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BESOV ALGEBRAS ON LIE GROUPS OF POLYNOMIAL GROWTH
ISABELLE GALLAGHER AND YANNICK SIRE

ABSTRACT. We prove an algebra property under pointwise multiplication for Besov
spaces defined on Lie groups of polynomial growth. When the setting is restricted
to the case of H-type groups, this algebra property is generalized to paraproduct
estimates.

1. INTRODUCTION

1.1. Lie groups of polynomial growth. In this paper G is an unimodular connected
Lie group endowed with the Haar measure. By “unimodular” we mean that the Haar
measure is left and right-invariant. Denoting by G the Lie algebra of G, we consider a
family X = {Xj, ..., Xj} of left-invariant vector fields on G satisfying the Héormander
condition, i.e. G is the Lie algebra generated by the X/s. In the following, although
not stated, all the functional spaces depend on the field X.

A standard metric on G, called the Carnot-Caratheodory metric, is naturally associated
with X and is defined as follows: let ¢ : [0, 1] — G be an absolutely continuous path.
We say that ¢ is admissible if there exist measurable functions ¢y, ...,¢x : [0,1] — C

k
such that, for almost every ¢ € [0, 1], one has ¢'(t) = Z ¢i(t) X;(€(t)). If £ is admissible,

i=1
1 k

its length is defined by |[¢| = / (Z |cz~(t)|2dt)%. For all z,y € G, define d(z,y) as
0 =1

the infimum of the lengths of all admissible paths joining x to y (such a curve exists by
the Hormander condition). This distance is left-invariant. For short, we denote by |z|
the distance between e, the neutral element of the group, and x so that the distance
from z to y is equal to |[y~'x|. For all r > 0, denote by B(x,r) the open ball in G
with respect to the Carnot-Caratheodory distance and by V(r) the Haar measure of
any ball. There exists d € N* (called the local dimension of (G,X)) and 0 < ¢ < C
such that, for all r €]0, 1],
er <V(r) < Cr?,
see [26]. When r > 1, two situations may occur (see [19]):

e Either there exist ¢,C, D > 0 such that, for all r > 1, er? < V(r) < CrP
where D is called the dimension at infinity of the group (note that, contrary
to d, D does not depend on X). The group is said to have polynomial volume
growth.

The first author is partially supported by the ANR project ANR-08-BLAN-0301-01 ”Mathocéan”,
as well as by the Institut Universitaire de France. The second author is supported by the ANR project
"PREFERED”.
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2 ISABELLE GALLAGHER AND YANNICK SIRE

e Or there exist ¢y, ¢z, C1, Cy > 0 such that, for all r > 1, c;e®?” < V(r) < Cpe®?"
and the group is said to have exponential volume growth.

When G has polynomial volume growth, it is plain to see that there exists a con-
stant C' > 0 such that for all » > 0, V(2r) < CV(r). In turn this implies that there
exist C' > 0 and x > 0 such that for all » > 0 and all § > 1, V(0r) < CO*V (r).

k
We denote Ag = Z X? the sub-laplacian on G.

i=1
1.2. Nilpotent Lie groups. A Lie group is said to be nilpotent if its Lie algebra G
is nilpotent: more precisely writing G* = G and defining inductively G+t = [GF, G*],
then there is n such that G" = {0}. It can be shown that such groups are always of
polynomial growth (see for instance [15]).

1.3. Stratified (Carnot) and H-type groups. Stratified groups are a particular
version of nilpotent groups, which admit a stratified structure and for which V (r) ~ r%
for some positive @), for all » > 0. One advantage of this additional structure is that
such groups admit dilations. Important examples of such groups are H-type groups, a
particular example being the Heisenberg group.

More precisely, a stratified (or Carnot) Lie group G is simply connected and its Lie
algebra admits a stratification, i.e. there exist linear subspaces Vi, ..., V. of G such that
G =Vi @ ... ®V, which satisfy [V},V;] = Vj4q for i = 1,...,7 — 1 and [}, V,] = 0.
By [V4, Vi] we mean the subspace of G generated by the elements [X, Y] where X € V;
and Y € V;. Carnot groups are nilpotent. Furthermore, via the exponential map, G
and G can be identified as manifolds. The dilations s (0 > 0) are then defined (on the
Lie algebra level) by

Ys(x1 + ... +x,) = 611 + w0 + ... + "2y, w5 €V

We define the homogeneous dimension ¢ = dimV; + 2dimV; + .-+ + rdimV,. If G
is a Carnot group, we have for all r > 0, V(r) ~ r% (see [16]). We shall say that
the Q—dimensional Carnot group is of step r: for instance the Heisenberg group H¢ is
a Carnot group and @) = 2d + 2.

