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Hermite variations of the fractional Brownian sheet

Anthony Réveillac*  Michael Stauch’ Ciprian A. Tudor?

October 1, 2010

Dedicated to Paul Malliavin

Abstract

We prove central and non-central limit theorems for the Hermite variations of the
anisotropic fractional Brownian sheet W®# with Hurst parameter (a,3) € (0,1)2.

When 0 < a < 1 — 2—1(] or 0 < g <1-— i a central limit theorem holds for the

renormalized Hermite variations of order ¢ > 2, while for 1 — % < a, B < 1 we prove
that these variations satisfy a non-central limit theorem. In fact, they converge to a
random variable which is the value of a two-parameter Hermite process at time (1,1).

2010 AMS Classification Numbers: 60F05, 60H05, 91G70.

Key words: limit theorems, Hermite variations, multiple stochastic integrals,
Malliavin calculus, weak convergence.

1 Introduction

In recent years a lot of attention has been given to the study of the (weighted) power
variations for stochastic processes. Let us recall the case of the fractional Brownian motion
(fBm). Consider Bf := (Bf);cp1] a fBm with Hurst parameter H in (0,1). Recall that
B is a centered Gaussian process with covariance Ry (t, s) = E(Bf BH) = 1(12H 4 2 —
[t — s|*) for every s,t € [0,1]. It can also be defined as the only self-similar Gaussian
process with stationary increments. The weighted Hermite variations of order ¢ > 1 of BY

are defined as

N
Vv = Y By ) HaN " (Bl = B{_1y ),
=1
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where H, denotes the Hermite polynomial of order ¢ (see Section 2.2) and f is a real-valued

deterministic function regular enough. Take for example ¢ = 2. Since the second-order Her-
221

mite polynomial is Hy(z) = , the latter quantity is equal to % Zi]i_ol (Bgfl)/n)(N2H|Bi7N—

2
Bg_l) / N\Q —1). The asymptotic behavior of these variations plays an important role in es-
timating the parameter of the fractional Brownian motion or of other self-similar processes
(see e.g. [7] or [24]). Weighted Hermite variations are also crucial in the study of numerical
schemes for stochastic differential equations driven by a fBm (see [12]). A full understand-
ing of V,, is given in [3, 8, 9, 21|, when f =1 and in [14, 17] for quite general functions f.
Let us recall the main results for the case f = 1:

o If0< H < 1—1/(2q) then, N~Y2Vy % N(0,Cp),

n—o0

o If H=1—1/(2g) then, (log(N)N)~"Y2Vy 18 AN(0,Cp),

n—oo

o If1—1/(2¢) < H < 1then, N'2HVy “% Hermite r.v.

n—o0

Here Cy is an explicit positive constant. A Hermite random variable is the value at time
1 of a Hermite process, which is a non-Gaussian self-similar process with stationary incre-
ments living in the gth Wiener chaos (see e.g. [14]).

In this paper we use Malliavin calculus and multiple stochastic integrals to study the asymp-
totic behavior of the non-weighted (i.e. f = 1) Hermite variations, where the fBm is replaced
by a fractional Brownian sheet (fBs), which is a centered Gaussian process (I/V(ofS :tﬁ))(s,t)e[o,lP
whose covariance function is the product of the one of a fBm of parameter « in one direc-
tion and of the covariance of a fBm of parameter g in the other component. We define the

Hermite variations based on the rectangular increments of W# by, for every N, M > 1,

N-1M-1
VN = Z Z H, (NQMB (Wajm —WhL, —wEl 4 W?’ﬁj>> :
i=0 j:0 N M N’ M N M N’ M

In some sense the fBs is the tensorization of two orthogonal fBm. In the view of results
from the one-dimensional case mentioned above it would be natural to expect the limit of
the correctly renormalized non-weighted Hermite variations to be the ”tensorization” of the
limits appearing in the one-parameter case. This actually is true in several cases: when
a,f<1-— i, the limit in distribution of the renormalized sequence Vi is, as expected, a

Gaussian random variable and when a, 8 > 1 — 2%1 the limit (in L? actually) of Vy, is the
value at time (1, 1) of a two-parameter Hermite process (which will be introduced later in
the paper). The most interesting and quite unexpected case is when one Hurst parameter is
less and the other one is strictly bigger than the critical value 1— 2—1(1. It turns out that in this
situation the limit in distribution of the renormalized Hermite variations is still Gaussian.
We prove our central limit theorems using Malliavin calculus and the so-called Stein’s
method on Wiener chaos introduced by Nourdin and Peccati in [15]. Using these results, it
is actually possible to measure the distance between the law of an arbitrary random variable



