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RESTRICTION TO LEVI SUBALGEBRAS AND
GENERALIZATION OF THE CATEGORY O

GUILLAUME TOMASINI

ABSTRACT. The category of all modules over a reductive complex Lie algebra
is wild, and therefore it is useful to study full subcategories. For instance, Bern-
stein, Gelfand and Gelfand introduced a category of modules which provides a
natural setting for highest weight modules. In this paper, we define a family
of categories which generalizes the BGG category and we classify the simple
modules for a subfamily. As a consequence, we show that some of the obtained
categories are semisimple.

1. INTRODUCTION

The problem of understanding the restriction of a module over an algebra or a
group to a given subalgebra or subgroup is referred to as a branching problem.
Branching rules play an important part in representation theory and in physics
(e.g. Clebsch-Gordon coefficients). Of great importance to us is the special case
of dual pairs. Here one considers a Lie algebra g and a pair of Lie subalgebras
(a,b) which are mutual commutants. Then the natural question is to understand
the restriction of a (simple) g-module to the Lie algebra a @ b. Such branching
rules where obtained first by R. Howe in the case of the metaplectic group and
the so-called Weil representation [[3, [4]. Since then, many mathematicians have
continued Howe’s study of the Weil representation and extended it to others Lie
groups or Lie algebras (e.g. |27, Bg, I3, [[9]).

Even though we now know many examples, the problem of finding branching
rules is highly non trivial. It is even harder if one wants to study non highest
weight modules (Note that the Weil representation is from the infinitesimal point
of view a highest weight module). To prove some branching rules for a general
(simple) weight module, we need to impose some extra conditions. In [[§], Jian-
Shu Li studies the restriction of the minimal representation of E7; to the dual pair
(Ay, Fy). To give a formula in this case, his first step was to use a branching
rule from F; to Fg which is a Levi subalgebra of E; containing the subalgebra F}
appearing in the dual pair.

Motivated by this example, we would like to study the following problem. Let g
be a reductive finite dimensional Lie algebra over C. Let [ be a Levi subalgebra of
g.

Problem P([): Can we find all the simple weight g-modules M such that the

restriction of M to [ splits into a direct sum of simple highest weight [-modules?
1
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In this article we give a partial answer to this question (and explain why it is
only a partial answer). Our strategy is to add more conditions on the modules M
having the above property. More specifically we introduce a family of categories
taking into account the above property and some cuspidality condition (see the
definition B.3)). We then study these categories and their simple modules. In some
cases we give a complete description of the simple modules and show that the
category is semisimple.

The article is organized as follows. In section 2, we recall some facts about weight
modules and their classification. In the third section, we give the definition of our
family of categories and give some non trivial examples. In the fourth section, we
state and prove a classification result (Theorem [.29). Finally in the last section
we prove that (some of) our categories are semisimple (Corollaries .6, and
b.11]).

Conventions: All the Lie algebras considered in this paper are finite dimen-
sional and defined over C. We shall denote by N = {0,1,2,...} the set of non
negative integers and by Z the set of all integers. We denote by 9; ; the Kronecker
d-symbol.

This article is a part of the author’s thesis [B9]. The main results were announced

in (B0

2. WEIGHT MODULES

The study of the modules over a given Lie algebra lead the mathematicians
to explore various categories. The category of all finite dimensional modules was
studied first and then it was enlarged to obtain the so-called BGG category O
which gave rise later on to the notion of weight modules. Before we state some
definitions and review the main results about these modules, some notations are
introduced.

Let g denote a reductive Lie algebra and U(g) denote its universal enveloping
algebra. Let b be a fixed Cartan subalgebra and denote by R the corresponding set
of roots. For o € R, we denote by g, the root space for the root a. More generally
for S C R we denote by gg the direct sum of the root spaces for the various a € S.
For S C R we denote by (S) the set of all roots which are linear combination of
elements of S. As a particular case, given a basis ® of R, we consider § C ¢ and
the set of roots (f). We then consider R* the set of positive (resp. negative) roots
with respect to @ and (8)* = (§) N R*. We define the following subalgebras of g :

lb=hDgp, Ny =0rt_(9)*

The subalgebra py = Iy @ nJ is called the standard parabolic subalgebra associ-
ated to # and [y is the standard Levi subalgebra associated to 6. The latter is a
reductive algebra. Its semisimple part is denoted by [,. If = (), then [y = b and
we simply write n* instead of nj.
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2.1. The category of weight modules. We denote by Mod(g) the category of
all g—modules. This category is very wild and therefore we will investigate some full
subcategories of Mod(g) for which we can describe the simple modules. The first
well known subcategory of Mod(g) is the full subcategory of finite dimensional
modules Fin(g). It was studied by E. Cartan, H. Weyl, W. Killing and many
others. This category turns out to be semisimple: every finite dimensional module
splits into a direct sum of simple modules. Moreover, we can completely describe
the simple objects of this category: they are all the simple highest weight modules
with integral dominant highest weight.
We now turn to a bigger category. The category of weight modules.

Definition 2.1. A module M is a weight module if it is finitely generated, and
h-diagonalizable in the sense that
M = ®xep My, where My ={me M : H-m=\H)m,VH € h},

with weight spaces My of finite dimension. We will denote by M(g,h) the full
subcategory of Mod(g) consisting of all weight modules.

Remark 2.2. Note that we require finite dimensional weight spaces in our defini-
tion, which is not always the case in the literature. This category also appears as
a particular case of several other categories (e.g. [B4, BY| or [, LT])-

This category has several « good » properties, for instance we have the following:

Proposition 2.3 (Fernando [§, thm 4.21]). The category M(g, ) is abelian, noe-
therian and artinian.

Before trying to get a better understanding of this category, we will need more
concepts that we shall review now.

Definition 2.4. Let a be any subalgebra of g. A module M is a-finite if
Vm e M, dim(U(a)m) < oo.

In the 70's, Bernstein, Gelfand and Gelfand enlarged the category Fin(g) to in-
clude all highest weight modules [B]. More precisely, they introduced the following
category:

Definition 2.5. The category O s the full subcategory of M(g,h) whose objects
are n"-finite.

This category is quite well understood now. The complete list of simple mod-
ules in O is known and there are also important results about projective objects,
resolutions. . . We refer the reader to [[§ and the references therein.

In the 80's, several subcategories of category O where defined and investigated
by Rocha-Caridi, the so-called parabolic versions of O. We recall here a definition.

Definition 2.6. Let p be a parabolic subalgebra of g and write p =1 dn for a Levi
decomposition of p. The category OF is the full subcategory of O whose objects M
satisfy the following condition:
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As a l-module, M splits into a direct sum of simple finite dimensional modules.

The classification of simple modules in OF and results about projective objects
were obtained by Rocha-Caridi in [R§]. See also [Id]. Note that this is a category
in which a certain kind of restriction condition is required.

The next step to understand simple weight modules is the notion of generalised
Verma modules. We recall here some well known facts about these modules.

Let p be a parabolic subalgebra of g. Let p = [ @ n be a Levi decomposition
of p. Given a [Fmodule M, one can construct a p-module structure on M by
letting n act trivially. For such a module M we define the generalised Verma
module V (p, M) := U(g) Qu) M. Conversely, given any g-module V' we define the
[Fmodule V" :={v € V |n-v = 0}. We then have the following:

Proposition 2.7.

(1) Let M be a weight I-module. Then V(p, M) is a weight g-module

(2) If M is a simple [-module, the module V (p, M) is indecomposable and ad-
mits a unique mazximal submodule K(p, M) and a unique simple quotient
L(p,M).

(3) Assume M is a simple [-module. Then the image of 1 @ M in L(p, M) is
isomorphic to M as [-modules.

(4) If V is a simple g-module such that V" # {0}, then V = L(p, L").

(5) Assume M is a simple l-module. Let pr be the projection from V (p, M) onto
1® M given by the decomposition of V (p, M) into weight spaces. Then the
module K(p, M) can be characterized as follows:

Kp,M)={veV :Yuecl(n), pr(u-v) =0}

Proof. We refer to [§, proposition 3.8] for a proof.
0

The module L(p, M) will be called the simple g—module induced from (p, M).
We refer to [, BI] for a more detailed discussion about generalised Verma modules.

To give the classification of simple weight modules, we need one more ingredient:
the so—called cuspidal modules.

Definition 2.8. Let M be a weight module. A root o € R is said to be locally
nilpotent with respect to M if any non zero X € g, acts by a locally nilpotent
operator on the whole module M. It is said to be cuspidal if any non zero X € g,
acts injectively on the whole module M.

We denote by RY (M) the set of locally nilpotent roots and by R’(M) the set
of cuspidal roots. We shall simply denote them by R" and R! when the module
M is clear from the context. Then we have the following:

Lemma 2.9 (Fernando, [§, lemma 2.3]). For a simple weight module M, R =
RN URL



RESTRICTION AND CATEGORY O 5

Definition 2.10. Let S C R. A weight module is called S-cuspidal if S C RI.
When S =R, it is simply called cuspidal.

Remark 2.11. If M is a simple cuspidal weight module, then all its weight spaces
have the same dimension and for all « € R and any non zero X € g, X acts
bijectively on M.

Set RN = {a e RN : —ae RV}, RY=RN\RY. We define R! and R! the

same way. Recall the following theorem:

Theorem 2.12 (Fernando [§, theorem 4.18], Futorny [[]). Let M be a simple
weight module. Then there are a parabolic subalgebra p of g with a Levi decompo-
sition p = Ldn, and a simple cuspidal I-module C' such that M = L(p,C).

Remark 2.13. More precisely there are a basis ® of R and a subset @ C ® such
that (0) = R and RT\ ()" C RY. Then M™ is a simple cuspidal lg-module and
M = L(pg, M" ).

The theorem of Fernando reduces the classification of simple weight g—modules to
the classification of simple cuspidal weight modules for reductive Lie algebras. By
standard arguments this reduces to the classification of simple cuspidal modules for
simple Lie algebras. A first step towards this classification is given by the following
theorem:

Theorem 2.14 (Fernando [B, theorem 5.2]). Let g be a simple Lie algebra. If M
is a simple cuspidal g—module, then g is of type A or C

The classification of simple cuspidal modules was then completed in two steps. In
the first step Britten and Lemire classified all simple cuspidal modules of degree 1
(see [H]), where deg(M) = supy ¢y« {dim(My)}. We will come back to these modules
later on as they will play an important part in our study. Then Mathieu gave the
full classification of simple cuspidal modules of finite degree by introducing the
notion of a coherent family (see [B0]).

2.2. The case of sl,. In this section, we review the classification of weight modules
for g = sly. We shall fix an sly-triple (X, H, Xt). We therefore have the following
relations:
[H, X% = +2X*, [XT, X |=0H
Recall that the degree of a weight module M is
deg(M) = sup{dim(M,), X € h*}.
Proposition 2.15. Let M be a simple weight sly-module. Then deg(M) = 1.

Proof. Recall that €2 = %H 24+ H+2X~X* is in the center of the universal en-
veloping algebra of sl,. Therefore, M being simple, ) acts as a scalar operator.
On the other hand, as M is a weight module, H acts on each weight space by
some constant (the weight). Therefore, on each weight space, X~ X acts by some
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constant. From this, we conclude that U(g)o, the commutant of CH, acts by some
constant on each weight space. But, since M is simple, given two non zero vec-
tors v and w in the same weight space, there should exist some element u € U(g)
sending v to w. The fact that v and w have the same weight forces u to be in the
commutant of CH. From the above we know that u acts by some constant. This
forces v and w to be proportional and therefore the corresponding weight space is
1-dimensional. This completes the proof.

O

Now we recall the construction of simple cuspidal g-modules. Let a = (aj,as) €
C2. Assume that a; and ay are not integers. We construct then a vector space as
follows. For each k € Z, we define a vector x(k). The vector space generated by
these (formal) elements is denoted by N(a). We put the following action of g on
N(a):

z(k) = (a1 — a9+ 2k)x(k),
cx(k) = (ag—k)x(k+1),

56’(’{?) = (e +kz(k-1).
)

It is now easy to see that N(a) is a simple cuspidal g-module. It turns out that
any simple cuspidal sl;-module is of this form (see [f]).

2.3. The category of cuspidal modules. The category of all cuspidal modules
has been intensively studied since Mathieu’s classification result. We will not try
to recall all the known results here. We refer the reader to [[[1, [2, B3, BJ for
details.

