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A BIFURCATION FOR A GENERALIZED BURGER’S
EQUATION IN DIMENSION ONE

JEAN-FRANGOIS RAULT

LMPA Joseph Liouville (ULCO) FR 2956 CNRS
Université Lille Nord de France
50 rue F. Buisson, B.P. 699, F-62228 Calais Cedex (France)

ABSTRACT. We consider the generalized Burger’s equation

8tu:8£u—u8xu+up — M in Q x (0,7T),

B(u) =0 on 9Q x (0,T),

u(,0) =¢ >0 in Q,
withp > 1, A € R, T € (0, 0], Q a subdomain of R, and where B(u) = 0 desig-
nates some boundary conditions. First, using some phase plane arguments, we
study the existence of stationary solutions under Dirichlet or Neumann bound-
ary conditions and prove a bifurcation depending on the parameter A. Then,
we compare positive solutions of the parabolic equation with appropriate sta-
tionary solutions to prove that global existence can occur when B(u) = 0 stands
for the Dirichlet, the Neumann or the dissipative dynamical boundary condi-
tions 00tu + 0, u = 0. Finally, for many boundary conditions, global existence
and blow up phenomena for solutions of the nonlinear parabolic problem in an
unbounded domain € are investigated by using some standard super-solutions
and some weighted L!—norms.

1. Introduction. Let €2 be a domain of the real line R, not necessarily bounded.
Let p be a real number with p > 1, A € R and ¢ a non-negative continuous function
in 2. Consider the following nonlinear parabolic problem

Ou = 0%u — udyu +uP — Au  in Q x (0,00),

B(u)=0 on 9 x (0,00), (1)

u(-,0) = in Q,
where B(u) = 0 stands for the Dirichlet boundary conditions (u = 0), the Neumann
boundary conditions (d,u = 0) or the dynamical boundary conditions (c0;u +
O,u = 0 with o a non-negative smooth function). In the first section, we study the
stationary equation

u” — w4 ujuPt = =0 (2)

stemming from Problem 1. We aim to prove the existence of positive and sign-
changing solutions using phase plane arguments and dealing with the first order

system
o v
( v ) B ( wo — uluP7t + A ) (3)
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We prove a bifurcation in the phase plane of this system, depending on the param-
eters A\ and p, which influences the resolution of Equation 2 under the Dirichlet,
Neumann and mixed boundary conditions. Then in a second section, using the com-
parison method from [2], we deduce from the solutions of the stationary Equation 2
some regular super-solutions for the Problem 1. Dealing with these super-solutions
and with the blow-up results from [4], we investigate global existence and blow-up
phenomena for the Problem 1 for different values of A\ and p, and for the Dirich-
let, the Neumann and the dynamical boundary conditions. We also examine both
phenomena in unbounded domains: we obtain global existence results with the
comparison method and using some well-known super-solutions (we mean explicit
functions) for the Dirichlet, the Neumann and the dynamical boundary conditions.
The blowing-up concerns the regular solutions of Problem 1 satisfying some growth
order at infinity and some boundary conditions such that

e J,u =0 (Neumann b.c.),

e J,u = g(u) with g a polynomial of degree 2 (nonlinear b.c.).
We use some weighted L' —norms: our technique is to prove the blowing-up of the
solution by proving the blowing-up of appropriate L!—norms.

Before starting, let us define the kind of solution we look for:

Definition 1.1. A function w is called a solution (or regular solution) of Equation
2 in  if u is of class C?(2) and satisfies the equation in the classical sense.

A function v is called a solution (or regular solution) of Problem 1 in € if u is of
class C(Q x [0,T)) NC%1(Q x (0,T)), where denotes T its maximal existence time,
and satisfies the equations in the classical sense.

2. Stationary equation. In this section, we study the existence of positive and
sign-changing solutions of Equation 2 using a phase plane method. For the theory
of phase planes (nature of equilibrium, regularity, behaviour and uniqueness of
trajectory), we refer to H. Amann’s book [1]. Unless otherwise stated, we suppose
p € (1,00). First, we can note that System 3 has three equilibrium points if A > 0:
(0,0), (Aﬁ,O) and (f)\v%l,()). Using Hartman-Grobman’s linearization theorem
(see Reference [1]), we can state that (0, 0) is a saddle point, ()\P+l ,0) is an unstable
p—3 p—3
and repulsive vortex (if 1 —4(p—1)A»=1 < 0), anode (if 1 —4(p—1)A»=1 > 0, which
p—3 1
degenerates when 1 —4(p —1)A\»=T =0 ). And (—A?-7,0) is a stable and attractive
_3 -3

vortex (for 1 —4(p—1)A»=1 < 0), a node (for 1 —4(p—1)Ar=1 > 0 with degeneracy
when equality occurs). If A < 0, then (0,0) is the only equilibrium point of System
3. We will prove later that (0,0) is a center.

2.1. Case A > 0. Let X be a positive real number and p > 1. We want to study
the phase plane of the System 3. First we prove a lemma on the symmetry of the
trajectories:

Lemma 2.1. The support of the trajectories of the System & are symmetric with
respect to the ordinates axis.

Proof. Let (u,v) denote a solution of the System 3 in (—a, a) for some a € (0, x|,
and define

|
|
<
—
~—

w(r) = -
{ ) = v(—z) for all z € (—a,a).
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A simple calculus of the derivatives implies
w'(z) = u'(-2) = v(-2) = 2(2),
and
Z(x) = —u(-x)
= —/(-)
= —[u(=a)v(=2) - u(=D)u(-0)"~* + Mu(-a)]
= w(z)z(z) —w(@)w(@) P~ + dw(z).

Then (w, 2) is also a trajectory of the System 3, and it is symmetric to (u,v) with
respect to the ordinates axis. O

Thus, we can reduce our phase plane analysis to the half plane RT x R. In order
to draw the phase plane of the System 3, we write the ordinate v as a function
depending on the abscissa u: v = f(u). We do not know the function f, but we
can deduce its variations and convexity using the equations 3. For the variations,

we have
dv  wo—uulPt+ A w

- = (0=t 4 0), (4)

du v
in particular, it vanishes along the axis {u = 0} and along the curve {v = |u|P~1—\}.