F (differentiable in the sense of the Malliavin calculus) and the standard normal law. This
distance can be bounded by a quantity which involves the Malliavin derivative of F'. Using
these tools and analyzing the Malliavin derivatives of Viy s (which is an element of the ¢
th Wiener chaos generated by the fBs W) we are able to derive a Berry-Esséen bound in
our central limit theorem.

We proceed as follows. In Section 2 we define the Hermite variations of a fBs and give
the basic tools of Malliavin calculus for the fractional Brownian sheet needed throughout
the paper. The central case is presented in Section 3, whereas Section 4 is devoted to the
non-central case. The Appendix contains some auxiliary technical lemmas.

2 Preliminaries

2.1 The fractional Brownian sheet

Several extensions of the fractional Brownian motion have been proposed in the literature
as for example the fractional Brownian field ([11, 4]), the Lévy’s fractional Brownian field
([6]) and the anisotropic fractional Brownian sheet ([10, 2]), which we consider in this paper.
The definitions and properties of this section can be found in [1, 22]. We begin with the
definition of the anisotropic fractional Brownian sheet.

Definition 1 (Fractional Brownian sheet) A fractional Brownian sheet (ngﬁ)(s,t)e[0,1}2
with Hurst indices (o, B) € (0,1)? is a centered two-parameter Gaussian process equal to
zero on the set

{(s,t) €[0,1%, s =0 ort=0}.

For sy,t1, s2,t2 € [0, 1] the covariance function is given by

RYF((s1,11), (s2,12)) = E [W‘%B W;;’m

s1,t1

= Ka(sl, SQ)KB(tl,tQ)

1 1
= S s = s - 82|2a)§(t§ﬁ 8 — [t — 1)

We assume that (Wa’ﬁ )(s,t)€[0,1)2 18 defined on a complete probability space (2, F, P) where

87
F is generated by W®#. Let us denote by H®? the canonical Hilbert space generated by the
Gaussian process W defined as the closure of the linear span generated by the indicator
functions on [0, 1]? with respect to the scalar product

(Lo 51)x[0,t1)> 1[0,50)x0,t2) s = BYP (51, 11), (52, 12)).

The mapping 1(g gx[0,¢] — W;‘ gﬁ provides an isometry between H®? and the first chaos of
W8 denoted by Hf"ﬁ. For an element ¢ of H*# we denote by W?(y) the image of ¢ in
the space Hla’ﬁ.



For any 7 in (0,1) we denote by H" the Hilbert space defined as the closure of the linear
span generated by indicator functions on [0, 1] with respect to the scalar product

1
(Ljo,51]> Ljo,s0] )17 = 5(8? + 537 — |s1— s2/).

The space H7 is in fact the canonical Hilbert space generated by the (one-dimensional)
fractional Brownian motion with Hurst parameter v € (0,1). With these notations we will
often use the practical relation

(L0,51)x0,12]> L0,s0)x [0,t2] 2o = (Lo,s1) Losa) e (Ljo.a)s Lo ) 2ees V(81 82,81, 82) € [0,1]%.

More generally, for any two functions f,g € H*? such that f[o ) |f(u,v)g(a,b)||u —
al?*=2|v — b|?#~2dadbdudv < oo we have

(f: 9)3es = ala)a(B) f(u,v)g(a, b)lu — a]**~?|v — b’ ~*dadbdudy (1)
[0,1]*
with a(a) = @(2a—1). Note finally that we can also give a representation of (ngﬁ)(s,t)e[o,u?
as a stochastic integral of kernels K and K? with respect to a standard Brownian sheet
(Wist) (s.)ef0,1)2:

W= [ KRk ) W, o€ 017,

where K is the usual kernel of the fractional Brownian motion B% which appears in its
expression as a Wiener integral Byt = fg K*(t,s)dWs (see e.g. [18] for an explicit definition
of this kernels; we will not use it in this paper). Using this representation, Tudor and Viens
in [22, 23] have developed a Malliavin calculus with respect to W9,

Let us recall the notion of self-similarity and stationary increments for a two-parameter
process (see [2]).