In the last part of this article we will be interested in extension between modules.
We review now some facts about that. Given two weight g-modules M and N, one
wants to find all the weight modules V' such that the sequence 0 - N — V —
M — 0 is exact. This problem can be solved by using cocycles. We recall its
definition:

Definition 2.16. Let M and N be two weight modules. A cocycle from M to N is
a linear map ¢ : g — Home(M, N) such that: For every m € M, we have

co([X, Y])(m) = [e(X), Y](m) + [X, e(Y)](m),

where the bracket in the right hand side is the commutator in Homg (M, N), for
instance [c(X),Y](m) =c(X)(Y -m) =Y - (¢(X)(m)).

Given a cocyle ¢ from M to N, one can construct a g-module structure on
V := N&M as follows: For any X € g, define X -(n,m) := (X -n+c(X)(m), X -m).
Then it is easy to see that endowed with this structure V fits into an exact sequence
00— N —V — M — 0. Moreover, for every exact sequence 0 - N -V — M —
0 there is a cocycle ¢ from M to N such that V is isomorphic (as a vector space) to
N @& M with the g-module structure given as above. Besides, such an exact sequence
splits exactly when there is a linear map ¢ : M — N such that ¢(X) = [X, ¢| for
all X € g. Such a cocycle is called a coboundary.
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The case when g = sl, is particularly simple. It is given in the following:

Proposition 2.17 (Grantcharov, Serganova [[J, example 3.3]). Let M and N be
simple cuspidal slo—modules. If M 2 N, then every cocycle from M to N is a
coboundary. If M = N, then up to a coboundary, every cocycle ¢ from M to N
has the following form: ¢(H) =0 = ¢(X~) and ¢(Xt) =bx (X~)~" where b € C.

Remark 2.18. Note that as M is a simple cuspidal module, X~ (and X ) acts
bijectively on M. Thus the operator X~ has an inverse which we denote by (X )7L

The general case for sl,, is more complicated. As we will not need it, we do not
mention it here (see [, BJ]). On the other hand we will need the case of sp,,,. We
recall the following:

Theorem 2.19 (Britten, Khomenko,Lemire, Mazorchuk [, thm 1]). The category
of cuspidal sp,,-module is semisimple.

This theorem means that every cocycle between two simple cuspidal sp,,,-modules
is a coboundary.

3. THE CATEGORY Ogy

In all this section, g denote a reductive Lie algebra and § a fixed Cartan subal-
gebra. We also denote by R the set of roots of (g, bh).

3.1. General definition. The general definition requires some subsets of R. We
first recall some basic definitions. Given a subset S of R we denote S; its symmetric
part: Sy =S5 N =S and S, its antisymmetric part: S, =5\ S.

Definition 3.1 (see [[A]). A subset S of R is symmetric if S = —S ; it is closed if
the conditions a € S, B € S, a+ € R imply o+ 3 € S. A parabolic subset of
R is a closed subset P such that PU—P =TR. A Levi subset of R is a closed and
symmetric subset of R.

Remark 3.2. Note that if P is a parabolic subset, P, is a Levi subset. In this
case we call P, the Levi part of P. The antisymmetric part P, of P should also be
referred to as the unipotent part of P.

Given a Levi subset S, we denote [g := h & gg. Given a parabolic subset P, we
denote nf := gp, and pp := [p, ® nf. For any subset S of R, we denote Qg the
lattice generated by S.

Definition 3.3. Let S and T be two Levi subsets of R such that Qs NQr = 0. Let
P be a parabolic subset containing SUT and let B be a basis of T. We denote by
Op s the full subcategory of the category of weight g-modules M such that

(1) The module M is S-cuspidal,

(2) As a lp-module, M splits into a direct sum of simple B-highest weight mod-

ules,
(8) The module M is P,-finite.
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Remark 3.4. The condition Qs N Qr = 0 may seem strange. In fact, if this
condition is not fulfilled then the corresponding category (defined the same way)
would only consist of the zero module.

Let T" be some Levi subset of R. Obviously, any simple weight g-module having
the restriction property P(lr) would be in such a category. It suffices to choose
S = RI(M), B to be the basis corresponding to the restriction property of M and
P ="R. Of course, it could happen that some smaller choice for P is also possible.
But this situation is in some sense the basic one, as asserted in the following

Proposition 3.5. Let (P,S,T, B) be as in definition [7.3. Assume P, # 0. Then
every simple g-module M in Opgr g is of the form L(p, N) where p = lp, & gp,
and N is a simple module in Op, s15(Ip,).

Proof. Apply proposition .7 to the module M and to the parabolic algebra p =
[p, @ gp,. Here the third condition in the definition B.3 ensures that M9 # {0}.
OJ

3.2. Particular case. Unfortunately, the general case of category Opgsrp does
not seem easy to study. Thus, in the sequel we would be interested in a particular
case of this general definition. For sake of clarity, we write down explicitly its
definition. Let us fix a basis ® of R.

Definition 3.6. Let 6 C S C ®. We denote by Osy(g) or simply by Ogg the full
subcategory of the category of weight g-modules M such that
(1) The module M is (S \ 0)-cuspidal,
(2) As a lg-module, M splits into a direct sum of simple highest weight modules,
(3) The module M is n}-finite.

In other terms, we have Ogo = Ogyur+ (5\0),0),0- Of course, not every category
Op s p is of this latter form. In what follows we shall refer to the first property as
the cuspidality condition and to the second one as the restriction condition.

Note that if S = 6 = (), then we recover the usual category O of Bernstein-
Gelfand-Gelfand. More generally, when S = 6 we get a generalisation of the
category OPs of Rocha-Caridi. Indeed, remember that category OPs also requires
that the [g-highest weight modules have finite dimension. We shall see later on
that we could not impose such a strong condition on our category (see proposition
B.7). Finally if 6 = () and S = ® then we recover the category of all cuspidal
modules.

3.3. First properties. Let us now examine the first easy properties that carry
the categories Ogg. We have the following:

Proposition 3.7. Let 6 C S C ®. Then:

(1) The category Ogy is abelian, noetherian and artinian.
(2) The multiplicities of the ly—modules appearing in the decomposition of a
module M € Ogy are finite.
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Assume there ezists « € S\ 0 and B € 0 such that « + 3 € R. Then the
sitmple lg—modules in the decomposition of any simple module in Ogy are of
infinite dimension.
The simple modules in Og (@) are of the form L(ps, N) where N is a simple
module in Ogg(ls).

(1) Thanks to proposition P.3, we only need to check that the cate-
gory Ogyg is stable by finite direct sums, taking submodules and quo-
tients. Everything here is obvious except the cuspidality condition for a
quotient. Therefore, let M be in Ogp and N be a proper submodule of
M. We prove that M/N satisfies the cuspidality condition. First note
that @, (M, + N)/N is a weight space decomposition of M/N. Note also
that (My + N)/N @ Ny = M,. Let « € (S\ 6) and let X be a non
zero vector in g,. By the cuspidality condition for M and N, we have
dim(N,) = dim(X - N,) and dim(M,) = dim(X - M)). Therefore, we have
dim((Myx+ N)/N) = dim(X - ((My+ N)/N). For this to hold for any A it
is necessary that X acts injectively on (M, + N)/N.

This is an immediate consequence of the fact that the weight spaces are
finite dimensional.
By the cuspidality condition we have o € R. If there were in the decom-
position of M a finite dimensional l,-module then any root in (f) should
be locally nilpotent. Thus we would have 5 € RY. This together with the
hypothesis a + 3 € R contradicts [, lem 4.7].
This is a particular case of proposition B.J.

O

Remark 3.8. From (4) in the above proposition, we see that one should first study
the category Og 9. However note that (4) does not imply that any simple module
induced from a simple module in some Ogg(ls) is in the category Ogy(g).

3.4. The modules of degree 1. So far, we have not shown that at least some new
category Og g is non trivial. We will do this now by exhibiting very special modules.
These are the infinite dimensional modules of degree 1. They were introduced and
classified by Benkart, Britten and Lemire in []. In particular such modules only
exist for Lie algebras of type A or C. Let us review their construction.

3.4.1. Modules over the Weyl algebra. Let N be a positive integer. Recall that
the Weyl algebra Wy is the associative algebra generated by the 2N generators
{4, pi, 1 <i < N} submitted to the following relations:

[4i:45) =0 = [pi,ps],  [pisqs) = 0ij - 1,

where the bracket is the usual commutator for associative algebras.
Define a vector space as follows. Fix some a € CV. Let

K={keZ" :ifa; €7, then a; + k; <0 <= a; < 0}.
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Now our vector space W (a) is the C-vector space whose basis is indexed by K. For
each k € I, we fix a vector basis (k). Define an action of Wy by the following
recipe:

g -x(k) = { (ai + ki + Da(k +¢) ifa; € Z

z(k + €) otherwise ’
B l‘(k’ — ei) if a; € Zg
pi-x(k) = { (a; + ki)z(k —¢;) otherwise

Then we have:

Theorem 3.9 (Benkart,Britten,Lemire [l], thm 2.9]). Let a € CY. Then W (a) is
a simple W -module.

3.4.2. Type A case. In this section only, g denotes a simple Lie algebra of type A.
We shall construct weight g-modules of degree 1 by using the previous construction.
We realize the Lie algebra g inside some Wy. Let N — 1 be the rank of g. Then,
we can embed g into Wy as follows: to an elementary matrix £; ; we associate the
element ¢;p; of Wy. This is easily seen to define an embedding of g into Wy . Let
Ko={keK : =V, ki =0}. Let N(a) be the subspace of W (a) whose basis is
indexed by Ky. Then we have the following:

Theorem 3.10 (Benkart,Britten,Lemire [fl, thm 5.8]).

(1) The vector subspace N(a) of W(a) is a simple weight g—module of degree 1.
Moreover, N(a) is cuspidal if and only if a; € Z for alli € {1,...,N}.

(2) Conversely if M is an infinite dimensional simple weight g—module of degree
1, then there exist a = (ay,...,an) € CV, and two integers j and | such
that

ea;=—1fori=1,...,7—1,

e a; € C\Z fori=j,... I,

e a;=0fort=101+1,...,N,

e and the module M is isomorphic to N(a).

Denote be ® the standard basis for the root system of g with respect to the stan-

dard Cartan subalgebra b. Let a € C¥ such that a = (—1,...,—1, g1y ooy Om, 0, ...
—_————— ———

J l
where [ +m = N and m > j + 1. Let 6, C ® be given by the non-circled simple

roots of the following Dynkin diagram:

€; 6;‘+1 €m—1 Em

—_—— —_—— ~——
Aj Am—1-j Ay

,0)
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For the commodity of the reader, we explicit the action of h and of X.., on
N(a):

= (ki—kipa(k), i=1,...,j—1
= (=1 =ajp1+kj — kji1)z(k)
(az‘—az+1+k‘ kiv)z(k), i=7+1,....,m—1
( am _k:m-i-l) (k:)
(ki z+1) (k), i >m+1
kﬂf(k EZ+1—|—Ei),’iIL...,j—1
kj(ajir +kjp)e(k — €41+ €))
(@ip1 +kiy1)z(k—em+e6),i=4+1,...,m—1

U
8
—
T
~

< N N.. 3 s.
s B
1|

SRS NEEEEE
2885
I

N RN

e " T = kipw(k— €41 +6),i>m
X—ei'x( ) = ki+1x(k_€i+€i+1)7 t=1,...7—1
X o a(k) = a(k— e+ e01)
X e -x(k) = (a;+k)v(k—€e+eq1),i=7+1....m

X o -xk) = kaxk—e+e€q1), i >m+1
Now we will prove the following:

Theorem 3.11. The module N(a) is a simple object of the category Og.q,. More-
over, the highest weight vectors for the action of ly, are the linear combination of
the (0,...,0,k1,...,kn,0,...,0) where k; € Z are such that >-; k; =0

Proof. From the explicit action of g, we easily derive that N(a) is a weight g-
module which is (® \ 6,)-cuspidal. Using once again the action of g, one checks
that the vectors x(0,...,0,ky,...,kn,0,...,0) are ly,-highest weight vectors and
that every [y, -highest weight vector is a linear combination of these vectors.

Then we show that each of these vectors generate a simple [y, -module. Indeed,
we already know that it generates an indecomposable module (since it is a high-
est weight module). To show it is simple we only have to show that it does not
contain any other highest weight vector (since a submodule of a highest weight
module is again a highest weight module). As we already know the complete list
of highest weight vectors in N(a) we just have to check that the [y,-module gen-
erated by x(0,...,0,k1,...,kn,0,...,0) cannot contain the [y, -module generated
by z(0,...,0,k},...,k..,0,...,0) for (ki,...,kn) # (k],...,k.,). Assume it is not
the case. Then the action of the center of [y, should be the same on these two
vectors and the [y -weight of 2(0,...,0,k},...,k;,,0,...,0) should be smaller than

that of z(0,...,0,k1,...,kn,0,...,0). These two condltions can only be fulfilled
in case (ki,...,kn) = (k|,...,k.,). This contradiction completes the proof.
]

Remark 3.12. In fact the module N(a) is in general an object of several categories

Os.

