extending nonlinear dynamics by global Lipschitz one. Indeed,
the state components of the system are in the interval Je, 1|, where € > 0 is the smallest
concentration.

Hs3)-ii) For1<i<n;—1=f—-2

v

fl= F(QQ—JC%) .

fi= ﬁ(yiﬂ — i) + F(%lq — ;)
1 1

vi= 1+ (a— 1)z}

hence for 1 <i<ny—1= f — 2 we have:

off _ Voyim _V a

(0%

V
= = >0 °
oz}, Hidx}, H;i(1+(a—1)2})? " H;i(1+ (a—1))?

>0 (-16)

Similarly, for 1 <¢<nyg—1=n— f+ 1 we have:

£ = (P + D) — o) + V(ah - )
£2 = UF + D)y = ) + Vi — i)

2 A=F(Zy—ap)+ L2, s — 22, 1)+ V(yss1 — yy)

then,
of? F+L
J; _FH )>0; 1<i<ny—2=n—f
ox? 1 Hz
afl2+1 F ('16)
27— — > 0;fori=mng—1
0x2, Hy

Simulation results: In order to show the performance of the proposed observer, we
consider the binary methanol-ethanol distillation column with the following characteristics:

n=12; f =8; F = 1.65 (mol/min);« = 1.65



L =4.69 (mol/min);V = 5.94 (mol/min); Hy = 5.5 mol; Hi2 = 5.5 mol
H; =055 mol for2<i<n-—1

The feed composition Z; varies as a no uniform square signal from 0.75 to 0.38 (e(t) = 0).
The model simulation was performed under the following initial conditions:

2(0) = ( 0.93000585,0.88953536,0.84223977, 0.78925097,
0.73261728, 0.67505746, 0.61947090, 0.56837712, 0.47000139,
0.36710020, 0.27017424, 0.18748224, 0.75)T (-17)

The gain of the observer was synthesized following the procedure described in proofs of
the above lemma 1 with:

T :T'Qzl,
2n1 14
:1 = = —
o1=10 2n2—151 11
and
15 —-05 0 0 0 0 0
05 2 —15 0 0 0 0
0 -15 4 -2 0 0 0
Sp, = 0 0 -2 8 =3 0 0 |,
0 0 0 -3 105 -4 0
0 0 0 0 —4 155 =5
| 0 0 0 0 0 -5 175
15 —=05 0 0 0 0
05 2 -15 0 0 0
5 _ 0 -15 4 -2 0 0
n2 0 0 -2 8 -3 0
0 0 0 -3 105 -4
|0 0 0 0 —4 155 |
then,
S,rcT =10.7610,0.2830, 0.1237,0.0352, 0.0113, 0.0032, 0.0009] "
and

SpCL = 10.7610,0.2830, 0.1237,0.0352, 0.0113, 0.0032] "

Since the obtained results are quite similar and in order to avoid curves redundancy, we
only present here those related to three trays which respectively correspond to a tray
(tray 3) in the rectifying section, to the feed tray (composition in feed tray x¢ and feed
composition Zy) and finally to a tray 10 in the stripping section.

Two sets of simulation results of the observer are presented:

The first one is with free noisy outputs measurements x(t) and z12(t) issued from sim-
ulation of model (33)(see Fig. 1). The second sets of simulation is with noisy outputs
measurements x1(t) and z12(t) issued from simulation of model (33) and respectively cor-
rupted by an adding a Gaussian noise with zero mean and an amplitude equivalent to 5%
of the corresponding values (see Fig. 2).

As previously mentioned, the observer convergence can be enhanced with large values of
0. However, such values are to be avoided, since the observer generate the so-called peak
phenomena (see Fig. 3.) and my become noise sensitive (see Fig. 4.). To obtain good
results, the choice a value of 6 is one which provided a best compromise between the fast



convergence and the noise rejection (see Fig. 5. and Fig. 6.).

3. CONCLUSION
In this paper, we have extended the high gain observer proposed in % to a class of multi-
output nonlinear system which are not necessarily control affine.
A new algorithm permitting to compute the gain of the observer is proposed. The construc-
tion is based on a symmetric positive definite matrix having a simple structure. Moreover,
this S.P.D. matrix plays a key role in the proof of the convergence of the estimator.
The extension of this result to a multi-output systems (more then two outputs), requires
an adequate structure. A interesting structure consists of defining a class of non affine
systems extending the class of uniformly observable systems which are proposed in 2.
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FIGURES CAPTION
Fig. 1. Simulated free noisy outputs x1(t) and x12(t)
Fig. 2. Simulated noisy outputs z1(t) and x12(t)

Fig. 3. Comparison of estimated and simulated data from free noisy outputs (peak phenomena
0 =4.8)

Fig. 4. Comparison of estimated and simulated data from noisy outputs (noisy sensitive § = 4.2)
Fig. 5. Comparison of estimated and simulated data from free noisy outputs (good results § = 3.5)

Fig. 6. Comparison of estimated and simulated data from noisy outputs (good results 6 = 3.5)
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Fig. 1. Simulated free noisy outputs z1(t) and x12(t)
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Fig. 4. Comparison of estimated and simulated data from noisy outputs (noisy sensitive § = 4.2)
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Fig. 5. Comparison of estimated and simulated data from free noisy outputs (good results § = 3.5)
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