1
For u < A\»=T, we have

dv B
du v=0 -
whereas for u > \7—1
dv B
Tu = —00.
v=0

Then we have 92 > 0 in the sets {u > 0,0 > 0,v > |[u[P~'=A} and {u > 0,v < 0,v <
[ulP~! — A}. On the other hand, 92 < 0 in the sets {u > 0,0 < 0,v > [u[P~! — A}
and {u > 0,v > 0,v < |u[P~! — A}. Next, we compute the convexity of the function
f and we obtain

o
du?

1 dv
_ — e _ T
1+ 2 A —puP v —u(X —u )du .

(5)

We have % <0in{u>0,v>0,v < [ufP~! -2} and % >0in{u>0,v<0,v<
|ulP~1 — A}. Since
d*v

A
— 142 and 22
+Uan du?

o
du?

ulP~t

v
v=|u|P~1—=X

u=0

the convexity is sign-changing in {u > 0,v > |u|P~! — A\}. These arguments are
sufficient to know the profile of the trajectories in the half plane {v < |[u[P~1—=\}. We
do not need to know how the trajectories behave in {u > 0,v < 0,v > |[u[P~1 =} to
solve Equation 2. In {u > 0,v > 0,v > |u[P~! — A}, things are different: unbounded
trajectories can appear (see §2.3). To ensure the occurrence of bounded trajectories,
we need an additional hypothesis:

p>3. (6)
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Lemma 2.2. Under hypothesis 6, all the trajectories of the System 3 are bounded
in A={u>0,v>0,v>|uP~t - A}

Proof. Let vy > 0 and consider (u, v) the solution of the System 3 with initial data
(u(0),v(0)) = (0,v9). The calculus of the variations (see Equation 4) ensures that
(u(t),v(t)) € A for small ¢ > 0. We prove that there exist 0 < 7 < oo such that
v(7) = |u(r)[P~! — A. It means that (u,v) is bounded in A. Since (u,v) belongs to
A, we have

dv Au o ufulPl Au
—=ut+——-———""<u+—
du v v v
Then Z—Z >0 in A implies v > vy as long as (u,v) € A, and we obtain
dv A
Z<u(1+ o).
du i)

Integration gives
1 AN o
v < 7(1—|— —)u + vg.
2 Vo

If p > 3, the intersection {v = |[u[P~t = A} N {v = %(1 + %)uQ + v} is non-empty
for all vg > 0. If p = 3, we need to choose v, sufficiently big such that

1 A

s(1+2) <t

2 Vo
Then, the trajectory (u,v) belongs to the compact

{u>0,v> |u|p_1 —\v < 1(1 + i)uZ + o},
2 Vo
and, using Z—Z > 0, we know that there exist 0 < 7 < oo such that v(7) = |u(7)[P~1 -
A. This argument proves that each solution of the System 3 with initial data
(u(0),v(0)) = (0,vp) is bounded in A if vy is big enough. Thanks to uniqueness of
solution, it also proves the result for all the solutions initiated in A. O

FIGURE 1. Phase plane for p > 3 and A > 0.

Then, we complete this phase plane analysis by proving the existence of periodic
trajectories.

Lemma 2.3. Assume that hypothesis 6 is fulfilled. Then, there exists periodic
trajectories of the System 3.
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Proof. Thanks to the symmetry (see Lemma 2.1), we just need to prove that for
some initial data belonging to {0} x (0,00), there exists a trajectory which attains
a point belonging to {0} x (—c0,0). First, consider a trajectory (u,v) initiated at
(0,v1) with v; > 0. According to hypothesis 6, we know that (u,v) is bounded,
and using its variations and its convexity (Equations 4 and 5), we can deduce that
(u,v) attains the z—axis at a point (u1,0) with u; > AT (see Figure 1). Then,
using the reverse system

u ) —v
v ) T\ —wwtufulPt = )

and one of its trajectories initiated at (0,v2) with va < —\) (trajectories of reverse
system and of System 3 have same support) , one can note that for uy > )\ﬁ7 there
exist a trajectory (w,z) with w(0) = up and 2(0) = 0 (see Figure 1). Finally, let
us consider the trajectory (a,b) of System 3 containing the point (ug,0). Thanks
to the uniqueness of the solutions, and using the information on the variations
and the convexity, we deduce that there exist two real numbers s < t such that
a(s) = a(t) =0, b(s) = vy and b(t) = v3 (see Figure 1). Thus, the trajectory (a,b)
is the periodic trajectory we look for. O

Now, analysing the phase plane of the System 3, we deduce the following results
concerning the equation 1.

Theorem 2.4. Assume hypothesis 6 and A > 0. For some a > 0 and for each
boundary conditions

e u(—a) =wu(a) =0 (Dirichlet b.c.) ,

e v/ (—a)=u'(a) =0 (Neumann b.c.) ,

o u(—a) =u'(a) =0 (mized—1 b.c.),

o v/ (—a) =u(a) =0 (mized—2 b.c.),
there exists a unique positive solution of the Equation 1

u” —uwu’ +ululP = du =0 in (—a,a).

Proof. We use the phase plane of System 3, see Figure 1. Consider the trajectory
(a,b) between the points

e (0,v9) and (0,v3): we obtain the Dirichlet solution,

e (0,v9) and (us,0): we obtain the mixed—1 solution,

e (u2,0) and (0,v3): we obtain the mixed—2 solution.

For the Neumann solution, consider 0 < pg < A7T and the trajectory (u,v) of
System 3 initiated at (u0,0). Since (u,v) can not cross the trajectory (u,v) ( see
Figure 1), it must cross the x—axis at (u,0) with A7T < pp < up. Thus, the
abscissa of this trajectory is the Neumann solution we look for. Uniqueness of
solution comes from standard ODE’s theorems applied to the System 3. Finally,
the length (2cr) of the existence interval is governed by the time needed by the
trajectory to go from its initial data to its “final data”. O

Theorem 2.5. Assume hypothesis 6 and X\ > 0. For some a > 0, there exists a
periodic sign-changing solution of the Equation 1

u” —uu +ufulP™t = Au=0inR.
Proof. We just need to choose one the periodic trajectories of the System 3 built in
Lemma 2.3. O
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Remark 1. Using the periodic solutions in the previous theorem, we can build four
sign-changing solutions satisfying the four boundary conditions: Dirichlet, Neu-
mann, mixed—1 and mixed—2 (see Theorem 2.4).

