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We present three-dimensional, fully relativistic, fluid simulations of the dynamics of inhomogeneous
counter streaming beams with the aim of understanding the magnetic structures that can be expected to
form as a consequence of the development of the so-called Weibel instability. Ringlike structures in the
transverse direction are generated as a consequence of the development of a spatially resonant mode. We
describe the structures generated by beams of equal initial density and velocity and by a fast, less dense
beam compensated by a slower, denser beam. We consider these two cases as schematic models of a laser
produced beam propagating in a plasma with nearly equal density and in a plasma much denser than the
injected beam.
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Fast, relativistic collimated electrons accelerated by the
interaction of ultra strong laser pulses with an overdense
plasma play a key role in the Fast Ignition approach to
Inertial Confinement Fusion, where a petawatt-power fast-
electron beam is supposed to reach the dense target core
and ignite the fuel [1]. The typical total energy of such fast
electrons may be a large fraction of the total energy of the
laser pulse, while the energy per electron is on the order of
their oscillation energy in vacuum. Taking as a reference
case a beam of fast electrons with an intensity of
1018 W cm�2 and an energy per electron of 1 MeV, one
obtains a current density of 1012 A cm�2. This corresponds
to a total current of several mega-amperes through a spot
with a radius of 10 �m, nearly 2 orders of magnitude
larger than the Alfvén limit for a monochromatic electron
beam. Therefore, the transport of the fast electrons as a
collimated beam is only possible by means of a ‘‘return’’
current able to maintain global charge neutrality as well as
to compensate locally for the fast-electron current. How-
ever, the presence of counter propagating beams carrying
equal, but opposite, currents is the typical condition for the
development of fast longitudinal electrostatic [two stream
(TS)] and/or transverse electromagnetic [current filamen-
tation (CF)] instabilities [2]. In particular, the CF instabil-
ity is driven by the magnetic repulsion of opposite currents
[3] and is the leading instability in relativistic conditions. It
generates strong ‘‘quasistatic’’ magnetic fields. In the laser
plasma context, this instability is usually identified with the
‘‘Weibel’’ instability [4], a similar instability driven by
temperature anisotropies. In the following we will thus
adopt the name Weibel instead of CF instability. In the
fast ignition (FI) scenario, it is believed that the Weibel
instability should generate ultra strong magnetic fields up
to 100 MG. The generated magnetic field should therefore
play a key role in the transport process and strongly influ-
ence the plasma dynamics [5,6]. Moreover, in recent years
the CF (Weibel)-TS instability has been actively discussed
in the astrophysical context concerning the origin of cos-
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mological magnetic fields and different phenomena such as
gamma ray bursts, supernovae, and relativistic jets [7].

The Weibel instability in the framework of laser
plasma interaction was thoroughly investigated nearly ten
years ago [8]. Its analytical theory was developed for
homogeneous beams in the cold fluid, fully relativistic
regime [9,10] for the general case where the (transverse)
Weibel instability is coupled to the (longitudinal) TS
instability. Recently, this analysis was extended to the
case of a hot beam and/or hot plasma [11], essentially
confirming the cold fluid analysis of Ref. [10] where the
most unstable mode in the asymmetric case (where a fast,
less dense beam is compensated by a slow, denser beam
representing the return current) was found to occur for
k�1
k
� de (k � wave vector, de � electron skin depth).

As noted in Ref. [10], in the asymmetric case the most
unstable mode is a coupled Weibel-TS mode with a
wave vector neither perpendicular nor parallel to the
beams; i.e., the Weibel and TS modes cannot be considered
as separate modes. In Ref. [10] it was also shown that in the
symmetric case (where the beams have equal density and
opposite velocities) the most unstable mode occurs for
kk � 0, corresponding to very long (infinite) magnetic
filaments.

In the asymmetric case, collisional effects, not addressed
in our model, could, in principle, influence the (much
slower) return beam dynamics, and thus the instability
evolution. The role of collisions on the instability growth
rates in the regime of interest for FI has been recently
addressed analytically by a linear fluid normal mode analy-
sis in Ref. [12] and by a linear and quasilinear kinetic
approach in the limit of purely transverse modes in
Ref. [13]. A full numerical investigation including a colli-
sion operator has only recently being started (see, e.g.,
[14]) and is beyond the scope of this Letter. On the con-
trary, in the symmetric case where the return beam moves
at nearly the same velocity as the injected beam, collisions
are not expected to play a major role.
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The possibility of generating electron beams by an ultra
intense laser pulse impinging on a critical surface plasma
layer has been shown in two dimensions (2D) [15–18] as
well as in 3D [19–21] using kinetic particle in cell nu-
merical simulations. Current filamented structures have
been found with typical transverse width of the order of
de and elongated in the laser pulse direction starting from
the critical surface layer (i.e., much longer than de), to-
gether with the corresponding magnetic fields. In particu-
lar, in Refs. [5,6,21] the filaments seem to self-organize
into a ringlike structure.

Energetic electron beams resulting from laser plasma
interaction with dense plasmas have been recently claimed
to be observed experimentally [21] and some evidence of
Weibel-like dynamics when the beam density approaches
the background density is discussed. In particular, in
Refs. [22,23] a large number of small filaments with typi-
cal dimension of the order de have been reported to form at
a faster rate when the beam density is comparable to the
background plasma density.

Motivated by the role attributed to the Weibel instability
in the electron transport process in overdense plasmas, we
discuss the time and length scales which characterize the
Weibel-driven 3D structures in the typical conditions of
laser plasma interaction. Spatially resonant effects [9] due
to the finite transverse size of the beams are explicitly
considered. Our aim is to understand whether the observed
filamentary current and magnetic field structures can be
attributed to the development of the Weibel instability. In
our model we consider two basic physical configurations.
In the asymmetric case the injected beam propagates in a
dense plasma and is neutralized by a much denser, slower
beam. In the symmetric case the injected beam has a
density comparable to the plasma density and is neutral-
ized by a beam with nearly the same density and (opposite)
velocity.

We model the two electron beams as two distinct cold
populations and study their interaction using the two fluid,
relativistic dissipationless equations given in Ref. [10],
Eqs. (1)–(4). These equations are integrated in the 3D
numerical domain �La=2< a< La=2, a � x; y; z and
normalized using the plasma frequency and the velocity
of light (so that de � 1). Two inhomogeneous (i.e., of finite
transverse size) electron beams are directed in opposite
directions along the z axis with constant densities (such
that n0;1 � n0;2 � 1) and velocities given by v0;1 �
v0;1f�x; y�ez, v0;2 � �v0;1n0;1=n0;2 where f�x;y��

0:5ftanh��r�r0�=R	� tanh��r�r0�=R	g and r�
���������������
x2�y2

p
.

At t � 0 the total current is zero, n0;1v0;1 � n0;2v0;2 � 0.
The beams have a cylindrical shape of width 2r0 with
velocity gradient length scale R. We perturb the beams
by adding a white random noise on the potential vector.
Since the instability generates a magnetic field in the (x; y)
plane perpendicular to the initial beams, i.e., Bz 
 Bx; By,
we limit our initial noise to the z component of the po-
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tential vector: Az�x; y� �
P
kx;kya

�
kx;ky
fcos�kxx� kyy�

��kx; ky; z�	 � a�kx;ky cos�kxx� kyy���kx; ky; z�	g, where

a�kx;ky � �=�k2
x � k

2
y�

1=2, ��kx; ky; z� � random phase.

We present two relativistic, inhomogeneous 3D simula-
tions with R � 1, r0 � �, � � 10�6, Lx � Ly � 4�,
Lz � 8�, Nx � Ny � 256, Nz � 128. The first one corre-
sponds to asymmetric and the second to symmetric beams.
In both cases, the beams have a finite transverse width of
the order of a few de. The parameters are: n0;1 � 0:1,
v0;1 � 0:95, (asymmetric case); n0;1 � 0:5, v0;1 � 0:95,
(symmetric case). Since the initial beams are inhomoge-
neous in the radial direction, the Weibel instability devel-
ops a spatial resonance around which the generated
magnetic field becomes more and more concentrated. As
pointed out in Ref. [9] for a slab 1D configuration, this
resonance is located in the region of the beams’ velocity
gradient and develops from any initial perturbation at
nearly the same rate but with a time transient that depends
on the gradient of the electron velocities [9]. During this
transient the local value of the wavelength in the inhomo-
geneity direction reduce nearly to de. This resonance oc-
curs independently of whether 2D perturbations (not
shown here) or 3D perturbations are considered, and, in
the case of cylindrical beams, leads to a ringlike shaped
magnetic field.

By performing a number of 2D cylindrical simulations
(i.e., in the plane z � 0) with initial perturbation of the
form f�r� cos�m��, we found that modes with initial radial
wavelength �r larger or much larger than de develop after a
rapid transient with the same growth rate as those with
�r � de, in agreement with the slab geometry results of
Ref. [9], and independently of the azimuthal number, m �
0; 1; 2; . . . , of the initial perturbation. In order to under-
stand which kind of structures are generated by 3D pertur-
bations, we first investigated whether the presence of the
resonance affects the value of the parallel component of the
wave vector of the most unstable mode. Roughly speaking,
k�1
k
� de corresponds to long magnetic filaments, while

k�1
k
� de corresponds to bubblelike structures since k�1

? �

de in both the asymmetric and symmetric cases. By per-
forming a number of 3D simulations (most of them not
shown here), we found no significant change on the most
unstable value of kk induced by the resonance with respect
to what one could conjecture from the homogeneous re-
sults of Ref. [10].

In Figs. 1 and 2 we draw the shaded isocontours of Az in
the asymmetric and symmetric case, respectively, in the
plane z � 0 perpendicular to the beams direction. As ex-
pected, in the symmetric case the growth rate is larger than
in the asymmetric case, as observed in Ref. [23]. We see
that in both cases the Weibel generated magnetic field is
concentrated in a ring shaped region corresponding to the
region of the velocity gradient of the initial beams. In Fig. 3
we show the shaded isosurfaces of Az. Positive (negative)
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FIG. 1 (color online). Shaded (normalized) isocontours of Az
in the (x; y) plane at z � 0, t � 30 in the asymmetric case.
Minimum and maximum values are �� 0:002.
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values are represented by the darker (lighter) regions,
corresponding to a clockwise (counterclockwise) magnetic
field. This figure clearly shows that the resulting magnetic
field is characterized, in the asymmetric case, by a bubble-
like shape with typical length scale of the order of a few de
both in the perpendicular and in the parallel directions, i.e.,
by k�1

k
� k�1

? � de. On the other hand, in the symmetric
case, the magnetic field structures are strongly anisotropic
being elongated in the beams direction, i.e., k�1

k
� k�1

? �

de. Similar results (not presented here) have been obtained,
aside from the localization of the magnetic field around the
resonance for two initially homogeneous beams.

We define the perpendicular and parallel averaged spec-
trum of Az as the Fourier spectrum averaged along the z
direction and in the (x; y) plane, respectively (and the same
for the total density). As expected, in both cases the
perpendicular spectra increase at k? < 1 and reach a maxi-
mum at k? � 1, corresponding to �� de. At larger wave
FIG. 2 (color online). Shaded (normalized) isocontours of Az
in the (x; y) plane at z � 0, t � 25 in the symmetric case.
Minimum and maximum values are �� 0:015.
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vectors, k?  10 the spectra decrease due to numerical
dissipative effects of a filter, based on a fast-Fourier-
transform algorithm, necessary for code stability [24].
Let us now discuss the longitudinal spectra which measure
the characteristic length scale of the magnetic ‘‘filaments’’
in the beams’ direction. In Fig. 4, first two frames, we see
that the Az spectrum peaks are located at kk ’ 0:8 and at
kk � 0 for the asymmetric and symmetric case, respec-
tively. This corresponds to a characteristic length scale of
the order of a few de in the asymmetric case, i.e., to a
‘‘bubblelike’’ magnetic structure, and to an ‘‘infinite’’
length scale, i.e., to very long magnetic filaments, in the
symmetric case.

By comparing the asymmetric density spectrum, third
frame, we observe the same peak at kk ’ 0:8, but with a
spectrum decrease towards kk � 0. Moreover, in the sym-
metric case the density peak is not at kk � 0, as observed
for Az since at kk � 0 the TS contribution is lost and the
mode becomes purely electromagnetic. Furthermore, the
perpendicular density spectrum (not shown here), driven
by nonlinear effects, is more than 2 order of magnitude
smaller than the parallel one and rapidly decreases at k? <
1. We therefore conclude that, in this regime, the density
fluctuations are mainly driven by the TS contribution.
However, density perturbations will strongly change their
nature in the further regime when strong nonlinear effects
and charge separation effects (induced by the self gener-
ated magnetic field) become important.

Our model of a relativistic beam propagating in a dense
plasma shows that the Weibel instability generates bubble-
like magnetic structures with typical parallel and perpen-
dicular length scales of the order of a few de. This loss of
FIG. 3 (color online). Shaded isosurfaces of Az at t � 30 and
t � 25 in the asymmetric (Az ��0:0009) and symmetric (Az �
�0:008) case, left and right frame, respectively.
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FIG. 4. Parallel averaged spectrum of Az in the asymmetric (t � 15; 25; 30) and in the symmetric (t � 15; 20; 25) case, first and
second frame and of the density (same cases), last two frames, respectively. In each frame larger amplitude spectra correspond to
increasing times.
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spatial coherence is expected to affect the energetic elec-
tron transport. However, a quantitative estimate of the
impact of such magnetic bubbles on the transport effi-
ciency requires a full kinetic approach (presently under
development). On the other hand, when the beam density is
comparable to the plasma density, our model of two sym-
metric relativistic beams shows that the generated mag-
netic structures have a parallel scale length much longer
than de, in agreement with the ‘‘Weibel-like’’ filaments
observed in Ref. [22]. The stability of such filaments will
be addressed in a forthcoming paper. Finally, we stress that
in both the symmetric and asymmetric case, the magnetic
field is concentrated in a ringlike structure corresponding
to the larger velocity gradients regions due to the develop-
ment of a spatial resonant-type singularity.
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