The previous abstract definition of Carnot groups is not always very practical. It is
however possible to prove (see [8]) that any N-dimensional Carnot group of step 2
with m generators is isomorphic to (RY, o) with the law given by (N = m +n, 2} €
R™, 2(2) ¢ R")

(1) @)Y o (41D 4@ vyt j=1,m
T oW,y = ’ W 7o,y ’
( ) o ( ) 2P 4y 4 L0 Uiy®y =1, n

where UY) are m x m linearly independent skew-symmetric matrices.

With this at hand, one can give the definition of a group of Heisenberg-type (H-
type henceforth). These groups are two-step stratified nilpotent Lie groups whose Lie
algebra carries a suitably compatible inner product, see [22]. One of these groups is the
nilpotent Twasawa subgroup of semi-simple Lie groups of split rank one (see [23]). More
precisely, an H-type group is a Carnot group of step 2 with the following property: the
Lie algebra G of G is endowed with an inner product (-, -) such that if Z is the center
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of G, then [Z+, Z4] = Z and moreover for every z € Z, the map J, : Z+ — Z+ defined
by (J.(v),w) = (z, [v,w]) for every w € Z* is an orthogonal map whenever (z, z) = 1.
If m = dim (Z+) and n = dim (Z), then any H-type group is canonically isomorphic
to R™*" with the above group law, where the matrices UU) satisfy the additional
property UMU® + USUT = 0 for every r,s € {1,...,n} with » # s. Whenever
the center of the group is one-dimensional, the group is canonically isomorphic to the
Heisenberg group on R™*!. We shall always identify Z+ with C’ with 2¢ = m and Z
to R™ thanks to the discussion above. Note that the homogeneous dimension of a H-
type group so defined is ) = 2¢ +n. On an H-type group G, the vector-fields in the
algebra G are given by

D DR R 3 DRI
2 oS 2 o=
for j =1,..,0, z = (z,y) € R* and t € R". In the followmg we shall denote by X
any element of the family (Xi,..., X, Y],...,Ys). The hypo-elliptic Kohn Laplacian
on H-type groups writes

2
262 _| |Zﬁ+zz UZJS)ataZL’]

s=11i,5=1

1.4. Main results and structure of the paper. In [13], the authors investigate the
algebra properties of the Bessel space

={f € L’(G), (-A¢): f € L*(G)}
and their homogeneous counterpart, where G is any unimodular Lie group.

Our first theorem considers Besov spaces in the general setting of groups with poly-
nomial volume growth. The case s € (0,1) is obtained, both for inhomogeneous and
homogeneous spaces, by using an equivalent definition in terms of differences (see [27]).
The general case is only proved in the case of inhomogeneous spaces and uses the fact
that local Riesz transforms are continuous in L? for 1 < p < co (whence the restriction
on p below), along with an interpolation argument to obtain all values of s.

Theorem 1. Let G be a Lie group with polynomial volume growth.

For every s € (0,1) and 1 < p,q < oo, the spaces B; (G)NL>*(G) and B;q(G)HLOO(G)
are algebras under pointwise multiplication.

The same property holds if s > 1 for By (G) N L>(G), with the additional restriction
that 1 < p < o0.

Remark 1.1. We shall give a generalization of Theorem 1 to the case when the
space L>(G) is replaced by L™(G) (see Propositions 3.3 and 3.4).

One can recover the full range of indexes p, as well as homogeneous Besov spaces,
in the context of H-type groups thanks to the paraproduct algorithm. Before stating
the result let us give an intermediate statement in the case of nilpotent groups. Its
proof requires the continuity of Riesz transforms, as well as a result which is to our
knowledge new even in the context of the Heisenberg group (see Proposition 4.1) and
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which links B;,q(G) and B;fgl(G) in terms of the action of X; and not only powers of
the sublaplacian.

Theorem 2. Let G be a nilpotent Lie group.

For every 1 < s < d, the space B3 \(G) is embedded in L>(G) and is an algebra.

Moreover for every 1 < s and every 1 < p < oo, if f and g belong to the space B; so1 M
L>(G) then fg belongs to B;’l N L>®(G).

Finally if 1 < p1,p2 < oo with 1/}9 = 1/p1 + 1/ps, if 1 < q < o0, and if [ belongs
to By ,NLPY(G) and g belongs to B, . LP*(G) then fg € B, ,NLP(G), for any s > 0.

p1,9

Remark 1.2. Unfortunately we are unable to recover, in the case of nilpotent groups,
the full algebra property due to the (technical) fact that Besov spaces do not interpolate
very well when the integrability indexes are different. The second property in Theorem 2
is almost an algebra property, except for a loss in the third (summation) index. As to
the last property this time the integrability index is changed in the product. The reason
for those losses will appear clearly in the proof of the theorem.

Finally, in the context of H-type groups, thanks to paraproduct techniques, one can
enlarge the range of admissible spaces and prove the following result.