Now, suppose that hypothesis 6 is not achieved. Then, we do not know if the
solutions are bounded in {v > |u[P~™! — A}: we will see in §2.3 that unbounded
solutions appear. But in {v < |u[P~! — A}, the behaviour of the trajectories do not
change.

Theorem 2.6. Let A > 0. For some o > 0, there exists a unique positive solution
of the Equation 1

u” —wu +uluPt = =0 in (—a, a)

with the mized boundary conditions v'(—a) = u(a) = 0. In addition, if
1—4(p— A>T <0, (7)

then there exists a unique positive solution of the equation 1 under the Neumann
boundary conditions.

Proof. The first part of the statement comes from Theorem 2.4, the solution with
mixed—2 boundary conditions is located in {v < |u|P~! — A}. The other part stems
from Equation 7: in this case, the equilibrium (/\ﬁ,O) is an unstable vortex. If
we consider ug > 0 such that \)\ﬁ — wug| is sufficiently small, the trajectory (u,v)
of the System 3, with w(0) = ug and v(0) = 0, whirls around (/\ﬁ,O). Thus, there
exists 7 > 0 such that v(7) = 0 and u(t) > 0 for all ¢ € [0, 7]. O

Without hypothesis 6, we can not construct positive solutions anymore for the
Dirichlet, Neumann or mixed—1 boundary conditions. If we do not impose the
positivity, we obtain this result:

Theorem 2.7. Let A\ > 0. For some a > 0 and for each boundary conditions
e u'(—a) =u(a) =0 (Neumann b.c.) ,
o u(—a) =vu'(a) =0 (mized—1 b.c.),
there exists a solution of the Equation 1
u” —uu +ujulPt = =0 in (—a, ).

Proof. As we mentioned before, we consider the part {v < |u[P~t — A} of the phase
plane of the System 3 (see Figure 1). For the Neumann solution, we consider the
trajectory (a,b) between (us,0) and (—usg,0). For the mixed—1 solution, we can
also consider the trajectory (a,b), but only between (0,v3) and (—us,0). O

Remark 2. The Neumann solution built above is sign changing, whereas the
mixed—1 solution is negative.

Remark 3. In the general case, we can not build any solution with the Dirichlet
boundary conditions using our phase plane method. Indeed, we will give a criterion
in Theorem 2.18 concerning nonexistence of the Dirichlet solution.
Concerning the solutions in infinite interval, we can state:
Theorem 2.8. Let A > 0. Then the Equation 1
u” — w4 ufuPt = =0

admits
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! =u/(0) =0 (Neumann).
=v(0) =0 (mized—2).

= w'(c0) = 0 (Neumann).
(00) =0 (mized—1).

a positive solution u in (—oo, 0] satisfying u'(—o0)
a positive solution v in (—oo, 0] satisfying v'(—oo

a sign-changing solution w in R satisfying w'(—oo)
a negative solution u in [0,00) satisfying z(0) = 2’

Proof. Consider pg > 0 with pg > A7 and with |)\Plf1 — up| small enough such
that there exists a trajectory (u,v) of the System 3 satisfying

p(—00) = A7 T, v(—00) =0 and p(0) = 1o, »(0) =0

Hence, u = p in (—o0,0] is suitable for the first statement. Then, the trajectory
(u,v) can be continued in the part {u > 0,v < 0} using the information on its
behaviour (see Equations 4 and 5) until (u,r) attains the ordinate axis. Denote
t1 > 0 the time such that u(t;) = 0 and v(¢1) < 0. We obtain the second statement
setting v(t) = u(t 4 ¢1) for all ¢ € (—o0,0]. Finally, these results and the symmetry
of the trajectories (see Lemma 2.1) imply the third and the fourth statements with
the following definitions:

w(t) = { o(t) : i § 8 and z(t) = —v(—t) for all t > 0.

O

2.2. Case \ < 0. First note that the System 3 has only one equilibrium point (0, 0).
As in the previous case, we can reduce our phase plane analysis to the half-plane
R* x R since of Lemma 2.1. Again, we obtain some information on the variations
of the trajectories of the System 3 using Equation 4. We have g—z = 0 along the

curves {u = 0} and {v = |[u[P~! — A}. For u > 0

dv _
T =—00
v=0
whereas for u < 0
dv _
du v=0 o
Then, we have % > 0 in {u > 0,0 < 0} U{v > [u/P"' = A} and & < 0 in

{u > 0,0 > 0,0 < |u/P~t — A}. In addition, thanks to Equation 5, we know that
Co < 0in {u>0,0>00<[uft =2}, & >0in {u>0,0< 0} while it is
sign-changing in {u > 0,v > |u|P~! — A}. In this last part of the plane, we use the

following lemma, similar to Lemma 2.2:

Lemma 2.9. Let A <0 and (u,v) be a trajectory of the System 38 with initial data
(0,v0). If vg > — X\ satisfies

{ Vo > - pr > 3 )
p—1 2 .

vo < A+ (p—1)5= —3(p—1)F7 ifp<3,

then the trajectory (u,v) is bounded in A = {u > 0,v > [u[P~ — A}

(8)

Proof. The calculus of the variations (see Equation 4) ensures that (u(t),v(t)) € A
for small £ > 0. We prove that there exist 0 < 7 < oo such that v(7) = |u(7)[P~t = .
It means that (u, v) is bounded in A. Since (u,v) belongs to A and thanks to A <0,

we have
dv Au o ufulP~?
P YIS A el

< u.
du v v
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Then, integration between 0 and u gives
< — 2 +
v u vo-
=9 0

Hypothesis 8 implies that {u > 0,v = [u[P™! = A} N {u > 0,0 = Ju® + vy} is not
empty. Thus, the trajectory (u,v) belongs to the compact

1
{u>0,v> |u|”_1 - \v < §u2 +vp}.

Using % > 0, we know that there exist 7 > 0 such that v(7) = |u(r)[P" =X, O

Now, the phase plane of the System 3 can be drawn, see Figure 2.

FIGURE 2. Phase plane for A < 0.

Corollary 1. The equilibrium point (0,0) is a center for the System 3.

Now, we use these information on the trajectories of the System 3 to obtain some
results concerning the solutions of Equation 1.
Theorem 2.10. Let A < 0. For some o > 0 and for each boundary conditions

o u(—a) =u(a) =0 (Dirichlet b.c.) ,

o u(—a)=u(a) =0 (mized—1 b.c.),

o v (—a) =ula) =0 (mized—2 b.c.),
there exists a unique positive solution of the Equation 1

u” —uu’ +ululP = du =0 in (—a,a).

