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Abstract

A new class of statistical deformable models is introduced to study high-dimensional curves or
images. These models are useful to analyze the geometric modes of variation of a data set around a
common mean pattern. It is shown that an appropriate tool for statistical inference in such models
is the notion of empirical Fréchet mean. This leads to a new procedure to construct a mean pattern
from a set of curves or images, and to estimate the shape variability of such data. Using a non-
asymptotic framework, we propose consistent estimators of the mean pattern and the deformation
parameters modeling the geometric variability of curves or images. Numerical experiments are
given to illustrate the finite sample performances of the procedure. An application to the analysis
of the geometric variability of a set of images is also proposed.
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1 Introduction

1.1 A statistical deformable model for curve and image analysis

In many applications, one observes a set of curves or grayscale images which are high-dimensional
data. Let Q be a subset of R%, with d = 1 for modeling curves and d = 2,3 for modeling two or three
dimensional images. In such settings, it is reasonable to assume that the data at hand Yf , denoting
the (-th observation for the j-th curve (or image), satisfy the following regression model:

Vi =fit)+oel, j=1,...,J, and £=1,...,n, (1.1)

where f; : @ — R are unknown regression functions (possibly random), the ¢,’s are non-random
points in Q (deterministic design), the error terms 5§ are independent and identically distributed
(i.i.d.) normal variables with zero mean and variance 1, and o represents the level of additive noise.
Here, we suppose that the individual curves or images possess a certain common structure we want
to recover. It may lead to the assumption that the observations are random elements which vary around

a common mean pattern. Estimating such a mean pattern and characterizing the mode of variations of



the individuals around this common pattern is of fundamental interest in many applications. Principal
components analysis (PCA) is widely used to estimate the linear variations in intensity of a data set
of curves or images around the usual empirical mean Y, = % ijl Yf, {=1,...,n. However, in many
situations, such data also exhibit a source of geometric variations in time or space which cannot be
recovered by standard PCA. Indeed, consider the following simple model of randomly shifted curves
(with d = 1) which is commonly used in many applied areas such as neuroscience [TIRI10] or biology
[Rgn01]

filte) = f*(te—07), j=1,....,J, and L=1,...,n, (1.2)

where f* :  — R is the common mean pattern of the observed curves, and the 9;’8 are i.i.d. random
variables in R with density g and independent of the af’s. In model (L2), the shifts 8 represent a
source of variability in time. However, in such a model, the usual empirical mean is not a consistent
estimator of the mean pattern f* since by the law of large numbers

J
Jim Y= Jim jz:f*w 65 = [ 1t~ 0)g(0)d6 as.
Therefore, in model (L.2)), estimating by standard PCA the modes of variation of the data around the
usual empirical mean Y} is not very meaningful. In such settings, a possible approach is Grenander’s
pattern theory which considers that the curves or images fj,7 =,1,...,J are obtained through the
deformation of a common mean pattern (also called template). More precisely, in Grenander’s pattern
theory [Gre93|, [GMOT], images are considered as points in an infinite dimensional manifold and the
variations of the images are modeled by the action of Lie groups on the manifold. In the last decade,
there has been a growing interest in transformation Lie groups to model the geometric variability of
images, and the study of the properties of such deformation groups is now an active field of research
(see e.g. IMYO01], [TY05] and references therein).There is also currently a growing interest in statistics
on the use of Lie group actions to analyze geometric modes of variability of a data set, and we refer
to [HHM10a], [HHM10b] and the discussion therein for further details.

To describe more formally such a source of geometric variability, denote by F some subspace of
L?(2) (the set of square integrable real-valued functions on € with respect to the Lebesgue measure
dt on R?) and by © a compact subset of RP. To the set ©, we associate a parametric family of
operators (Ty)geo such that for each @ € © the operator Tp : L%(Q2) — L%(Q) represents a geometric
deformation (parametrized by 0) of a curve or an image. Examples of such deformation operators
include the cases of:

- Randomly shifted curves: for every (0, f) € © x F, define the deformation operators

Tof(t) := f(t—0),
with d =1, Q =[0,1], F ¢ L2_,([0,1]) (the space of periodic functions in L*([0,1]) with period

1) and © a compact interval of R.

- Rigid deformation of two-dimensional images: for every (0, f) € © x F, define the deformation
operators
Tof(t) := f(e*Rat —b), for 8 = (a,,b) € O (1.3)

with d =2, Q = R2 F C L?(Q) , © = [-A, A] x [0,27] x [-B, B]? for A, B > 0 where R, =
< cos(a) —sin(«)

sin(a)  cos(a)
in R2.

a

) is a rotation matrix in R?, e is an isotropic scaling and b a translation

- Deformation by a Lie group action: the two above cases are examples of a Lie group action on the
space F (see [Hel01] for an introduction to Lie groups). More generally, assume that G is a
connected Lie group of dimension p acting on €2, meaning that for any (g,t) € G x Q the action



- of G onto  is such that g -t € €. In general, G is not a linear space but can be locally
parametrize by a its Lie algebra G which is a vector space endowed with an extra structure,
the Lie bracket. Indeed, there is a canonical local parametrization around the identity given by
the exponential map at the identity exp : G — G. If © is a compact subset of G such that the
restriction of exp to © is a diffeomorphism, then for every (0, f) € © x F define the deformation
operators

Tof(t) := f (exp(0) - 1) .

- Non-rigid deformation of curves or images: let us recall that a diffemorphism of €2 is a smooth
map v :  — Q having a smooth inverse with ¢(Q) = ~1(Q) = €, and assume that one can
construct a family (¢g)gece of parametric diffeomorphisms of  (further details on how to build
such a family will be given later on). Then, for every (0, f) € © x F, define the deformation
operators

Tof(t) := [ (Ya(t))-

Modeling the geometric variability of curves or images in F C L?(Q) by a generic family of
deformation operators (Tg)geco thus includes the point of view of Grenander’s pattern theory. However,
our setting is more general as it is not required that the operation of (Tp)gee on L?(f2) corresponds
to a Lie group action. Then, in model (IL1]), we assume that the f;’s have a certain homogeneity in
structure in the sense that there exists some f* € F such that

f3(t) = To: "+ Z;](t), forallteQ, and j=1,...,J, (1.4)
where 0; €0, j=1,...,J are ii.d. random variables (independent of the ag’s) with an unknown
density g with compact support in ©. The function f* represents the unknown mean pattern common
to all the f;’s. The Z,’s are supposed to be independent realizations of a second order centered
Gaussian process Z taking its values in L?(Q) independent of the 6§ ’s. The Z;’s represent the individual
variations in amplitude/intensity around the mean pattern f*. Thus, they correspond to a classical
source of variability in intensity that could be analyzed by standard PCA. To the contrary, the random
operators Tp, model geometric deformations in time or space, and thus correspond to a source of
variability in shape in the data. Therefore, if we assume that that the Tg’s are linear operators,
equation (L4 leads to the following statistical deformable model for curve or image analysis

ng:ngff*(tg)+T9;Zj(tg)+05§, j=1,...,J, and £=1,...,n. (1.5)

We emphasis that the error terms 5? and the zero-mean Gaussian processes Z; are of different kind.

The 6§ is an additive noise modeling the errors in the measurements while the Z;’s model linear
variations in intensity of the individuals around a common mean pattern. Note that a subclass of the
deformable model (LLA)) is the so-called shape invariant model (SIM)

ﬁ:Tg;f*(u)Jrae’j, j=1,...,J, and £=1,...,n, (1.6)

i.e. without incorporating in (IH) the additive terms Z; for j = 1,...,J. However, the SIM is not
very realistic in practice as observed curves or images generally exhibit a variation in intensity, and
we thus focus on the more general deformable model (L3]).

The main goal of this paper is to propose a general methodology for estimating f* and the 0;’8
based on observations coming from model (L5]). For this purpose, we show that an appropriate tool to
use is the notion of empirical Fréchet mean of a data set [Fré48], [BP03], [BP05] that has been widely
studied in shape analysis [LK00], [Le98], [Goo91], [KM97], and more recently in biomedical imaging
[JDJB04]. In this setting, we derive non-asymptotic consistency results by keeping fixed the number
J of observed curves (or images) and the number n of design points. The estimation of f* and the
parameters 8 in models such as (L)) can then be used to study geometric modes of variation in a
data set when standard PCA is not appropriate.



1.2 Organization of the paper

Section [2] contains a description of our estimating procedure and a review of previous work in mean
pattern estimation. In Section Bl we present in detail the case (2] of randomly shifted curves, and
we give some consistency results for the Fréchet mean in this framework. In Section Ml and Section
Bl we give general conditions to extend to the more general deformable model (L)) the consistency
results obtained in the setting of shifted curves. Section [6] contains some numerical experiments, and
we present an application to geometric PCA of images using a parametric family of diffeomorphisms.
All proofs are postponed to a technical Appendix.

2 The estimating procedure

2.1 Fréchet mean

Fréchet [Fré48] has extended the notion of averaging to general metric spaces via mean squared error

minimization in the following way: if Yi,...,Y; denotes i.i.d. random variables with values in a
metric space M with metric daq : M x M — R*, then the empirical Fréchet mean Y o of the
sample Y1,...,Y is defined as a minimizer (not necessarily unique) of
J
Y\ € argmin ngw(y,Yj). (2.1)
yeM =1

If M is a Hilbert space endowed with inner product (-,-) and associated distance da(y,y’)? = (y —
y',y —y'), then the empirical Fréchet mean is unique, and it coincides with the usual empirical mean
Y\ = %ijl Y;. When M is not a vector space but a nonlinear manifold, a well-known example
is the computation of the mean of a set of planar shapes when M = X% is the Kendall’s shape space
[Ken84]. Let Y € R™*2 be a set of n points in R? representing a planar shape, and define a deformation

operator Ty for @ = (a,a,b) € © =R x [0,27] x R? acting on R™*2 in the following way

cos(a) —sin(a)

TBY = e YRa + ]lnb 9 Where Ra - < Sln(a) COS(O()

> and 1, = (1,...,1) € R™

Then, two shapes Y1,Ys € R"*? are said to be equivalent if there exists & € © such that Y; =
ToYo. The set of equivalent classes under this relation is by definition the Kendall’s shape space 5.
Consistent estimation of a mean shape in X7 has been studied by various authors, see e.g. [LK00],
[Le98], and in particular by [Goo91] and [KM97] when a set of random shapes Y1,...,Y is drawn
from the following model

which is very similar to the statistical deformable model (L5]), where 1 € R™*2 is the unknown mean
shape to estimate, the 9;’8 are i.i.d. random variables in ©, and the (;’s are i.i.d. centered Gaussian
error terms.

More generally, a detailed study of some properties of the Fréchet mean (such as consistency and
uniqueness) has been proposed in [BP03] and [BP05] when M is a finite dimensional Riemannian
manifold and d is the geodesic distance (which includes the case of Kendall’s shape space).

2.2 A dissimilarity measure based on deformation operators

However, the general framework in [BP03| and [BP05| is not adapted to the study of curves or images
which are high-dimensional random variables. To define a notion of empirical Fréchet mean for such
objects, let us suppose that the family of deformation operators (Tg)gce is invertible in the sense that
there exists a family of operators (Ty)gee such that for any (6, f) € © x L*()

Tof € L2(Q) and TyTpf = f.



Then, for two functions f,h € L?(£2) introduce the following dissimilarity measure

- 2
B (h, ) = jnf /Q (Tort) — 71 d.
If d2.(h, f) = 0 then there exists 8 € © such that f = Tph meaning that the functions f and h are
equal up to a geometric deformation. Note that dr is not necessarily a distance on L2(2), but it can be
used to define a notion of empirical Fréchet mean of data from model (L3]). For this purpose, suppose
that fj are smooth functions in L?(£2) obtained from the data Yf, ¢=1,...,nforj=1,...,J (further
details on this smoothing step will be given later on). Following the definition ([2I]) of a Fréchet mean,
define an estimator of the mean pattern f* as

. 1
f = argmin N Z fj7 (2.3)

feL2(Q)

Then, remark that the computation of f can be done in two steps: first minimize the following criterion

(01,...,0;) = argmin M(6,...,0;), (2.4)
(61,..,0)€07
where
L0 o A 2
M6s,...0) =~ Z/Q <T9jfj(t) =y ng,fj/(t)> dt, (2.5)
j=1 J'=1
which gives an estimation of the deformation parameters 67, ...,0%, and then in a second step take

J
f’(t)—%z [, fi(), forteQ, (2.6)
7j=1

as an estimator of the mean pattern f*.

Note that this two steps procedure does not require the use of a reference template to compute
estimators 91, e ] J of the deformation parameters. Thus, it differs from standard algorithms used to
compute a mean pattern. Classical approaches are based on an iterative algorithm which is an alter-
native scheme between computation of deformation parameters 9j and averaging of back-transformed
curves or images using the inverse deformation operators T . Such iterative algorithms lead to the

well known Procrustean method,see e.g. [DM98], [Goo91]. The formulation (2.4]) is thus an alternative
solution to Procrustean methods and, in this paper, we show that minimization of (2.4]) can be done
by a gradient-descent algorithm.