3.4.3. Type C case. In this section only, g denotes a simple Lie algebra of type C.
We shall construct weight g-modules of degree 1 in the same way as above. So we
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need to realize the Lie algebra g inside some Wy. Let N be the rank of g. Then,
spanc{qp;, pipj, 4:9;, 1 < 1,7 < N} is a subalgebra of Wy isomorphic to g. More
specifically, the Cartan subalgebra is given by span ({qipi — ¢iv1Piv1, 1 =1,....,n—
the n — 1 weight vectors corresponding to the short simple roots are given by ¢;p; 1
with¢=1,...,n—1, and the weight vector corresponding to the long simple root is
given by %qi Note that this is not the same kind of embedding as for Lie algebras
of type A.

Let Ko ={k e K : =N, ky € 2Z}. Let M(a) be the subspace of W (a) whose
basis is indexed by Kg.Then we have the following:

Theorem 3.13 (Benkart,Britten,Lemire [[I, thm 5.21]).

(1) The vector subspace M(a) of W(a) is a simple weight g—module of degree
1. Moreover, M(a) is cuspidal if and only if a; & Z for alli € {1,...,N}.
(2) Conversely if M is an infinite dimensional simple weight g—module of de-
gree 1, then there exist two integers | and m with l +m = N and a =

(—=1,...,—1,a1,...,ay) such that M = M(a). Moreover, if m > 1 then
—_————

!
ai,...,Q, are non integer complexr numbers, and if m = 1 then ay is either

a non integer complexr numbers or equals to —1 or —2.

Denote be ® the standard basis for the root system of g with respect to the
standard Cartan subalgebra h. Let a € CV such that a = (—=1,..., =1, a141,...,a,)
—_————

l
where 0 < [ < n. Let 8, C ® be given by the non-circled simple roots of one of the
following Dynkin diagram (according tol=n—1orl <n—1):

€1 €9 €En
*—o - — — —0—0—=09
<~
An—1 Ay
€ €i+1 €n
N——

1} U{gnpn + 5
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For the commodity of the reader, we explicit the action of h and of X.., on
M (a) for both cases:

(ki — ki )a(k), i=1,...,1—1
(—1 — ajy1 + /{Zl - kl+1)x(k)
( .
(

RN

8
—

Sy
~—

I

8
—
Sy
~—
|

al—ai+1+ki—ki+1)x(l{;), ’l:l—i-l,,n—l
an + kn + 3)z(k)

RN

SEEEEEE
8
=
I

i k’) kil‘(k—€i+1+€i),’izl,...,l—l
ca(k) = klare + k)a(k — e+ €)
e; " .T(k) (aHl -+ ]{ZZ+1).§L’(]{Z — €11 -+ 62‘), i1=1 -+ 1, e, = 1
X, -x(k) = sx(k+2e,)
X_ei'ZL‘(kf) = k’i+1l‘(k’—€i+€i+1), ’L:]_,l—]_
X ¢ -2(k) = z(k—e+eq)
(k)

X ¢ - = (a;+k)rlk—e+eq1),1=14+1,...,n—1
X o cx(k) = —3(an+kn)(an + ky — Da(k — 26,)

Now we claim the following;:

Theorem 3.14. The module M(a) is a simple object of the category Og.q,. More-
over, the highest weight vectors for the action of ly, are the linear combinations of
the x(0,...,0,k1, ..., ky) where k; € Z are such that ¥"; k; € 2Z.

Proof. The proof goes along the same line as the proof of theorem B.11].
O

Remark 3.15. Here again, the module M(a) is in general on object of several
categories Ogg.

3.4.4. Degree 1 modules and cuspidality. We shall now give one more property for
the modules N(a) and M(a). We continue with the notations above. Note first
that the action of [g\g, stabilizes the vector space consisting of all the [y, -highest
weight vectors. Thus this vector space has a structure of I4\9,—module, which is
cuspidal and one can also show it is simple by using the explicit action of [g\p,. In
fact, we do better:

Proposition 3.16. The modules N(a) and M(a) splits into a direct sum of simple
cuspidal g\, -modules.

Proof. Let us prove the proposition for N(a). From theorem we already know
that the action of [g\g, on N(a) is cuspidal. Let z(k) € N(a). Consider the g\, —
module V (k) generated by x(k). Let X € lg\, be a weight vector of weight a.
Then X - z(k) is again a weight vector in V (k) which is non zero since the action
of X is cuspidal. On the other hand, if Y € Ig\g, is a vector of weight —c, then
Y - (X - x(k)) is a non zero vector (since the action of Y is injective) having the
same weight as z(k). As N(a) is a degree 1 module, Y - (X - z(k)) should then be
a non zero scalar multiple of x(k). This proves that V' (k) is simple. But N(a) is
generated as a vector space by the various x(k). Thus the proposition is proved.
The proof is of course the same for M (a).
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4. CLASSIFICATION OF THE SIMPLE MODULES IN Og g

In this part, we assume that g is a simple Lie algebra. We fix a Cartan
subalgebra b and denote by R the corresponding root system. We also fix a basis ¢
of simple roots of R. The aim of this section is the study of the various categories
Og 9 where 0 C ®. Note that if 0 = @, then this category reduces to the semi-simple
category whose objects are the direct sum of simple highest weight g-modules. On
the other hand, if § = ), then we get the category of cuspidal modules. Therefore,
in what follows we shall always assume that () # 6 # ©.

Let L be a simple module in Og . Then using Fernando’s theorem R.12, we see
that L = L(pg\g, C') where C is a simple cuspidal [g g-module. Thus to understand
the simple module in Og ¢ it suffices to know which of the above modules L(pg\g, C)
satisfy the restriction condition of the category Og g. In the sequel, we shall write p
instead of pg\p, [ instead of I3\, n instead of n:}f\g, and L(C) instead of L(pa\p, C).
We shall also need to consider the generalized Verma module V(C') := V (pa\, C).
We shall denote by p : V(C) — L(C) the natural projection and by K(C') the
kernel of this projection.

Before going further, let us state the main results we are going to prove. As we
already mention, we want to find the conditions that the [-module C' must fulfill
in order that L(C') be in category Og g, that is in order that L(C) satisfies the
restriction condition. We shall prove the following results:

Theorem 4.1. Let L(C) be a simple module in Og . Then C is a simple cuspidal
[-module of degree 1.

Theorem 4.2. Let g be a simple Lie algebra not of type C. Assume L(C) is a
stmple module in Og 9. Then the semisimple part of the algebra | is a sum of ideals

of type A.

Theorem 4.3. Let L(C) be a simple module in Ogg. Then the semisimple part
of the algebra | is simple of type A or C.

Theorem 4.4. Let g be a simple Lie algebra. Let 6 C ® with 0 # ® and 0 # (.
Assume the pair (g, ® \ 0) does not belong to table 3. Then we have:

(1) There exists a non trivial module in Og g if and only if g is isomorphic
to A, and [&)\9 to A, with m < n or if g is isomorphic to C, and [&)\9 is
isomorphic to either the subalgebra sly generated by the unique long simple
root or to C},.

(2) For these pairs (®,0), the simple modules in Oy are modules of degree
1 except when g is of type A, for n > 2 and [QD\G is isomorphic to the
sly-algebra generated by one of the extreme simple roots.

4.1. Proof of Theorems A, B, and C.
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4.1.1. Proof of Theorem A. We now proceed to the proof of theorem A. This will
require several lemmas. First of all, recall some facts about the action of g on V(C').
If X €, then X-(1®v) =1® (X v) forany v € C. If X € n* then X-(1®v) =0
for any v € C'. More generally, for X € n™, we have X - (w®v) = (ad(X)(w)) @ v
for any v € C' and any w € U(g). Finally remark that [ C n*. We will use these
facts throughout this part without any further comments.

Lemma 4.5. Let L(C) be a simple module in Ogg. Let v € C be a weight vector.
Then the vector p(1®v) € L(C) is a non zero weight vector and generates a simple
highest weight ly—module.

Proof. According to proposition .1, p is an isomorphism from 1®C' onto its image.
Thus, p(1 ® v) # 0. This vector is obviously a weight vector. Moreover, we have
[; C nt. Therefore, the [,-module generated by p(1 ® v) in L(C) is a highest
weight module. As such, it is indecomposable. On the other hand, the [y—module
L(C) is semisimple by the restriction condition of the category Ogg. So the ly—
module generated by p(1 ® v) should be semisimple too. But we have seen that it
is indecomposable. Hence it must be simple, as asserted.

OJ

Lemma 4.6. Let L(C) be a simple module in Opy. Let « € (P\ ). Let B =
(B1,-.-,B:) € (()7) such that a+ By + -+ B € R for any k <i. Let v € C be
a weight vector. Then p(X_(a48,++8) @ v) # 0 and we have:

PX(arprtr8) ®0) €UlG) (81148, - P(1 @ X_qv).
In particular, if i = 1 and By is a simple root, then there exists n(v) € C non zero
such that
P(X_a—p ®v) =n(v)X_g - p(1® X_4v).

Proof. Set w := Xz, --- Xg, € U(lj). The adjoint action of w on X_(asp,+.+4)
gives a non zero multiple of X _, (we can of course express explicitly this multiple by
means of structure constants). Thus the action of w on X_ (a4, 4..45,)®v € V(C)
gives a non zero multiple of 1 ® X_,v.

Now the cuspidality condition for —a € (® \ #) ensures that X_,v # 0. Using
proposition P17, this implies that p(X_(atg,+4..+8) ® v) # 0. On the other hand,
we have seen that w - p(X_(a48,4..44,) ® v) is a non zero multiple of p(1 ® X_,v).
According to lemma .5, p(1 ® X_,v) generates a simple highest weight l[,—module.
Now the restriction condition for L(C') implies that U(lp) - p(X_(at8,+-+8) © V)
is semisimple. As it is generated by one element and should contain the simple
module U (lp)p(1 ® X_,v), then it as to be simple and equal to this latter. By
comparing the weights we deduce from this fact that

PX (ot gty ®0) €UlG ) (148, - P(1 @ X_qv).
If i = 1 and 3, is a simple root, then U(l;)_p, = CX_z,. This completes the proof

of the lemma.
O
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Lemma 4.7. Let L(C) be a simple module in Opg. Let o € (P \ O)F be such
that there exists € 0 with a + 5 € R. Let v € C be a weight vector. Then
X X_qv e Co.

Proof. Consider u:= X_,_3®v € V(C). From the previous lemma applied to «
and B = (3, there is a non zero complex number 7 such that

(1) p(u) =np(X_p ® X_qv).
Apply then X, 5 € n' to equation ([J). We get:
P(Hats ® v) =np([Xatp, X-p] @ X_q0).

Let A € b* denote the weight of v. Let ¢’ denote the non zero structure constant
such that [X,44, X_5] = ¢ X, € [. Then the above equation becomes:

AHarg)p(1 @ v) =nd'p(1 ® XoX_av).
Since 1 and ¢ are non zero, we get
P1® (k0) — 18 (XX _q0) =0,
%. As p is an isomorphism from 1 ® C' onto C', we deduce that

1® (ko) = 1® (XoX_qv) =0

with Kk =

and therefore that
kv — X X_qv = 0.

Hence X, X_,v = kv € Cv as asserted.

Lemma 4.8. Let N be a weight g-module. Let o,y € R be such that

(1) a+vy€ER anda—v & R.
2) XoX_qv € Cv and X, X_ v € Cu, for any weight vector v € N.
A=y

Then XoyyX_a—yv € Cu, for any weight vector v € N.
Proof. There are two non zero structure constants ¢ and d such that cX,, =
[(Xo, X,] and dX_,_, = [X_,, X_,]. Thus, in the universal enveloping algebra we
get:

cdX o X gy = (Xo Xy — X, X0 ) (X0 X, — X, X_,).
Let us develop this expression. Since a —~ ¢ R by our hypothesis, the vectors X,
and X_, commute as well as X_, and X,. Thus, we obtain

cdXqir X gy =X X o X, X, = X X/ X X,
— X, X X o Xy + XX X X .
Let us apply this expression to the weight vector v. We find:
CdX oqr X _aeny - v =(Xo X o) (X; X, - v) — Xo (X, X)) (X g - 0)
— Xy (XaX o) (X - v) + (X X)) (Xa X g - 0).
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Thanks to our second hypothesis we must have
XoX_o(X_yv) € CX_,vand X, X_,(X_,v) € CX_,v.