Proof. We use the phase plane of System 3, see Figure 2. Consider the trajectory
(a,b) between the points

e (0,bg) and (0,b1): we obtain the Dirichlet solution,
e (0,b) and (ag,0): we obtain the mixed—1 solution,
e (ap,0) and (0,b1): we obtain the mixed—2 solution.

Theorem 2.11. Let A < 0. For all a > 0, the Equation 1
u” —wu - uluPt = =0 in (—a, a)

admits no positive solution under the Neumann boundary conditions.
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Proof. Ab absurbo, suppose that there exists u a positive solution of 1 under the
Neumann boundary conditions, and denote v = u/. Then the curve (u,v) is a
trajectory of the System 3 located in RT x R with initial data on the axis {v = 0}.
Then Equations 4 and 5 prove that (u,v) can not cross the axis {v = 0} once again
without going into R™ x R. A contradiction with the positivity of u. O
Theorem 2.12. Let A < 0. For some o > 0, the Equation 1

u” —uu’ +ululP = =0 in (—a,q)

admits a sign changing solution under the Neumann boundary conditions.

Proof. Using the phase plane of System 3 (see Figure 2), consider the trajectory
(a,b) between the points (ag,0) and (—ag, 0). O

To conclude this section, let us give this result concerning the periodic solutions:

Theorem 2.13. Let A < 0. For some a > 0, there exists a sign-changing periodic
solution of the Equation 1

u” —wu' +ululP = Au =0 in R.
Proof. Asin Lemma 2.3, we can build periodic trajectories of 3 using the symmetry
(Lemma 2.1). O

2.3. Unbounded solutions. In the above paragraphs, we proved that all the tra-
jectories of the System 3 are bounded for p > 3, but if 1 < p < 3 we do not have a
general answer: for example, we obtain some bounded trajectories when A < 0 (see
Lemma 2.9), but with our method, we do not have (yet) any result when A > 0. In
this paragraph, we show that there exists unbounded trajectories for every A € R
and for all p € (1,3). We start with a trajectory (u,v) with an initial data (0,vg).

Lemma 2.14. Let p € (1,3) and A € R. Suppose that

vo > 2max{—\,0} +2 - (8)5%. (9)
Then the trajectory (u,v) is not bounded.
Proof. We will show that under hypothesis 9, the trajectory (u,v) always lies above
the curve Jv = 2uP~! + 2max{—)\,0}}. Thus, using 2 > 0 (Equation 4), we

obtain that (u,v) is not bounded. Ab absurdo, suppose that there exists x, > 0
such that u(z,) =u; > 0 and v(z.) = v; > 0 satisty

v; = 20?4+ 2max{—\,0}, (10)

and
v(z) > 2u(x)P! 4+ 2max{—\,0} ¥V = € [0, z,).

Thus in [0, 2, ), we have

A—upP! 1
_— > . 11
. 5 (11)
On the other hand, Equation 4 gives
dv A—uP!
— =u4u—,
du v
and thanks to condition 11, we obtain

dv
-— >

1
— > .
a2 pu >0 (12)
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Then v(u) > “TQ + vo. Hence, for u = u;, we have:
2
u
v =v(uy) > Zl + vo,
and by definition 10 of u;, we have
-1 i
2ul™" 4+ 2max{—\, 0} > 2 T v

Hypothesis 9 implies
=1 u% p—1
-2 (8) 3=p > Z — 2’LL1 . (13)

Meanwhile, if we study both cases u; < Sﬁ and u; > 8ﬁ, we remark that

2 p—1 _
Aot = A (uf - 8) 2 -2 (8)55. (14)

Equations 13 and 14 are not compatible. Thus, the trajectory (u,v) can not attain
the curve {v = 2uP~! + 2max{-), 0}} O

Concerning Equation 1, we obtain the following results:

Theorem 2.15. Let p € (2,3) and A € R. For some a > 0, there exists a positive
and unbounded solution of the Equation 1

u” —uu’ +ululP = =0 in (—a,a).

satisfying
u(—a) =0 and lim u(z) = co.
Proof. The existence comes from the previous lemma. We just need to prove that
the length of the existence interval is finite. Ab absurdo, suppose that there exists
a positive and unbounded solution u of the Equation 1 in [0,00). Let b > 0 such
that u > 2\)\|P%1 in [b, 00), and define w(z,t) = u(x +1t) for all x € [b,b+ 1] and for
all t € [0,00). Thanks to the choice of b, we have
2 2 u?

Oiu — udyu + uP — Au > 07u — ud,u + 5
in [b,b+ 1] x [0,00). Because the solution u corresponds to a trajectory of the
System 3 located in R x R*, we have d;w > 0. Thus, w is super-solution of the
following problem

v = 02u — udyu + 3uP — du in [b,b+ 1] x (0,00),
O+ 0,v=0 on {£b} x (0, 00),
(-, 0) = 2|77 in [b,b+1].

By the comparison principle from [2], w > v where v is the solution of the previous
problem. But, according to [4], the solution v blows up in finite time. A contra-
diction between w > v and the global existence of w. Thus, w can not exist on
[b,b+ 1] x (0,00), and the solution u exists only in a finite interval. O

For 1 < p £ 2, we do not have the blowing-up argument and we are not sure
that the existence interval of the solution is finite.
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Theorem 2.16. Let p € (1,2] and A € R. For some o € (0,00], there exists a
positive and unbounded solution of the Equation 1
u” —uu +ujulPt = du =0 in (0,a).
satisfying
u(—a) =0 and lim u(z) = oo.
r—a

With some assumption on the parameter A\, we can also build a trajectory (u,v)
with an initial data (ug,0) belonging to the abscissa axis.

Lemma 2.17. Let p € (1,3) and X € R. Suppose that there exists 3 > 1 such that

G122 \77 o\
/\>max{25<5_1> ,6<6_1> } (15)

uO(;ﬂ) 7 (16)

then the trajectory (u,v) is not bounded.