2.3 Previous work in mean pattern estimation and geometric variability analysis

The problem of estimating the mean pattern of a set of curves that differ by a time transformation
is usually referred to as the curve registration problem. Among the various methods that have been
proposed, one can distinguish between landmark-based approaches see e.g. [GK92], [Big06], and non-
parametric time warping to align a set of curves see e.g. [RLO1], [WG97], [LM04]. However, in these
papers, studying consistent estimators of the common shape f* as the number of curves J and design
points n tend to infinity is not considered. For the SIM (IL6]), a semiparametric point of view has been
proposed in [GLMO07] and [Vim10] to estimate non-random deformation parameters (such as shifts and
amplitudes) as the number n of observations per curve grows, but with a fixed number J of curves. A
generalisation of this semiparametric approach for the estimation of scaling, rotation and translation
parameters for two-dimensional images is also proposed in [BGV09], but also with a fixed number
J of observed images. The case of image deformations by a Lie group action is also investigated in
[BLVI0] from a semiparametric point of view using a SIM.



In the simplest case of randomly shifted curves in a SIM, [BGI10] have studied minimax estimation
of the mean pattern f* by letting only the number J of curves going to infinity. Self-modelling
regression (SEMOR) methods proposed by [KG8§| are semiparametric models where each observed
curve is supposed to be a parametric transformation of a common regression function. However, the
SEMOR approach does not incorporate a random fluctuations in intensity of the individuals around
a mean pattern f* through an unknown process Z; as in model (IH]). This is a limitation of the
SEMOR approach as, in a lot of applications, the functions f; are varying locally in intensity from
one individual to another. Estimation in the SEMOR model is done using a Procrustean algorithm,
and [KGS8§| studied the consistency of such procedure in an asymptotic framework where both the
number of curves J and the number n of design points grow to infinity.

The model (L) is also very much connected to the well-known problem of image warping. There
is a wide literature on this subject. Recently, there has been a growing interest on the development
of statistical deformable models for image analysis and the construction of consistent estimators of
a mean pattern, see [GMOI], [BGV09], [BGL09], [AAT07], [AKT09] and references therein. The
deformable model (ILH]) to account for variability in shape and intensity is also related to the theory of
metamorphoses developed by [TY05] in which infinitesimal variations of curves or images are modeled
as a combination of elastic deformations and photometric variations. However, the approach followed
in [TY05] is purely deterministic in the sense that it is not focused on the analysis of random variations
in shape and intensity or on the estimation of a mean pattern.

In this paper, a general theory is sought to unify previous work in statistics on curve registration
and image warping. For this purpose, we propose to use the notion of empirical Fréchet mean, which,
to the best of our knowledge, has not been considered before in a statistical setting using general

deformable models such as (L.3]).

3 The case of randomly shifted curves

Let us first consider the case of randomly shifted curves ([.2]) with an equispaced design to give an
idea of the consistency results that can be expected using an estimating procedure based on empirical
Fréchet mean. In this setting, the model (LE) can be written as

Vi=f(t-0)+2(L-0))+0e, j=1,...,J, and £=1,...,n. (3.1)

3.1 The random perturbations Z;

First, let us make the following assumption on the random perturbation Z of the mean pattern f*.

Assumption 3.1. The Z;’s in B1) are i.i.d. copies of a second order stationary Gaussian process
Z taking its value in Lper([O, 1]) with zero mean and covariance function R :[0,1] — R.

Under Assumption 3] the law of Z is thus invariant by the action of a shift. This hypothesis is
similar to the condition given in [KM97] to ensure consistency of Fréchet mean estimators in model
([222]), where, after a normalization step, the deformations considered are rotations of the plane. The
authors in [KM97] study the case where the law of the error term ¢; in ([22) is isotropic, that is to
say, invariant by the action of rotations.

Throughout this paper Eg[-] denotes expectation conditionally to @ € ©7. For any random element
0 € O, the vector Tg; Z; = [Zj(ﬁ - 0;)]?:1 is, conditionally on 67, a centered Gaussian random
variable and its covariance matrix is a Toeplitz matrix equals to

_ , N ¢ AN . =1\ 1"
n = Eo; [Tejzj(Tejzj) J= [E [Z (w) 2 <5)Hu':1 N [R< n )]z,el:l'

Let Ymax(Xn) be the largest eigenvalue of the matrix 3,,. It follows from standard results on Toeplitz
matrices (see e.g. [HJ90]) that

7max(2 S lim Z‘R (32)

n—+oo N



where v = fol |R(t)| dt is a positive constant independent of n. The constant  can be interpreted as
a measure of the “variance” of the random perturbations Z;,j = 1,...,J in model B.1)).

3.2 Choice of the smoothing estimators fj

A convenient choice for the smoothing of the observed curves in (3.1]) is to do low-pass Fourier filtering.
Define the empirical Fourier coefficient at the frequency k by ¢;; = % > vt Yfefi%k w for k = —(n —
1)/2,...,(n —1)/2 (assuming for simplicity that n is odd). It gives for a fixed smoothing parameter
A € Nand t € [0, 1] the following linear estimators

~ R o 1 n il o 1 n ork(t— L
= Y et = LS S by L LSS S ket 5,00, 33

k<A k<X £=1 =1 |k|<A

where S)\(t) = {% > lkl<A ei%k(t*%)]Z{ Then, define the following Sobolev ball Hs(A) of radius

A > 0 and regularity s > 0 using a characterization in term of the Fourier coefficients cx(f) =
fol f(t)e~ 2™k qt Kk € Z for a function f € L2,.([0,1]),

per

Hy(4) = {f € L2,(0,1)), 5 (1 + k) ex(f)[? < 4} (3.4)
keZ
Then, as a possible choice for the smoothness class F to which the mean pattern f* is supposed to

belong, take F = Hg(A).

3.3 Identifiability conditions

Suppose that © = [—p, p] for some p > 0. Using low-pass filtering, the estimators of the random shifts
1,...,0% are given by R X
(01,...,0;) = argmin M)(61,...,0,), (3.5)
(64,...,0 )67

where the criterion M)y (0) = My(01,...,0;) for @ € ©7, see equation (2.3]), has a simple expression
in the Fourier domain. Indeed, thanks to Parseval’s relation and the fact that the translation of a
function corresponds to a frequency modulation of its Fourier coefficients, it follows that

J J 2
My\(8) = %Z/ (fj(t+9j) - % ij'(f+9j')> dt

j =1
J J 2
1 ; 1
_ j § : &, eszkBJ _ - 2 :cj 7 el27Tk0J/
j=1 [k|<A i=

However, the minimization (3.5]) is not well defined. Indeed, if 8y € O satisfies éj+00 €0,j=1,...,J,
then (91 +8y,...,0; +6)) is also a global minimum of M) (0). This comes from the fact that, without
any further assumptions on the set ©7 and the density g of the random shifts, then the model ([B.1) is
not identifiable (to see this, simply replace in B.I) f*(:) by f*(- — €o) and 87 by 87 + 6;). Choosing
identifiability conditions in model (BI) amounts to impose constraints on the minimization of the
criterion

J

J 2
D(O) = %Z/Q (f*(t — 0 +0,) - % SO F-0n+ ej,)> dt. (3.6)
j=1

=1

This criterion D(0) can be interpreted as a version without noise of the criterion My(0). Obviously,
the criterion D(@) has a minimum at 8* = (07, ...,0%) such that D(6*) = 0. However, the minimizer



of D on © is clearly not unique, and minimizing M) (6) does not allow to recover the true shifts *
nor the true mean pattern f*. If the true shifts are supposed to have zero mean (i.e. f@ 0g(0)d6 = 0)
it is natural to introduce the constrained set

@0:{(91,...,9J)€®J, 91+...—|—9J=O} (3.7)
It is shown in [BGI10] (Lemma 6) that if f* is such that fol f*(t)e"?mtdt # 0 and if p < 1/4 (recall
that © = [—p, p]), then the criterion D(€) has a unique minimum on @y at
_ _ 1
5, = (07 —8",...,05 —8") where 0*2329;. (3.8)
j=1

. .. . ~A .
Under such assumptions, it is thus natural to compute an estimator 8 of the random shifts over the
constrained set ®( defined as

0" = (6,....0)) = argmin My(61,...,0,). (3.9)
(01,...,9J)€@0

Therefore, introduce the following identifiability conditions:

Assumption 3.2. The support of the density g is included in © = [—p, p] for some 0 < p < 1/4 and
is such that [o 0g(0)d6 = 0.

Assumption 3.3. The mean pattern f* is such that fol fr(t)e 2mtdt £ 0.

Following the classical guidelines in M-estimation (see e.g. [vdV98]), a necessary condition to
ensure the convergence of M-estimators such as (8.9]) is that the local minima of D(80) over @ are
well separated from the global minimum of D(8) at 8 = g, (satisfying D(8g,) = 0). An example of
such a separability condition is the following one:

Assumption 3.4. For any 0 > 0, there exists a constant C(©, f*,0) > 0 (not depending on J) such
that for any * € ©7
i D(0) > C(©, f*,9), 3.10
ocHE 5 (0) > C(©, f7,9) (3.10)
where B(0g,,0) denotes the complementary of B(0g,,,0) = {0 €0y, |0; —| ’éom <4, 5=1,..., J}
where 05, = ([06,]1---,[06,]7) is the vector defined in (3.8) and Oy is the constrained set ([37).

Assumption [3:2limplies that the criterion D(0) has a unique minimum on ®g. The condition (B.10])
guarantees that, outside a ball B(6g,,d) centered at 8g,, the local maxima of D(@) for 8 € © are
sufficiently separated from 0. In Assumption [3.4] the important fact is that the constant C'(O, f*,J)
does not depend on the dimension J of the set @¢ of parameters onto which My and D are minimized.
In the Fourier domain, the criterion D(0) can be written as

Do) = Sl (1- |5

keZ J

£i27k(6,—67)

J
=1

2 1
), where ¢, :/ (e 2R gy,
0

Thus the value of the constant C(0, f*,§) depends on a precise upper bound on the exponential
sums %Z;’Zl ¢2mk6i=7) for k € Z and @ = (y,...,0;) € B( ©,>0) which is a delicate problem.
Nevertheless, if the size of © is sufficiently small, the following proposition shows that Assumption
3.4 is satisfied.

Proposition 3.1. Suppose that Assumptions[32 and[3.3 hold with p < 1/16. Then, Assumption
is satisfied with
C(©, f*,8) = C(f*,p)d?,

where C(f*, p) > 0 is a constant depending only on f* and p.



A proof is given in the Appendix. The condition that p < 1/16 means that the support of the
density g of the shifts is sufficiently small and that the shifted curves f;(t) = f*(t — 67) are in some
sense concentrated around the mean pattern f*. Such an assumption of the concentration of the data
around a common mean pattern has been used in various papers to prove the uniqueness and the
consistency of Fréchet mean for random variables lying in a Riemannian manifold, see [BP03], [BP05],
[LKO00], [Le9g].

3.4 Consistent estimation of the random shifts

A
Under such assumptions, the theorem below gives the deviation in probability between 8" and 6* =

(07,....07).

Theorem 3.1. Consider the model B1). Let 0" be the estimator defined by (3.9) and assume that
F = Hs(A) for some A > 0 and s > 3. Suppose that Assumptions [31] to hold. Then, for any
A>1andx >0

1 -
P(jne)\ - 0*H2 > 01(65]:5 f*)Al(xa J,TL,)\,O'2,’7) + A2($, J)) < 467:’3’

with

Ay (z, J,n, N, 0%,7) = (02 + ’y)( v(z, J,n,\) + v(z, J,n,)\)> + (\/M—i— B(A,n))

2
As(z, J) = (@Jr %) ,

where C1(0, F, f*) > 0 is constant depending only on ©,F, f*, ||| is the standard Euclidean norm in
R7,

and

2 1
1—{—4§—|— 4%) and B(A\,n) = A: + A7,

2 1
v(x, J,n,\) = At <

n

Let us make some comments on the deviation inequality in Theorem [3.Il The result follows from
the inequality,

1,42 . 2 ax N 2 X
1167 — 072 < =116" — 05, I + Sll6%5, — 6"

A
The term A;(z,J,n,\,02,7) comes from the control of the quantity 2(|6” — 0 ||, while the term
2

(see the Appendix

Ay (z,J) is derived from a Bernstein’s inequality on 2|65, —0*||> = 2 ‘% Z}]:1 0;
for further details). Remark that for fixed values of the number of design points n and the spectral
cutoff \, then lim_, | o As(x, J) = 0. This means that for .J sufficiently large then 8" = % ijl 0;~0
and thus O, ~ 6*. Hence, the convergence in probability of 8¢, to 8™ is ensured by an asymptotic
only in J.