Definition 2 A two-parameter stochastic process (Xs7t) (syers 1T C R? has stationary in-
crements if for every n € N and for every (s1,t1), (s2,t2),...,(sn,tn) € T the law of the
vector

(Xs+81,t+t1 ) X5+82,t+t27 e 7Xs+sn,t+tn)
does not depends on (s,t) € T.

Definition 3 A two-parameter stochastic process (Xs’t)(&t)e']“, T C R? is self-similar with
order (a, B) if for any h,k > 0 the process ()?s t)s teT

Xop = h%ﬁx

=l
e

has the same law as the process X.

Note that the fractional Brownian sheet W7 is self-similar and has stationary increments
in the sense of Definitions 3 and 2 (see [2]).

Now we present some elements of Malliavin calculus with respect to fractional Brownian
sheets and especially the Malliavin integration by parts formula (4).



2.2 Malliavin calculus for the fractional Brownian sheet

We recall some definitions and properties of the Malliavin calculus for the fractional Brow-
nian sheet. For general Gaussian processes these are contained in the framework described
in [18].

By C;°(R"™) we denote the space of infinitely differentiable functions from R" to R with
bounded partial derivatives. For a cylindrical functional F' of the form

F=f (W) s W), n21, g1 pn € KO, fECGERY),  (2)

we define the Malliavin derivative DF of I as,
n
DF := Z azf (Waﬂ(gpl)? LR Waﬁ(gpn)) Pi-
i=1

Furthermore D : L?(Q, F,P) — L%*(Q,F, P;H*®) is a closable operator and it can be
extended to the closure of the Sobolev space D'? defined by the functionals F' whose norm
”FHLQ is finite with

IF|i2 :=E [F?] + E[|[DF[30.] -

The adjoint operator I; of D is called the divergence operator and it is defined by the
following duality relationship

E[FL(u)] = E[(DF,u)30.s],
for Fin DY2 and for u in H®? such that there exists a constant ¢, > 0, satisfying
|E (DG, u)gos]| < cullGllr2,7,p),  for every functional G of the form (2).

Let n > 1. The nth Wiener chaos $),, of W# is the closed linear subspace of L?(€, F, P)
generated by the random variables { H, (W*#(¢)), ¢ € H*P, |¢|l3as = 1} where H,, de-
notes the nth Hermite polynomial

Hy(x) = ZD o & <6_122>.

n! dxzd

A linear isometry between the symmetric tensor product (’Ha’ﬁ )Qn and £, is defined as
Ly (") 1= nH, (W*F(p)) (3)
We conclude this section by the following integration by parts formula:

E[FI,(h)] = E [(D”F, h) @n] . he (Haﬁ) " FeDn? (4)

(1)

where D™? is the space of functionals F' such that || F||,2 is finite with

n
IF||2 5 :=E [F?] + ) E[|D'F|30s] -

i=1



2.3 Hermite variations of the fBs

Let (W B )st>0 be a fractional Brownian sheet with Hurst parameter (o, 3) € (0,1)%. We
will define the Hermite variations of order q > 1 of the fractional Brownian sheet by

1M-1
V= 3 3 oy (v (weg o owe owed swe ) o

Jri J N
M N M N M N'M
=0 75=0

where H, is the Hermite polynomial of order ¢q. Note that

2
. (Wﬁr? L W%ﬁjﬂ - Wzoff 4T we? > = N 2a)~2,
M

. i g

~ T N A N NoM
which explains the appearance of the factor N®*M? in (5): with this factor the random
variable N8 (W?j  — WP Wl Wt
b N7

N ' M N’ M N M
We will use the notation

has L?-norm equal to 1.

=N

v 1+1
N N

|

] andAz’,j:[Z Z+1]x[‘] J+1

K2 JoIR A A
NN MM } LA

fori e {0,...,N —1}, j € {0,...,M — 1}. In principle Ai = Ai") depends on N but we
will omit the superscript NV to simplify the notation. With this notation we can write

1)y (4 B ) =1 (1aij) = I1(1aixaj)-

M’ M

Here, and throughout the paper, I,, indicates the multiple integral of order n > 1 with
respect to the fractional Brownian sheet W8, Since for any deterministic function h € H®8
with norm one we have

HAhw»—;@mwx

we derive at
1% NeapPag, (197 .
N,M ';JZ::L < [z 7,+1] [1% J-V‘,-l]>

We want to study the limit of the (suitably normalized) sequence Vi s as N, M — oc.
Since this normalization is depending on the choice of o and 3, we will normalize it with a
function ¢(«, 8, N, M).