From this, we deduce the lemma.

Lemma 4.9. Let N be a weight g-module. Let o,y € R be such that

(1) a+~v€ER,2a0+v€ER anda—v € R.
(2) XoX_ov € Cv and X, X_ v € Cu, for any weight vector v € N.

Then Xoq1yX _2a—~v € Cuv, for any weight vector v € N.

Proof. There is a non zero structure constant ¢ such that cXon1y = [Xo, [Xa, X, ]].

The proof is now analogous to the previous one.
O

Lemma 4.10. Let N be a weight g—module. Let o,y € R be such that

(1) a+v€ER,2a0+v€ER,3a+v€ER and a — v ¢ R.
(2) XoX_ov € Cv and X, X_ v € Cu, for any weight vector v € N.

Then X3a44X_34—4v € Cuv, for any weight vector v € N.

Proof. There is a non zero structure constant ¢ such that cXs,1, = [Xa, [Xa, [Xa, X5]]]-

The proof is now analogous to the previous one.
O

Lemma 4.11. Let N be a simple weight g—module. Assume that for any a € R
and any weight vector v € N, we have X, X_,v € Cv. Then N is a module of
degree 1.

Proof. Let v € N be a weight vector. We shall prove that U(g)ov C Cv (where
U(g)o is the commutant of § in U(g)). Since v is a weight vector we have by
definition U(h)v C Cv. But we know that the algebra U(g)o is generated by U(h)
and some monomials of the form v = X;--- X, with £ € N and X; € g.g for
some simple root f € R. Such a monomial belongs to U(g), if and only if the
multiplicity of each simple root [ in w is equal to that of —3. Note in particular
that the integer k£ should then be even.

Let us show that u-v € Cuv by induction on k. For k = 0, we have © = 1 and so
u-v =wv. For k = 2, we have either u = XpX_3 or u = X_gXz for some simple
root 3. In the first case, we have u-v € Cv by our hypothesis. In the second case,
we notice that v = XgX_3 — Hg. Thus we also get here that u-v € Co.

Assume then that «’ - v € Cov for any monomial v’ of degree less than k and any
weight vector v. Let u = X --- X} be a monomial of degree k. Note that for any
i, X;+-+ X - v is again a weight vector. Therefore, if u contains a submonomial
X -+ X;_1 belonging to U(g)o then our induction hypothesis implies that

X1 X (X X)) (X X -v) € CXy -+ X0 (X -+ - X - 0).
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Since u € U(g)o then X;--- X, 1X; - Xy € U(g)o and we can apply once again
our induction hypothesis to deduce that u - v € Cuv.

Thus it suffices to show that u does contain a submonomial belonging to U(g)o.
Assume it is not the case. Without lake of generality we can suppose that X; € gz
for some simple root 3. Let i; be the first integer greater than 1 such that X;,
belongs to a root space associated to a simple root. For any integer 1 < j < iy,
the vector X; commutes with X;, except if the weight of X is the opposite of that
of X;,. But if such a vector occurs then we would have a submonomial (of degree
2) of u belonging to U(g)o contrary to our assumption. Thus we can suppose that
i1 = 2.

We then look at iy, the first integer greater than 2 such that X;, belongs to a
root space associated to a simple root. The same reasoning shows that we can
suppose that i, = 3. From this kind of reasoning we deduce that we can suppose
that the first k/2 vectors belong to root spaces associated to simple roots. Let
be the simple root such that X}/, € gg. Necessarily, the last k/2 vectors belong to
root spaces associated with negative roots. Moreover, among these vectors there
is at least one belonging to g_s. Let ¢ be the smallest integer such that X; € g_g.
Then for any k/2 < j < i, X; commutes with Xj/,. Therefore we can find in
u a submonomial, Xj,X;, belonging to U(g)o, contrary to our assumption. This
proves that u always contain a submonomial belonging to U(g),. Hence we have
shown that u - v € Cu.

So we have U(g)ov C Cv. Lemire’s correspondence [[7] gives then the lemma.

0

Proof. (theorem [.1)) Thanks to lemma [L.TT], it suffices to prove that for any « €
(®\ 0) and any weight vector v € C, we haveX, X ,v € Cv. Since X, X_, —
X _oX, € b for any «, it suffices to prove it only for positive a.

Let us fix some weight vector v € C. Let o € (®\ ). If there is S € 6 such that
a+ B € R, then lemma B.7 applied to 8 and « gives X, X_,v € Cv. Otherwise,
let o/ € (®\ 0)* be such that

ea+ad eRand a—a € R,
e 1€l f+aeRand f+a +a€eR.

Such a root o’ does exist since the sets ® \ § and 6 form a partition of the Dynkin
diagram of (g, ) which is connected. Lemma [L.7] applied to 8 and o’ on one hand
and to § and o + « on the other hand gives X X v € Cv and Xy X o oV €
Cu.

Now if 20/ + a € R, lemma [L.§ applied to —a’ and o' + a gives X, X_,v € Cuv.
If 20/ +a € R and 30/ +«a € R, then notice that S+ 2a’ 4+« € R. So we can apply
lemma .7 to § and 20’ 4+ « to get Xow 1o X—(20+a)v € Cv and then lemma .9 to
the roots —a’ and 2o/ 4+« to obtain X, X_,v € C. If 2¢/+a € R and 30/ +a € R,
then 8+ 20/ +a € R and  + 3/ + a € R. Therefore we apply lemma (1.9 to
and 2¢' +a € R and to § and 3a' +a € R to get Xow1oX_(2a+a)v € Cv and
Xsa+aX_3arta)v € Cu. Now 40/ + o € R (see for instance [[5, table 1 p.45]).
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Thus lemma [.10 applied to —«/ and 3¢/ + « implies X, X _,v € Cv. Hence we
show that we always have X,X_,v € Cv. The theorem is thus proved.
O

4.1.2. Proof of theorem B. We now proceed to the proof of theorem B:

Theorem 4.12. Assume g is not of type C. Let L(C) be a simple module in Og g,
then the semisimple part of the algebra | is a sum of ideals of type A.

Proof. Thanks to theorem P.14; it suffices to show that I' cannot have an ideal of
type C. If I’ does contain an ideal of type C then g is of type B,, (for n > 3) or F}
and the Dynkin diagram of g contains the following piece:

&4 (%) (631

Let then v € C be a weight vector. Consider u := p(X_,,-s ®@v) € L(C). As
is a simple root, lemma [I.§ implies that there is a non zero complex number n(v)
such that u = n(v)p(X_p ® X_4,v). Apply the vector Xz 4,124, to this equality.
We get:

p([X5+02+2a1 ) X*azfﬁ] ® U) :?7(’0) X p([X5+a2+2a1 ) X*ﬁ] X X*CVQ’U)'

But [Xgtas+2015 X—as—p] = 0. Moreover, there exists a non zero structure constant
¢ such that [Xgiayt+2a1; X—g] = ¢Xay424, € . Therefore:

0 :U(U)Cp(l ® Xa2+2a1X—a2v)'

Now the cuspidality condition for L(C) implies that X, 204, X—a,v # 0 and thus
P(1 ® Xagt20, X —ayv) # 0. This contradicts n # 0 and the proof is completed.
O

4.1.3. Proof of theorem C'. Now we turn to the proof of theorem C"

Theorem 4.13. Let L(C) be a simple module in Og 9. Then the semisimple part
of the algebra | is simple, of type A or C'.

Proof. Assume this is not the case. For simplicity, we suppose then that [’ is a sum
of two simple ideals of type A or C'. We shall denote these ideals by [; and [,. Set
S; for the root basis of (I;, h N [;) deduced from &\ 6.

Let v € C be a weight vector. Let oo € Sy, o/ € Sy and 4, ..., 5, € 6 such that
a+ i+ -+ B+ € R. We will suppose that the simple roots [3; are all distinct.
Consider u := X_ (444,43, ®v € V(C). Lemma [.§ implies that p(u) # 0 and
that

p(u) € U(lg)—(p14-+p)P(1 ® X_av).

But the adjoint action of Xaig, ...ygrar o0 U(lg)_(3,4-1p,) is trivial (since it is
trivial on every vector of the form X—(Bi+~~~+ﬁj) for 1 <i < j < k). Thus the action



20 GUILLAUME TOMASINI

of Xoipy+tpe+ar ON p(u) must be trivial too. This action is given by:

Xotprttprar - P(U) =p([Xatpittpp+ars X—(atr+-6)] @ V)-
There is a non zero structure constant ¢ such that

[Xa+51+...+5k+a/,X,(a+51+...5k)] = CXa/ el
We get then

Xotprstpra - P(u) =cp(1 @ Xov).

The cuspidality condition for L(C') ensures that X, v # 0 and so p(1 ® X,v) # 0.
This is a contradiction with Xoi 4,444, +a - P(u) = 0.
U

4.1.4. A first reduction. We end this section by showing that for some (&, ) the
simple module L(C') cannot be in Og ». This will use lemma [[.§ and the possibility
of considering large positive roots.

Type ®\0
B, (n > 3) {e;}, 1 # 1
B, {ei,...,ein}, i+k<n i>1k>1
Ch {e;}, i <n
C, {ei,...,ei+k},i+/€<n,k>1
F4 {61}
F, {e1,e2} or {es, eq}
D, Ak, k>1
D, {e;}, 1€ {l,n—1,n}
E Ay, except {e;} or {eg} for Eg, and {e;} for E;
Go {e1} or {e2}

TABLE 1. A first reduction

Theorem 4.14. Let (®,0) be in table[]. Let L(C) be a simple module. Then L(C)
is not in category Og 9. Consequently the category Og g is trivial.
Proof. Assume on the contrary that L(C) is in Og .

e Suppose we can find in the Dynkin diagram of g the following piece:

B o
e—9

Let v be a weight vector in C. Apply lemma (1.4 to o and 8 = (3,).
Since f; is a simple root, there is a non zero complex number 7(v) such
that u = n(v)p(X_5 ® X_,v). Apply now the vector Xg 12, € n™ to this
equality. We get:

p([XBH—Qm X—a—ﬂl] ® U) :n(U)P([X2a+Bn X—B1] ® X—av)'
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But [Xoaip,, X-p,] = 0. So we have p([Xg 1204, X—a-p] ® v) = 0. More-
over there is a non zero structure constant ¢ such that the following holds:
[X 5,420 X—a—p ] = ¢X4. Thus we have e¢p(1 ® X,v) = 0. As C is cuspidal,
the action of X, on v is non zero. Therefore p(1 ® X,v) # 0. This is a
contradiction. From this reasoning the theorem is proved for the following
cases in table [ (Bn,{en}), (Cn,{€n-1,...,€i}) withi <n—1, (Fy,{es}),
(Fy, {es, ed}).

e Suppose we can find in the Dynkin diagram of g the following piece (with
k> 0):

We use the same method as above, applying lemma [.6 to o and 8 =
(v, 61+ .+ Bk i+ ...+ Br). Set wi=p(X__q_28,—..—28, ®v). Lemma
.G gives then u # 0 and v € p(U(ly ) —y—2(81+-+8,) @ X—av). Let us apply
to u the vector X, 1on128, 4428, € 0. First note that the adjoint action of
Xt20+281 4428, O U(ly ) —y—2(8, 448, is trivial. Therefore we must have:

P([Xyr20+281 4428, X— (4281 +-+28)] ® V) = 0.

But now there a non zero structure constant ¢ such that

[Xv+2a+261+---+25k7 X—(’Y+Oé+261+"'+26k)] = cXq.

Thus we should have ¢p(1 ® X,v) = 0. The cuspidality of the module C'
implies that X,v # 0 and so we have p(1 ® X,v) # 0. This is a contradic-
tion. From this reasoning the theorem is proved for the following cases in
table [l (Bn,{e;}) pour i < n, (Fy,{es}), (Fiy,{e1}).
e Suppose we can find in the Dynkin diagram of g the following piece (with

k> 0):

ar  ar Br-1 Bk

©—@o—e

-— - —e—»

We apply lemma [.§ to the vector u = p(X_n, 25— 25, ® x(b)) with
a=aoaand B =B1+...4+ B+ ...+ Bk). Wegetu+#0and u €
U(g)—2p,—. —25,- Apply the vector X, 00, +26, 1425 € N to this. We then
obtain the same contradiction as above. From this reasoning the theorem
is proved for the following cases in table [l (B,,{e;,...,eix}) (i +k <n)
et (Fy, {e1,e2}).

e All the remaining cases are proved with the same method, by applying
lemma [.§ to a well chosen vector. We omit the details.