The term Ai(z,J,n,\,02,7) is more complex. It depends on the spectral cutoff A via the bias
B(\,n) and the variance v(zx, J,n, \) used to define the smoothing estimators fj. An optimal choice
of the parameter A depends on n. By choosing a sequence A = A, such that lim,,_, . A, = +00 and
limy, 100 )‘7" = 0, we have a tradeoff between low variance and low bias. By using such a choice for }, it
follows that for fixed J and = > 0, then lim,, oo B(Ay,n) = lim,,—, 1 o v(z, J, 1, Ay,) = 0, which implies
that lim,, ;o0 A1(, J,n, Ay, 02, 7) = 0. However, if n remains fixed, then lim_, | oo A1(z, J,n, \,02,7) =
h(Z22EL) 4 p(22EL 4 \=25) where h(u) = v/u + u, for all u > 0. Thus, an asymptotic only in J is not
sufficient to ensure that A;(z,J,n, A, 02,v) converges to 0.

Hence, under the assumptions of Theorem [3.1], one can only prove the convergence in probability

A
of @ to the true shifts 8* by taking a double asymptotic setting by letting n and J going to +oo
(provided the smoothing parameter A = )\, is well chosen)). This would suggest that, if the number



n of design points is fixed, then it is in general not possible to estimate 8* as the number of curves J

A\
grows to infinity. Nevertheless, if .J is fixed, @ converges in probability to g  as n goes to infinity.
A
This means that Theorem 3.1l gives an upper bound on %HG —6*||> which suggests that an asymptotic

only in J with n fixed is not sufficient to estimate 8*. In fact, the next theorem shows that it is possible

A
to derive a lower bound on %]/0” — 6%||2.

Theorem 3.2. Consider the model [B1l). Suppose that Assumption [31] holds, that f* is continu-
ously differentiable on [0,1], and that the support of the density g is included in © = [—p,p|] with
limg_,+,9(0) = 0 and [ (Jglog (9(0)))? g(0)d0 < +oo. Let @ € R’ be any estimator of the true
random shifts 0%, i.e. a measurable function of the data in model (31)). Then, for any n > 1 and
J>1

1 . ’I’L_l(O'2 ‘|"Y)
~116 — 2 :
E [JH ol ] =110 % + 1 (0% +7) [, (e log (9(6)))° 9(6)d6 e

where [|0yf*|| oo = supyepo] {0ef* ()|}, with O¢f* and denoting the first derivative of f*.

The important fact is that the right hand side of inequality (8.11]) does not depend on J. Therefore,
if the number of design points n is fixed, then Theorem shows that it is impossible to recover the
true shifts in model (B.1) by letting only the number of curves J going to +00. On the other hand,
the lower bound (B.I1]) tends to zero as n — 400, which is consistent with the above discussion on

~\
the fact that 6" converges to 8" as n — 400 and J — +o00. An illustration of these facts are given in
Section [6] on numerical experiments.

3.5 Consistent estimation of the mean pattern

The Fréchet mean estimator of f* defined by (2.6]) can now be written as

J J
“ —%Z:: A;:%Z<Sw+e Y;), forallteo,1]. (3.12)

7j=1
The theorem below gives a deviation in probability between f)‘ and f*.

Theorem 3.3. Under assumptions of Theorem [31), for any A > 1 and x > 0
P(Hf)\ - f*H%Q > 02(65]:5 f*)Al(x’ J,’I’L, )‘a 0-257) + 03(65 f*)AQ(QT, J)> < 467:’3’

where Ay(z,J,n,\,02,7) and As(z,.J) are defined in Theorem [31), Co(O,F, f*) and C3(0, f*) are
positive constants depending only on ©,F, f*, and Hf)‘ f*||L2 = fol ‘fk(t) — f*(t)|2 dt.

The proof is given in the Appendix. The terms appearing in the deviation inequality given in
Theorem B3] are the same as those appearing in Theorem B.Il Therefore, similar comments to those
made on the consistency of the estimators of the shifts can be made. Consider the function fg (t) :=
1 Z}]:1 [*t—=0;+[0g,]5) = f*(t—0") for t € [0,1], where 8, = ([05]1, - .., [06)]) and the following
inequality Hf’\—f*H%g < 2Hf’\—f(’j)0 12, —1—2Hf(’j)0—f*H%2. Again, Ay(x,J,n,\, 0%, 7) controls the quantity
(= f&, 132 while Ay (x,.J) controls || f& — f*[|7.. Thus, a double asymptotic in n and .J is needed
to show that the Fréchet mean f)‘ converges in probability to the true mean pattern f*. If J remains
fixed, the Fréchet mean converges to the shifted version fg  of f* as n — +oo.

When the number of design points n is fixed and we only let J going to infinity, Theorem shows
that it is not possible to recover the true shifts. It is thus expected that the Fréchet mean f)‘ should
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not converge to the mean pattern f* in the setting n fixed and J — 4o0. To support this argument,
consider the following ideal estimator

J
LS~ g4 )
E fj t+9 =7 E [ft—0;+8;), foralltel0,1], (3.13)
j=1

where f7(t) = f*(t — 0;),]‘ =1,...,J. This corresponds to the case of an ideal smoothing step from
the data (B1) that would yield fj = f} for all j =1,...,J. Obviously, f(t) is not an estimator since
it depends on the unobserved quantities f* and 9;, but we can consider it as a benchmark to analyse

the converge of the Fréchet mean f* to f*.

Theorem 3.4. Suppose that the assumptions of Theorem[3.2 are satisfied with p < %. Then, for any
n > 1, there exists Jg € N such that J > Jg implies

5 n"'(o® +7)
10615 + 1102 +7) fo (9o log (9(6)))*

where the constant C(f*, p) depends on f* and p.

As for Theorem the right hand side of inequality (3.I4]) does not depend on J. Thus, in the
setting n fixed and J — +o0, the ideal estimator f does not converge to f* for the expected quadratic
risk. This supports the argument that, when using the Fréchet mean f A, one cannot reconstruct the
mean pattern f* when the shifts are estimated in an asymptotic setting where the number of design
points n is fixed. Indeed, in such a setting, the estimation of the shlfts 9*, j=1,...,J is limited by
the “variance” v of the random perturbations Z; and the variance o? of the addltlve Gaussian noise

in model (3.1)).

E|lf = ¥z = C(f* (3.14)

3.6 Discussion on the various asymptotic settings

To sum up the above discussion, we compile the results on the convergence (in probability or in

A A
expectation) of " and f* in the following diagram,

6 —J) 0" 6" N 0™ (n fixed) o — 0o, (J fixed) A - 0o, (n fixed)
f)\ﬁf JE)‘TJ%O (J fixed)

where a parameter (n or J) appearing under an arrow means that it is let going to infinity while the
other remains fixed. A crossed arrow means that consistency is not guaranteed.

In the above results, it has been assumed that the process Z is stationary, and we have restricted
the analysis to the case of random shifts in dimension d = 1. The purpose of the next sections is to
give sufficient conditions to generalize these results to the case of more complex deformation operators
and non-stationary processes Z.

4 Notations and main assumptions in the general case

In this section, we define our main assumptions on the shape function f*, the smoothing step, the
family of deformation operators, and the random processes Z;,j = 1,...,J. As an illustrative example,
necessary conditions for which such assumptions hold are given for the randomly shifted curve model
([C2). In what follows, C,Cy,Cq,Co, denote positive constants whose value may change from line
to line. The notations C(.) specify the dependency of C' on some quantities. We use a bold symbol
0= (61,...,0;) € ©/ C RP’ to denote a J-ads of vectors in ©, and the notation 6; = (9}, . ,95»’) € Rp
to denote the components of the vector 8; € © C RP. Note that, when context is clear, we also use
the notation @ to denote an element 8 = (9',... 6P) € ©. The standard Euclidean norm of a vector
c in R* is denoted by ||c||. The L? norm of a function f € L*(Q) is denoted by || f||7> = Jo |f ()] dt.
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4.1 Smoothness of the mean pattern and the deformation operators

The following assumptions on the deformation operators will be used throughout the paper. In this
part, the notation (Lg)gco is used to denote either (Tg)geo or their inverse (Tp)gco.

Assumption 4.1 (Smoothness class F and regularity of the deformation operators). For all 8 € O,
Lo : L?(Q) — L?(Q) is a linear operator satisfying Lof € F for all f € F. The smoothness class F
is such that the functions t — Opr1 Lo f(t), t — Ogr2Opr1 Lo f(t) and t — Ogrs Ogr2 Opr1 Lo f (t) belong
to L*(Q) for any f € F and all py,pa,p3 =1,...,p.

Assumption 4.2 (Continuity of the deformation operators). There exists a constant C(©) > 0 such
that for any f € L?*(Q),
2 2
1Lz < CO) [ flIz2

and a constant C'(F,©) > 0 such that for any f € F and 61,05 € O,
|Te, f — To, fl72 < C(F,0) 61 — 62|

Assumption 4.3 (Differentiability of the deformation operators). There is a constant C (0, F, f*) > 0
such that,

max { [0y To, T, 172, | 0gr2 g To, To, £* 72, |1 0gps Oyr Oy To, To, |72} < C(O,F, ),
for all py,pa2,p3=1,...,p and 61,05 € O.

Assumption can be interpreted as a Lipschitz condition on the mapping (f,0) — Lgf and
Assumption £l ensures the differentiability of the functional M (@) defined in (2.3]). The first inequality
of Assumption B2} that is || Lo f||72 < C(O) | f]|32, means that the action of the operator Lg does not
change too much the norm of f when @ varies in ©. Such an assumption on Ty and its inverse Ty
forces the optimization problem (2Z4]) to have non trivial solutions by avoiding the functional M () in
([2.5) being arbitrarily small. Indeed, consider as an illustration the case where p =1, Q = [0, 1] and
the Ty’s are the following scaling operators:

Tof(t)=€®f(t) and Tof(t)=e°f(t)

for all ¢ € Q. In this case ||Tof|2, = €®||f]|2, and || Tof|[%. = e 29| f||%,. To satisfy Assumption
4.2l a convenient choice is © = [—p, p|] for p > 0. Suppose now that we do not restrict to a compact
set and we have ® = R. Since M(04,...,0;) < %Z}Iﬂ e*QOJ'HfjH%Q, one could let the 6;’s going
to 400 and the optimization problem (2.5) would have a trivial solution at 9j = 400,j =1,...,J
such that M(01,...,0;) = 0. A particular case where the first inequality of Assumption holds is
when the Lg’s are isometric, i.e || Lo f|72 = ||f||32, for any f € L*(Q). In [HHMI0a] and [HHMIOR],
the authors study the case of compact Lie groups acting isometrically on a finite dimensional space
(e.g. rigid deformation of k-ads of the plane) which allows them to derive nice geometric structure
on the quotient spaces. However this condition is rather restrictive and in a lot of applications, the
deformations operators are not isometric, e.g. in the non-rigid deformation of images or curves.

As an illustration we now check these assumptions in the case (I2]) of randomly shifted curves.
One has that p = 1, Q = [0,1], To(f)(t) = f(t — ) and Tp(f)(t) = f(t + 0). These operators act
isometrically on L2,,.([0,1]), as a change of variable implies immediately that ||Lef|32 = || f]|32. To

per

verify Assumptions F.T] and [£3] take as in Section [3]
F = Hs(A) with s > 3, see equation (3.4).
This implies that a function f € F is at least three times differentiable and that

max { |0 fI[72, 107 fl 72, 10 flI 72} < A.
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Moreover, we have 9pLof(t) = £0,f(t £ 6), DsLof(t) = 02 f(t +6) and Lo f(t) = £} f(t £6),
where for a function f € F, O;f denotes its first derivative, 97 f its second derivative at point ¢ and
so on. Thus, Assumption 3] is verified with the constant C(©,F) = A. Then, remark that a change
of variable gives for any 61,0, € O, ||Tp, f — T92f||%2 = ||f(- + 81 — 02) — f||2,. Since f € Hy(A),
the mean value theorem can be used to prove that || Ty, f — TQQfH%Q < C(A,0)]|61 — 63| for some
constant C'(A4,0) > 0, and thus Assumption holds.

4.2 The preliminary smoothing step

For j =1,...,J the fj’s are supposed to belong to the class of linear estimators in the sense of the
following definition:

Definition 4.1. Let A denote either N or Ry (set of smoothing parameters). To every X € A is
associated a non random vector valued function Sy : @ — R™ such that for all j = 1,...,J and all
tef)

fi(®) = F} (1) = (S5 (1), Y ),

where (-,-) denotes the standard inner product in R™ and Y; = (Yf);;l e R™

Assumption 4.4. For all A\ € A and all £ =1,...,n, the function t — Sf\(t) belong to L*(Q), where
S4(t) denotes the (-th component of the vector Sx(t). Moreover, for all A\ € A, f € F and 0 € O, the
function t — (S\(t), Tef) belongs to F where Tof = (Tgf(tg))?zl.