Theorem 3. Let G be an H-type group. For every s > 0 and 1 < p,q < oo, the
spaces By (G) N L>(G) and B, (G) N L>(G) are algebras under pointwise multiplica-
tion.

Besov spaces are defined in the coming section, and Theorems 1 and 2 are proved in
Sections 3 and 4 respectively. We present the proof of Theorem 3 in Section 5.

We shall write A < B if there is a universal constant C' such that A < C'B. Similarly
we shall write A~ Bif A< B and B < A.

Acknowledgements. The authors are very grateful to L. Saloff-Coste for comments
on a previous version of this text. They also thank the anonymous referee for questions
and suggestions which improved the presentation.

2. LITTLEWOOD-PALEY DECOMPOSITION ON GROUPS OF POLYNOMIAL GROWTH,
AND BESOV SPACES

This section is devoted to a presentation of the Littlewood-Paley decomposition
on groups of polynomial growth, together with some standard applications. A general
approach to the Littlewood-Paley decomposition on Lie groups with polynomial growth
is investigated in [18]. We also refer to [6] or [5] for the case of the Heisenberg group. We
recall here the construction of the homogeneous and inhomogeneous decompositions.
For details and proofs of the results presented in this section we refer to [10], [1§]
and [20].
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2.1. Littlewood-Paley decomposition. We first review the dyadic decomposition
constructed in [18]. Let x € C*°(R) be an even function such that 0 < y < land y =1
on [0,1/4], x = 0 on [1,00[. Define ¥(z) = x(x/4) — x(x), so that the support of ¥ is
included in [—4, —1/4] U [1/4,4]. The following holds:

VreR, ) ¢@2¥r)=1 and x(r)+» ¢(2¥r)=1, VreR

JEZL 7>0

Introduce the spectral decomposition of the hypo-elliptic Laplacian

—AG:/ AE.
0
Then we have
X(=6)= [ x(NdBy and p(-208g) = [ uE B,
0 0

We then define for j € N the operators

Sof =x(=Ac¢)f and A;f =¢(=2"7A¢)/f.
The homogeneous Littlewood-Paley decomposition of f in §'(G) is f = ZjeZ A f,
while the inhomogeneous one is f = Sy f + Z;io Ajf.

Theorem 4 ([18]). Let G be a Lie group with polynomial growth and p € (1,00).
Then u belongs to LP(G) if and only if Sou and /372 |Ajul* belong to LP(G). More-

over, we have ||ul| o) ~ |[Sou| r@) + H(Z |Ajul?) .
=0

In the following we shall denote by ¥; the kernel of the operator ¥(—2"%Ag). One can
show that W; is mean free (see Corollary 5.1 of [9] for Carnot groups, and Theorem 7.1.2
of [10] for an extension to groups of polynomial growth). In the context of Carnot
groups, W, satisfies the dilation property

\I/](l‘) = 2Q]\I/0(2]l‘)
In the more general context of groups of polynomial growth, this does not hold but one

has nevertheless the following important estimates: let a € N and [ € U {1,..., k}ﬁ

BeN
be given, as well as p € [1,00]. The following result is due to [18]:

(d
(2.1) V5 >0, (14 ] )X 0 ey S 2,

where 1/p +1/p’ = 1. We have denoted X' = X, ... X;, and |I| = 3. Moreover as
proved in [10], Theorem 7.1.2, one has

(2.2) VieZ, [IXi¥llne S2.

Finally putting together classical estimates on the heat kernel (see [13] or [28] for
instance) and the methods of [18] allows to write that for any a > 0,

23) ez |11l 2
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2.2. Besov spaces. As a standard application of the Littlewood-Paley decomposition,
one can define (inhomogeneous) Besov spaces on Lie groups with polynomial volume
growth in the following way: let s € R and 1 < p < +o00 and 0 < ¢ < oo, then B} (G)
is the space

=, . 1/q
B; ,(G) — ”SOfHLP(G) -+ (Z(stHAjf”Lp(G))q> < OO}

=0

J

{f € S(G), |If]

with the obvious adaptation if ¢ = co. When p = ¢ = 2 one recovers the usual Sobolev
spaces (see for instance [5] for a proof in the case of the Heisenberg group). Note
that when s > 0 one sees easily that ||Syf||zr@) may be replaced by || f||zr@). Using
Bernstein inequalities (Proposition 4.2 of [18]) one gets immediately that if 0 < s then

d d

s+
(24) P1 S Do = Bph(;l P2 N LP?2 — B;%q N Pt

where recall that d is the local dimension of G.