OJ

4.2. Type A case.
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4.2.1. Case l' =sly (I). We consider here the following case: g = A,, and ¢\ 6 =
{e1} (or {e,}) which corresponds to the Dynkin diagram:

o 61 anl

®—e

Let L(C) be a simple module in the category Ogyg. In this case, I = Aj.
Therefore the module C' is of the form C' = N(ay,ay) with a; and as two non
integer complex numbers, and the center of [ acts as scalar operators on C'. Set
A = ay + ay. For the commodity of the reader, we recall that C' is generated by
vectors x(k) for k € Z, and the action of I’ on z(k) is given by the following recipe:

{ H, -x(b) = (a1 —ag+2k)x(k)
Xo-z(b) = (aa—k)z(k+1)
X o-x2(b) = (a1 +k)x(b-1)

Lemma 4.15. We have p(X_g,_o®z(k)) = gfi}:;p()(_gl ®@xz(k—1)), wherec =0
orc=—-1—-A.

Proof. Set u = p(X_g,—a ® x(k)). As X_, - 2(b) = (a1 + k)x(k — 1) and a; # 0,
lemma f.§ applied to a and 8 = (f;)) ensures that there is a non zero complex
number 7(k) such that

@) w=n(kp(X s, ® 2k — 1)),

On the other hand, 2Hp, + H, is in the center of [. Therefore it acts on C by
some constant. Let c¢(k) denotes the action of Hg, on z(k). Then we must have
2¢(k) + (a1 — ag + 2k) = cte. Thus we have ¢(k) = ¢+ ag + k for some constant c.
Apply Xj, and Xp, 1, to equation (). We obtain the following equations:

{ p([XBN X—Bl—a] ® (k) = U(k)P([Xﬁu X—Bl] ® x(k —1))
p([XBH-OH X—Bl—a] ® l‘(k‘)) = n(k)p([Xﬁl-i-om X—Bl] ® ZL‘(k‘ - 1))
Now we have the following structure constants:
[Xﬁlv X*ﬁl*a] = X_a, [X51+av X*ﬁl] = Xa.
Hence we get:
(a1 + k)p(1® x(k —1)) = n(k)e(k = p(1® (k- 1))
(c(k) + a1 —az + 2k)p(1 @ 2(k)) = n(k)(az =k + 1)p(1 © x(k))
Since p(1 @ z(k — 1)) # 0 and p(1 ® z(k)) # 0, we deduce that:
a; + k = nk)e(k—-1)
(c(k)+a; —as+2k) = n(k)(ag—k+1)
The solution of this system is:

c+a +k

c:Oorc:—l—Aandn(k):TH.
a9 —
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The previous lemma together with theorem B.11] allow us to state a classification
result for g = A, :

Corollary 4.16. Assume g = Ay. Let 6 C ® be such that ® \ 6 = {e1}. Then
M is a simple module in Og g if and only if M is isomorphic to some N(a}, a},0)
with ay,aly € C\ Z.

Proof. Let M be a simple module in Oggy. As we already mentioned we have
M = L(C) for some cuspidal module C' = N(ay, as). Now, using lemma we see
that the action of U(g)o on the vector x(0) is the same as the action of U(g)o on the
vector z(0,0,0) € N(ay,az,0)if ¢ = 0 or on the vector z(0) € N(—1—ag, —1—ay,0)
if c = —1— A. Therefore we conclude from Lemire’s correspondence [[[7] that these
modules are isomorphic. Conversely theorem ensures that these modules are
objects in the category Og .

O

Unfortunately, our method is rather inefficient to treat the general case, which
seems to be more complicate. As an example we treat the case of A3 in appendix

il

4.2.2. Case I = sly (II). Here we consider the case ® \ § = {¢;}, with 1 <1 < n.
Hence the Dynkin diagram of g = A,, contains the following piece:

T Q B
e o o

Let L(C) be a simple module in the category Ogg. In this case, [ = Aj.
Therefore the module C' is of the form C' = N(ay,as) with a; and ay two non
integer complex numbers, and the center of [ acts as scalar operators on C'. Set
A = ay + ap. Remark that H, + 2Hg, and H, + 2H,, are in the center of lg\g.
Denote by c(k) and ¢/(k) the respective actions of Hg, and H.,, on z(k). As in
lemma .15, we get c(k) = ¢+ az + k and /(b) = ¢ 4 ag + k where ¢ and ¢ are
equal either to 0 or to —1 — A.

Lemma 4.17. With the notations as above we have c+c +A+1 =0 and cc = 0.

Proof. Consider v := p(X_,,_a—p, ® x(k)). Lemma [.§ applied to o and B =
(61,71) implies that there is a non zero complex number 7(k) such that
3) v =n(B)p(X 5, X, @ 2k — 1))

=
)

Apply X, 1atp5, to equation (B). We get:

p([X’yl+a+B1 ) Xffylfafﬁl] ® x(k)) :n(l{i)p (([X,YlJraJrBl , X*ﬁl]Xf'yl
+X—51 [X“/1+04+517 X—'yl]) ® l‘(k’ — 1)) .
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On the other hand we have the following:
[X71+04+517 X—%—Oé—&] :HBH—OH—% = HBI + Ho + H51
[X’YlJrOHrﬁl ) X*ﬁl] :X“/Hra
[X“/1+a+61>X—“/1] = XBH—OJ-
Thus we obtain:
p((Hﬁl + Hoy + Hﬁl) ® .T(k)) :n<k)p<<Xa+’YlX*“/1 - X*51Xa+51> ® .T(k - 1))
But now [Xaiq,, X ] = =X, and X,45 € n'. Hence:

4) (c+ 4+ a + a)p(l @ w(k)) = —nk)(az — k + p(l ® x(k)).
Applying now X,5, to equation (B), we get:
(X @ 2(k)) = n(k)(az — k + Dp(X_, @ z(b)).

Since p(X_,, ® (b)) # 0 by lemma [I.§, we deduce that n(k)(az —k+1) = 1. Then
equation (f]) gives ¢+ ¢ + A+ 1 = 0. Since ¢ and ¢ are equal either to 0 or to
—1 — A, we conclude that ¢¢ = 0 except if ¢ = ¢ = —1 — A. But in this case the
equation c+ ¢ + A+ 1 =0 gives —1 — A = 0 and therefore ¢ = ¢ = 0.

0

From now on, we will assume that ¢ = 0 and ¢ = —1 — A. First we have the
following corollary, whose proof is analogous to the proof of corollary f.1q (and is
thus omitted).

Corollary 4.18. Assume g = Az. Consider  C ® such that ®\ 0 = {ex}. Then
M is a simple module in the category Og g if and only if M is isomorphic to some
N(—-1,a1,a9,0) with aj,as € C\ Z.

From now on we assume that n > 3. Hence we have the following Dynkin
diagram:

Y2 0N @ B B
- - e e o o o — —

The vectors Hg, and H,, for i and j greater than 1 are in the center of [. Denote
by d; and d their action on C. We show:

Lemma 4.19. With notations as above, we have d; = 0 = d; for any i > 1 and
7> 1.
Proof. We prove the lemma for the d;’s. Assume the lemma does not hold. Let ¢
be the first integer such that d; # 0. Consider v := p(X_(y, jat8++8) @ 2(k)).
Lemma [L.g applied to o and 8 = (71,81 + - - - + ;) gives v # 0 and

GRS p(u([e_)—%—ﬁl—---—ﬁi ® l‘(k‘ - 1))
commutes with the X_g,’s, we have

Z/{([;)*’YI*BI*---*BZ' = X*“ﬂu([;)*ﬁl*nfﬁr

Since X _

Y1
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Thus we get:
() v= Z NeP(X -y X o) - Xoo(g) © x(k —1)).

o€eG;
Apply the vectors Xo g, 4.5, and X, 1ot +-+s t0 equation (f). Remark that
Xotprrosy DXy X o) - Xoop)@a(k—1)) =0

except if o = 0p := (4,4 — 1,...,1). Indeed [Xotp, 4.8, X_p,] = 0 except if j =i
and in this latter case we have [Xoip4 48, X—5;] = Xatpi+-+p,_,- Lherefore we
obtain:

(6) XotBrdtpi - p(X—%X—OO(&) X oo (8 ® x(k —1)) =
P(X o Xo®a(k —1)) = (a2 — k + 1)p(X_,, @ z(k)).
Remark also that
Xﬂ/1+a+51+---+5¢ : p(X*‘/lX—O(Bl) e 'X—O(Bi) ® SL’(/{Z — 1)) =0 except if o = ao,
and in this latter case we have
X’71+a+61+---+5i 'p<X771X*00(51) e 'Xfoo(ﬁi) ® SL’(]{Z - 1)) = _p<1 ® XQSL’U{} - 1))

So we get:

<7> X’Yl+a+51+---+5i ’ p<X*’71X—0(51) T X—U(ﬁz’) ® I(k - 1))
= —(az =k + 1)p(1 @ z(k)).
On the other hand we have the following:

[Xotit80 Xo(nratsit+8)] = Xy,

and

(X tat Bt t80 X—(n+atpitt)] = Hy + Ho + Hp, + -+ + Hg,.

Therefore we are left with the following equations:

{ (X ® (k) = 1oy (a2 — k + 1)p(X_, @ z(k)),
(d+ar+c+as+d)p(l@x(k)) = —no,(az — k + 1)p(1 ® z(k)).

Since p(X_,, ®x(b)) # 0 according to lemma .5, we deduce from that 7,,(bs+1) =
1 and d; = 0. This contradicts our assumption.
0

We have now the following corollary, whose proof is analogous to the proof of
corollary .14 (and is thus omitted).

Corollary 4.20. Let g = A,,. Let 0 C ® such that ®\ 8 = {e;} for some 1l <1 < n.
Then the simple module M is in the category Og g if and only if M is isomorphic
to some N(—1,...,—1,a},a5,0,...,0) with a}, a, € C\ Z.
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4.2.3. Case l'! = sl 1, with [ > 1. We show the following;:

Theorem 4.21. Let g = A,,. Let 1 <l < n. Let § C ® such that ®\ 0 is a
connected subset of ® with cardinality [. A simple module M 1is in the category
Os g if and only if it is isomorphic to some N(—1,...,—1,ay,...,a;41,0,...,0)
with ay,...,a41 € C\ Z.

Proof. Let L(C) be a simple module in Ogg. We know then that C' is a simple
cuspidal [-module of degree 1. Here I' = A;. Therefore C' is a the form C =
N(ay,...,a;41) with a; € C\ Z. Assume first that the Dynkin diagram of g
contains the following piece:

A=

Then the vector H,, +2H,,+- - -+1H,, +(l+1)Hp, is in the center of [. Its action
on C' must be constant. Denote by c(k) the action of Hg, on z(k) € C. We get
(a1 +ki—ag—ko)+2(as+ke—ag—ks)+- - -+l(a;+kj— a1 — k1) +(I+1)e(k) = cte.
Since k14 - ++kiy1 = 0 we obtain ¢(k) = c+a;y1 + k11 for some complex number c.
Consider now u := p(X_,,—5, ®z(k)). Note that X_,,z(k) = (a;+k))x(k—e+€41)
and X, 10, ,2(k) = (141 + ki41)z(k — €41 + €-1). Apply now lemma [ to u.
There is a non zero complex number 7(k) such that

®) w = k(X 5, ® 2k — €t + e131)).
Apply the vectors Xp, and X,, | +a,+8 to the equation (§). We get

9) (@ +k)p(l @ x(k — & + €41)) = n(k)c(k — a + a1)p(L @ x(k — & + €111)),
(ar +k)p(1 @ x(k — €01 + €-1)) = n(k) (a1 + ki + Dp(1 @ 2(k — €41 + 1))

Since (k) # 0, p(1 @ x(k — & + €41)) # 0 and p(1 ® z(k — €11 + 1)) # 0, we
deduce from the above equations that ¢ = 0.
Assume now the Dynkin diagram of g contains the following piece:

4! o &7}
——e® - - ®
N——

A=t

Denote by ¢/(k) the action of H,, on z(k) € C. A reasoning as above shows that
d(k)=c — (a1 + k) with ¢ = —1.