Note that it follows from the above assumption, that the functions ¢ +—— fj(t) = (S\(1),Y),
j=1,...,J belong to L?(Q). Typically the vector Sy(t) depends on the design points (t;)7_,. In a
one-dimensional setting (d = 1) and for 2 = [0, 1] a typical example is low-pass Fourier filtering with
an equi-spaced design as defined in Section [3l Another illustrative example is spline smoothing in the
setting of Reproducing Kernel Hilbert Spaces (RKHS), for which A = R, but not necessarily with an
equi-spaced design (see [Wah90] for an introduction to spline smoothing and RKHS).

Let us now specify how the bias/variance behavior of the linear estimators fj‘ depends on the
smoothing parameter A. For this, consider for some function f € F the following regression model

YZ:f(tg)+asz, (=1,...,n,

where the ey’s are i.i.d normal variables with zero mean and variance 1. The performances of a
linear estimator fA(t) = (S\(t),Y), where Y = (Y);=1, _n, can be evaluated in term of the expected
quadratic risk R)\(f)‘, f) defined by

RA(fN f) == EH(fA—f)H; :/Q\B,\(f,t)\th—i—aQ/QV)\(t)dt,

where By and V) denote the usual bias and variance of f* given by Bx(f,t) = (Sx(t),f) — f(t) and
VA(t) = [|Sx(t)||an , for t € ©Q, where f = (f(tf));;l- Define also V(A) = [, VA(t)dt, and let us make

the following assumption on the asymptotic behavior of the bias/variance of f)‘:

Assumption 4.5. There exist a constant x(F) > 0 and a real-valued functions X\ — B(X), such
that for all f € F, || BA(f, )32 = [(SA(), £) = fF()|32 < w(F)B(N). Moreover there exists a se-
quence of smoothing parameters (A, )nen € AN with lim, oo Ay = +00 such that lim,, o B(\,) =
0 and lim,—, 1~ V(A,) = 0.

Let us illustrate Assumption in the case of the randomly shifted curves model (IL2) for which
2 = [0,1]. Assume that the design points are equi-spaced and that the smoothing step is obtained by
low-pass Fourier filtering. Following Section[3] take F = H,(A) defined in (8.4)). In this setting, V() =

~ ~ n —_ionkt
2L and [|BA(f, )z = Djrjen lén(f) = eu(FP + Dy len())I” where & (f) = & 3201 f(5)e™ ™.
Therefore, ||By(f,-)||7: < C(A)B()\) for some positive constant C(A) depending only on A, and

B(\) = ”‘TJFI + A725. Thus, Assumption 5] holds with ), = R,
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4.3 Identifiability conditions

Let us now make the following assumptions on the set © and the density g of the random deformation
parameters:

Assumption 4.6. The support of the density g is included in © which is a compact set of RP of the
form

O={0=(0"....0") € R, 1" < py, 1 <k <p} (4.1)
where pp, > 0,k =1,...,p, are positive constants.

In the case of randomly shifted curves (L2)) one has © = {0 € R, |8| < p;} with 0 < p; < 1. Recall
that it has been discussed in Section [l that without any further assumptions on the set ©7 and the
density g of the random shifts, the model (I.2)) is not identifiable. In the case of general deformation
operators, choosing identifiability conditions in model (LI) amounts to impose constraints on the
minimization of the following criterion @ — D(8) defined for all @ = (84,...,0;) € ©7 by

L2 i A 2
DO)=73 | (o107 0) - 73 T T ) d. (12)

This criterion D(0) can be viewed as the deterministic version of M (@) defined in (Z5]). Obviously,
using that TpTpf* = f*, the criterion D(@) has a minimum at 8* = (87,...,0%) such that D(8*) = 0.
However, without any further restrictions the minimizer of D(8) is not necessarily unique on ©7, and
minimizing M (@) does not allow to recover the true parameters of deformation 8* nor the true function
f*. Let us now explain how to define a constraint set ® C ©7 to impose identifiability conditions.

The case of randomly shifted curves

In the case of shifted curves, © = {0 € R, |0] < p1} and for any 6y € ©, we have D(0] + 6y, ...,0% +
0y) = 0. In other terms, the criterion D vanishes along the line {8* + g1 ;, 8 € R} C R’, where
1; = (1,...,1) € R’. Identifiability conditions in models such as (L)) are discussed in [GLMO7],
[Vim10], [BGIO] for shifted curves models. Recall that for shifted curves, it is shown in [BGIO]
that if f* is such that fol f*(t)e ®mtdt # 0 and ¢ = {(61,...,0;) € ©7, 6;+ ...+ 6, = 0}
with © C [—p1, p1] and 0 < p; < 1, then the criterion D(6) has a unique minimum on ©q at
6, = (07 —0",...,65 — 0") where 6" = %Z}]:l 7. This amounts to add a linear constraint in the
optimization of D(@) by choosing ®y = 1;+ (the orthogonal of 1; in R”). As shown in Section []
this choice is well suited if it is assumed that the density g of the random shifts has zero mean. More
generally, if the deformation parameters 6;,j = 1,...,J are supposed to be random variables with
zero mean, then optimizing D(0) on @ is a natural choice.
Another identifiability condition for shifted curves is proposed in [GLMO07] and [Vim10] by taking

©,={(01,...,05) €07, 6, =0}. (4.3)

This is again a linear constraint by choosing ©®; = e; - where e; = (1,0,...,0) € R”. If one supposes
that 87 = 0 and fol f*(t)e"¥mtdt # 0, then it can be easily shown that the criterion D(8) has a unique
minimum on 0, at g, = (0,65,...,0%). Choosing to minimize D(@) on ®; amounts to choose the
first curve as a reference onto which all the others curves are aligned, meaning that the first shift 67
is not random. A graphical illustration of such choices of identifiability conditions is given in Figure

@

The case of a Lie group action

Let us now consider the case where the deformation operators possess a Lie group structure. Recall
that it means that Tpf(t) = f (exp(@) - t) where © denotes a compact subset of the Lie algebra G of
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Figure 1: Choice of identifiability conditions for shifted curves in the case J = 2.

a connected Lie group G of dimension p acting on €2, and exp : G — G denotes the exponential map
(see [Hel01] for an introduction to Lie groups). In this framework, the shifted curve model (2] is
a particular case of a commutative group with G = (S', +) the torus in dimension one, G = R with
vanishing Lie brackets, and exp(@) = @ mod 1. In this case the deformation operators satisfy the
commutative relations
To,To, = To,To, = To,_o,. (4.4)

If G is a commutative group then the deformation operators Tyf(t) = f (exp(0)-t) and Tof(t) =
f (exp(—0) - t) will also satisfy the relations (£.4]). Using equation (4.4]), one can see that the criterion
D vanishes along the affine subspace {8* + 1; ® 8y, 6y € RP} C RP/ where ® is the tensor product. In
this situation, using the arguments given in the case of shifted curves, identifiability conditions can be
given by restricting the optimization of D(@) over the subsets ®¢ = {(81,...,0;) € ©7, 0, +...+0; =
0} or ® = {(91,...,9J) S @J, 0, :0}.

When the group G is not commutative, then choosing identifiability conditions is more problematic.
As an example consider the case (3] of rigid deformation of two dimensional images, for which there
exists again a subset of ©/ onto which D(8) is 0. However, this subset is no longer a line. To see
this, recall the notations of model (L3]). We have 6; = (a;,;,b;) for i = 1,2 and let 81 x 3 =
(a1 + ag, 01 + @9, Ry,b1 + by) and 02 x 01 = (a1 + a2, a1 + ag,e™ Ry, b + b1). Then, contrary to
relations (£.4) in the commutative case, one has that

To,To, = To,40, # Tosx0, = To,Tp, (4.5)
In this example, for 6y = (ag, @, by), we have that D(0g*67,...,00x0%) = 0. In other terms, the set
Ox0*={(0yx07,...,00%0%), 6 c O} Cc ©/
onto which D vanishes is no longer a line in ©7. A graphical illustration of this fact is displayed in
Figure 2 In this case it is always possible to choose, says, the first observation as a reference image,
and match all the other images onto it. It amounts to optimize D(8) on ©;.

The case of general deformation operators

Let us now discuss the more general case. Conditions to guarantee the uniqueness of a minimum of
D over a restricted set ® C ©7 can also be given. First, recall that the criterion D has a minimum

at @* such that D(0*) = 0. If @ € ©7 with 6 # 0* is such that D(0) = 0 then (by definition of D)
TOJTO; f*="Tp,To; f* forall 1 < j < J. (4.6)

Now, let 81,8, € ©, and suppose that the function f* is such that: if T92T91 f* = f* then necessarily
601 = 0,. Such an assumption implies, among other things, that the function f* cannot be invariant
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Figure 2: Choice of identifiability conditions for rigid deformation of images when J = 2.

by the action of the deformation operators. Under such a condition and if one further assumes that

7 =0, it can be checked that equation (L6) implies that the criterion D(€) has a unique minimum
on ®; = {(01,...,0,) €07, 8, =0} at 6, = (0,05, ...,0%). Deriving other identifiability conditions
depends on the specific form of the deformation operators. Nevertheless, in what follows, we propose
to use general assumptions that will be shown to guaranty identifiability in the model (5.

A pre-constrained optimization problem

In what follows, we will suppose that there exists a linear subset ® of ©7 onto which D has a unique
minimum. Throughout the paper we denote by A’ the transpose of a matrix A € RF** k k' € N.
Let us first define the set ©.

Definition 4.2. Let I < J be a positive integer and T a compact subset of RPL. Let ¢ : RPT — RP/
be an orthogonal linear mapping (i.e. ¢'¢ = Id,r where Id,r is the pI x pI identity matriz). Then,

© = ¢T = {¢r; T€T}.
Using the above definition, our first identifiability condition is the following assumption:

Assumption 4.7. The criterion D has a unique minimum on © at @ = g that is g = argmingcg D(0).
Equivalently, it means that there exist a unique Tg € T such that Tg = argmin D (1), where D(1) :=

TeT

D(¢7) and Og = ¢1¢.

In the examples discussed above I = J — 1. For the constrained set @ = e1t a possible choice for
¢ is

¢1:Th CRUD @ c R
T:(le"aTJfl) — 0:(0,71,...,’7"],1),

with 71 = ©77! (remark that ¢}¢; = Idp(J_l)). Recall that in the case of shifted curves, if one sup-
poses that 87 = 0 and fol f*(t)e 7t dt £ 0, then Assumption 7l satisfied with 8 = (0,05, ...,0%).
For more general deformation operators, Assumption 4.7 is satisfied when using the mapping ¢; and
the condition that Ty, Ty, f* = f* implies that 8; = 6, for any 0,05 € O.

We detail also the case of the constraint @y ([B.7) for p = 1. Define,

bo:Toc R — ©ycR’/

T=(11,...,Tj-1) +—— HT
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where H € J x (J —1) is a so-called Helmert sub-matrix such that the j-th column of H, for 1 <

Jj <J-—1,is given by (hj,...,hj,—jh;, 0,...,0 ), where h; = (j(j + 1))_%. It simply means that
~—_——— ——
j times J—j—1 times

the column of H define an orthonormal basis of 1 ;. For more details on Helmert matrices in shape
analysis, we refer to Definition 2.5 in [DM98]. By construction one has H'H = Idj_; and ¢Ty = O.
Thus, in the case of shifted curves, if one supposes that fol f*(t)e 2™ dt # 0 then Assumption A7) is
satisfied with Og, = (07 — 0,....0%—0").

Uniqueness of global minimum

It is important to control the Hessian of the criterion D on the the compact set T = ¢~ '@ around
its minimum at @ = 0. Let us suppose that Assumption [£.7] is satisfied and introduce the following
definition:

Definition 4.3. Let ymin(J, f*, 0%, ©) be the smallest eigenvalue of the pI x pI matriz ¢'[V2D(0g)]¢
that is

U050 — min TODOR)er 9Dl )T
min ) ) 9 TERPI T/T TERPI T/T

where V2D denotes the Hessian of D and V2D denotes the Hessian of D.