One can also define the homogeneous counterpart of the above norm:

g0 = (D718 fl@)")

JEZL

1/q
1]

but proving that this does provide a (quasi)-Banach space is not an easy matter, and is
actually not true in general, even in the euclidean case (see for instance [2, Chapter 2]
for comments on that subject). To recover a Banach space in the context of Carnot
groups, the homogeneous space B;,q(((}) can be defined as the set of functions in §'(G)
modulo polynomials, such that the above norm is finite (see [17]). In the present study
however this will not be an issue, even if the group is not stratified: we define B;,q(G) as
the completion for the above norm of the set of smooth functions such that A;f — 0
as j — —oo, and we shall always be considering the intersection of B;q(G) with a
Banach space (such as L*).

Note that Bernstein inequalities imply as in (2.4) that

d d

. s+ .
p1<ps= Bp 4" " =B, .

Besov spaces are often rather defined using the heat flow (the advantage being that
it does not require the Littlewood-Paley machinery). In [18], the authors prove that
if s € R, then f € B, (G) is equivalent to: for all ¢ > 0, the function etA¢ f belongs
to LP(G) and

! —s m di\1/4
(25) R R R

for m > 0 greater than s. We shall not be using this characterization here.
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3. PROOF OF THEOREM 1

3.1. The case s € (0,1). We start by dealing with the case s € (0,1), and use an idea
of [13] which consists in representing the norm on Besov spaces by suitable functionals.
More precisely, we introduce the following functional (note that it differs slightly from
that used in [13]), writing 7, f(w’) = f(w'w):

I7wf = fllzr)
Jwl®

Ss,pf<w> =

Proposition 3.1. Let G be a Lie group with polynomial growth. Then for any s € (0, 1)
and p,q € [1,400], we have

1115500 ~ 1 s + 1S 1, g 2
> V(D)

and

/]

Once Proposition 3.1 is proved, the algebra property follows immediately in the case
when s € (0,1). Indeed, let f, g belong to the space (B, N L>*)(G) for s € (0,1). Tt is
easy to see that

(3-1) Ssvp(fg) < ||f||L°° Ss,pg + ||g||L°° Ss,pfa

hence the result using the equivalence in Proposition 3.1. The same holds in the
homogeneous case.

thq(G) ~ HSS’prLq(G’V?\ZJ\))'

Remark 3.2. One can extend (3.1) to the following, with 1/a; +1/b; = 1/p:
Ssp(f9) < [ fllLa1Ss19 + 119l 92850, f -

We now prove Proposition 3.1. Note that this result was already proved in [27] using
the characterization (2.5). We choose to present a proof using the Littlewood-Paley
definition here, which is inspired by the proof of the euclidean case in [2] for instance.
We need to prove that for s € (0,1)

, ”wa_f”%p(;
> @)1 fllzo@)? ~ 1% + | 1 ©)
( || ijL (G)) ||f||L +/(;’ lw|<1 V(|w|)|w|3q

JEZ

with the obvious modification if ¢ = oo. Compared to the euclidean case, one is
missing the usual dilation property, which will be replaced by estimate (2.1). The
classical proof also uses a Taylor expansion at order one, which we must adapt to our
context in order to use only horizontal vector fields (which alone appear in (2.1)). Let
us start by noticing that

115 < D@71 Fllze)?

J<0
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Next let us bound the quantity ||7,A; f—A; f||zrG) - Recalling that A; = Z JAVYANTR
7" —jl<1
we have
Tl f = DNif = D Apfr (Tl - 0y),
lj'—71<1

where U, is the kernel associated with ¥(27%Ag). It follows by Young’s inequality
that

17wl f = Difllee) < Y 18 Fllowllmuly — Wyl

7' —jl<1

Now let us estimate ||7,¥; — ¥;|[;1. We have

¥y %)) = [ Wl ds

= 3 [ o) Xl o) s

where ¢ is an admissible path linking e to w. It follows that

k 1
Iy — Wl < /G Z / lee(s)] | (Xe(mp ()W) (2p(s))| dsda

k 1
<y / co(s)] ds | XeW, 1
/=1

by the Fubini theorem and a change of variables. Using (2.2) we get

k 1
ViEN, [ml;— W < 212/ lco(s)| ds
¢=1"0

so by definition of |w| and by the Cauchy-Schwarz inequality we find
ViEN, |[IT¥; — )l < 2w,
This implies that there is a sequence (c;) in the unit ball of £¢ such that

(3.2) VieN, [mdif —Aifllwe S clwl2C2) £l o)
On the other hand one has of course
(3.3) 1m0l f = A fllre) S 6271 fll s )

Now let us define j,, € Z such that = < 2/v < ﬁ Then using (3.2) for low frequencies

lw] —
and (3.3) for high frequencies allows to write

o (S ol + 3 o).

J<jw J>Jw

|Twf = fllzee) SIS

Let us first consider the case ¢ = co. Then one finds directly that
17w f = fllzre) S [wl*[l /]

Bs ,(G)
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which proves one side of the equivalence. The case ