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LIPSCHITZ FUNCTIONS ON TOPOMETRIC SPACES

ITAI BEN YAACOV

ABsTrACT. We study functions on topometric spaces which are both (metrically) Lipschitz and (topo-
logically) continuous, using them in contexts where, in classical topology, ordinary continuous functions
are used. We study the relations of such functions with topometric versions of classical separation ax-
ioms, namely, normality and complete regularity, as well as with completions of topometric spaces. We
also recover a compact topometric space X from the lattice of continuous 1-Lipschitz functions on X,
in analogy with the recovery of a compact topological space X from the structure of (real or complex)
functions on X.
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INTRODUCTION

Compact topometric spaces were first defined in [BUL(| as a formalism for various global and local
type spaces arising in the context of continuous first order logic, allowing for some kind of (topometric)
Cantor-Bendixson analysis in spaces which, from a purely topological point of view, are possibly even
perfect. General topometric spaces (i.e., non compact) were defined studied further from an abstract
point of view in [Ben08b|, where the formalism is shown to be useful for the analysis of perturbation
structures on type spaces. The same idea was also shown to be useful in the context of (very non
compact) Polish groups, which may admit “topometric ample generics” even when no purely topological
ample generics need exist, see [BBM]|.

In a nutshell, topometric spaces are spaces equipped both with a metric and a topology, which need
not agree.

Definition 0.1. A topometric space is a triplet (X, 7, d), where  is a topology and d a metric on X,
satisfying:

(i) The distance function d: X? — [0, 00] is lower semi-continuous in the topology.

(ii) The metric refines the topology.

We follow the convention that unless explicitly qualified, the vocabulary of general topology (compact,
continuous, etc.) refers to the topological structure, while the vocabulary of metric spaces (Lipschitz
function, etc.) refers to the metric structure. Excluded from this convention are separation axioms: we
assimilate the lower semi-continuity of the distance function to the Hausdorff separation axiom, and
stronger axioms, such as normality and complete regularity, will be defined for topometric spaces below.

We shall refer to two classes of examples, arising from the embedding of the categories of (Hausdorff)
topological spaces and of metric spaces in the category of topometric spaces. By a mazimal topometric
space we mean one equipped with the discrete 0/« distance for some 0 < o < 0o. Such a space can be
identified, for most intents and purposes, with its underlying pure topological structure. In particular,
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every bounded function is Lipschitz, and if @ = co then every function is k-Lipschitz for any k. Similarly,
a minimal topometric space is one in which the metric and topology agree, which may be identified with
its underlying metric structure. These mostly serve as first sanity checks (e.g., when we define a normal
topometric space we must check that a maximal one is normal if and only if it is normal as a pure
topological space, and that minimal ones are always normal).

In the same way that much information can be gained on a topological space from spaces of con-
tinuous functions on such a space, we seek here to gain information on a topometric space from the
(topologically) continuous and (metrically) Lipschitz functions thereon. These are naturally linked with
separation axioms. In Section [l we discuss topometric normality, which we related to existence results
such as Urysohn’s Lemma and Tietze’s Extension Theorem. As a consequence, we obtain a Lipschitz
Morleyisation result, the unique model-theoretic result of this paper. In Section [2] we construct the
topometric Stone-Cech compactification and relate it to topometric complete regularity. In Section [3]
we study possible topological structures on the metric completion of a topometric space, relating these
(to an extent) with completely regular spaces. In Section [l we characterise the spaces of continuous
1-Lipschitz functions on compact topometric space, and show that the original topometric space can be
recovered uniquely from its function space.

The reader is advised that Lipschitz functions on an ordinary metric spaces, and algebras thereof, are
extensively studied by Weaver [Wea99|]. There is some natural resemblance between our object of study
here and that of Weaver, with the increased complexity due to the additional topological structure. The
reader may wish to compare, for example, our version of Tietze’s Extension Theorem (Theorem [[9]) with
[Wea99l Theorem 1.5.6] (as well as with the classical version of Tietze’s Theorem, see Munkres [Mun75]).

1. NORMAL TOPOMETRIC SPACES AND URYSOHN AND TIETZE STYLE RESULTS

For two topometric spaces X and Y we define CL(l)(X ,Y') to be the set of all continuous 1-Lipschitz
functions from X to Y. An important special case is Cz(1)(X) = Cz(1)(X, C), where C is equipped with
the standard metric and topology (i.e., with the standard minimal topometric structure), which codes
information both about the topology and about the metric structure of X. In the present paper we seek
conditions under which C.1)(X) codes the entire topometric structure, as well as analogues of classical
results related to separation axioms, in which C(X) would be replaced with Cr1)(X). As discussed in
[Ben08b|, we consider the lower semi-continuity of the distance function to be a topometric version of
the Hausdorff separation axiom, so it is expected that other classical separation axioms take a different
form in the topometric setting. We start with normality.

Definition 1.1. Let X be a topometric space. We say that a closed set F© C X has closed metric
neighbourhoods if for every r > 0 the set B(F,r) = {x € X : d(z, F) < r} is closed in X.
We say that X admits closed metric neighbourhoods if all closed subsets of X do.

It was shown in [Ben0O8b] that compact sets always have closed metric neighbourhoods, so a compact
topometric space admits closed metric neighbourhoods. Indeed, the first definition of a compact topo-
metric space in [BUL0|] was given in terms of closed metric neighbourhoods. While this property seems
too strong to be part of the definition of a non compact topometric space, it will play a crucial role in
this section.

Definition 1.2. A normal topometric space is a topometric space X satisfying:

(i) Every two closed subset F,G C X with positive distance d(F,G) > 0 can be separated by
disjoint open sets.
(ii) The space X admits closed metric neighbourhoods.

One checks that a maximal topometric space X (i.e., equipped with the discrete 0/a distance) is
normal if and only if it is so as a topological space. Similarly, a minimal topometric space (i.e., equipped
with the metric topology) is always normal. Also, every compact topometric space is normal (since it
admits closed metric neighbourhoods and the underlying topological space is normal).

We contend that our definition of a normal topometric space is the correct topometric analogue of the
classical notion of a normal topological space. This will be supported by analogues of Urysohn’s Lemma
and of Tietze’s Extension Theorem. The technical core of the proofs (and indeed, the only place where
the definition of a normal topometric space is used) lies in the following Definition and Lemma.

Definition 1.3. Let X be a topometric space.
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(i) By an (S-)system we mean a sequence = = (F,,Ga)acs = (FZ,GS)4es= where S C R and
F,,Gy € X are closed, and if o < 8 then F,, N Gg = &. We say that it is c-Lipschitz for some
c>0if d(Fy,Gg) > (B —a)/cfor a < Bin S. It is total if F, UG, = X for all a € S.

(ii) We say that £ C =’ if S C §% and FZ C FZ', GZ C GZ' for all a € S=.

(iii) To each continuous function f: X — R we associate a total system Zf = (Ff, G{),ecr where
Ff={a: f(z) <a}, G} ={z: f(2) 2 a}.

(iv) We say that = = (F,Ga)acs is compatible with f: X — R if flp < a and flg > a for
a€s, e, ifE2Cz=f

(1

Notice that a continuous function f: X — R is ¢-Lipschitz if and only if =7 is a ¢-Lipschitz system.

Lemma 1.4. Let = be a finite c-Lipschitz S-system in a normal topometric space. Then for every ¢’ > ¢
and countable S’ D S there exists a total ¢'-Lipschitz S’-system Z' D E.

Proof. Assume first that S’ is finite, and by adding F, = G, = @ for a € S’ \ S we may assume that
§" = §. It is then enough to find F} O Fjs and G’ﬂ 2 Gg for one B € S, such that F; UGj = X, keeping
the other F,, G, unchanged. Since the partial approximation is finite it is also ¢’-Lipschitz for some
¢ < c¢. Define:

K= |J BFa.(B-a)d) L= |J B(Gala-B)).

a€S,a<lf a€eS,a>p

By construction d(K, L) > 0 and both are closed as finite unions of closed sets. Since X is normal we
can find disjoint open sets U 2 K and V O L.
We claim that Fy = Fg UV and Gy = G UU* will do. Indeed, X = I U Gjs. Assume now that

a < f,a € S. We already know by hypothesis that d(F.,Gg) > B;a. We also know by construction
that U D B(Fa, (8 — a)/c'), whereby d(F,,G%) > £52. Similarly, if 8 < o then d(F}, Go) > 52, and
we are done.

The case where S’ is infinite countable follows by induction, adding a single new element at a time.

LI

Lemma 1.5. In a normal topometric space X, for every finite c-Lipschitz system Z and ¢’ > c there
exists a continuous c'-Lipschitz f: X — R compatible with =.

Proof. Let 2 = (Fy,Gq)acs- Since S is finite its convex hull is a compact interval I C R. Let T C I
be a countable dense subset containing S. By Lemma [[4] there exists a total ¢-Lipschitz T-system
= = (F!,G.)ser 2 =Z. Letting f(z) =sup{a €l :z € G} =infla e I:x € F.} (here inf @ = sup I
and sup @ = inf I) one obtains a continuous, ¢’-Lipschitz function f: X — I compatible with =. My 5

Theorem 1.6 (Urysohn’s Lemma for topometric spaces). Let X be a normal topometric space, F,G C X
closed sets, 0 < r < d(F,G). Then there exists a 1-Lipschitz continuous function f: X — [0,r] equal to
0 on F and tor on G.

Proof. Apply Lemma[[Hto S ={0,r}, Fo =F, G, =G, Go = F, = X. LB

Corollary 1.7. Let X be a compact topometric space. Then the family of continuous Lipschitz functions
on X is dense in C(X).

Proof. Tt will be enough to show that the family C,(X,R) of real-valued continuous Lipschitz functions
on X is uniformly dense in C(X,R). Since X is compact, it is normal. The family C,(X,R) forms
a lattice, and in addition, for every two distinct points z,y € S, (L) and values r, s € R, there exists
by Urysohn’s Lemma f € C.(X,R) such that f(z) = s and f(y) = r. By the lattice version of the
Stone-Weierstraf theorem, Cz(X, R) is uniformly dense in C(X,R). u;

We turn to prove a topometric version of Tietze’s Extension Theorem, which, as for ordinary topolo-
gical spaces, can be viewed as a strengthening of Urysohn’s Lemma.