)

We give here the expression of V2D at 8 = 0. The Hessian of D can be decomposed into a sum
of a block diagonal and a block symmetric pJ x pJ matrix,

2 . J
2 * 0\ ) .
V' D(be) = J? <Jj1]if§J(AJ1’J1) [Ajl’”}h,ﬁ:l)’

P

€ RP*P and Oyr1 fg« = Ogr1 [Tng;lf*] . The Diag
J1 J1 J1

|9:9*

where A;,j, = [ (O i, 02Tz ) Ll - §
notation stands for the block diagonal matrix. For the general expression of the gradient and the
Hessian of D at 0 # 0¢, refer to the Appendix [Cl

Finally, the minimum of D on © at 6 = 0 should be sufficiently well separated from other local
minima of D in the sense of the following assumption:

Assumption 4.8. There is a constant C1(0, f*) > 0 (not depending on J) such that for any 0* € 6”7
ermin(']a f*70*,®) > Cl(@,f*) (47)
For any 6 > 0, there exists a constant Cy(0, f*,8) > 0 (not depending on J ) such that for any 8* € ©7

in D(O) — D(0) > "6 4
OEBI?(IQHE),&) ©) (0) > Ca2(O, f*,0), (4.8)

where B¢(0g,d) denotes the complementary of the set

B(6%,0) = {ee@,

60 — (06| <6 j=1,...J m=1,....p}

Let us discuss the above assumptions. The first assertion (A7) of Assumption L8] is used in the
proofs to derive a lower quadratic bound in a neighborhood of 8¢ of the criterion D(8) of the form
D(0) — D(0g) > C(O,F, f)%]|6 — 05]>. In the case of randomly shifted curves, if ® = @ or
©® = O, we have that V2D(0g) = % ||Vf*||72 (JIds — 1 ;). for any value of 8%, where V f*
denotes the first derivative of f*. The eigenvalues of V2D (0g) are 0 and 2 ||V f *||7, with multiplicity
1 and J — 1 respectively. Thus, for ® = @ VQJ_N?(T’(‘%) = ¢y V2D (05, )d0 = 2 IV £*135 Idy_1 and

Jmin(J, 5,6%,00) = 2 ||V ]2,
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which shows that the first assertion of Assumption [4.8lis satisfied. If we choose a constraint of the
type ©1 = {0 € ©, 6, = 0}, we have that ¢, V2D(0g,)¢1 = 7 | V¥ 72 (JIdj1 = Lis_1)x(s—1)-
Therefore, Jymin(J, f*,0%,01) = % HVf*H%g, and Assumption [£§] is not satisfied. Hence, the choice
of ® = ©q improves by a factor J the conditioning of the Hessian of the criterion and leads to a
constrained set satisfying the first assertion of Assumption [£.8]

The second assertion (L8] of Assumption .8 guarantees that the local minima of D(@) are well
separated from its global minimum which is a standard assumption in M-estimaton (see e.g [vdV98]).
We have discussed such an assumption in the case of shifted curves in Section B with ® = ®¢ , and
Proposition Bl gives simple conditions to verify it. However, deriving simple conditions such that
assertion (4.8) is satisfied in the case of more general operators depends on the problem of interest.

4.4 Random perturbation of the mean pattern f* by the Z;’s

Let us recall that the Z;’s in model (Lf) are independent realizations of a second order Gaussian
process Z taking its values in L?(2). These random processes model the linear variations in intensity
of the curves/images around the mean pattern f*. However, there are observed through the action
of the random deformation operators Tp,,j = 1,...,J. Therefore, to study the consistency of the
estimators, it is important to specify how the action of Ty, modifies the law of the process Z;. In
particular, the action of the deformation operator Ty, Z;(t¢) and Ty, Z;(t,) modifies the structure
of the correlations between Z;(t;) and Z;(ty) for £ # ¢'. It is thus important to give conditions
that guarantee that the smoothing step control these correlations. For this purpose, let us make the
following assumption on the Gaussian process Z:

Assumption 4.9. The process Z is a second order Gaussian process taking its values in L*(Q) with
zero mean. For any n > 1, there exists a real v,(©) > 0 such that for any 6 € ©

Ymax (EO [TBZ(TOZ)I] ) < ’Yn(e)

where ToZ = (TgZ(tg))?zl € R", and Ymax(A) denotes the largest eigenvalue of a symmetric matriz
A. Moreover,
lim 7, (©)v/V(An) =0, (4.9)
n—oo

where V() is the variance defined in Assumption [{.0

Intuitively, the condition (£9) means that the variance of the linear smoother Sy(-) has to be
asymptotically smaller that the maximal correlations (measured by 7,(0)) between TpZ(ty) and
ToZ(ty) for £,/ =1,...,n and all @ € O. In the case of randomly shifted curves with an equi-spaced
design, a simple condition for which Assumption .9 holds is the case where Z is stationary process.
Recall that in Section B] we have introduced the covariance matrix X, = [E[Z(t;)Z (tg/)]]zl g =
[R(|tg — tﬂ)]? s—y» see Assumption B.Il If the design is equi-spaced, then the first assertion of As-
sumption [£.9 holds with v, (©) = v = fol |R(t)| dt. Thus, limy, oo Yny/V (An) = limy 00 / V(M) =0,
which proves that Assumption A9l is satisfied.

5 Consistency in the general case

5.1 Consistent estimation of the deformation parameters

In this section, we use the notations introduced in Section Fl and we assume that identifiability
conditions have been chosen. With the notations introduced in Section 3] consider for A € A the
following estimator of the deformation parameters

0 = argmin M) (0),
6cO
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where
Z/ <T9 (Sx(t) ——ZTQ {S\(t) >>2dt, (5.1)

A\
and © is the constrained set introduced in Definition The estimator € thus depends on the

choice of ©, and it will be shown that 8" is a consistent estimator of the vector 0% € RP/ defined
in Assumption [£7. Note that depending on the problem at hand and the choice of the constrained
set ©, it can be shown that Og is close to the true deformation parameters 8*. For example, in the
case of shifted curves, if @ = ©®¢ defined in (B:ﬂ) and if the density g of the shifts has zero mean,
then 6, = (07— 6",...,0% — 6") with 6" = Z‘] 0 can be shown to be close to 8" (see Lemma

[Adlin the Appendix). This allows to show the consistency of 0 to 8% as formulated in Theorem B.11

X
Therefore, the next result only bounds the distance between 8 and Og.

Theorem 5.1. Consider the model (LA) and suppose that Assumptions [{.1] to [{.9 hold with n > 1
and J > 2. Then, for any A€ A and z > 0

IP’(%H@)\—G’@\P > cl(e,f,f*)[(%(e) +a2)( (@, J,\) + vl J, )\) (\/ )+ B(\ )D <277,
(5.2)

with C1(©, F, f*) > 0, v(z, J,A) == V() (1 +4% + /4Z) and where ||.| is the Euclidean norm in
RPY.

Let us comment the inequality (5.2)). The term v(x, J, \) depends on the variance V() of the linear
estimators f])‘, j=1,...,J, and recall that B()) is a uniform control on the bias of these estimators
(see Section [A2]). Using a classical tradeoff between variance and bias, Assumption implies that
there exists a sequence of smoothing parameters \,, such that lim,_, 1~ V(A,) = lim;, 100 B(A,) = 0.

Moreover, using Assumption [£.9] it follows that lim,, 'yn(@)< v(z, J, An) + v(z, J, )\n)) = 0 for

any x > 0 and J > 2. If the number of curves J remains fixed, Theorem 5.1l implies that 9)\ converges
in probability to Og as the number of design points n increases. Such an an asymptotic in n has
been considered in [GLMO07] and in [Vim10] to estimate deterministic shifts in a SIM model using a
semiparametric framework.

To the contrary let us fix the number of design points n, and consider an asymptotic setting where
the number J of curves/images is let going to infinity. For any > 0 and A € A, limj_, o v(z, J, A) =

A A
V(A). Therefore, Theorem [5.1] cannot be used to prove that 6 converges to Og as J tends to infinity.
To the contrary one has that

lim (7,(©) +a2)( o(@, J,\) + v(a, J, A) (\/ )+ B(\ ) 1 (©) + )RV (N)) + h(B(\))

J—400

A
where h(u) = y/u + u for u > 0. This would suggest that 8" is not a consistent estimator of g (and
thus of ) as n remains fixed and J tends to infinity. This fact has already been noticed in Section

A
Bl since the lower bound given in Theorem shows that @ is not a consistent estimator of 8 as
J — 400 when the process Z is stationary. The following theorem shows that a similar phenomenon
arises under the following assumption on the process Z,

Assumption 5.1. The process Z is a second order Gaussian process taking its values in L*(Q) with
zero mean. Moreover, there exists a positive semi-definite symmetric n X n matriz 2(0) such that for
any random vector 6 € © the covariance matriz of Z = [Z(t,)]}_, satisfies Eg|ToZ(ToZ)'| = £(0).

This assumption means that the law of the random process Z is invariant by the deformation
operators Ty for 6 € O.
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Theorem 5.2. Consider the model (L5)). Suppose that Assumptions[{.1], [{-2 [4-3 . [4-0 and [5.1] hold.
Assume the density g is continuouslyA differentiable, that its support strictly include in ©, and that
Jo (Oglog (9(0)))? g(8)dO < +oc. Let 6 € RP be any estimator (a measurable function of the data) of
0*. Then,

l 0 o2 n71(02 +(0))
B [J“" ol ] " GO F )+ 0 +30(0) Jo (o @@) 000

where C(©,F, f*) is a strictly positive constant and 7, (0) denotes the largest eigenvalue of 3(0).

The right hand side of the inequality (53]) gives a lower bound on E[%Hé)\ — 0%|%]. This bound
is independent of J, and thus if the number of design points n is fixed, increasing the number
of curves/images does not improve the quality of the estimation of the deformation parameters
for any estimators 6. Nevertheless, this lower bound is going to 0 as n — +oo (provided that
lim,, 100 " 17,(0)) which is consistent with the results given by Theorem [5.11

5.2 Consistent estimation of the mean pattern

From equation (2.6), recall that an estimator f)‘ of the mean pattern f* is defined as

J . 1 J ~
Y Tyl =5 2T 0V (5.4

%IH

We study the consistency of f)‘ with respect to the shape function fg := %Z}]:l T[g*@]j Tg; f*, de-
fined for 0g = ([0g]1,---,[06]s). Again, depending on the problem at hand and the choice of the
constrained set @, it can be shown that f§ is close to the true mean pattern f*. For example, in
the case of shifted curves with ® = © defined in (37), then g, = (8; — 0",...,0% — ") with

= %Zj 1 0. In this case

S -0 +105,];) = f(t—0") forall t €[0,1].
7j=1

f@o °

kl*—‘

Hence, under the condition that [;6g(6)d® = 0 (the shifts have zero mean), then 0" ~ 0 for J

sufficiently large, and thus f&(t) is close to f* which allows to show the consistency of f)‘ to f* as
formulated in Theorem [3.31

Theorem 5.3. Consider the model (L) and suppose that Assumptions [{.1] to [{.9 hold. Then, for
any A€ A and x >0

P17 = Jollt = Ca(®.7. 1) [(3a(0) + 0%) (ol I0) + v(w 20 + (VB + B))] ) <267
(5.5)

where Cy(©, F, f*) > 0 is a constant depending only ©, F, and f*.

Similar comments that those made for the consistency of the deformation parameters can be given
as the same terms appear in the deviation inequalities (5.2) and (5.5). The consistency of f)‘ to
f& is guaranteed when n goes to infinity provided the level of smoothing A = A, is chosen so that
limy, 400 V(An) = limy, 400 B(A) = 0. Again, if n remains fixed and only J is let going to infinity
then Theorem [5.3] cannot be used to prove the convergence of f* to Iy
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6 Numerical experiments

6.1 A general gradient descent algorithm

To compute the estimator 9" one has to minimize the criterion M A(0) defined in (5.1]). Generally, the
expression of the gradient of M) () is available in a closed form, and thus a gradient descent algorithm
with an adaptive step can be easily implemented. More precisely the algorithm is composed of the
following steps:

Initialization: let 8° € ® (if ® = @y a possible choice is 8° = 0), vo = Hle(eO)H’ F(0) = My (u®),

and set m = 0.

Step 2: let 0™ = 0™ — ~,, VM, (0™) and F(m + 1) = M, (™).
While F(m + 1) > F(m) do
Ym = Ym/k, and 0" = 0™ —~,, VM,(0™), and let F(m + 1) = M,(0™°").
End while
Then, take ™! = "%, Set m =m + 1

Step 3: if F(m) — F(m+1) > p(F(1) — F(m + 1)) then return to Step 2, else stop the iterations,
% m+1
and take 8 =0""".

In the above algorithm, p > 0 is a small stopping parameter and x > 1 is a parameter to control
the choice of the adaptive step v,,. In practice, one does not known the compact set © to which
the @7 are supposed to belong. So it is difficult to constraint 8™ to belong to a specific compact
set. Nevertheless, depending on the choice of the constrained set @, it is possible to impose that 8™

satisfies the same constraints. For instance, if @ = @ one can modify 8™ = (OT)jzl,___,J at each

iteration such that ijl 07" = 0.

6.2 Randomly shifted curves

We present some simulations to illustrate the results given in Section [l The random shift framework
was used as an example throughout this paper to illustrate the estimating procedure. In this setting,
d=1,Q=10,1 and F = H3(A) C L;er([O, 1]). In the simulations, we took random shifts 8; having

a uniform density g with compact support equal to [—%, %].The model BJ) is

A * * * VA .
Yj:f(%—ej)—i—Zj(%—Bj)—i—asj, and j=1,...,J, £=1,...,n (6.1)
and we took f*(t) = 9sin(2nt) + 2cos(8xt) for ¢t € [0,1] as a mean pattern, see Figure For the
constrained set we took

©u={0c[-4.4)7, 01+ 40,0},

We consider the case where the linear smoothing is a Fourier low pass filter. In the following, we fix
the spectral cut-off to A = 7 which is reasonable value to reconstruct f* representing a good tradeoff
between bias and variance. Choosing A could also be done by a cross-validation procedure. However,
studying the theoretical properties of a data-based choice of A is beyond the scope of the paper. In
the following, we present some results of simulations under various assumptions of the process Z and
the level o of additive noise in the measurements.

Shape invariant model (SIM)

The first numerical applications illustrate the role of n and J in the SIM model, i.e without the addtive
term Z. Figure gives a sample of the data used with small level noise ¢ = 2. In the simulations,
we took a larger level of noise 0 = 8. In fact, the low pass filters efficiently smooth the white noise
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(a) (b) (©)

Figure 3: @ mean pattern f*. @ J = 3 noisy curves in the SIM with o = 2. J = 3 noisy curves
with ¢ = 0 and a stationary process Z with ¢ = 4.

and the results remain good even with a relatively large . The factors in the simulations are the
number J of curves and the number of design points n. For each combination of these two factors,
we simulate M = 20 repetitions of model (1)) with Z; = 0,5 = 1,...,J. For each repetition we
computed %HéA — 0*|]? and ||f* — f*||2.. Boxplot of these quantities are displayed in Figure
and respectively, for J = 20,40,...,100 and n = 512 (in gray) and n = 1024 (in black). As
the smoothing parameter is fixed to A = 7, increasing n simply reduces the variance of the linear
smoothers fj‘ Recall that the lower bound given in Theorem B.2 shows that 1E[||6* — 9>\H2] does not
decrease as J increases but should be smaller when the number of point n increases. This is exactly

9
what we observe in Figure @ Indeed, the quantity (/6" — 6*||* does not become smaller when J
grows, and it is noticeably smaller when n increases.
Similarly, the quantity ||f* — f*||2, is clearly smaller with n = 1024 than n = 512. One can also

see that the variance and the mean of ||f* — f *||I3. over the simulations tend to decrease as J grows
but n remains fixed. This could be interpreted as a surprising fact since the quality of f)‘ depends
on the distance %HéA — 0*||? which is not a decreasing function of J. However, note that the value
of %Hé)\ — 6*||? is of order 10~ for all values of n and J. This mean that the shifts are very well
estimated and that f As close to the ideal estimator f)‘ that would be obtained if we knew the true
values of the shifts that is fA(t) = %Z;}:l Ty: fj‘(t) = %Z}'le fj‘(t + 67). It is clear from model (6.1])
that f* can be shown to be consistent estimator of f* at the design points as .J tends to infinity and

n remains fixed, provided that A = A\; — +00 is chosen in an appropriate way. This explains why, in
numerical experiments, the quantity [|f* — f*[|2, is decreasing with J.

= 5 -
=

A\ ~
Figure 4: Boxplot of £[6" — g, | [(a)] and ||f* — f(’:)OH%Q [(b)] over M = 20 repetitions from a SIM
model of shifted curves. Boxplot in gray correspond to n = 512, and in black to n = 1024.

22



Complete model

We now add the terms Z; in (6I) to model linear variations in amplitude of the curves around the
template f*. First, we generate a stationary periodic Gaussian process. To do this, the covariance
matrix must be a particular Toeplitz matrix. As suggested in |Gre93] one possibility is to choose

L e?(1=1/2) | o=0(t=1/2)

— 2 —
K(878+t) =< R(t) =S €¢/2 +€_¢/2 )

where ¢ is a strictly positive parameter (we took ¢ = 4) and ¢ a variance parameter. The level of
additive noise is ¢ = 8, and we took ¢ = 4. As an illustration, in Figure we plot f* + Zj,
A
j=1,2,3 with ¢ = ¢ = 4. Over M = 20 repetitions, we have computed the values of %HG - 9*90\\2
and || f)‘ — f(’E)OH%Q for J is varying from 20 to 100 and n = 512,1024. The results are displayed in
Figure and [5(b)l We observe the same behaviors than in the simulations with the SIM model:
the variance of %Hé — 05, |? does not decrease as J increases (see Figure[5(a)]) and | fA— 16, |? has a
smaller mean and variance as n increases. Nevertheless, increasing n does not really change a lot the
results. Indeed, the level of noise (02 + ¢2) is rather high, and thus the low pass filter fails to smooth
efficiently the low frequency part of the additive noise Z and e.

x10°

A\ o
Figure 5: Boxplot of %HG — 05, |? [(2)] and %Hf)‘ - fé, |2 [(b)] in model (B.I) with a stationnary error
term Z. Boxplot in gray correspond to n = 512, and in black to n = 1024.

We finally run the same simulations with a non stationary noise Z;(t) = a;i(t) where ¢ is a
positive periodic smooth deterministic function such that ||1[|;» = 1 and a; ~ N(0,¢?) with ¢ = 4.
Note that, in this case, the sequence 7,(0) is of order n and Assumption L9l is not verified. The
levels of noise (o and ¢) are the same than in the stationary case in order to make things comparable.

A
The results are presented in the same manner in Figure for %HO — 0%,/ and in Figure

for || f* — J‘“(’:)OH%2 One can see that the results are very different. The estimators of the shifts have

. . AA . .
a much larger mean and variance, and the variance of%[|6” — 6, || remains rather high even when

n or J increases (see Figure [6(a)). The convergence to zero of ||f* — féOH%Q which was clear in the
stationary case, is now not so obvious in view of the numerical results displayed in Figure

6.3 Geometric PCA of images

Let us consider images of handwritten digits taken from the Mnist database (see [LBBH98] for more
details on this data set). For each digit, one observes a set of J = 100 graylevel images of size 28 x 28
pixels. Each image can thus be viewed as a noisy random function observed n = 784 points on a
regular grid of Q = [0,1]2. We only report results for digit 1, 3 and 5. In Figure [0 to Figure @, we
display for each digit a sample of 8 images out of J = 100 to give an idea of the variability of such
data sets. Clearly, a large source of variability in such images is due to local geometric deformations.
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A\ A
Figure 6: Boxplot of %(|6” — g, || [(&)] and %[/ f* — f(’:)OH2 [(b)] in model (&) with a non-stationnary
error term Z. Boxplot in gray correspond to n = 512, and in black to n = 1024.

Computing parametric diffeomorphisms

It is appropriate to model the geometric variability of such data by a local deformation operator
Tof(t) := f (a(t)) where 1hg : Q@ — Q is a diffeomorphism. To build a family (¢g)gco of parametric
diffeomorphisms of €2, we follow the approach proposed in [BGL09]. Let v : @ — R? be a smooth
parametric vector field given by a linear combination of known basis functions {h; : Q@ — R, k =
1,..., K}, such that
K 1)
u(t) = 2= O (1) eR? for t € Q.
S 0 ()

where the ngl)’s are reals coefficients. The function v is thus parametrized by the set of coefficients
o) = (951),...,9%))’ € RX and 6® = (99,...,9&?)’ € RX, and we write v = vg with 8 =
(9(1),0(2)) € RP with p = 2K to stress this dependency. In what follows, it will be assumed that
the basis functions are continuously differentiable on 2 and such that h; and d;h; vanish at the
boundaries of €2. For the h;’s we took in our simulations a set of K = 9 two-dimensional B-spline
functions obtained by the tensor product of one-dimensional B-spline of degree p = 3 using equally-
spaced knots on [0,1]. Then, let ¢t € ©Q and for u € [0, 1] consider the following ordinary differential
equation (ODE)

2 pfan 1) = vo(i(u, 1) (62)

with initial condition t(0,¢) = ¢. Then, it can be shown (see e.g. [BGL09]) that for any u € [0,1] the
solution of the above ODE is unique and such that ¢ — (u,t) is a diffeomorphism of € such that
Y(u, Q) = Q. Then, denote by g (t) = 1(1,t) the solution at u = 1. In this way, we finally obtain a
diffeomorphism g that is parametrized by the set of coefficients 8 € RP.

Fréchet mean versus the standard empirical mean

To smooth the images, we use the two-dimensional discrete Fourier transform of an N x N image (with
N = 28) and low-pass filtering (the frequency cutoff is chosen to A = 10 in the horizontal and vertical
directions). Using the above described family of parametric diffeomorphisms, we compute the Fréchet
mean f A of the smoothed images using the constraint that ijl 0; = 0 (details on how to compute
the gradient of the criterion M (@) using such deformation operators can be found in [BGL09]). The
results displayed in Figure [ to Figure [ clearly show the improvements obtained when using the
Fréchet mean instead of the usual empirical mean Y. It can be seen that the Fréchet mean is an
image with sharper edges than the empirical mean which is a very blurred image.
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Geometric PCA

For each digit, one can perform a standard linear PCA by transforming the J = 100 images into
vectors of R™ with n = 748. Let us denote by é; € R™ and é; € R" the first two principal component
vectors with associated eigenvalues 62 and 42 (by a slight abuse of notations these vectors can also be
viewed as images). Then, we define the first two linear modes of variations of the data as the images
Y + o161 and Y + a9és with a1 = 1.561 and anp = 1.565. For the digit 1 and 5, it can be seen that
linear PCA is not appropriate to represent the shape variability of the data, as the second mode of
variation show geometric artifacts. The images in Figure [f(c) and Figure [@(c) are no longer a single
digit but rather the superposition of two digits in different orientations.

Denote by 0( ) ey 95), = 1,2 be the estimated coefficients obtained by the minimization of M (8).
A geometric PCA can be obtained by performing a standard linear PCA of the vectors 9?), ji=1,...,J

for each direction i = 1,2. Let é A( ) ¢ RX and ég) € RX be the first two principal component vectors
(1) (@)

with associated eigenvalues JM and (322’2 of the “data” 6, ,...,0, for i =1,2. Then, define the first
two principal vector fields
sy, sy,
RPN 1€y kP (1) 61,2 Yhe 1 €9 kP (1)
o1(t) = 1.5 ! and 0o(t) = 1.5 ? for ¢ € 0,
@)y @)y
G20 i 161k (t) G20 D1 162k (t)

and the two first modes of deformations 1&1 and 1&2 as the solution at u = 1 of the ODE (6.2)) governed
by the vector field 91 and 0, respectively. Then, the first and second geometric mode of variation of
the data are defined as the images f>‘ oqﬂl and f)‘ ozZA)z. The results of such a geometric PCA procedure
is displayed in Figure [7{c) and Figure @(c). For the digit 3, it gives results similar to standard linear
PCA but with images with sharper images. For the digits 1 and 5, it gives results of a different flavor.
Such a geometric PCA overcomes the artefacts observed with standard linear PCA, and clearly better
reflects the geometric variability of the observed images.

(a) Y () Y +aiér (¢) Y+azés (d) f* (e) f> o1 (£) f*on

Figure 7: Digit 1 (Mnist database). First row: sample of 8 digits out of J = 100. Second row: (a)
empirical mean Y, (b) Y + a;é; (first linear mode of variation), (¢) Y + a2és (second linear mode of
variation), (d) Fréchet mean f*, (¢) f* o)y (first geometric mode of variation), (f) f* o 1y (second
geometric mode of variation).
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Figure 8: Digit 3 (Mnist database). First row: sample of 8 digits out of J = 100. Second row: (a)
empirical mean Y, (b) Y + a1é; (first linear mode of variation), (¢) Y + aoés (second linear mode of
variation), (d) Fréchet mean f*, (e) f* o4y (first geometric mode of variation), (f) f* o ¢, (second
geometric mode of variation).

S|s|s|slss]3|S
BEE B8E

O'(/}l Owg

Figure 9: Digit 5 (Mnist database). First row: sample of 8 digits out of J = 100. Second row: (a)
empirical mean Y, (b) Y + a1é; (first linear mode of variation), (¢) Y + aoéz (second linear mode of
variation), (d) Fréchet mean f*, (e) f* o4y (first geometric mode of variation), (f) f* o ¢, (second
geometric mode of variation).

Appendices

A Proof of the consistency in the setting of randomly shifted curves

A.1 Proof of Theorem [3.1]

Let us state the following lemma which is direct consequence of Bernstein’s inequality for bounded
random variables (see e.g. Proposition 2.9 in [Mas07]):

Lemma A.1. Suppose that Assumption[3.2 holds. Then, for any x > 0

1 * * (|12 2 2x x 2 —x
IP’<3\|090—0 12> p («/ Z +§> ) < 2¢77.

Using the inequality %HéA - 0% < %HéA — 05,17 + 2|65, — 6|, it follows that Theorem B.I]
is a consequence of Lemma [A. ] and Theorem Bl Indeed, it can be easily checked that, under the
assumptions of Theorem B.I], Assumptions 1] to [£9] are satisfied in the case of randomly shifted
curves with an equi-spaced design and low-pass Fourier filtering (see the various arguments given in

Section []). O

26



A.2 Proof of Proposition [3.1]

The result of Proposition B.1lis a direct consequence of the following lemma:

Lemma A.2. Suppose that Assumptions and [Z.3 holds with p < 1/16. Then, for any 0 =
(01,...,05) € Oq, one has that D(0) > C(f*,p)%ijle—[ ©0lj ® . where C(f*,p) > 0is a

constant depending only on f* and p.

Proof. By definition of D(6) and thanks to Assumption 33 it follows that for any 6 € ©,

J

1 oI
M©) > P (1- |5 e o] ) (A1)
j=1
with ¢] # 0. Then, remark that
1 J 2 1 9 J-1 J
i2m(0,—67) * *
J=1 J=1j'=j+1

Using a second order Taylor expansion and the mean value theorem, one has that cos(27u) < 1 —
C(p)|u|? for any real u such that |u| < 4p < 1/4 with C(p) = 272 cos(8mp) > 0. Therefore, the above
equality implies that for any @ € ©

1 J A 2 1 9 J-1 J 2
‘32612ﬂ(9j—9j) < j_i_ﬁ Z 1—0( )‘(9 —0*) (ej GJ/)
o =1 j'=j+1
9 J-1 J
S1-=530 3 Cl)|O;-65) - (05— 6))
J=1j'=j+1

since [(6; — 67) — (0 —07/)| < 4p < 1/4for all m,q =1,...,n by Assumption 3.21and the hypothesis
that p < 1/16. Hence, using the lower bound (A.T]), it follows that for all 8 € ®

J
M(G)ZC(f,p)%' ‘Z (8, - 65) — (6, — 03[

(A.2)

with C(f,p) = 2|c;[2C(p). NOW assume that @ € (. Using the properties that ijl 0; = 0 and

}]:1(0j 07) = Z}I 105 = , it follows from elementary algebra that
e J
« 2
5 Z Z (65— 67) (8 Z 6%))"
The above equality together with the lower bound (A.2)) completes the proof. O

A.3 Proof of Theorem

The random variable 0;’5 are i.i.d. with values in © and with density ¢ : ® — R. Denote by

Y = (Yy,...,Y ) € R"*/ the observations generated by the model ([3I)). Under Assumption B.1] the
log-likelihood of Y conditionally to 8* is equal to

J
=53~ £( = 0)YA(Y, — £ (- - 7)),

j=1

log(p(Y|0%)) = —% log(27) + J log (det(A

l\')l»—\

27



where A = (02Id,, + X)~!. Therefore, Eg- [89;1 log(p(Y|0*))] =0 for all j3 =1,...,J and

0 if jl 7& j25
Eg- [g: log(p(Y[07))0g; log(p(Y|67))] = " £y s o
[ 13 i ] O (- —03) A of (- —07) if j1 = jo,
where 9;f*(- — 0%)) = [0 f*(te — )] . Hence, under the assumptions of Theorem [3.2] on g, we can

E}ppl}j the multivariate Van Tree 1nequahty (see Theorem 1 in [GL95]), to obtain that for any estimator
0=0(Y)

Loa oo J
Zj:l f@J Of* (- — ej)Aatf*(‘ - ej)g (07)do" + Jf@ (69{ log (9(91))) 9(07)do7
J
>
T (02 )T I fou |0 (- — 03| 97 (8%)d6" + T [, (Dar log (9(67))) 9(67)d0}
S (02 +7)
T 0% + (02 + ) Jo (96 log (9(67)))” 9(67)d6;
where g7 (0*) = g(8%) ... 9(0%). O

A.4 Proof of Theorem [3.3

Consider the following inequality ||/ — f*[|? < QHf)‘—féO\P—i—QHféo — [*]1?, where f§ (t) = frt—8a"
and " = %Zj 107 € ©. As f* is assumed to be in Hy(A), there exists a constant C'(©, f*) > 0
such that ||f§, — [, < c(e, f*)|0° > = C(0, f*)466, — 6%||>. As explained in part [A] the
assumptions of Theorem B3] are satisfied in the case of randomly shifted curves with an equi-spaced
design and low-pass Fourier filtering. The result then follows from Theorem (.3l O

A.5 Proof of Theorem [3.4]
Let n > 1. We have that

Ellf — f*ll2] =ENf = [, + 16, — [z = | EIf = f&, 12 —Ellf&, — f*Il.2 (A-3)

A B

where for all ¢ € [0,1], f(t) = %Z}]:l frt-6; —|—9;\), and fg, (t) = fX(t+6%). with 6° = %Zj 105

In the rest of the proof, we show that A is bounded from below by a quantity Co(f*,g,n,0%,7,p) =
* n~1(o%+7)
(F.p) 10 f* (12 +n=1(02+7) Jo (96 log(9(6)))
that B goes to zero as J goes to infinity. Then, these two facts imply that there exists a Jy € N such
that J > Jy implies that E||f — f*||z2 > %Co(f*,g, n, 02,7, p), which will yield the desired result.

> independent of J (this statement is made precise later) and

Lower bound on A. Recall that ¢ = fol f*(t)e 7kt dt then

3 1 . .
I = oz =7 3007+ 57+ = (3
j=1 k€EZ
J

Z 227r9 70@) 15) _1)

[N

2
&
i)

J
Z( i2rk(—0% +67) _ ei27rk§*>

J=1

<l

> |cil|=

)

where g, = (6] — 0",...,0% — "), the right hand side of the preceding inequality being positive
A
since Assumption [3.2] ensures that c¢j # 0 for all j =1,...,J. Let u; = 27(0; — [0g,];),i =1,...,J
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. Since 23'121 u; = 0 and |uj| < 4mp < 3,5 =1,...,J (by our assumption on p), Lemma [A3] implies
that
A

. 1
If = Féulle = C(f7, ) 51167 — O, |1 (A.4)

Now, remark that E[16" — 05 (2] > E[3[6” — 0*2] — C with C = 2E[|6"| 1 27_, |6} — 67]]. By
applying Theorem [3.2] we get that

n"'(o® +7)

E[L16"-0%|2] > C(f*.9.n,0%,7), with C(f*,g.n,02,7) = :
L7 ] 10ef*12, +n1(02 +7) [o (g log (9(8)))?

Then, remark that C < 4p\/E|é*|2 < C(p, g)J_l/Q. Hence C tends to 0 as J goes to infinity.

Therefore, using equation (A4, it follows that there exists Co(f*,g,n,0%,7v,p) > 0 and J; € N such
that J > J; implies that

A:E[||fA_f*‘|L2] zCO(f*,g,n,J2,7,p) (AB)

Upper bound on B. By assumption, f* is continuously differentiable on [0,1] implying that

* * * n* * n* * * Ak (2
156, = F*llze = I1F°(- +67) = f*lz2 < 10:f ]| |67]. Therefore, E|[f&, — f*llz2 < [0:fllo VE|O7] <
C(f*,g)J /2. Hence, there exists a Jo € N such that J > J, implies

£k £k 1 *
B =E[llfe, = [zl = 5C0(f L 9,1, 07,7, p)- (A.6)

To conclude the proof, equations (A.3), (A.D) and (A.6) imply that there exists a Jo € N such that
J > Jo implies E||f* — f*||z2 > |A — B| > 1Co(f*, g,n,02,7, p). O

J
Lemma A.3. Let u = (u1,...,uy) such that > u; = 0 with |uj| < § for some 0 < 6 < 3 for all
j=1

j=1,...,J. Then, there exists a constant C(8) > 0 such that

U EICEE 1)‘ > P ul® where
2
[ul| =u? + ... +u?.

Proof. Let F(uy,...,uy) = %Z}Ll e™i. A Taylor expansion implies that there exits t; € [—d,0],
j=1,...,J such that

. J .
L4 1 2 ¢ 3 it
Flon ) =14 50 i =57 ) = 7 2 4¢",

holds for all |u;| < §. Now, since ijl uj = 0 it follows that

J J . J .
1 T 1 2 (3 3 its 1 2 1 3 it
EODECESIE EED ST EE D O A EE DO 1 SR
j=1 j=1 j=1 j=1 j=1
Since |u;| < 8, we have that | % ijl u?e”f < g ijl |uj|2 which finally implies that ‘% ijl et — 1‘ >
%l ;»]:1 u?, which proves the result by letting C'(§) = 3%} > 0 since § < 3. O
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B Proof of the consistency in general case

B.1 Proof of Theorem [5.1]

We explain here the main arguments of the proof of Theorem 5.1l Technical Lemmas are given in the
second part of the Appendix. Let @ = (61,...,0;) = (01,...,67,...,0%, ... 00) € RP’ and decompose
the criterion (5.]) as follows,

JZ/ (Te (S, (1) ——ZTe (S, (t) >>2d75
R

(6) + @Aw)] + [QA (6) + R (8) + RY°(8) + Q5(0) + R5(6)).

j=1 =1
J J
R(0) = %Z/Q To, T, SR - < Z Tej/Te*,f (t)>
=1 =

J
) R A .
X (TejBA(Te;ff 1) — i E To, Bx(Té:, f J))dt

=1

and the others terms contain the Z;’s and €;’s error terms. Let Tg; Z; = (TQ*Z (tg)) and Tg*f* =
(Te;f*(tz))2:17 then

S~
N
S
n
=
H

°€2
\/
|
S
cﬁ
S
n
y
H
%2
\/
N———
N
S

Q5(0) = U_jjil/g <T01 (Sx(t),&5) — %]/é ~93/ <S/\(75)a5f> >2dt
£(9) = 270]22/9 (TB] <S,\(t),T9*f > - %]ZJ;T@J, <S,\(t),T9* £ >>
x <Tej (Sx(t), €5) — % i Lo, (Sa(t),€j0) >dt
=1



)
At this stage, recall that 8g = argming.g D(0) and 6 = argmingcg M) (0). The proof follows a
classical guideline in M-estimation: we show that the uniform (over ®) convergence in probability of

A\
the criterion M) to D, yielding the convergence in probability of their argmins g and 6" respectively.
Lemma ensures that there is a constant C'(©, F, f*) > 0 such that,

A

D(0") - D(0e) (B.1)

Then, a classical inequality in M-estimation and the decomposition of M) () given above yield

—H9 ~06l> <C(0,F,f)

D) = D(B)| < 25up[D(6) ~ M(6)| (B.2)

= 25up { RA(6) + Qx(0) } + 2 sup {QF(0) + R(8) + RL“(0) + Q(0) + F5(6)}

0cO 0cO

B A%

The rest of the proof is devoted to control the B and V terms.