Let us define
) N M
Vi = (o, BN, M) ST, (1®q~ 4 }> (6)

i=1 j=1 M M

By renormalization of the sequence Vi ) we understand a function ¢(c, 8, N, M) to fulfill

- N,M
the property EV]\QLM 0.



It turns out that the limit of the sequence XN/N, M is either Gaussian, or a Hermite random
variable, which is the value at time (1,1) of a two-parameter Hermite process.

In the case when VN, M converges to a Gaussian random variable, our proof will be based
on the following result (see [15], see also [16]).

Theorem 1 Let F be a random variable in the qgth Wiener chaos. Then

d(F,N) < c\/E <(1 gl \DFH;a,ﬁf) (7)

The above inequality still holds true for several distances (Kolmogorov, Wasserstein, total
variation or Fortet-Mourier). The constant c is equal to 1 in the case of the Kolmogorov
and of the Wasserstein distance, c=2 for the total variation distance and ¢ = 4 in the case
of the Fortet-Mourier distance.

Until the end of this paper d will denote one of the distances mentioned in the previous
theorem. We will also assume that ¢ > 2 because for ¢ = 1 we have H; = z and then
Vi is Gaussian; this case is trivial. Our argumentation has the following structure. We
first compute the Malliavin derivative (with respect to the fractional Brownian sheet W #)
D‘N/N, v and we compute its norm in the space H*?. We will get

¥ ®q—1 .
DT = gyl .40 ZZI (g ) Tt
and
) 1 N-1 M-1
||DVN,M||3{a,5 = W( p(a, B, N, M))? x Z Z (Laiy (), 1airj(-)pan
4,i'=0 j,7'=0

®q-1 ®q—1
<1 (13051) 11 (12951
The product formula for multiple integrals (see [18], Chapter 1) reads
-1
-1 1
T (1801) 1 (180) = D0 pHCE A (Lais (), Tairg (D)
P

®q-1-p3 Sg-1-
><I2q—2—2p<1Agj P10 p);

Q

I
o

1 -
where Cg_l = (q » > for ¢ > 2,p < ¢g—1 and f®g denotes the symmetrization of the

function f ® g. Hence, we have

-1 g—1

~ 1 N-1
HDVN,MHg.La,ﬂ = W(So(a?/gaj\ﬁ M))2 X Z Z Z 1Al,] 1A’L (')>’Ha Bp'

1,4/=0 j,7'=0 p=0

P \2 ®q—1-p 5 1®q—1—p
X(Cq—l) ng_g_gp (1A1] ®1Ai’,j’ ) .



Let us isolate the term p = ¢ — 1 in the above expression. In this case 2¢ — 2 — 2p = 0 and
this term gives the expectation of HDVN,MH%Q,L;.

1DV, a1 (8)

1
— 3 N, M))?
(q_l)p(w(a,ﬂ, , M))
N—-1 M-1 q—2
1 1— 1—
X ST D Mang () T g O (P hag 2y (135 72158577)
1,8'=0

=0 j,7'=0 p=0

1 (¢(, B, N, M))2 ' . <1A2,]( ), 1ay ]'( )>’HO‘ s = T1+ 1. 9)

The term T} is a deterministic term which is equal to E|| DV, MH,?_[%B.

With the correct choice of the normalization we will show that T is converging to ¢ as
N, M goes to infinity and T} converges to zero in L? sense. Using Theorem 1 we will prove
the convergence to a standard normal random variable of TN/N7 m and we give bounds for
the speed of convergence. The distinction between the two cases (when the limit is normal
and When the limit is non Gaussian) will be made by the term 77: it converges to zero if
a<l-— 2— or 3<1— 2 while for o, 8 > 1 — iq this term converges to a constant.

Let us first discuss the ‘normalization o(a, B, N, M) and the convergence of T3 in the fol-
lowing lemma. Given two sequences of real numbers (ay,)n>1 and (by)n>1, we write a,, by,

for sup,,>¢ ||Z"|‘ < oo.