Fact 1.8. There exists a function Flim: RN — R which is continuous in the product topology and
1-Lipschitz in the uniform topology, such that if |t, — s| < 27™ for all n then Flim(t,) = s.

Proof. See [BUI0]. LI
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Theorem 1.9 (Tietze’s Extension Theorem for topometric spaces). Let X be a normal topometric space.
Then for every ¢ < ¢ every continuous c-Lipschitz function f:Y — [0,1] on a closed subset Y C X
extends to a continuous ¢’ -Lipschitz function g: X — [0, 1].

Moreover, for an arbitrary topometric space the following are equivalent:

(i) X is a normal topometric space.
(ii) Tietze’s Extension Theorem for topometric spaces (i.e., the statement above) holds in X.
(iii) Urysohn’s Lemma (the conclusion of Theorem[L.8) holds in X.

Proof. Let Y C X be closed, f: Y — [0, 1] be continuous and c¢-Lipschitz.

Forn € Nlet S, = {k27":0 <k < 2"}, and Z,, = (FJ,G/)acs,. Then Z, is a c-Lipschitz system.
By Lemma there is a ¢-Lipschitz function g,: X — [0,1] compatible with Z,,. In particular, if
y €Y and k27" < f(y) < (k+1)27" then y € Ff 1,0 NGl CF 000 NG,
k27" < gn(y) < (k+1)27" as well.

Let ¢ = Flimg,. Then g is continuous and ¢’-Lipschitz, and |g,[y — f| < 27" for all n implies
gly = 1.

For the moreover part:

whereby

(i) = (ii). This is the main assertion.

(ii) = (iii). Immediate.

(iii) = (i). Assume Urysohn’s Lemma holds in X. Then closed sets of positive distance can be
separated by a 1-Lipschitz continuous function, and therefore by open sets. Also, if F' C X is closed and
d(x, F) > r then we may separate F' and x by a 1-Lipschitz continuous function such that f], = 0 and
f(x) > r. Then {y: f(y) <} is a closed set containing B(F,r) but not z. If follows that B(F,r) is
closed. m,

This proof of Tiezte’s theorem is fairly different from proofs we found in the literature, and which do
not seem to be capable of preserving the Lipschitz condition.

For the last result of this section we shall assume some familiarity with continuous logic. A language
for continuous logic was defined in [BUIL0| to consist of a collection of symbols equipped with uniform
continuity moduli, which their interpretations are required to respect. Arbitrary continuity moduli are
allowed since, first, this extra generality creates no additional difficulties, and second, even if we had
required all symbols to be, say, 1-Lipschitz, arbitrary definable predicates would still merely be uniformly
continuous, creating an inconvenient discrepancy. That said, we can now show that in many situations
one may assume that the language is indeed 1-Lipschitz.

Theorem 1.10 (Lipschitz Morleyisation). Let £ be any continuous language.

(i) The family of Lipschitz L-definable predicates is uniformly dense in the family of all definable
predicates and witness distances between types.

(ii) There exists a 1-Lipschitz relational language L' of cardinality |L]| + Ro and an L'-theory Ty,
such that the class of L-structures stands in a bidefinable bijection with the class of models of
To, and moreover, for any two p,q € S, (To) we have d(p,q) = supp |PP? — P1| as P varies over
all n-ary predicate symbols in L' (so in particular, Ty eliminates quantifiers). This bijection
necessarily respects elementary embeddings, ultra-products, elementary sub-classes, and so on.

Proof. For the first assertion, for each n the space S,,(£) of complete n-types in £ is compact, so we may
apply Corollary [[7] observing that the n-ary L-definable predicates are in a natural bijection with the
continuous function on S, (£), and that this bijection respects uniform distance and uniform continuity
moduli. The second assertion follows. u

2. COMPLETELY REGULAR TOPOMETRIC SPACES AND STONE—CECH COMPACTIFICATION

Let {X; : i € I} be a family of topometric spaces. We equip the set [[,.; X; with the product
topology and the supremum metric d(z,y) = sup{d(x;,y;) : ¢ € I}. One verifies easily the result is
indeed a topometric space which we call the product topometric structure.

In particular we obtain large compact topometric spaces of the form [0, oc]?, and we claim that these
are in some sense universal, meaning that every compact topometric space embeds in one of those.
Similarly, every bounded compact topometric (i.e., of finite diameter) can be embedded in [0, M]!, and
up to re-scaling in [0, 1]/. In fact we shall show that every completely regular topometric space embeds
in such a space, obtaining a Stone-Cech compactification.
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Definition 2.1. By an embedding of topometric spaces we mean a map X — Y between topometric
spaces which is both a topological (homeomorphic) embedding and an isometric one.

By a compactification of a topometric space X we mean a topometric embedding in a compact topo-
metric space with dense image.

Say that a family of functions F C CX separates points from closed sets if for every closed set F' C X
and z € X \ F, there is a function f € F which is constant on F' and takes some different value at x.

Fact 2.2. Let X be a Hausdorff topological space, F C C(X) a family separating points from closed sets.
Then the map 0: X — C” defined by x +— (f — f(x)) is a topological embedding.

Proof. Standard. LR

Definition 2.3. Let X be a topometric space. Say that a family of functions 7 C Cr(1)(X) is sufficient
if

(i) It separates points and closed sets.
(ii) For z,y € X we have

d(w,y) = sup{|f(z) — f(y)| : f € F}.
(Clearly, > always holds.)
A topometric space X is completely regular if C(1)(X) is sufficient.

In view of Fact we may say that a topometric space X is completely regular if C 5(1)(X ) captures
both the topological structure and the metric structure of X.

Lemma 2.4. Let X be a topometric space space, and let F C Cr(1)(X) be sufficient. Then the map
0: X — CF defined by x — (f — f(x)) is a topometric embedding.

Proof. Immediate. m,

Theorem 2.5. (i) Let X be a completely regular topometric space, and let M = diam X € [0, oc].
Then X embeds in a power of [0, M].
(ii) Every compact or normal topometric space is completely regular.
(iii) Every subspace of a completely regular space is completely regular.
(iv) Let X be a mazimal topometric space. Then it is topologically completely regular if and only if
it 1s topometrically completely regular.

Proof. For the first item, let Fo C Cz)(X,R™) consist of those f such that inf f = 0. Then Fj is
sufficient as well, and consists of functions f: X — [0, M], so Lemma [Z4] yields the desired embedding.

The second item follows from Theorem [[L6] keeping in mind that a compact topometric space is
normal, and that since the metric of a topometric space X refines its topology, if F' C X is closed and
x ¢ F then d(z, F) > 0.

For the third item, assume that X is completely regular and ¥ C X. If F C Y is closed then
F =Y NF, where F is the closure in X. Thus if z € Y \ F then € X \ F, so there is a 1-Lipschitz
continuous function separating F from z, and its restriction to Y is continuous and 1-Lipschitz as well.
A similar restriction argument works for witnessing distances.

The last item follows from the fact that if X is equipped with the 0/« distance then every function
to [0, @] is 1-Lipschitz. [ Py

Corollary 2.6. A topometric space admits a compactification if and only if it is completely regular.

Theorem 2.7. Let X be completely regular. Then it admits a compactification BX satisfying the fol-
lowing universal property:

Every 1-Lipschitz continuous function f: X — [0,00] can be extended to such a function

on BX (and the extension is unique).
Moreover, fX is unique up to a unique isomorphism (i.e., isometric homeomorphism) and satisfies the
same universal property with any compact topometric space Y instead of [0, o0].

Proof. Let F = Cr1y(X,RT) and let 6: X — (R*)F C [0,00]” be as in Lemma 24 Identify X with
0(X) and let SX be its closure in [0, 00]”.

For f € F, let ms: [0,00]7 — [0,00] be the projection on the fth coordinate. Then 706 = f, so
mp: BX — [0,00] is as required. Given f € Cz(1)(X,[0,00]) and n € N, the truncation f An: X — [0,7]
belongs to F and the sequence 7y, is increasing, converging point-wise to some g: X — [0,00]. The
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collection of open subsets of [0, co] which are either bounded or contain oo forms a basis. For such an open
set U there is n such that either [n,00] C U or UN[n, 00| = @, and in either case g~ (U) = (f An)~1(U)
is open. Thus g is continuous. (Of course we could have also let F = C,(1)(X, [0, 00]) to begin with.)

Now let Y be any compact topometric space. Then Y embeds in [0, 0o]” for some J. If f € Cry(X,Y)
then 7 o f € Cr1)(X,[0,00]) for j € J and thus extends to g; € Cr(1)(8X,[0,00]). Let g = (g;): X —
[0,00]”, s0 glx = f. Then g(X) C Y, X is dense in X and Y is closed in [0,0]”, so g(BX) C Y as
well.

The uniqueness of an object satisfying this universal property is now standard. | DY

In other words, for every compact Y the restriction Cr1)(8X,Y) — Cz(1)(X,Y) is bijective.

Definition 2.8. The compactification SX, if it exists (i.e., if X is completely regular) is called the
Stone-Cech compactification of X.

Automorphism groups of metric structures probably form the most natural class of examples of non
(locally) compact topometric spaces. They are easily checked to be completely regular.

Proposition 2.9. Let M be a metric structure and let G = Aut(M), equipped with the topology T of
point-wise convergence and with the distance d,, of uniform convergence. Then (G, ,d,) is a completely
regular topometric space.

Similarly, if (G, ) is any metrisable topological group, with left-invariant compatible distance d,,
and d,(f,g) = supy, di(fh, gh), then (G, T ,d,) is a completely reqular topometric space.

Proof. Since dy(f,g) = sup,eps d(fa, ga), and for each a the function (f,g) — d(fa,ga) is continuous,
d,, is lower semi-continuous. Assume that d,(f,g) > r. Then there exists a € M such that d(fa,ga) > r,
and we may define 8(x) = d(fa,za). Then 6 is continuous and 1-Lipschitz (by definition of point-wise and
uniform convergence). In addition, §(f) = 0 and 6(g) > r. Thus continuous 1-Lipschitz functions witness
distances, and it follows that d, is lower semi-continuous. Now let U be a topological neighbourhood of
f- Then there is a finite tuple @ € M™ and € > 0 such that U contains the set

U&,f&,e = {h : d(h&,f&) < 5}.
Then the function p(x) = d(fa,za) separates f from G \ U.
A similar reasoning applies to the case of an abstract group (acting on itself on the left). In fact,

when G is completely metrisable then this case can be shown to be a special case of the first, and every
metrisable group can be embedded in a completely metrisable one. o,

Question 2.10. Are automorphism groups of metric structures topometrically normal? In other words,
do continuous 1-Lipschitz functions witness distance between closed sets?

3. COMPLETIONS

Most topometric spaces one would encounter, such as compact ones (e.g., type spaces) or automorph-
ism groups, are (metrically) complete. If X is a complete topometric space and Xy C X is metrically
dense then one can recover the underlying metric space of X from Xy, but what about the topology?
Let us first observe that one cannot always expect to be able to recover the topology.

Ezample 3.1. Let X be the disjoint union of [0, 1] with N, where [0, 1] is equipped with the usual topology
and distance, N is equipped with the discrete topology and 0/1 distance, the distance between any point
of [0,1] and of N is one, and 0 (hereafter always referring to 0 € [0, 1] and not to 0 € N) is the limit of
N. Thus X is a compact topometric space, which can be naturally viewed as a subspace of [0, 1]N by
sending ¢t € [0, 1] to (¢,0,0,...), and sending n € N to the sequence (0,0,...,0,1,1,...) consisting of n
initial zeroes. Then Xy = (0,1) U N is metrically dense in X, but one cannot recover from it the fact
that 0 is an accumulation point of N.

Worse still, sometime X does not even admit a topometric structure extending that of X.

Ezample 3.2. Let X = [0,1]?, equipped with the usual topology. We put the usual distance on (0, 1] x {0},
and make any two points not both there have distance one. It is clear that d refines the topology, and
a case-by-case consideration yields that if d(x,y) > r then there are neighbourhoods = € U, y € V' such
that d(U, V) > r, so d is lower semi-continuous and X is a topometric space.

Now, X X consists of a single new point *, the metric limit of (¢,0) as ¢t — 0. If 7 is any topology
on X coarser then d¢ ¢ and agreeing with the given topology on X, then * and (0, 0) cannot be separated

by open sets, so X cannot even be topologically Hausdorff, let alone a topometric space.
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Thus two questions arise: which topometric spaces admit topometric completions, and under which
conditions we can recover the topology on a complete topometric space X from the restriction to a
metrically dense Xy C X.

Proposition 3.3. Let X be a topometric space. Then the following are equivalent:
(i) For every x,y € X there ezist € > 0 and open sets U,V C X such that B(x,e) N X C U,
By, )ﬁXCVandd(UV)
(ii) The metric completzon X admzts a strongest topology 7 rendering it a topometric extension of
X. AsetU C X belongs to 7 if and only if it is metrically open in X andUNX is open in X.
Moreover, for V.C X open let V' C X consist of all x such that B(x,e) N X CV for some

£>0. Then V' € 7 is mazimal such that VN X = V.
(iii) There exists an embedding of X into a complete topometric space.

Proof. (i) = (ii). Let Y D X be a complete extension of X, and let z,y € X C Y. Since the
distance is lower semi-continuous, there are open sets U,V C Y such that z € U, y € V and d(U, V) > r.
Since the distance refines the topology, there exists € > 0 such that By (z,e) C U and By(y,e) C V.
Intersecting with X, we are done.
(ii) = (iii). Clearly, 7 is a topology, coarser than dg. One easily checks the moreover part, so
(X,.7) C (X, :7\) is a topological embedding.
Now let =,y € X d(x,y) > r, and let U, V and ¢ be as given by our hypothesis. Then z € U’ and
y € V'. Moreover, d(U', V') = d(U,v) > r, showing that d ¢ is lower 7 -semi-continuous, and (X, T.d <)
is a topometric _space.
Fmally, let 77 be e any topology on X rendering it a topometric extension of X. In particular, dg
refines 7’ so F’ - 7.
(iii) = (i). Immediate. u;;

This answers one question, and allows us to restate the other as, under which conditions is a complete
topometric space X the strongest completion of a metrically dense Xy C X.

Definition 3.4. Call a topometric space completable if it satisfies the equivalent conditions of Proposi-

tion B3l

PropOSItlon 3.5. FEvery completely regular topometric space X is completable. Moreover, the Stone-
Cech compactification BX contains a (unique) metric copy of X equipped with strongest completion
topology, so the strongest completion is completely regular as well.

Proof. Since BX is compact, it is complete, so it contains a copy of X.

Nowlet U € .7, andlet x € U C X. Then there is some € > 0 such that B(x,2¢) C U and UNX is open
in X. Let y € B(xz,e)NX. Then by complete regularity there exists f € Cz(1)(X,[0,¢]) = C,1)(8X,[0,€])
such that f(y) = e and flx.y = 0. Then z € {z € X: f(z) > 0} C U, so U is open in the

topology induced from SX. Since .7 is strongest possible topology on the completion, it is the induced
topology. ;-

This, however, does not solve the problem raised in ExampleB.1] since there all spaces were completely
regular. We content ourselves here with providing sufficient conditions for a topometric space to be the
unique strongest completion of any metrically dense subset. Given the rest of this paper, we allow
ourselves to assume that X is completely regular, and show that the extra conditions are relatively well
behaved under various constructions.

(x) For every open set U C X and r > 0, the open metric neighbourhood B(U, r) is (topologically)
open.
(%) For every open set U C X, = € U - X and r > 0, there exists € > 0 such that B(z,e) N
X C B(U,r)°. Equivalently, there is V' C B(U,r) open such that U c V', with V' as in
Proposition [3.31 When X is complete, this is the same as saying that U C B(U,r)°.
Clearly (*) implies ().
Proposition 3.6. Let X be a complete, completely regular topometric space and Xg C X metrically

dense. Then X satisfies (x) (respectively, (xx)) if and only if Xy does and X carries the strongest
possible topology as a completion of X.
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Proof. Let U be open in Xy, and let V' C X be open such that U = V N Xy. Since the metric refines
the topology, U is d-dense in V, so Bx(U,r) = Bx(V,r). When X satisfies (%), this latter set is
open, and therefore so is Bx,(U,r) = Bx(V,r) N Xy, whence (%) for Xy. Assuming that X satisfies
(#%), there is W C X open such that 1% C W C Bx(V,r), in which case W N Xy, C Bx,(U,r) and
U=V CWC(WnXp), and we have (xx) for Xo.

Conversely, let us assume that X carries the strongest completion topology, and let V' C X be open,
U =VnXy. If X, satisfies (x) then Bx(V,r) N Xq = Bx,(U,r) is open in Xy, and then B(V,r) is open
in X. If X only satisfies (xx), there exists W C X open such that WN X, C Bx,(U,r) = Bx(V,r)N Xy
and V = U C (W N X,)'. But then (W N X,)' € Bx(V,7) as well, so X has (s).

Assume now that X satisfies (xx) and let us show that it is the strongest completion of Xy. Indeed, all
we need to show is that if f € Cr(1)(Xo) then f, the unique 1-Lipschitz extension of f to X, is continuous
at every x € X. Assuming, as we may, that f(x) =0,let U={y e Xo:|f(y)| < e} for some € > 0.
Then U C X is open, so of the form V N X for some open V C X, andz € U =V C Bx(V,e)° C{y e
X :|f(y)| < 2e}. Since e was arbitrary, f is continuous at . W,

Lemma 3.7. Condition (x) holds in every topometric space of the form [][s:,ri]. More generally, it
holds in every minimal or mazimal topometric space, and if it holds in each X; then it holds in ] X;.
Similarly, if condition (%) holds in each X; then it also holds in ] X;.

Proof. Easy. ;-

Lemma 3.8. Condition (x) holds in every topometric group. In fact, while we usually require that the
distance in a topometric group be biinvariant, here it is enough that it be invariant on one side.

Proof. Assume that the distance is left-invariant. Then one checks that B(U,r) = Uy, 1)<, Uh.  Bss

In addition, type spaces in continuous logic, equipped with the usual distance are compact, so com-
pletely regular, and satisfy (x), and the same holds for local type spaces (i.e., spaces of ¢-types for some
formula ¢). On the other hands, there exist compact topometric spaces where the properties discussed
in this section fail, e.g., the one given in Example B.1] above, as well as of type spaces with “exotic”
distances:

Ezample 3.9. In [Ben08a, Example 3.11 & Theorem 3.15] an example was given somewhat indirectly of
a compact topometric space in which condition (*) fails (in the terminology used there, the perturbation
distance is not open or even weakly so).

4. AN ABSTRACT CHARACTERISATION OF CONTINUOUS 1-LIPSCHITZ FUNCTIONS

A compact Hausdorff topological space X can be recovered, up to a unique homeomorphism, either
from C(X) viewed as a C*-algebra, or from C(X,R) viewed as a Banach lattice (see Definition [£4] and
Fact [T below). Accordingly, we wish to recover a compact topometric space from its space of continuous
1-Lipschitz functions. While Cr(1y(X) is not an algebra, C(1)(X, R) is a lattice, so it is the real version
which we prefer to use as a base. Of course, the lattice C(X,R) can be recovered from the C*-algebra
C(X) as the space of self-adjoint elements together with continuous functional calculus applied to min
and max, so there is no real difference to which case we start with.

Lemma 4.1 (Lattice Stone-Weierstrafs for Lipschitz functions). Let X be a compact topometric space,
S CR, and let A C Cr1)(X,S) be a sub-lattice, such that for every x,y € X (possibly equal), s,t € S
and & > 0 such that |s —t| < d(z,y) there is some f € A with |f(z) —s|+ |f(y) —t| <e. Then A is
dense in Cr(1)(X, S) in uniform convergence.

Proof. The proof is very similar to the classical argument. Indeed, let A € Cz1)(X,R) and ¢ > 0. By
assumption, for every z,y € X there is f;, € A such that |fyy(2) — h(z)| + |fay(y) — R(y)] < e. In
particular, fz,(z) < h(z)+¢€ and fz,(y) > h(z) —e. Fixing z, for each y there is a neighbourhood V,, on
which fzy > h — ¢, and by compactness there is a finite family {y;};<n such that (J, V}, = X. Letting
9z =V, foy, € A we have g,(x) < h(z) + € and g, > h — € everywhere. By a similar argument, there is
a finite family {z;} < such that b’ = /\j gz; € A satisfies h —e < W/ < h+ ¢, as desired. [

Convention 4.2. When F is a Banach space and also a lattice, by a conver sub-lattice A C E we
mean a subset which is convex with respect to the linear structure, and closed with respect to the lattice
operations. In other words, we interpret the words “convex” and “sub-lattice” separately from the rest of
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the structure, so we do not mean that A is a Banach space, nor do we mean that if f,g € A, h € E and
f < h < g in the lattice order then h € A. We say that A is symmetric if A = —A.

Theorem 4.3. Let X be a compact topological space, A C C(X,R). Then the following are equivalent:

(i) There is a topometric structure (X,d) on X such that A = Cr1y(X,R).
(ii) The following hold:
e The set A is closed (in norm).
e The set A is a symmetric convez sub-lattice of C(X,R) containing R.
e The set A separates point of X.
(iii) As above, with the second point replaced with
e The set A is a sub-lattice, closed under translation by o € R and multiplication by o €
[-1,1].
In this case A is weakly closed, generates C(X,R) as a Banach space, and the metric d is unique and
can be recovered by
(1) d(z,y) = sup |f(z) — f(y)|-
feA
Proof. (i) = (ii). Easy.

(ii) = (iii). Since 0 € A and A is convex, it is closed under multiplication by « € [0, 1], and since
A is symmetric, it is closed under multiplication by a € [—1,1]. Now let « € R and f € A, and for
tef0,1)let fy =tf +(1—1t)7% € A. Then f; — f+aso f+ac A as well.

(iii) = (i). Let us define d by (I). Since A generates C(X), d is a distance, and it is lower semi-
continuous as the supremum of continuous functions. It follows that for each x € X, the closed balls
B(x,r) are closed. Thus, if F is a closed set not containing z, then by compactness there is some 7 > 0
such that F N B(x,r) = &, so d refines the topology. Thus (X, d) is a topometric space, and we view it
henceforth as such.

It is immediate from the construction that A C Cr)(X,R). Now assume that 2,y € X, 0<s—t <
d(z,y) and € > 0. By definition of d there is f € A such that s — ¢ < |f(z) — f(y)| + &, and possibly
multiplying f by some « € [—1, 1] we may assume that s—t < f(z)— f(y)+e < s—t+e. Up to translation,
we may further have t = f(y), in which case s < f(z) < s+ ¢. By Lemma[dIl A = C.1)(X,R).

The identity () follows from Urysohn’s Lemma for normal topometric spaces and the fact that a
compact topometric space is normal. The set | J,, nA = Cz(X,R) is dense in C(X,R) by Corollary [,
and it is clear that C.(1)(X,R) is closed in point-wise convergence, which, in C(X), coincides with the
weak topology. s

This is quite different from [Wea99, Theorem 4.3.2], which still seems to be the most closely analogous
result therein.

If one desires a characterisation of C,(1)(X,R) which does not make any reference to an ambient
C(X,R) or C(X), one first requires an abstract characterisation of symmetric convex sub-lattices of
Banach lattices. Convex spaces, i.e., convex subsets of Banach spaces, equipped with the induced metric
and convex combination operations ¢;(z,y) =tz + (1 — t)y for t € [0, 1], are characterised, for example,
by Machado [Mac73| (see also [Ben09] for a characterisation with a slightly different set of axioms using
the convex combination Z—gy alone). Such a space is called symmetric when they are equipped with a
constant 0 and a unary operation —z such that c; o (x,—x) =0 for all z. It then embeds isometrically as
a convex symmetric subset of a Banach space, and the generated Banach space is unique up to a unique
isomorphism.

The next step is to characterise when a lattice structure on a symmetric convex space comes from a
Banach lattice structure on the generated Banach space. First, let us recall the following from Meyer-

Nieberg [Mey91].

Definition 4.4. (i) An ordered vector space is a vector space (E, <) over an ordered field (k, <)
satisfying for all v,u,w € Fand 0 < a € k: v<u<=v4+w <u+w <= av < au.

(ii) An ordered vector space is a vector lattice (or a Riesz space) if it is a lattice, i.e., if every two

v,u € F admit a least upper bound (or join) vV u and a greatest lower bound (or meet) v A u.

In this case we write [v| =0V (—v), vT =0 V0, v™ = (—v) V0.
(iii) A vector lattice over R is a normed vector lattice it admits a norm satisfying: |v| < |u|] =
[l < full-

(iv) A Banach lattice is a complete normed vector lattice.

For our purposes, a list of identities will be better.
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Lemma 4.5. Let E be a vector lattice. Then the following hold:

(i) (E,V,A) is a distributive lattice, i.e., the operations V and A are idempotent, commutative,
associative, associative over one another, and satisfy the absorption axiom (v Au)Vv = (vV
u) Av = .
(i) w+w)V(u+w)=(vVu)+w.
(iii) For scalar a > 0: (aw) V (ou) = a(v V u).
(iv) v+u=vVu+vAu.
If it is a normed vector lattice then it satisfies in addition:
) Mol = [[lol]| < [[lo] V|-
Conwersely, assume E is a vector space equipped in addition with operations V,A verifying|(i)| then
E is a vector lattice where the order can be recovered as v < u<—= v Au=v<=vVu=u.

If it is a normed (Banach) space verifying (1) then it is a normed (Banach) lattice.

Proof. The first statements are [Mey91 Theorem 1.1.1] and easy verifications.

For the first part of the converse we observe that v < u <= v Au = v <= v V u = u does indeed
define a partial order with respect to which V and A are the join and meet, respectively. From |(ii)}f(iii)|
it follows that « < v <= 0< v —u <= 0 < alv —u) for « > 0, whereby FE is a vector lattice.

For the second part of the converse, if |v] < |u| then |jv]| = ||[v]|| < |[|v] V [ul|| = |[Jul]] = llul|. W45

Lemma 4.6. A complete metric space A together with operations —, ct,V, A (fort € [0,1]) is a symmetric
convex sub-lattice of a Banach lattice if and only if:
(i) (A,0,—,ct)eefo,1) 95 a symmetric convex space.
(i) (4,,V,A) is a distributive lattice.
(iii) For all u,v,w € A and t € [0,1]:

ct(v,w) Ve(u, w) = e (v Vu,w), ci2(v Vu,v Au) = cyya(v,u),
[oll = [[[ol]| < [[lo] V],
where [v] = vV (—v) as before.

Moreover, in this case the Banach lattice can be taken to be the Banach space generated by A, on which
the lattice structure is uniquely determined.

Proof. Let Ej be the normed linear space generated by A, whose elements are all of the form awv for some
a>1land v € A, and let F be its completion. Substituting w = 0 above we obtain (av)V (au) = a(vVu)
for 0 < a < 1, so we may unambiguously define vV u = ((v/@) V (u/a))a for any v,u € Ey and o > 0
big enough so that v/a,u/a € A.

As in the proof of Lemma 5] the lattice structure induces an order on A for which V and A are
the join and meet. We also have v < w if and only if ¢ /5(u, —v) > 0 if and only if —u < —v, whereby
vAu= —((—v)V(—u)) on A. We may then extend A from A to Ey by scaling as well. The hypotheses of
Lemma hold in Ey by scaling to A, so Ey is a normed lattice, and E carries a unique Banach lattice
structure. i,

Banach lattices of the form C(X,R) are characterised as follows.

Fact 4.7 (Kakutani, see Meyer-Nieberg [Mey91] Theorem 2.1.3]). Let E be a Banach lattice containing
a greatest element of norm at most one, which we call 1, and let X = X(E) C E’ be the set of extreme
positive linear functional of norm one, equipped with the weak™ topology. Then X is compact, and
E = C(X,R), with 1 being sent to the constant function 1.

Conversely if X is a compact space, then E = C(X,R) is as above, and X (E) is canonically homeo-
morphic to X.

And we conclude:

Theorem 4.8. Let X be a compact topometric space, A = (A,0,1,—,¢ct,V, N)ejo,1] = Cr1) (X, R). Then
(A,0,—,¢t,V, N)iejo,1) s a convex symmetric lattice, i.e., it satisfies the hypotheses of Lemma[{.0, and
for every v € A we have
|v]| = Sup{(l —0)/t:0<t <1, ev],—1) < 0},
where ||v]| = d(v,0) and u < 0 means uV 0 = 0.
Conversely, every (A,0,1,—,ct,V, N)ejo,1] satisfying these properties is isomorphic to Cr1)(X,R) for
some compact topometric space X, which is moreover unique up to a unique isomorphism. Moreover, let
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C C RA be the set of all functions X such that Aci(u,v) = tAu + (1 — \)v, A(—v) = —Av, A|jv| > 0 and
Al =1. Then C is convex and compact, X can be identified with the set of extreme points of C, and for
A€ X we have

d(A, p) = sup [Av — pl.
vEA

Proof. The main assertion is clear. For the converse, we first embed A into the generated Banach lattice
E as per Lemmal6l Then (F,1) satisfies the hypotheses of Fact .7} allowing us to recover the compact
topological space X. The topometric structure on X is then recovered by Theorem .3l For the moreover
part, construct the dual E* directly as a space of functions on A, then unwind the other constructions
(for a positive functional A we have ||A]| = Al, so continuity of A comes for free). L)
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