In general, we have the following Dynkin diagram:

Note then that Hs, and H,, with ¢ > 1 belong to the center of [. Thus they act as
constant on C. Denote by d; and d; these constants. We show that d; = 0 = d..
Let us prove this for the d;’s. Assume it does not hold. Let p be the first integer
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such that d, # 0. We apply lemma [[.§ to the vector v := p(X_q,—p,—..—5, ® z(k))
with o =y and B8 = (81 +---+,). We have v # 0 and v € U(ly )~ (5,445, P(1 ®
x(k — € + €11)). More precisely we can write down the following expression:

v = Z nap(X—Bo(l) o 'X—ﬁa(p) ® :E(/{: — 6+ €l+1))'

€6y

Apply then the vectors Xo, 15,148, et Xa, ,+a,+8+-+5, to this equation. Note
that both of these vectors act trivially on p(X,gg(l) X g ® x(k — e+ €41))

except if 0 = 09 = (p,p — 1,...,1). Computations analogous to those in lemma
give the following two equations:
(10)

((a + ki — arpy = ki) + (k) 4 dp)p(1 @ 2(k)) = 0oy (a1 + kisa + Dp(1 © (k)
(@ + k)p(L @ x(k — €111 + €-1)) = Nog (a1 + Ky + Dp(1 @ 2(k — €41 + €-1)).
We deduce then that 1y, (@41 + k41 + 1) = a; + k; and thus that d, = 0. This
contradicts our assumption.

Now we conclude as in corollary [.20. We compare the action of U(g)y on

the weight vector x(0) with its action on the weight vector z(0) € N(a) with

a=(—-1,...,—1,a1,...,a4141,0,...,0) and then use Lemire’s correspondence [I7].
O

4.3. Type (' case. In this section we assume that g = sp,,,.

4.3.1. Case | of type A. According to the theorem [L.14), we need only to consider
the following situation:

52 5104
*—eo—

Let L(C) be a simple module in the corresponding category Ogy. We know
that C is a simple cuspidal [-module of degree 1. Since I' = A; we must have
C = N(ay,az) for some ay, as € C\ Z. Set A = ay + as. The vector Hg, + H, is
in the center of [. Therefore it acts on C' by some constant. Denote by c(k) the
action of Hg, on x(b). Then we find that c¢(k) = ¢ + 2a, — 2k.

Lemma 4.22. With the notations as above, we have either ¢ =0 or ¢ = —2 — 2A.
We also have 2c+ 2A +1 = 0.

Proof. The proof is analogous to that of lemma [L.15. Set
ui=p(X_n-p ®x(k)) and v := p(X_4_2p ® z(k)).

Lemma [.q implies that u = n(k)p(X_p, ® z(k — 1)) for some non zero complex
number (k). Apply Xz, and X5, to the equation u = n(k)p(X_p, ® z(k —1)).
Using the structure constants of Cy we get:

{ —2(ay + k)p(1 @ x(k — 1))
(2(a1 — az + 2k) + c(k))p(1 @ z(k))

n(k)e(k — Dp(l @ x(k — 1))
—2n(k)(ag — k + 1)p(1 ® z(k))
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Since p(1®x(k—1)) # 0 and p(1®x(k)) # 0, this system gives c = 0 or ¢ = —2—2A

_ c+2a1+2k
and n(k) = T Dap—2kt2°

Now lemma [ applied to avand 8 = (84, f1) gives v = 7/ (k)p(X? 5, ®x(k—1)) for
a non zero complex number 1’ (k). Apply Xg,, Xatp, and X,i08 to this equation
to obtain the following system:

DX 0y @ 2(R)) = 2/ (R)(elk — 1) — Dp(X s, @ (ki — 1))
P(X_p, @ x(k)) = —4n'(k)(az — k + 1)p(X_p, @ x(k))
(c(k) 4+ a1 — ag + 2k)p(1 @ z(k)) = 20/ (k)(ag — k + 1)p(1 @ x(k))
We solve this system using the value of ¢ and of n(k) found above. We get 2¢ +
2A+1=0.
O

Corollary 4.23. Assume g = Cy and 0 = {e1}. A simple module M belongs to

the category Og g if and only if it is isomorphic to M(—1,a; — as — %)

Proof. Once more, it suffices to check that the action of U(g)y on p(1 ® z(0)) €
L(N(ay,as)) is identical as its action on z(0) € M(—1,a; — ap — 3). We then
conclude with Lemire’s correspondence [[[7].

0

Remark 4.24. Note that if c = 0 then lemma implies that aq — ag — % = 2a,
and if c = =2 —2A, it implies that a; — as — % = 2a; +1. In both cases we see that
a; — ag — % is a non integer complex number. Conversely if z € C\ Z, there is a
pair (a1, as) of non integer complex numbers such that z = a; — as — % and z = 2a,4
orz=2a; + 1.

We also note that N(ay,as) = N(—=1 — as,—1 — ay1). But if a1 + ag = —% then
(—1—a1)+(—1—as) = =3 and if ay +ap = =3 then (=1 —ay) + (=1 —az) = —3.
Therefore with the notations as above, we can always assume that ¢ = 0 and

A= -1,

2

We now show the following;:

Theorem 4.25. Assume g = C,, withn > 2 and ®\ 0 = {e,}. A simple module
M s in the category Og g if and only if it is isomorphic to M(—1,...,—1,a) for
some a € C —Z.

Proof. Let L(C') be a simple module in Og 9. We keep the notations above. As we
mentioned, we can assume that ¢ = 0 and A = —%. Now the vectors Hg,, ..., Hg, ,
are in the center of [. Thus they act on C' by some constants. Denote ds, ..., d, 4
these constants. We show by induction that d; = 0.

(1) We begin with d := dy. Assume that d # 0. Then we have X3, - (X_g, ®
x(k)) = Hg, ® (k) = d x 1 ® z(k) # 0. Hence, the proposition P.7 implies
that p(X_g, @ (b)) # 0. Consider u := p(X_,_p,-s, ® z(k)). We apply
lemma . to a et B = (51, 52). We get u € p(U(ly)—_p,—p, ® xz(k — 1)).
But U(ly)_p,—p, is generated by the two vectors X_g X 5, and X_5,X_g,.
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Therefore there are two non zero complex numbers 7;(k) and 7,(k) such
that

(11) u=m(k)p(X-p,X 5 @k —1)) + n(k)p(X 5, X5, @ x(k = 1)).

Apply to equation ([I]) the vectors Xp,, Xoip, and X,ip 45, Using the
structure constants of C,,, we have the following system:

0= (m(k)e(k — 1) + na(k)(c(k = 1) + )) (szaz@x( 1))
P(X g, @ (k) = =2(n(k) + 12(K))(az — k + 1)p(X g, ®Jf(7€))
(2(a1 — ag + 2k) + c(k) + d)p (1®x(/f)) = —'fh(/f)( + Dp(1 @ z(k))

Since p(X_g, ® z(V')) # 0, p(X_p, ® 2(b)) # 0 and p(1 ® x(b)) # 0 the
solution of this system gives in particular d = 1—3a; —3k. This contradicts
the fact that d is a constant. Therefore d = 0.
(2) By induction assume that d; = 0 for 2 < i < [ — 1. We prove then that
d :=d; is also zero. On the contrary, assume d # 0.
We begin with a lemma.

Lemma 4.26. Let 1 < i < j < I. Then for all v € U(ng,) and all
u € U(ly)—(84-+p,), we have v- (u®@ x(k)) = 0.

Proof. We prove it by induction on 7 —i. If 1 < ¢ = j < [, we have
Xp, - X_p, @ x(k) = Hg, ® (k) = 0 since d; = 0. Now for X € n:g\g of
weight 8 # [;, either 5 — 3; € R or 3 — [3; is a positive root, belonging to

(®\ 0)". In both cases the action of X on X_z ® x(k) is trivial. In other

words the action of L{(ng\e) on X_g, ® x(k) is trivial.

Assume the lemma holds if j —i < m. Let 1 <i < j <[ be such that
j—1i=m. Let u € U(ly)_(g,+..45,. Without loss of generality we can
assume that v is a monomial. Let v € U (n;f\@) be a weight vector of weight
B. Then we have the following possibilities.

(a) If ad(v)(u) = 0, then v - u ® z(k) = 0.

(b) If ad(v)(u) is a weight vector with a negative weight. Then we must
have ad(v)(u) € U(l, ) since the weight of v is positive. Note that this
case can only happen if v € U(lp)". Then the weight of ad(v)(u) is of
smaller length that the weight of u. Thus we can apply the induction
hypothesis to conclude that v - u ® x(k) = 0.

(c) If ad(v)(u) has zero weight, then ad(v)(u) must be proportional to
Hg, + -+ Hpg,. Then the hypothesis d, = 0 for 1 < p <[ imply that
v-u®x(k)=0.

(d) If ad(v)(u) is a weight vector of positive weight, then ad(v)(u) €
U(ng,p). Therefore we have v -u ® x(k) = 0.

Thus in every case the action of v on u ® z(k) is trivial.
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The lemma together with proposition . now imply that p(u®z(k)) =0
for all u € U(ly ) (g, +-..+5,)- Consider now
v = p(X_(at281+ 82 t++8) ® T(K)).

Lemma [L.6 with a and 8 = (f8; + --- + (3, 41) implies that v # 0 and
that v € pU(ly ) - (28,4 8s4+8) @ (k —1)). We shall order the elements
in U(ly)_(28,+8s+-+p) putting on the left the weight vectors in [; whose
weight has the form §; + - - - + 3; and then we order the remaining vectors
according to the length of their weight (that is the number of simple roots
involved in the writing of the weight). Using the above lemma giving the
non zero contributions in p(U(ly ) - (28,4 8o++5) @ (k — 1)), we finally get
complex numbers p; such that

(12) v = mp(X_(gy-sonX-py @ 2(k = 1)) + pop(X (o115 X2 5, @ 2(k — 1))+
:u3p<X*(53+---+51)X*51*52X751 ® I(k - 1))
+ o (X X4t ) X @ (k= 1)),
Apply Xoip,4..45, to equation (). We get
P(X_p, @ x(k)) = 2(—pu + 202 + ptz + - - + ) (a2 — k + )p(X_p, ® x(k)).
Now we remark that the above lemma implies
p<X*(52+---+Bi)X*51 ® .T(k - 1)) = p<X*(51+---+5i) ® SL’(/{Z - 1))7 v <.
Indeed, we have
P(X (gt Xy @ x(k = 1)) = p(X_p, X_(g,418) ® x(k — 1))
_'_p([X*(ﬁQJr"'JFBi)? X*ﬁl] ® I(k - 1))
= X—ﬂ1p(X—(ﬁ2+---+ﬁi) ® ZL‘(k‘ - 1))
+ p(X_(gr4rp) @ (k= 1))
=0 +p(X_(Bl+"'+ﬂi) ® ZL‘(]{J - 1))

Apply now the vectors X3 , Xg Xg,,..., X Xs,_, to equation (I[F). Using
the above lemma and the structure constants in C,, we get:

(=2¢(k = D)p + 2¢(k — 1) (e(k — 1) — 1)pg) p(X_(gytpp) @ T(k — 1))
(—=2(c(k = 1) = Dpg + 2(c(k = 1) = Dpz) p(X (554 15)X 5, @ 2(k — 1))
(=(c(k=1) = Dps+ (c(k = 1) = D) pea) p(X - (Byttp) X—po—p, @ x(k — 1))

0
0
0

0= (=(c(k =1) = D + (c(k = 1) = D) (X5 X_ (8145, @ 2(k — 1))
On the other hand since d # 0, we have for ¢ > 1:

X1t Bia X Bkt By X—(ﬂz‘-l—---+51)X—(51+---+ﬂi—2) ® J}(k - 1) =
dxck—1)x1®xzk—1)#0.
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Proposition R.7 thus implies that

p<X—(5i+--'+5L)X—(51+~'+5i—2) ® SL’(/{Z - 1)) 7& 0.
Finally we apply the vector X, X3, 4...+5 to equation ([J) to obtain:
(13) 2(a; +k)p(l@x(k —1)) = (((d+ c(k — 1) — Dy + 2(c(k — 1) — 1) o
+(elk=1) = Dps + -+ (c(k = 1) = Du)e(k — 1)) p(1 @ 2(k — 1)).