Lemma 1 Let Ty be as in (9). Then ¢ T WAoo 4 for the following choices of @:

1) p(a, 3, N, M) = , /&N@q—lﬂM“q—l/?, f0<a,B<l—5 andg'Ty— 1IN+
N2qa—2q+1 +M_1 _|_M2q6—2q+1,

2) QD(O&,B,N,M): s LBNaq U 1(10gM) 1/27 fo<a<l1l-— 2q’ 5:1—2%1 and
¢ Ty — 1 S N~ 4+ N2o=2a+1 4 (Jog M)~!

3) o(a,B,N,M) = Nq Ylog N)12 M logM)™?, if a = B =1 — L and
¢ Ty — 1< (log N) + (log M)~ 1

4) SD(OZ)67N>M): \/ sa HBNth 1/2Mq ! Zf0<06<1 qa /3>1_7 Cmdq 1T2_1<]
N-1 4 N—2a0+29-1 4 pr—298+2q-1



5) pla, BN, M) = [N (log N)V/2MI™, if 0 < @ = 1— 5, §> 1 — 5 and

takg

¢ Ty — 1 < (log(N) ™! 4 M—2a6+2a—1,

6) p(a, 3, N, M) = /LN M1 jf o > 1 — 30 B>1— g and ¢ 'y — 14

Kakg
N—20a+2¢—1 | \r—2q6+2¢—1

where s., 1. and k. are defined in Lemma 2 in the Appendiz.

Proof: Using the properties of the scalar product in Hilbert spaces we have

N—1 M-1
1
T2 = ( — 1)'(30(05757]\77 M))2 X Z Z <1Ai,j(‘)71Ai’,j’(')>g{a,5
q ’ i,i'=075,j'=0
1 N-1 M-1
= ( — 1)'(()0(&767]\[7 M))2 X Z <1Az()71Al'()>g{a X Z <1A]()71A]’()>3{[3
1 ' 4,i'=0 3,4'=0
The result follows then from Lemma 2 in the Appendix. |

Remark 1 As mentioned above, Th = EHDVN,MHH(J,B. On the other hand, we also have
qTy = EVJ -

Indeed, this is true because for every multiple integral F = I,(f), it holds that EF? =
E|DF[3,0,5-

3 The Central Limit Case

We will prove that for every a, 3 € (0,1)2\ (1 — L

2
57 1) a Central Limit Theorem holds,

where XN/N, m was defined in (6). Using the Stein’s method we also give the Berry-Esséen

bounds for this convergence.

Theorem 2 (Central Limits)

Let Viv.ar be defined by (6). For every (a,3) € (0,1)2, we denote by cqp a generic positive
constant which depends on a, B,q and on the distance d and which is independent of N and
M. We have

1) If0<a,Bf<1-— 2—1(1, then VMM converges in law to a standard normal r.v. N with
normalization p(a, B, N, M) = ,/&N“‘Fl/?M‘mfl/? In addition

d(Vaar, N) < Ca,/j\/N_l + N2a—2 4 N2aq—2¢+1 4 \f—1 4 \f28-2 4 )\f2Bq—2q+1



2) If0<a<1l—5 and 8 =1—5, then VN M converges in law to a standard normal r.v.
N with normalzzatzon @(a,ﬁ,N,M = 1/ENO“I_IJ\/[‘I_l(log M)_1/2. In addition

AdVnar,N) < capy/N—1 4 N20=2 1 N20g=2¢+1 | (log M)~1

3) If both o« = = 1— 5, then VNM converges in law to a standard normal r.v. N with
normalization go(a,ﬁ,N,M = ,/qu_l log N)~Y2M9= (log M)~/2. In addition

d(VN,M,N) < ca,g\/log N-1 +logM-1.

4) Ifa<1— 2—1(1 and B >1— 2%1, then VN,M converges in law to a standard normal T.v.

N with normalization ¢(a, 3, N, M) = 1/&N‘MJ—U%M‘I_I. In addition

d(VN,M,N) < C(}’B\/NA + N20—2 4 N2B8q—2¢+1 4 \r2B8q—2q+1

5) Ifa=1- 2—1(1 and > 1— 2%1, then VN,M converges in law to a standard normal r.v.