If

Proof. We use the same method as in Lemma 2.14: we prove that, under hypotheses
15 and 16, the trajectory (u,v) always lies above the curve {v = BuP~t — A\}. Ab
absurdo, suppose that there exist z, > 0 such that u(z.) = u; and v; = v(z4)
verify

v = Bul Tt = A, (17)
and

v(zy) > Bu(z )P = AV 0 <z < 240

Thus, in [0, ), we have

A—uP! -1
2 > 18
> (18)
Equation 4 gives
dv A—uP!
— =ut+u—,
du v
and condition 18 implies
d—v > p- 1u > 0.
du — [ -
Integration between ug and uq leads to
—1
v(uy) > ﬁ26 (u1 — up),
definition 17 gives
_ 6—1
puf Tt —A> 23 (u1 — uo),
and we obtain 5.1 ) 5.1
-1 — 1 3 -
ul (1— o5z p)zﬁ()\—uo 5 ) (19)
Since of ug < w1, Equations 15 and 16 imply
p-1 -1 3
A — ug 23 >0and 1-— o uy P <.

Hence, Equation 19 is a contradiction. O
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Concerning Equation 1, and reasoning as in Theorem 2.15, we obtain the follow-
ing result.

Theorem 2.18. Let p € (1,3) and A € R wverifying Equation 15. For some o €
(0, 00], there exists a positive and unbounded solution of the Equation 1

u” —uu' +ujulP~t = =0 in (0,a).

satisfying

4 (0) =0 and lim u(z) = oco.

rT—«

In addition, if p € (2,3), then « is finite.

2.4. Limiting case p = 1. In this paragraph, we study the case where the exponent
p attains the limit 1. Then, Equation 1 becomes

u —uu + (1 —XNu=0inR,

and the System 3 is written

(51):<U(U+UA—1))' (20)

For A # 1, (0,0) is the only equilibrium point, while for A = 1 the axis {v =0} is a
continuum of equilibria. We begin with the case A = 1. Here, we have Z—Z = u, then

1
v(u) = §u2 +c,

where ¢ depends on the initial data. Thus, the phase plane is easily drawn, see
Figure 3. Now, suppose A # 1. One can compute the explicit trajectory

ue(x) = (1 — Nz
{ ve(@) = (1= \) VzelR

Then, using the following equations

dv u d?v A—1 dv
2 Zin—1 i ek
du ut v (A ) and du? e v2 (U udu)

we can draw the phase plane of the System 20, see Figure 3.

LW Y
.

=

%\&_

% =i

A<l A=1 A>1

FI1GURE 3. Phase planes for p = 1.
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2.5. Bifurcation. According to the previous paragraphs, we can state that there
exists a bifurcation of the phase plane of the System 3. First, we note that, for
a fixed exponent p, the value of X\ influences the phase plane of the System 3: for
A > 0, the System 3 admits three equilibrium points (a saddle point, an attractive
equilibrium and a repulsive equilibrium). The distance between these equilibria
goes to 0 when A — 0, and for A = 0, they collapse and generate a unique center,
which persists for all negative A (see Figure 4).

vt
)
BTk
O \406
&
Center Saddle point
0 A
Ot
o%/iéfs
0,7.9* ]
A1

FIGURE 4. Bifurcation of the phase plane of the System 3 with
different parameters.

Now, for a fixed A, the value of the exponent p has an important role. With
A, the value of p governs the type of the equilibrium points (node, improper node,
vortex). The exponent p also establishes if all the trajectories of the System 3 are
bounded (p > 3) or if there exists unbounded trajectories (1 < p < 3). Moreover,
when p attains the limit 1, the critical value of A changes from 0 (if p > 1) to 1 (for
p = 1). The case A = 1 is special because when p — 1, the three equilibria of the
System 3 (a saddle point, an attractive vortex and a repulsive vortex) generate a
continuum of equilibria when p attains the limit 1 (see Figure 5).

3. Parabolic problem. In this section, we study the parabolic Problem 1 for many
boundary conditions. First, we use the results concerning the stationary Equation
1 when the domain  is bounded. Then, we consider the case of unbounded do-
mains: we investigate global existence using the comparison method, and blow-up
phenomenon thanks to a L' —norm technique.

3.1. Comparison. We begin with the Dirichlet problem
Ou = 02u —udyu+uP — Au  in [—a, o] x (0,00),
u=0 on {£a} x (0,00), (21)
u(-,0) = in [—a,al,

where av > 0, p > 1, A € R and ¢ € Cyo([—a, a]) is non-negative. Thanks to the

comparison principle [2] and with the results of the previous sections, we have:

Theorem 3.1. Let p > 1 and A € R. For some a > 0, there exists a global positive
solution
u € C([—a,a] x [0,00)) NC*([—a,a] x (0,00))
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&
p=landA <1
(p=1land) =0)

()

p=landd =1

)

D)

A~
~

p=ladi>1
(p="1land =2)

(i

\!

@
N

P> 3andh >0 P> Jaudh > (l P> 3andA <0

(p = dandh = 3) (p=Handd =3 (p =4andk = -3)
p<3andh >0 P<3audr >0 p<3andh <0
(p=2a1d) =3) (p=2ad) =1} (p=2and\ = -3)

FIGURE

5. Phase planes of the System 3 with different parameters.

of Problem 21 if the initial data ¢ € Co([—a, o) is sufficiently small.

Proof. 1If p > 3 and A > 0, consider 3 € C%([—a, a]) a solution of 1 with the Dirichlet
boundary conditions (see Theorem 2.4). Suppose that ¢ is small enough: ¢ < § in
[—a, a]. Then, we obtain

08 = 0= 023 — BO.B+ " — hu
6=0

in [—a,a] x (0,00),
on [{ia}]x (0, 00),
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Using the comparison principle from [2], we prove that there exists a solution u of
21 satisfying 0 < u < § for all (z,t) € [—a, a] x (0,00). Thus, u is a global positive
solution. If 1 < p < 3 and A > 0, then we just need to choose a positive solution
3 given in Theorem 2.6 (even if §(+a) > 0). For A < 0, we consider the Dirichlet
solution given in Theorem 2.10. 0

Now, we replace the Dirichlet boundary conditions by the dynamical boundary
conditions. Consider the following problem

Ou = 0%u — ulyu+uP — Au  in [—a, ] x (0,00),
oOu+ du =0 on {£a} x (0,00), (22)
u(-,0) = ¢ in [—a,al,
with @ > 0, p > 1, A € R and where ¢ € C([—a,qa]) and o € C*({£a}[0,00)) are
non-negative. We obtain two results, depending on the sign of A.

Theorem 3.2. Let p > 1 and A > 0. There ezxists a global positive solution
u € C([—a,a] x [0,00)) NC*([—a,a] x (0,00))
of Problem 22

o foralla>0 ifgog)\r)lj.

e for somea >0 ifcp—)\ﬁ is sign changing and max{gof/\ﬁ,O} is sufficiently
close to 0. )

o fornoa>0if p> AT andp > 2.

Proof. For the first statement, we just need to note that the constant function AFT
is a super-solution of 22 when 0 < ¢ < /\ﬁ. For the second statement, we consider
two cases: when p > 3, we consider a positive solution w of 1 under the Neumann
boundary conditions, see Theorem 2.4. Choosing 0 < ¢ < w, we obtain a super-
solution of 22. If 1 < p < 3, we consider a trajectory (u,) of 3 with 0 < ©(0) < AFT
and v(0) = 0. According to Equation 4, for a small z. > 0, we have v(—z) < 0
and y(z) > 0 for all z € (0,z,). Thus, p satisfies O, u(—z.) = —y(—z.) > 0 and
Opp(xy) = y(x4) > 0, and it is a super-solution of 22 when 0 < ¢ < p in [—z,, 2.].
Then, using these super-solutions and the comparison principle from [2], we prove
first and second assertions. For the third statement, consider ¢ > 0 such that

1
©>c> AT,

The comparison principle from [2] implies that u > ¢, where u denote the solution
of 22 with the initial data . Hence, there exists d > 0 such that

uP — Au > duP for all x € [—a, @] and for all ¢ > 0.
Thus, u verifies

Ou > 0%u — udyu + duP  in [—a,a] for t > 0,

oOu+ dyu=0 on {—a, a} fort >0,
u(-,0)>¢>0 in [—o, al.
Then, blow-up results from [4] imply the blowing-up in finite time of w. O

Theorem 3.3. Let p > 2 and A < 0. For all a > 0, the positive solution u of
Problem 22 blows up in finite time if the initial data ¢ € C([—a, @]) satisfies

Vxe[—aq p(x)>D0.
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Proof. Since of A < 0, the function u verifies
Ou > 0%u — ubyu +uP  in [—a,a] for t > 0,
oOu+ dyu =0 on {—a, a} for t >0,
u(-,0) >0 in [—a,al.
Thanks to the blow-up results from [4], we know that u blows up in finite time. O

Remark 4. The Neumann boundary conditions are included here, with the special
case 0 = 0.

3.2. Global existence in unbounded domains. We study the Problem 1 under
the Dirichlet, the Neumann and the dynamical boundary conditions when € is
an unbounded domain. Using some explicit super-solutions, we look for global
existence in the three types of unbounded domains: (—o0,0), (0,00) and R. We
begin with the case A > 0:

Theorem 3.4. Letp > 1, A > 0, p € C(Q) a non-negative function, and let Q
be any unbounded domain. Then, the Problem 1 admits a global positive solution if
the initial data satisfies

0<p< AT,
and when B(u) = 0 stands for the Dirichlet, the Neumann, the Robin (O,u+au = 0
with a > 0) or the dynamical boundary conditions.

Proof. As in the proof of Theorem 3.2, we consider the constant function v(z,t) =
A7 for all (xz,t) € Q x (0,00). Then, v satisfies Burger’s Equation, the choice of
¢ implies ¢ < v(-,0) in Q. On the boundary, we have:

v >0 (Dirichlet).

Oy v =0 (Neumann).

0,V + av >0 (Robin).

ocdw~+0,v =0 (Dynamical).
Thus, v is super-solution of 1 for the four boundary conditions above, and we
conclude with the comparison principle [2]. O

If A <0, we must add some restrictions, and we obtain the following results.

Theorem 3.5. Assume Q = (0,00) and let p € (1,2], A <0 and » € C(Q) a non-
negative function. Then, the Problem 1 admits a global positive solution if the initial
data is bounded and when B(w) = 0 stands for the Dirichlet boundary conditions or
the dynamical boundary conditions with o > 0 constant.

Proof. We deal with the comparison principle [2] and the explicit function v(z,t) =
Aevm+(t+t0)* defined in R+ x R*. Computing the partial derivatives, we have

Ov(x,t) = 2(t+to)v.
Ozv(z,t) = av.
Pu(x,t) = .

Choosing tg > %(oﬂ - /\>7 we obtain

Oy — 821) + 09,0 — VP + v > 02 (a — Up_2).

Thanks to p < 2 and with az + (t + )2 > 0 in RT x RT, we have vP=2 < AP~2,
Choosing AP~2 < «, we obtain 0;v — aiv 4+ v0,v — vP + Av > 0. Since v > 0, the
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case of the Dirichlet boundary conditions is trivial. Choosing ¢ > 3=, the case of
the dynamical boundary conditions is verified thanks to

o0 + Opuv = U(Za(t +1to) — a) > 0.
Finally, we have a super-solution choosing A > sup ¢. O

Remark 5. In the previous proof, one can see that the dynamical boundary con-
ditions are satisfied for a more general coefficient o verifying
>
@t = )
And replacing the function v by w(z,t) = Ae®*+(t+0)" e can consider smaller
coefficients o > 0 with o(z,t) s t—nth

Corollary 2. Suppose Q = (—00,0) or Q@ =R. Let p =2, A <0 and ¢ € C(Q).
Then the Problem 1 admits a global positive solution if there exists C > 0 and o > 0
such that

0 < ox) <Ce™ in )
and when B(u) = 0 stands for the Dirichlet, the Neumann or the dynamical bound-
ary conditions with o > 0.

Proof. As in the previous theorem, we consider v(z,t) = Ae®@+(#+t0)”  Thanks to
p = 2 and with some appropriate constants A and «, we have

O — 020+ v9 v —vP + v >0 in Qx[0,00).

v(+,0) > ¢ in Q.

The case © = R (no boundary) and the case of Dirichlet boundary conditions are
trivial. For Q = (—00,0), we have d,v = 9,v = av > 0 on the boundary. Thus, the
Neumann boundary conditions and the dynamical boundary conditions with ¢ > 0
are verified. O

When A =0, 2 = (—o00,0) and p > 3, the Green’s function of the heat equation
is a suitable super-solution for the Problem 1.

Theorem 3.6. Assume Q = (—00,0), p > 3 and ¢ € C(Q). Then the Problem
1 admits a global positive solution if the initial data ¢ is sufficiently small and
when B(u) = 0 stands for the Dirichlet, the Neumann or the dynamical boundary
conditions with o > 0 constant.

—(z41)?

Proof. Consider the function v(z,t) = A(t +1) e #+4  defined in R~ x RT with

A>0,v= p%l and y = —207y. A simple calculus leads to
atvfﬁvarv@zv—var/\v: ﬁ(—?y+l—(m+y)vapfl>.

By definition of v and p > 3, we have —2y + 1 > 0. Since vP~! < AP~! and

because —(x +y) > 0 for all z € ), we obtain d,v — 92v + v0,v — vP + lv > 0 by

choosing A small enough. The case of the Dirichlet boundary conditions is clear

because v > 0. For the dynamical boundary conditions and the Neumann boundary
conditions (¢ = 0), we use the definition of y and we have

ﬁ(—?av—y) > 0.

Thus, v is a super-solution of the Problem 1 as soon as ¢ < v(-,0) in .

ocov + O,v >
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3.3. Blow up in unbounded domains. Here, using some weighted L!—norms,
we examine blow-up phenomena for some solutions of Problem 1 in unbounded do-
mains satisfying the Neumann, the Robin, and some nonlinear boundary conditions
and this growth order at infinity: for all @ > 0 and for all ¢ > 0

lim wu(z,t)e”* =0and lim |9,u(z,t)le 1l = 0. (23)
o

|| —o00 || —
Unless otherwise stated, we always suppose Q = (0,00). We begin with a lemma

which gives a criterion for the blowing-up of the solution.

Lemma 3.7. Let u be a solution of Problem 1 satisfying the condition 23. If there
ezists a > 0 such that

o0
N (t) ::/ u(x,t)e”*" dx
0
blows-up in finite time, then u also blows-up in finite time.

Proof. Consider a > 0 such that N, blows-up in finite time. Using the following
inequality

o0

[e3 2 o

N, (t) < / e /2 dg - supu(x,t)e” 2% = Zsupu(z,t)e” 37,
0 Q @ Q

and because N, blows up, we can deduce the blowing up in finite time of the
function u(x,t)e”2*. Then, thanks to the growth order condition 23, the solution
u must blow up too. O

‘We also need this technical lemma.

Lemma 3.8. Let u be a solution of Problem 1. Then, for all 7 > 0 there exists
¢ > 0 such that
u(0,t) > ¢ forall t>71.
Proof. Let v be the positive solution of the following problem
O = 02v —vdv+ovP — v in [0,1] x [0, 00),

B(v) =0 on {0} x [0, 00),
v=20 on {1} x [0,00),
v(-,0) = ¢4 in [0,1],
where B(v) = 0 is the same boundary condition as in Problem 1, where ¢ €

C*([0,1]) satisfies @1(1) = 0, D201 — 910201 + @ —Ap1 > 0 and 0 < ¢1 < p in
[0,1]. Thanks to u(-,0) > v(-,0) in [0,1] and u(1,¢) > 0 = v(1,¢) for all ¢ > 0, the
comparison principle from [2] implies

u(z,t) > v(z,t) for all z € [0,1] and ¢t > 0.
Then, the comparison principle and the maximum principle from [2] imply
Opv(x,t) > 0 and v(x,t) > 0.
for all x € [0,1] and ¢ > 0, see Lemma 2.1 in [3]. Thus, for all 7 > 0, we obtain
u(0,t) > v(0,t) > v(0,7) >0 for all t > 7.
O

Theorem 3.9. Let A < 0 and p > 2. Then the Problem 1 admits no global positive
solution when B(u) = 0 stands for the Neumann boundary conditions.
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Proof. We aim to prove the existence of @ > 0 and 8 > 0 such that N/, > GN?
where

o0
N, (t) ::/ u(z, t)e”** dx
0
Derivating the function N,, we obtain

N.(t) :/0 Ou(z, t)e” " dx

oo

:/ <8iu($,t)>e_‘” dx —/ (u(m,t)@xu(x,t))e_am dx
0 0
+/ uP(x,t)e” " do — )\/ u(x,t)e”*" dx.
0 0

Using the growth order condition 23 and integrating by parts, we obtain

/ ((ﬁu(m,t)) e~ dx = o / u(z,t)e” " dz + d,u(0,t) — au(0,1)
0 0

and

00 oS} 2
/ (u(:n,t)@ﬂt(m,t))@“”J dx = g/ u?(z,t)e” " da — 4 (O’t).
0 2 Jo 2

Thus, we have

N.(t) = /000 u(z,t)e” " (a2 - %u(m,t) - A+ up_l(x,t)) dx

2
+ 0,u(0,t) — au(0,t) + #

Thanks to Lemma 3.8, and considering u from a time 7 > 0, we can assume that

(24)

¢:=minu(0,t) >0 .
t>0

Then, if « is small enough (o« < ¢/2), we have —au(0,t) + @ > 0. Then, the
Neumann boundary conditions imply

N.(t) > / u(x, t)e”** (a2 - %u(m,t) -2+ up_l(x,t)> dx. (25)
0
Shrinking a, we can suppose @ < —2\ and o < 1. When u(z,t) < 1, we have
- — au(z,t)/2 > 0. On the other hand, if u(z,t) > 1, we have uP~!(z,t) —
au(z,t)/2 > uP~1(x,t)/2. Hence, we obtain:
1 (o]
N/ (t) > 5/ uP(x,t)e” " da.
0

Holder inequality

/ u(z,t)e” " dx < (/ uP (z,t)e” " dm) (/ e " dx)
0 0 0

leads to N/ (t) > BNE(t) with

1 [ o
ﬁ=2</0 e‘mda:> .
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Finally, we prove the blowing-up of N, in finite time. Integrating the differential
inequality N/ (t) > BNE(t) between 0 and ¢ > 0, we obtain

1 N (t) t N/ (t)
——(NIP(t) = N17P(0 :/ 5P d.s:/ L dt > fit,
1—1)( a ") = NaTH )) Na(0) o Na(t) =0

and

Nalt) = (NA(0) — (o~ 13t)

Since of p_—_ll < 0, the right hand side term blows up at t = % > 0. We
conclude with Lemma 3.7. O

Corollary 3. Let A <0 and p > 2. Then the Problem 1 admits no global positive
solution when B(u) = 0 stands for the nonlinear boundary conditions O,u = g(u),
where g is a function such that there exists 6 > 0 and ¢ < 1/2 satisfying

g(n) > on — en’.