2
Control of B. Using Assumption 5] and 2] we have that Q,(0) < @ ‘»] HBA Te*f t H
C(©,F)B()\). Now by applying the Cauchy-Schwarz inequality, |Rx(0)] < up{\/ 0)}/Qx(0). By

Assumption [£.2] there exists a constant such sup{D(0)} < C(©,F, f*) and thus
6coO

B < C(0,F, f*)(B(\) + VB(\)). (B.3)

Control of V. We give a control in probability of the stochastic quadratic term Qf and Q5. As
previously, one can show that there is a constant C'(0, F, f*) > 0 such that,

Q% (6) + F(6) + RE“(6) + 3(6) + 5 (0)] < C(0.7.1") (/@£ (6) + 0 (0) + 05(6) +\/@30)).

where we have used the inequality 2ab < a? + b2, valid for any a,b > 0 to control the term R)Z\’8
The quadratic terms Qf and ()5 are controlled by Corollaries and respectively. It yields
immediately to

P (V > C(0,F, [*)(Ymax(n) + o) (v(z, J,A) + Vv(z, J, A))) <2e7 ", (B.4)

where v(z, J,A) = V(A) (1 +4% + /4 )
Putting together equations (B.I)), (B.2), (B.3) and (B.4), we have

1 A\
P(jnez; =02 = C(0,F, £*) | (max(n) + o) (Volw, TN + v(a, J,N)) + (BO) + B(A))D <2,
which completes the proof of Theorem [B.11 ]

B.2 Proof of Theorem

The proof is very similar to the proof of Theorem The random variable 6] = (9;’1, .. ,9;’1) )’s
are i.i.d. with values in ® C RP and with density g : ® — R. Consider the model (3] and let
Y = (Yy,..., Y ) € R/, Under Assumption 51 the log-likelihood of Y conditionally to 8* is equal
to

N | —

J
log(p(Y160%)) = —% log(27) + J log (det(A = Z Y; — To:£") "AY,; — To-17),
=1
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where A = (021d,,+X) ! with £ = %(0). Therefore, Eg- [0y log(p(Y|0*))] = 0forall j1 =1,...,J
J1
and p; =1,...,p and
0 if j1 # J,
Eo- |07 1 10g(p(Y]0%))0g 2 log(p(Y]07))| = ; Lo
[ 65 1 0, 2 ] [(89;«1191 Tg* f* )/ A (89;1,192 Tg;lf )]2171)2:1 if j1 = jo,
where 9yxp Tor £* =[Gy Tp f*(tg)}nf . Then, remark that for each j; = 1,...,.J and p1,ps =
951 1 051 N =1
1,...,p we have that

2
(9 Ta5 ) A (92T £) < (0% +7(0)) ™[0y Ty £|| < nC(O, F, f)(0% +7a(0)) 7,
J1 Jl J1

where the last inequality is a consequence of Assumption 3l Under the assumptions of Theorem
on the density g, the result follows from the multivariate Van Tree’s inequality (see Theorem 1 in
[GL95]). O

B.3 Proof of Theorem [5.3

In this part, we use the notations introduced in the proof of Theorem 5.1l We have,

< JZHTB*J To: §* — Tiog), <SA() Tyt >‘

~~

B/

Tiog); {S30). To; ") = Tya (S3().Y5)

L2

2J
T2

L2

V/
Again, the first term above depends on the bias, and the second term (stochastic) can be controlled
in probability. Under Assumptions and we have that

0) < . 2
=280 Tagtt) ~ 1o 11|, < C(@.F)BY.
j=1

and

=

Tioy), <S,\( ), To: £ > - Té; <SA(')7T0;f*> + Ty <S,\(')7T0;f*> ~ T (S2(), Y3)
< SO (187 - 0ol + {3500 ¥, - Tost")|

2
J=1 L2>7
<ot (10" - oult+ ;3 (0103 ), )
j:l

2
The stochastic term % ijl H <S)\(-), ngf Z; + €j>HL2 in the above inequality can be been controlled

using Lemma and the arguments in the proof of Corollaries and to obtain that for any
x>0

1< 2 i} ) B
P(?;H<SA(.)’T0;Zj +€j>HL2 > C(O0,F, [*)(fmax(n) + o )< v(z, J,\) +v(z, J, A))) <e .

k.lw

<

Then, from Theorem [B.1] it follows that

]P’(B’ LV > 0O, F, ) [(fymax(n) + 02)< v(@, I\ + v(z, J, A)) + <B()\) + \/W)D < 2e77,

which completes the proof. O
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C Technical Lemmas

Assumptiond.Tland d3] allow us to derive an expression of the gradient and the Hessian of the criterion.

Let f;j (t) = Tg].T@;ff*(t) for all t € Q, and remark that for all jy =1,...,J and p; =1,...,p,
2 * *
89;’1117(9) = j<69§?11f0j1af9j1>L2 - < eplfe ,Z fo ,> )’ (C.1)
The second derivatives are
2 * * . . .
Ogr2 Ogr1 D(0) = —ﬁ<89§.’11 fo,,- 92 1o, >L2 if j1 # jo, (C2)

J
695126951117(9) = j<89§.’1289;’11 fejla (fej1 7 E 1f9j,> >L2 + <j - ﬁ) <39§.’11 fejlaaejffejl >L2 (C.3)
Jj'=

For a = (ay,...,0,5) € NP/ denote by |a| = a; + ... + a,y and
(00)° = (3p1)° ... (Ogp)°% ... (D )01 . (B )07,

Then, the differential of order 3 of D at ¢ € © applied at 8 € RP’ writes as [V3D(c)](0) =
Zla‘z?)(@g)O‘D(c)Bo‘ where 6% = (1)1 ... (67)%7 ... (9})*r—n+1 . (6F)%7.

Lemma C.1. There is a constant C(©,F, f*) independent of J and n such that for all c € ©7
and @ € ©7,5 > 0 satisfying ‘0?1 <¢§ forechj=1,....J and p1 = 1,...,p, HV?’D(C)] (0){ <
CO,F. f)51I6*.

Proof. Recall that fg (t) = ng To: f *(t) for all t € Q. Then, from equations (C.2)) and (C.3)), it follows

that for all j1, 72,73 =1,...,J and p1,ps,p3=1,...,p,
Oyrs Ogr2 Oy D(6) = 0, if j1 # j2 and j2 # js and j1 # Js,
73 J2 J1
2 x . P
Ogvs Ogrz g1 D (0) = —ﬁ<5e§12 g1 f6,, O3 1o, >L2, if j1 # ja,

J
Oups iy D(O) = S OpsOgn s £, 3, — 2 fi,) >L2 +(5-2) (o fi, 05, >L2+
] =

* * * *
<3e;’f RO >L2 * <3e;’f Ou236,,+ 9911 Jo,, >L)
By Cauchy-Schwarz inequality
‘<39§.’1239§11 f3j1a59§§f5j2>L2‘ < 110gr2 9gr1 fa,, 2 110grs fo,, 2 < C(O, F, £7),

where the last inequality is a consequence of Assumption £3l Next

J
* * 1 *
‘<89§_’359§_’1259§’11 fo,,» <f0]~1 - jjlz_lfej/>>L2

< Hf‘) p3 Oyp2 Oop1 [
- 61'1 61'1 61'1 fe“ L2

J
i1 JZ 05| 12
=1

< 20(97]:7 f*) Hf*HL2 < C(@,]:, f*)
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where we also use Assumption .3 and then Assumption 42 to derive the last bound. Using the above
bounds it follows that

|[V2D(c)](8)] = Z Zagmagmagmz)( c)0h 67267 + 3 Z Ogra Ogr2 O D ()07, 67767
p1,p2,p3=1j1=1 J1F#ja=1
p
. 6(J — 1
coce.r i 3 (53 o]+ L0 S o)
p1,p2=1 = =
1 J 1 J P 2
<3C(O.F f)5) Z \eg?le?? :60(9,}‘,f*)jz<2‘0§1>
Jj=1p1,p2=1 j=1 “pi=1

< 5C(O,F, f*)p

<o0C(O,F, f* )—H0||

k|>—‘

ii: ‘91)1

Lemma C.2. Under Assumptions[{.2 to[{.8, there exists a constant C(O,F, f*) > 0 such that

AN «
D) - D(0g)| -
Proof. Let us split the compact set © is in two parts : a ball of radius § > 0 centered at g, namely,
Nog (0) = {0 € ©, |67 — [0
6 will be chosen so that D can be approximated in N@é (0) by a quadratic function.

First, using the fact that 8¢ is a minimum of D(8), a second order Taylor expansion and Lemma
imply that for any @ € Ny (0), there exists a ¢ = ¢(8) € Ny (d) such that

Z|0* - o8| < cio.7. 5

<é,j=1,...,J,p1 =1,...,p} and his complementary. The radius

D(B) - D(B) = (v — ) [¢ V2D(B) 6 ( — 7) + [V’ DI(E)](6 ~ 65)

> 7Y [¢ VD(85) 9| (7~ 75) - (O, F. ) 16 - 5
1 1 . 12 0C (O, F, f*)
> §J’Ymin(t])j”9—0®H (1—m> )

where Tg and T are the vectors such that ¢Tg = Og, ¢7 = 6, and using the fact that |7 — 7g|| =
10 — 05| (since ¢'¢ = Id,r). Assumption A8 implies that one can choose § = (0, f*,d) > 0 suf-
ficiently small such that for all J and n the constant C2(©,F, f*) = 1Jymin(J) <1 - %)
is strictly positive. Then, using such a ¢ it follows that for all 8 € Npz (6), |D(0) — D(0g)| >
Co(O,F, f*) L ||r - 75 |° . Using Assumption BT there exists a constant Co(©, f*,8) > 0 (not depend-
ing on J) such that for any 8 € © \ Ny () D(0)—D(0g) > C2(©, f*,0). Moreover, there is C4(©) > 0
such that for all 7, j = 1,...,J, we have ||0; — [0g];]|* < C4(©). Then % ||6 — 05> < C4(©) which

implies that for 8 € ® \ Npz, [D(0) — D(0g)| > % L0 — 65| . Finally, let C(O, F, f*) =

. N P . Po) .
min {05, F, ), 49} and thus for 0 = 6", 310* — 052 < C(0.F. /)|D(®") ~ D(O)].
which completes the proof. U

J
Lemma C.3. Let &, j(A1,..., A7) = L S [(Sa(-), Aje;) |32, where € ~ N(0,1,) and the A;’s are
j=1

nonrandom non-negative n X n symmetric matrices. Then, for all x > 0 and alln > 1,

x x 71
P (o) 2 1] (1445 +15) ) < e

J n , n
where |Al| = > Y 70 with v, being the (-th eigenvalue of the matriz Aj; = A; {(Sﬁ, S >L2L£ ) Aj.
j=1é=1 A=
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Proof. Some parts of the proof follows the arguments in [BM98] (Lemma 8, part 7.6). We have

J n J
1 1
o= 23 Sstoner|) =25 S s sheteriaer =53 dae,
J=1"1=1 j=1e0=1 j=1
where A; = A;S)\A; with Sy = [<S§’S§I>L2}:@,l' Now, denote by 71 > ... > rj, the eigenval-
ues of A; with ;1 > ... > 7, > 0 and r; = max;{r;,}. We can write A; = (S)\%Aj)’(SA%Aj)
J

and is positive semi-definite. Then, let §~>\7J = JO g — JE = YO (€fAjej — trAj). Let a > 0,

by Markov’s inequality it follows that for all u € <O L), P <§~>\ J> a) =P <e“5~%" > e“a> <

’2rq
e U szl E [e“sf/Afsf —utr AJ} , since the €;’s are independent. The log-Laplace transform of ¢y ; =
ej/Aje; — trA; is log (E [e*?d]) = S50 —urj, — Llog (1 —2urj,). We now use the inequality

—z — $log(l — 2z) < "”2 for all 0 < # < 3 which holds since u € (0, I ) This implies that

2
log (E [e"?ri]) < — >0, 1“ rid o T pere Irill? = 21+ ...+ 72 Finally, we have

2u7’][ — 1—2ur;

J 2 u2 2.2

_ T |7 u
]P’((p,\,JZa)gexp<—<ua—ZMTlu>>:exp(—(ua—lu_HTlu>>, (C.4)

j=1
where ||r|* = ;.]:1 >y 7j.c% The right hand side of the above inequality achieves its minimum at
u=5-(1- — Il ) Evaluating (C4) at this point and using the inequality (1+2)Y/2 <1+ %,
m 2ary +|r||?

valid for all x > —1, one has that

? (6 20) s : ) =0 (i)
)\7J_()é S exp | — sexp|——— 5 ],
2ria+ 2 [P+ 2 (1 + dart/ @1 [P) 2 tria+ 4P

by setting x = We derive the following concentration inequality for & ; = %g} g+

-
et
5 Z _ tr(A)), P(f)\ = z DY g—|—4r1x—|—4”7"”\/_> < e~*. To finish the proof, the Cauchy-

2
Schwarz inequality gives ||r||* = ijl Yoy 7“j2»7£ < <Z}I:1 Iy 7“]',5) since all the 7;,’s are positive.
U

Corollary C.1. Under Assumptions[].2 to[{.8 there exists a constant C(©,F) > 0 such that for all

z >0,
P <sup Q5(0) > C(0, F)o?V()\) (1 142 4, /43>> <e .
0c® J J

Proof. Assumption gives the uniform bound

J
@ F)
Z/ Tg (S (%) 0€]>) dt < ——= Z ),0€; HLQ— C(©,F)&r (oldy, ... oldy,),

where &y j(old,,...,oldy,) is defined in Lemma [C.3 and does not depend on €. Thus, the result
immediately follows from Lemma [C.3 O

Corollary C.2. Under Assumptions[{.2 to[{.9, there exists a constant C(©,F) > 0 such that for all
>0,

P (328 Q%(8) > C(0, F)y(©)V(N) <1 + 4§ + 4§>> <e®
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Proof. Assumption gives the uniform bound

2

0t0)< 15" [ (3 (s:0,102,))" < CEE S (5,00,

Hence, conditionally on 8* we have that supgegs Q% (0) < C(0, F)éy s (A1,..., Ay), where &y s (A, ..., Ay)
is defined in Lemma with A; = Eg+ [Tg;‘f Z; (Tg;‘f Zj)’] 2, Let us now give an upper bound on the
largest eigenvalues of the matrices A; = A;SyA; with Sy = [<S§,5§/> Lz]? y—1- Under Assumption

29 we have that tr(A;) < Ymax(A;) tr Sy < 7, (O)V(A), for all j =1,...,.J and any 8* € ©7. Thus,
the result follows by arguing as in the proof of Lemma and by taking expectation with respect to
0. O

[un
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