We solve this system in the indeterminate (pu1, ..., i, d) obtained from the
k + 1 equations above, using c¢(k) = ¢+ 2(as — k), c=0and A= -1 In
particular we get d = 1 — 2ay + 2k — [ x 222228483 Thjs contradicts the fact

2a5—2k+1°
that d is a constant. Therefore we proved chzf‘;r d=0.
(3) We conclude as in corollary .20 that L(C') is isomorphic to some M(—1,...,—1,a)
with a € C\ Z.
(4) Conversely, theorem ensures that the module M(—1,...,—1,a) with

a € C\ Z is in the category Og g.
U

4.3.2. Case | of type C. We show the following:

Theorem 4.27. Let 0 C ® be such that ®\ 0 is of type C. The simple module M
is in the category Og g if and only if M is isomorphic to M(—1,...,—1,ay,...,q)
with a; € C\Z and | > 1.

Proof. (1) Let us begin with the following case:

B 031 Qo

Let L(C) be a simple module in Og4. We already know that C' is a
simple cuspidal l-module of degree 1. Thus it is of the form M (a) where
a € (C\Z)?. Denote by c(k) the action of Hg on x(k). Since Hg+ Hy, + Hy,
is in the center of [, we deduce that ¢(k) = ¢ — a; — k; for some complex
number c¢. Let us prove the following:

Lemma 4.28. We have ¢ = —1.

Proof. Consider u := p(X_,, s ® z(k)). Lemma [£.§ implies that there is a
non zero complex number 7(k) such that

w=n(k)p(X_s @ (k- & + ).
Apply now the vector Xgqa,+q, to this equation. We get:

p([X5+a1+a27 X*Bfal] ® ~T<k)) =
N(E)p([Xp+astars X—p5] @ x(k — €1 + €a).
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Using the structure constants in C3 we finally obtain 1 = n(k). Apply then
the vectors X3 and Xgiq, to the equation u = n(k)p(X_g@x(k — €1 +€2)).
We get two equations whose resolution gives ¢ = —1.

O

We can now check as in corollary [f.2( that the C3-module L(C) is iso-
morphic to some M(—1,a,b) for well chosen non integer complex numbers
a and b.

(2) More generally if I' = C5, we show that the action of Hp, is trivial for
i > 1. This can be done by induction as in theorem [L.2]. Here we need to
consider the vector v = p(X_(a, 48,4+, ®2(k)) and apply to v the vectors
Xostar+B8i4+8i> Xar+Bi+-+8;s - - - We left the details to the reader.

(3) Assume now that I' = Cj for [ > 2. Then the Dynkin diagram contains the
Dynkin diagram of (A;_y, A,_;) of section [.2.3. Therefore theorem
gives us the action of the center of [ on the module C'. It only remains to
check that L(C) is then isomorphic to some M(—1,...,—1,ay,...a;) using
the argument of corollary [£.20.

(4) Conversely, the theorem ensures that the simple modules
M(-1,...,—1,a4,...,q;) belong to some category Og 4.

O

4.4. Classification theorem. Let us gather the results obtained in this part:

Theorem 4.29. Let g be a simple Lie algebra. Let 0 C ® be such that 0 # ® and
0 # 0. Assume that (g,® \ 6) does not belong to table @ Then:

(1) The category Og g is non trivial if and only if either g is isomorphic to A,
and [&)\9 to A,, with m <n or g is isomorphic to C,, and [&)\9 is isomorphic
to either the sly-subalgebra generated by the long simple root or to Cy with
k <n.

(2) For a pair (g,144) as in (1), the simple module in the category Ogy are
of degree 1 except in the case where g = A, with n > 2 and [&)\9 is the
sly-subalgebra generated by one of the simple roots on the extremity of the
Dynkin diagram of g.

(3) Conversely every simple module of degree 1 belongs to one category Og .

Type ®\ 0
B, {61}
D, |{ei}or{e,1} or{e,}
Es {e1} or {e}
Eq {er}

TABLE 2. Excluded Cases
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Remark 4.30. If g = A, withn > 2 and [Qp\(, is the sly-subalgebra generated by
one of the simple roots on the extremity of the Dynkin diagram of g, then there
exists in Og g simple modules not of degree 1 (see appendiz[4).

5. SEMISIMPLICITY OF THE CATEGORY Og g

In this part we show that the non empty category Og is semisimple except
if lgpvg = {er} or {e,} when g is of type A. As in the previous part, we denote
[.= [@\9.

5.1. Type A case. In this section we assume that g = A, for n > 1. Let § C ¢
be such that [ is of type A. Moreover, if n > 2 we will assume that ® \ 6 # {e;}

and ¢\ 0 # {e,}.
5.1.1. Case I' = A;. Suppose here that ® \ 0 = {a} = {ay41}. According to the
classification theorem [.29, the simple modules in Og ¢ are the modules
N,=N(-1,...,—1,a1,a2,0...,0), [+2+m=n
—l/_/ T

where a; € C\ Z.
Theorem 5.1. For a and b in (C\ Z)?, we have Ext'(N,, N,) = {0}.

Remark 5.2. We shall prove the following equivalent statement:
Any exacte sequence

(Sap):0—= N, - M — N, —» 0
with M € Og g splits.

Proof. Let us denote by ¢ the cocyle corresponding to the exact sequence (Sgp).
Note first that the sequence splits as a sequence of [y-modules since the restriction
condition of category Og ¢ expresses that IV,, N, and M are semisimple [p-modules.
In other words, the cocyle ¢ vanishes on [y. To prove the theorem we have to show
it vanishes on the whole Lie algebra g. Thanks to the cocyle relation, we only need
to show that ¢(X4,) = 0.
(1) Suppose that N, # N,. From theorem B.I1], we know that the [p-highest
weight vectors in N, or N, are the (k) with k; =0 fori & {I{+1,1+2}. To
avoid any confusion we shall write z(k) the basis vectors for IV, and y(j)
for N,. Using the explicit action of h, we show:

Lemma 5.3. Assume x(k) and y(j) have the same weight under the action
of b. Then there is an integer K such that
y(j)=ylki + K,... .k + K,by —ay + ki1 + K,
by —as+ ko + K ks + K,... )k, + K)
and
K+k<0,....K+k<0,kys+K>0,....k,+K >0.
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In particular, if x(k) is a lg-highest weight vector and if y(j) has the same
weight as x(k), then we have K =0 and N, = Nj.

Recall from proposition that as -modules N, and N, are semisimple.
From proposition R.17, we get ¢(X_,) = 0 on every simple ['~submodules
of N, and therefore on the whole of N,. Let © = (k) € N, be a lg-highest
weight vector, of weight A\. Then we see that ¢(X,)(x), if non zero, is a
weight vector of N, of weight A 4+ . Indeed, since ¢(h) = 0, we have

c([Ha, Xa])(x) = [c(Ha), Xo](z) +[Ha, c(Xa)](7)
2¢(Xa)(z) 0
= H, - co(Xa)(7) = AMHa)c(Xo)(2).

Since the module N, is { —a}—cuspidal, we deduce from the above equation
that N, should have a weight vector of weight A, that is with the same
weight as x(k). This contradicts the above lemma. Hence we must have
c(Xa)(z) =0.

Consider now 5 € (0)". Let y = X_z-x. Since [X,, X_g] = 0, the cocyle
relation together with the fact that ¢(X_g) =0 (for X_z € ly), show that

0 = ¢([Xa, X p])(2) = c(Xa)(y) = X - c(Xa) (@),

Since we proved that ¢(X,)(z) = 0, we must have ¢(X,)(y) = 0 as well.
The very same computation implies that if for some vector 2’ € N, we
have ¢(X,)(2') = 0 then we must also have ¢(X,)(X_g-2') = 0. Since N,
is a direct sum of simple [g—modules, reasoning by induction shows that
¢(X,) = 0 on Ny, which proves the theorem in this case.

Suppose that N, = N,. Recall the action of X~ = X_, and X+ = X,
on N, :

Xt SL’(/{}) = (CLQ + kl+2)$<l€ — €142 + 5l+1)
X~ SL’(/{}) = (a1 + kl+1)x<l€ — €41t 5l+2)

From that we deduce that
1

-1
() e =

Proposition B.16 implies that N, is a direct sum of simple cuspidal [~
modules. Using the above equations, remark that the [-module U(l)x(k)
does not depend upon k;y; and k;1o. Proposition P.17 gives the expres-
sion of the cocycle ¢ on each module U(l)xz(k) : ¢(X~) = 0 and ¢(XT) =
b(k) x (X~)~" with b(k) € C. The previous remark implies that b(k) should
also not depend upon k;, 1 and k.

Let us come back to the notations of section l.2.9. Let 5 = f1+---+0; €
(0)*. Then we have o+ f € R, [XT, Xg] = Xoyp and [Xoys, X 5] = XT.
Using the cocyle relation we thus get ¢(X1) = [[c¢(X™T), Xg], X_5] (since

(k — €42 + €41).
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c¢(Y) =0 for Y € lp). This is an equality in Endc(N,). Let us see how it
acts on a vector z(k) € N,. Recall we have

Xpx(k) = kipoyix(k + €2 — €4044)
k) = (az+ kip2)o(k + €040 — €142)
Thus we get

b(k
(14) C<X+),§Ij‘<k> = #@x(k — €142 + €l+1>.
We deduce then
Kot
[e(XT), Xpla(k) = #i“ (0(k — €14244) — b(K)) 2(k — €124 + €141)
and

(15) [[e(XT), Xp], Xl (k) =
as + ki

at kg + 1 ((kl+2+i + 1) (b(k) = b(k + €14244))

— (k= euy210) = b(R)) Jrlk = o + 1)
The equality of equation ([[4) and equation ([J) implies

(16) b(k) = (Kip2+i + 1)(az + Kis2) (b(k) — b(k + €112+41))
— kiayilas + kip2) (b(k — €1245) — b(k)).

Let k be such that ko4, = 0. Then we have [¢(X ), X3]z(k) = 0 and there-
fore we must have ¢(X*)z(k) = 0 which implies that b(k) = 0. Now if k is

such that k;yo1; = 1, equation ([Q) gives 2b(k+€,12.,) = b(k) (3 + m)
This is a contradiction since b(k) does not depend upon k;, o, unless b(k) =
0 = b(k + €42+5). Now a simple induction using equation ([[f) shows that
b(k + jeiro4s) = 0 for any non negative integer j. The same reasoning with
the roots v = v; + - - - + 7; finally implies that b(k) = 0. Hence the cocyle

c is zero, as asserted.

O

Remark 5.4. Looking at the proof above, we see that the theorem holds also in
case | =0, that is @\ 0 = {aq}. We will use this case of the theorem to prove our
next result.

5.1.2. Casel! = A,,—1, withm > 2. Let  C ® be such that card(®\60) > 1. Recall
from theorem that ® \ 0 is a connected part of the Dynkin diagram, which
thus looks as follows:
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The simple modules in Og ¢ are the
N,=N(-1,...,—1,a1,...,a1,,0,...,0),
—_———— ——
j l
with a = (ay,...,a,) € (C\ Z)™. Without lack of generality we can assume that
[ is positive. We prove

Theorem 5.5. With the notations as above, we have Ext'(Ny, N,) = {0}.

Proof. Denote by ¢ the cocycle associated with the exact sequence
0—- N, > M— N, — 0.

We have to prove that ¢ = 0. From the restriction condition of Og we already
know that ¢ is zero on ly. The cocyle relation implies then that it suffices to prove
¢(Xiq,) =0 fori e {1,...,m}. Our strategy is to use the previous theorem.

Let # = {fB1,...,5}. Consider the set §; = 6 U {a,,_;}. Denote by [ the
corresponding Levi subalgebra, whose semisimple part is of type A;;1. An explicit
computation analogous to that in proposition shows that N, splits into a
direct sum of simple [*-modules. More precisely, these modules are isomorphic to
N(ey, 9,0, ...,0) for some ¢, co € C\ Z. In other words N, and N, are direct sum
of simple modules in the category O, 5. Obviously M belongs to this category by

restriction. Theorem p.1] implies now that ¢(X,,,_,) =0 and ¢(X_,, _,) = 0.

We can reason the same way using 0o = 6 U {a,,_2 + a,,—1}. Hence we get
c(Xapm_stamr) = 0 and ¢(X_(a,,_s+am_1)) = 0. Applying the cocycle relation to
[(Xo 140m 2 X—am_1] = Xa,,_o» We obtain ¢(X,,, ,) = 0 and ¢(X_,,, ,) = 0.
Using the sets 6, = 0 U {ay,_p + -+ + am_1} we deduce that the cocyle ¢ is zero,
as asserted.

OJ
Theorem p.]] together with theorem [.3 leads to the following

Corollary 5.6. Let g = A,. Let 0 be a proper subset of ® such that ® \ 0 is
different from {e1} and {e,}. Then the category Og g is semisimple.