Proof. We follow the proof of Theorem 3.9. We just change the choice of a: let
a > 0 such that a < §, and use the following minoration in Equation 24:

0,u(0,1) — au(0,4) + %uQ(O, £) =g(u) — au(0,4) + %@ﬂ(o, )

1
>(0 — a)u(0,t) + (5 —e)u?(0,t) > 0.
Then, we return to Equation 25. O

When A\ = 0, the choice of « is too strict. Meanwhile, we obtain some blow-up
results imposing some restrictions on the exponent p and on the initial data.

Theorem 3.10. Let A =0 and 1 < p < 3. Then the Problem 1 admits no global
positive solution when B(u) = 0 stands for the Neumann boundary conditions.

Proof. Return to the proof of Theorem 3.9. Under the Neumann boundary condi-
tions and with A = 0, Equation 24 becomes

N.(t) = /000 u(x,t)e” " (a2 — %u(x,t) + up_l(x,t)) dr — au(0,t) + uz(;),t).
Let 8 € (0,1) and put it into the previous equation:
N/ () = /OOO u(z, t)e=® (a2 - %u(x,t) + ﬁupfl(x,t)) dz
—au(0,t) + @ +(1-0) /000 uP(x,t)e™ " du.
If u < 2a, we have a? — au/2 > 0, whereas u > 2« implies
—%u + puP~t > u( - % + ﬁ(2a)p_2)>.
It is non negative if
BaP—3 > 217p, (26)

Thanks to 1 < p < 3, Equation 26 is achievied by choosing « > 0 sufficiently small
and 8 € (0,1) depending on p. Thus, we obtain

N0 2 —au0.0)+ “00 4 1= ) [Tt ee
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Then, we can suppose that w(0,¢) > ¢ > 0 for all ¢ > 0 (see Lemma 3.8), and with
)
a < ¢/2 we have —au(0,t) + # > 0. Hence

NL{#t)>(1-p0) /OOO uP(z,t)e” " dx.

As in the proof of Theorem 3.9, we use Holder inequality and we are led to N, > NP
with § > 0 depending on «, @ and p. Hence, N, blows-up in finite time, so does
the solution u, see Lemma 3.7. O

Theorem 3.11. Let A = 0 and p > 3. Then the Problem 1 admits no global
positive solution when B(u) = 0 stands for the Neumann boundary conditions and

1
if the initial data satisfies p(0) > =1
Proof. The proof is similar to the previous one. Go back to Equation 26: since
p > 3, we must choose « such that
1—p —1
o> 2r5303,
Under this condition, N, satisfies the differential inequality

'LL2 fe%e]
Ny 2 —au0.0)+ 30w (1= 5) [T we e de

-
Because « can not be too small, we must use the assumption ¢(0) > 255 . Using
Lemma 3.8, we have

u(0,t) > ¢(0) > 255 , for all t > 0.
Thus, with 3 very close to 1 and with o = 211’%5517;—13, we obtain —au(0,t)+ @ >
0. Hence, we have

NL(t) > (1-p0) /OO uP(z,t)e” " dx.
We conclude with Holder inequality andothe blowing up of N,. O

Corollary 4. Let A =0 and p > 3. Then the Problem 1 admits no global positive
solution when B(u) = 0 stands for the Neumann boundary conditions and if the
initial data satisfies

4—2p

e _ 3p—T7 53 [2p—4) """
*d <273 . . 27
| etwe e > 2= <3p_7> (21)

Proof. Return to the proof of Theorem 3.9. Under the Neumann boundary condi-
tions and introducing 8 and § € (0,1) in Equation 24, we obtain

N (1) /000 u(z,t)e” " (5042 — %u(x,t) + ﬂupfl(m,t)> dx

u?(0,1)

~au0.)+ =G (N + (1= 9) [ e do

Studying both cases u > 2ad and u < 2, we obtain da? — au/2 + BuP~! > 0 if
a =27 8375555

Since of u?/2 — au > —a?/2 and using Holder inequality we have

2

NL(t) 2 (1= )Nalt) +ANE(D) = 5, (28)
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oo I=p
where v = (1 — 6)(]0 e~ dx) > 0. First, consider this minoration

062

NL(H) > (1= 8)Nalt) — &
Thus, N, satisfies
2
a
Ny(t) > —>
(t) 2 2(1-9)
In particular, N,(0) > o?(2 — 26)~! + A. With the optimal choice of § = (2p —
4)/(3p — 7) and with 3 € (0,1) close to 1, Hypothesis 27 implies N, (0) > a?(2 —
26)~1. Thus, A is positive and we obtain

+ A=t A e R.

(1—8)Na(t) — % > 0.

From Equation 28, we deduce
N (t) = yNE(t).
Hence N, blows-up, and the solution u« blows up too, see Lemma 3.7. O

Finally, if Q@ = (—o00,0), we must change the weight in N, and we obtain this
results concerning the nonlinear boundary conditions.

Theorem 3.12. Let A <0 andp > 2. Then the Problem 1 admits no global positive
solution when B(u) = 0 stands for the nonlinear boundary conditions d,u = g(u),
where g is a function such that there exists ¢ > 0 and d > 0 satisfying

g(n) = en® +dn.

Proof. As in the case of = (0,0), we use a weighted L!—norm:

0

N, (t) = / u(xz,t)e dx, with a > 0.
— 0o

We compute N/ (t) = f_ooo Opu(x,t)e®® dx, and using the equations of Problem 1,

integration by parts leads to

0
N.(t) = / (@®u + au® + uP)e™ dx + 0,u(0,t) — au(0,t) — %ug(o,t).
Thanks to 9,u(0,t) = 9,u(0,t) in (—o0,0), choosing & = min{2¢, d}, we obtain

0 0
Nl;(t) > / (a2u +au? + up)eom dz > / uPe®® dx.

— 0o —00

Holder inequality leads to the differential equation N/ (¢) > vNE(t) with v > 0.
Hence N, and the solution u blow up in finite time. O
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