N with normalization ¢(a, 3, N, M) = ﬁqul(logN)*l/Qqul. In addition

d(VN,M,N) < Ca,lg\/log(N)—l 4 M?2Ba—2q+1,

Proof: Recall that
IDVN M50 = Ty + T,

where the summands 77 and 75 are given as in (9). We apply Lemma 1 to see that 1—¢~!7T5

converges to zero as N, M goes to infinity.
Let us show that T} is converging to zero in L?(£2). We use the orthogonality of the iterated

integrals to compute
N-1

1 M-1 q—2
ETf = —pael@sN.M) Z Z >
k=0 j,j70.0=0 p=0

(Co-1)*(Laig (), 1az (- )>Ha s(1ak, e( ), Lako ()i

®q—1—p 51 ®g—1— ®q—1—p 54 ®g—1—
xE {I2q—2—2p <1A3] PRLA p) Iog—2-2 (1A(I]c£ PRI p)}

1 N-1
= o nEe@s N M)t > Z Z
1,7 ,k,k’'=0 7,7 £,£'=0 p=0
(CF_ ) (L5 ()s Law o ()i (Lake()y Lawr o ())ris

99-1-p 31 @1—1-p 1@g—1-p 51 @g—1—
x(2¢ =2 = 2p) (A7 POING T AN PO Ay ) et

10



Now, let us discuss the tensorized terms. We use the fact that

®q—1-p51®9—1-p 1Q®¢—1-p51®g—1—p

(Aai; "@Lng s 5 Aagy ®Lap e
b
= Z (Lai g LAk 5081 aig LAk 0) 3006
a+b=q—1—p;c+d=qg—1—p
d

X(Lair g7y Lak,e)g0.8(1ai s LAK 0) a8

= > (L 1ak)5e (Lag: Lae)ys
a+b=q—1—p;c+d=q—1—p

X (Lai, Law) e (Lag, Lae)s s (Lai, 1ak)5ee (1aj, 1ae)ss

X <1Az’/7 lAk/>£f_[a <1Aj’a 1Agl>;l_[g

(we recall that 1a; := 1 i+1]). Therefore we finally have

4
NN

q—2
R LG RLID IS

p=0 a+b=q—1—p;ct+d=qg—1—p
N(p; «, a, ba ¢, d)bM(pa B? a, b7 ¢, d):

with
N—1
aN(p,a,a,b,c,d) = Z 1A171Ak Ha<1AZ,1Ak/> .

4,4 k,k’'=0

(Lair, 1ak)5e (Lags Lok )3

(Lai, Lai)5h (Lag, Law)oh!
and byr(p, B, a,b, ¢, d) similarly defined. We apply Lemma 3 stated in the Appendix to the
terms ay and by to conclude the convergence of T} to zero. Hence, E[(1—¢~ || DVy m H?Lta,ﬂ)ﬂ =
q 2E[|T1|!]+(1—¢~'T3)? which converges to zero for o < 1—— or 3 < 1—2—161. The bounds on

the rate of convergence are given by the Lemmas 3 and 1. Usmg Theorem 1, the conclusion
of the theorem follows. |

The fact that the term T} converges to zero makes the difference between the sit-
uations treated in the above theorem and the non-central limit case proved in the next
section.

4 The Non Central Limit Theorem

We will assume throughout this section that the Hurst parameters «, 5 satisfy

1
1>a,6>1— —.
2q

11



We will study the limit of the sequence XN/N7 M given by the formula (6) with the renormal-
ization factor ¢ from Lemma 1, point 6. Let us denote by hx s the kernel of the random
variable Viy ps which is an element of the gth Wiener chaos, i.e.

1 N—-1M-1
h = = N, M 157 .
N,M q,‘P(OC;B7 9 );]ZZO [%7le}x[ﬁ7#}

We will prove that (hxy ar) v, m>1 is a Cauchy sequence in the Hilbert space (7—[‘1’5 )®q. Using
relation (1), we obtain

<hN,M>hN’,M’>(Ha,ﬁ)®q = C;cp(a,ﬂ,N,M)cp(a,ﬂ’N’7M/)
N—-1N'-1 z+1 i’+1 q
a(2a —1)) Z Z </ / |u—v|2°‘_2dudv>
=0 /=
M-1M'—1 [ i+l 41 ¢
B(28 —1)) Z Z /j " /j/M lu — 0?2 dudv
j=0 j'=1 \Yir “ir

and this converges to (see also [5] or [24])