Proof. Proposition implies that every module in the category Og admits a
Jordan-Holder series of finite length. We show the corollary by induction on the

length ¢(M) of M. If /(M) = 1 then M is a simple module. If /(M) = 2 then
there is an exact sequence

00— N, > M — N, — 0.

By theorem or theorem p.J this sequence splits and thus M = N, @ N,. Assume
now that the corollary holds for the modules in category Og g of length at most m.
Let M be a module in Og g of length m + 1. Then there is a submodule M’ of M
of length m. This submodule is semisimple by induction. Now we have an exact
sequence

0—-M — M- N, —0.
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This must splits, which proves that M = M’ @& N,. This completes the proof.
O

Remark 5.7. If 0 = ®, the category Og o(sl,) is semisimple by definition. If
0 = 0, the category Og g(sl,,) is no longer semisimple. The indecomposable mod-

ules of this category have been studied by Grantcharov and Serganova [[3] and by
Mazorchuk and Stroppel B3]

5.2. Type C case. In this section g = C),. Let 6 be a proper subset of . We
keep the notations of part [.3.

5.2.1. Case &\ 0 = {a}. In this case we have the following Dynkin diagram:
fa B«
*—e—19

From theorem [[.29 we know that the simple modules in the category Og g are
the
M,=M(-1,...,—-1,a),
with a € C\ Z. We prove:

Theorem 5.8. In the category Og g, we have Ext'(M,, M,) = {0}.

Remark 5.9. We shall prove the following equivalent statement:
Any exacte sequence

(Sap) 10— M, = M — M, — 0
with M € Og g splits.

Proof. Let us denote by ¢ the cocyle corresponding to the exact sequence (Sgp).
Note first that the sequence splits as a sequence of ly-modules since the restriction
condition of category Og g expresses that M,, M, and M are semisimple [p-modules.
In other words, the cocyle ¢ vanishes on . To prove the theorem we have to show
it vanishes on the whole Lie algebra g. Thanks to the cocyle relation, we only need
to show that ¢(X1,) = 0.

(1) First suppose that M, 2 M,. From the explicit action of h on M, and
My, we obtain Supp(M,) N Supp(M,) = 0. Indeed, if z(k) € M, has the
same weight as y(k') € M, we would have

k1 — ko = k) — ki
kn_g — kn_1 = ]{472 _k;Lfl
kn1—a—k,—1 = k,_,—b—FkK, —1
atkyt+g = btk +j

The unique solution of this system is given by k; = k. for any i < n—1 and
b= a+k,—k/,. But we must have ky;+---+k, € 2Z and k} +---+k,, € 2Z.
Since k; = k] for i < n — 1, we must have k, — k/, € 2Z. Hence we have
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b € a+27Z. This means that the vector y(k’) € M, also appears in M,. Then
Lemire’s correspondence [[[4] would imply that M, = M,, which contradicts
our assumption.

Now let x € M, be a weight vector. From the cocycle relation and the
fact that ¢(H) = 0 for H € h C [y, we get that ¢(Xi,)x is a weight vector
of M,, having the same weight as X,z which is non zero since the action
of X1, on M, is cuspidal. As Supp(M,) N Supp(My) = 0, this is impossible
unless ¢(Xiq)x = 0. Thus we proved that ¢(Xi,) = 0, as asserted.
Suppose now that M, = M,. Recall the action of X~ = X_, and
Xt =X,on M, :

{ X*t-ak) = La(k + 2¢,)
X~ ak) = —3(a+kn)(a+k, — Da(k — 2e,)

Proposition B.1G implies that M, splits into a direct sum of simple cuspidal
[-modules. Using the action of X~ and X we remark that the vectors
z(k'") belonging to the module U(I)z(k) satisfy k, = k; for i # n. Thus the
module U (l)z(k) does not depend upon k,,. Proposition .17 now gives the
cocycle on each U(1)z(k): ¢(X~) = 0and ¢(Xt) = b(k) x (X~) " for some
b(k) € C. We should remember from the previous remark that b(k) does
not depend upon k,.

Let 5 € (6)* be such that a+ 5 € R. We write 8 = 81 + -+ -+ ;. Then
we have [XT, Xg] = —X,1p and [—X,1p5, X_5] = 2X . Using the cocycle
relation we get:

26(X7) = c([[XT, Xg], X_g]) = [[e(Y), X], X_g],

since ¢(X1p) = 0 as Xyp € lp. This is an identity in Endc(M,). Let us
apply it to the vector z(k) € M,. Recall that:

{ Xp-x(k) = kn—i(a+kn)x(k+ €—i — €,)
X g xk) = x(k—eni+en)

Using the above action of X~ we get

\-1 2
(x7) ) = R Dlat k1)

x(k + 2¢,).

Therefore we have
4b(k)

2c(XT)a(k) = — (a+ k4 2)(a+ Ky + 1)

x(k + 2¢,).

Hence:
an—i

[C(X+)a Xplz(k) = m

(b(K) — bk + €n_i))z(k + €ni + €0)
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and thus
(19) (60X, a1, Xslo(k) = 22— ) - 000+ 26,)
2k
- m(b(k}) — b(k + ani))l’(/{i + 26n).

Equaling equations ([) and ([9), we finally get:

(20) 2b(k) = kn_s(a + kn + 2)(b(k) — bk + €n_s))
— (kni — D)(a+ Ky + 1)(b(k — €,) — b(k)).

Let k be such that k,,_; = 0. Then the equation ([L§) implies that [¢(X ™), Xg|z(k) =
0. Therefore ¢(X*)z(k) should be zero. Thus we have b(k) = 0. If k,,_; =
—1, then equation (RQ) gives 3(a+k,+2)b(k) = 2(a+k,+1)b(k—e¢,). Since
b(k) does not depend upon k,,, we must have b(k) = 0 = b(k —¢,). Now we
show by induction on k,_; < 0 using equation (RQ) that b(k — pe,_;) = 0
for any non negative integer p. Thus the cocycle c is zero, as asserted.
U

Corollary 5.10. Let 6 C ® be such that ® \ 6 = {a}. Then the category Og g is
semisimple.

5.2.2. Casel' = (. Theorem implies that the simple modules of the category
Og ¢ are modules of degree 1. Then proposition B.1q asserts that these modules split
into a direct sum of simple cuspidal [-modules. Moreover any M in the category
Ogp can be seen as a cuspidal l-module by restriction (this is the cuspidality
condition). Applying theorem P19, we get that as a l-module M is semisimple.

On the other hand, the restriction condition of category Og g implies that M
is a semisimple lp-module. Hence M is semisimple as a g-module. Therefore we
proved

Corollary 5.11. Let § C @ be such that ® \ 6 = C;. Then the category Og g is
semisimple.

Remark 5.12. If 0 = ®, the category Og ¢ is semisimple by definition. On the
other hand, if 0 = 0, the category O is also semisimple according to the theorem
R.19. Thus if g = C,, then the category Og g is semisimple for any subset 6 of .

APPENDIX A. CASE g= A;

Let g = sl4(C). We described the category Ogg(g) in all cases except when
0 = {es,e3}. We handle this case here. It corresponds to the following Dynkin
diagram:

Q I3} Ba
@o—eo—o
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We shall use the notations introduced in section f.2.1. Recall we set [ := [g\g.
For simplicity, we set X~ := X_, and X* = X,. Since the semisimple Lie
algebra [' is isomorphic to sl3(C) we know that the simple modules in Og g are
the L(C') where C'is a simple cuspidal [-module, isomorphic to some N(aq, az) as a
I'-module, with a; and as non integer complex numbers. Recall that we denoted by
V(C') the corresponding generalised Verma module and by p the natural projection
p:V(C)— L(C).

The center of [ is two dimensional and generated by H, := H, + 2Hpg, and
H, := Hg,. We denote by c(k) the action of Hg, on z(k) € C. We have seen in
lemma .1 that ¢(k) = c+as —k with c=0or ¢ = —1 —a; —ay. As Hs is in the
center of [, it acts on C' by some constant that we shall denote by d. As in corollary
16, we prove that if d = 0 then the module L(C) is isomorphic to N(ay, az,0,0)
if c=0orto N(—1—ag,—1—a1,0,0) ifc=—-1— A.

In what follows we assume that d # 0. This condition implies that p(X_z, ®
z(b)) # 0. Indeed, we have Xg, - X_5, ® x(k) = Hy® z(k) = d x 1 ® (k) # 0.
Then we apply proposition R.] to conclude. We shall find the possible values for d
in order the module L(C') be in category Og ¢ in the spirit of section [.2.1.

From lemma [£.§, there are two complex numbers 7; (k) and 72(k) such that

(21> p<X*a*51*52 ® SL’(/{}) = n1<b>p<X*52X*51 ® l’(k - 1))
+p(b)p(X_p X _p, ® 2(k —1)).
We apply the vector X, 5,45, to equation (1). We get:
P(Hotpyp. ® (k) = mi(k)p(X T @ 2(k — 1)),

which gives us the following equation:
(22) c+d+ay+k=(aa—k+ 1)m(k).
We apply then the vector Xz, to equation (BI)). We have

DX s, @ (1)) = m (R X s, @ (ks — 1)) + 1a(R)p(X_p, Hy 2k — 1)),
which gives together with lemma [.17:
(23) 1) =(d+ D (k) + dia ().
Finally we apply Xpg, 13, to equation (I). We get

p(X™ @ (k) = mk)p(Hg, @ x(k = 1)) + na(k)p(—Hy @ z(k — 1)),

from which we obtain

(24) a1 +k=(c+as—k+ 1)ni(k) — dne(k).
From equations (22), (B3) and (4) we find the following values:
m(k) = —%,
(k) = %,

d= —2—A-—2c.
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Note in particular that d is entirely determined by A = a; + a5 and c.

Conversely, we have to show that given ¢ € {0,—1 — A} and d = -2 — A — 2¢
the corresponding module L. 4(a1,as) belongs to the category Ogg. We prove it
for the case (¢,d) = (0,—2 — A), the other one being analogous. Of course we only
need to show that the module L(C') satisfies the restriction condition. First PBW
theorem implies that L(C') is generated by the following weight vectors:

p<XT51*52XT§2XT§1XTé*Bl*ﬁzXToi*& ® .T(k))

Thanks to lemma (.15 and equation (RI]), this reduces to the following vectors
only:

pXT 5, X2 XS @ a(k)).

This proves that L(C') splits into a direct sum of l[p-modules, namely the modules
My, = p(U(lp) ® x(k)).

Thus it remains to prove that M is a simple highest weight module. From lemma
.5 we already know that M, is a highest weight module, generated by the highest
weight vector p(1 ® x(k)). Its [-highest weight is A = (az — k)wy + (=2 — A)ws
where w; are the fundamental weights of [;,. Let Vj be the [-Verma module with
highest weight A. Using a theorem of Bernstein-Gelfand-Gelfand (see for instance
[[@, thm 5.1]), we remark that Vj is simple (and therefore isomorphic to My, by the
universal property of Verma modules) if and only if A & Z__;.

So it only remains to work out the case A € Z._;. In this case, Bernstein-
Gelfand-Gelfand’s theorem [[@, thm 5.1] together with the Kazdhan-Lusztig con-
jecture for rank two Lie algebras (see for instance [[I, chapitre 8]) show that V'
admits a unique simple submodule L(u) with g = Sy, - A We shall see Vj; as a
[y-submodule of V(C'). Then it is easy matter to check that the submodule L(u) is
generated by X :5‘2*1 ®z(k). On the other hand, one shows by straightforward com-
putation that X:gl;l ® x(k) is annihilated by the action of X5, and Xais 45,
Using proposition R.7, we conclude that p(X:[;;l ® (b)) = 0. But now by the
universal property of the Verma module V}, there is a surjective map from Vj onto
M. As we just shown that p(L(p)) = 0, we get a surjective map from Vj/L(u)
onto Mj. As L(p) is the unique submodule of V4, the quotient Vi /L(u) is simple
and so is M. This completes the proof of the following

Proposition A.1. (1) The simple modules in Og g are the modules L. 4(ay, as)

with ai,as € C\Z, c € {0,—1 —a; —as} and d € {0,—2 — a; — ay — 2¢}.

(2) If d =0, the module L. q4(ay1,as) is of degree 1, isomorphic to some module
N(da},ay,0,0), with o} and a}y non integer complex numbers.

Remark A.2. Ifd ¢ Z, the module L. 4(ay1, as) is not of finite degree. Indeed, in
this case A & Z. Therefore the previous proof implies that the simple lg-modules
My, are isomorphic to Verma modules, which are obviously not of finite degree.
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