CQ(Oz,ﬂ)q}?(a@a—l))q(B 26 —1)) / / lu — o] 2qdudv/ / lu — v| B2 Gy du,

where co(a, §) = &. The above constant is equal to

1 1
(g —q+1)(20g —2q¢+1) (Bg—q+1)(28q —2¢ + 1)

Remark 2 Note that the above constant is actually %

ca(a )5 (a2 = 1))"(8(25 — 1))’

It follows that the sequence hy js is Cauchy in the Hilbert space (7—[0"5 )®q and as N, M — oo
it has a limit in (7—[0‘75 )®q denoted by £(9. In the same way, the sequence

[(N=1)¢] [(M—1)s]

1
hN,M(tvs) = q 5 N M Z Z 1®q z+1]><[37'ﬂ
Jj=

[N’ M’ M

is Cauchy in (7—[&*5)@] for every fixed s,t and it has a limit in this Hilbert space which

will be denoted by ,ug?t) . Notice that (@ = u(@(1,1) and that x(? is a normalized uniform

measure on the set ([0, ] x [0, s])9.

Definition 4 We define the Hermite sheet process of order q and with Hurst parameters
a,B € (07 1) denoted by ( t(s))s te[o,1]» by

Zt(i,)’a’ﬂ = Zt(fs) = Iq(ug?t)% Vs, t € [0,1].

12



The previous computations lead to the following theorem.

Theorem 3 Let VMM be given by (6) with the function ¢ defined in Lemma 1, point 6.
Consider the Hermite sheet introduced in Definition 4. Then for ¢ > 2 it holds

lim E[|Vyy — Z)*] =
N,M—oc0
— 7@
where Z = Z,7.
Proof: Note that %EHVMM—Z] ] = [|hna|? (HoB) oo H D)2 (HoB)@a (hMM’M(q))(Ha,g)@q.
The computations of the beginning of this sectlon complete the proof |

Let us prove below some basic properties of the Hermite sheet.

Proposition 1 Let us consider the Hermite sheet (ZS( t))s ste[o,1] from Definition 4. We have
the following:

a) The covariance of the Hermite sheet is given by

= Ry(a-1)+1(8, W) Ryg_1)+41(t, v).

Consequently, it has the same covariance as the fractional Brownian sheet with Hurst
parameters q(a — 1)+ 1 and q(f — 1) + 1.

b) The Hermite process is self-similar in the following sense: for every c,d > 0, the process
ZA‘g?t) = (Z(Q))cs,dt

has the same law as cq(o‘*l)*ldq(ﬁ*l)HZﬁ?.

¢) The Hermite process has stationary increments in the sense of Definition 2.

d) The paths are Holder continuous of order (¢/,3") with 0 < o/ < a and 0 < ' < B.

13



Proof: Let f be an arbitrary function in (’Ho"ﬁ )®q. It holds that

<hN,M(ta s), [) (Ha’g)@nz

B Nq—qu—l [(N=1)t] [(M~1)s]
— CQ(O[”B) 1/2T ZO ZO <1([g)lq 7,+1]><[ j ]Jrl] f>('HO"B)®q
1= J]=

e pgaet [NV D]
= al@)a(B)les(a, B P—— D

|
T i=0 j=0

/ dxy..dzgdyr..dy, f (z1,y1), .., (Tq,Yq)) X / _ dal..daq/v - db..db
[0,1]24 £ M]q [ u}q

q q
x [T lax = 2n I T lon — 0?2
k=1 k=1

N,M—sc0 I s
T a(a)qa(ﬁ)q@(a,ﬁ)_lm/ da/ db dxy..dzydy;..dy,
q' Jo 0 [0,1]24
q q
Xf ((1'1, yl)? ) (:U(P yq)) H ‘a - xk’2a_2 H ‘b - yk’2,3—2'
k=1 k=1

By applying the above formula for f = uq(% and using the fact that

we obtain the point a).
Concerning b), let us denote by

Hyaults) = Ze(@ BN Y 3 1q<1®2q1+1]x[”+1>.

N> M M

We know that N
M —00
Henam(t,s) "=

in L2(Q) for every s,t € [0,1]. But

N ca(a, B)” 12 ®q
HcN,dM(t73> - (CN)I (1— a)q(dM 1-(1-PB)q Z Z 1[1 Z+1] []\L %]

_ 1 N,M—o0 _(q)

= (o a(gap v (ts) TS 2 (11)
The point b) follows easily from (10) and (11).
Point c) is a consequence of the fact that the fractional Brownian sheet has stationary incre-
ments in the sense of Definition 2 while point d) can be easily proved by using Kolmogorov

14



continuity criterion together with points b) and c) above (see also Section 4, page 35-36 in
[2]). |

5 Appendix
We recall the following two technical lemmas which have been proved in [15] and [5].

Lemma 2 Let v in (0,1) and q be an integer with ¢ > 2. We set

(Jz+ 12 + |z = 12" = 2|2|*), z€Z.

l\)\l—‘

7’7(2’)
We have:

(1) If0<~vy<1-— 2q, then

N-1
]\}gn N2vat § 1AZ71A1 § 7’7 7= S,
oo
,i'=0 rez

and NP1 SN (1as, 1ag) i — 59| SNTH 4 N2 2041,
(i) If y=1— 2%1’ then
N-1

1 A72g—2 qg _ (2¢ —1)(¢g—1) q_,
i log(N)™ N -ZOOM’ Ini )3 = 2 <2q2 =Ly
1,0/ =

and |log(N)~1N24—2 Zf\;,—:lo(lmw 1air) 57 — ty] Slog(N) 1.

(iii) If v >1— 2q, then

N-1
1(2y — 1)1
lim N?21-2 1pi, a0V = 7 = Kn,
N—o0 ”Z::o< R O R [ TR

and ‘NZq 2 Z <1Az7 1ay ) KW’ g N2a—1=2vq

Proof: The first two claims can be found respectively in [15, p. 102], [5, p. 491-492]. For
the third part we define fy := N?7! ZN ! 1([8,:1 ki1 Then fyn is a Cauchy sequence in

(H7)®4 with limit f and || fH( Hyee = Ky For the rate of convergence we have

HfN||2H7 ®q ”fH2Hw oc = |fnv— f||2Hv 9q +2(fn — f, f>(H'v)®q
(H7) (H7) (H7)
Ifn = f||?m)®q +2[fn - f”%m)@q“f”%m)@q-

IN
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Refer to [5, Proposition 3.1] to see the details and to get that the order is O(N2¢~17274) (a
direct argument as in the proof of the next lemma can be also employed).

B We also state the following estimates which have been obtained respectively in [15, p. 102,
p. 104] and in [5, p. 491-492].

Lemma 3 Let v in (0,1). We set q,p,a,b,c,d integers such that: ¢ > 2, p € {0,...,q—2}
anda+b=c+d=q—1—p. We have:

(i) If0 <~ < 1— 5, then

N-1

, 1
NA—2 Z (Lo 1ai)h5 (Laks Lar )5 (Lai Lak) o (Lo, Law )5
i1 =0

X (1 air, 1ak)s (Tairs Law) 5o
< N—l +N2'y—2 +N2fyq—2q+1'

.. 1
(it) If vy =1—5;, then

N4q—4
log(N)?

N-1
> (i 1ar)55 (Lak 1aw)5h (Lai 1a)s (1ai 1aw) e
i ook =0
X (Lait, 1ak) 50 (Lairs 1ak )9
< log(N) ™.

(iii) If v > 1 — o, then
N-1

N4 N (g, L) 55 (Laws Taw)5h (Lai 1ak) (Lai, 1aw) e
07 k' =0

X (1airs Lar)se (1airs Law)9m
< 1.

Proof: The first point is proved in [15, p. 102, 105]. The point (ii) is done in [5, p. 491-492].
The last case can be treated in the following way. The quantity (1a;, 1ay)3~ is equivalent

with a constant times N~27|i — i’|>*~2 and the sum appearing in (iii) is then equivalent to
N—1
Nia—4 y—4vq Z li — i/ |22+ | — k|22 e+
i, ke k' =0

x |Z - k|(2'y—2)a|i/ - k/|(2'y—2)b|i/ o k|(27—2)0|2~ o k/|(2fy—2)d

N-1
= N4 Z N~20@v=2)|; _ 3/|@r=2 41 | — g/| 7= (p+D)
i,i! k' =0
> |Z _ k|(2~/—2)a|i/ _ k,/|(27—2)b|z~/ o k,|(27—2)c|2- o k,/|(27—2)d’
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for N large enough and this is a Riemann sum which converges to a constant. |
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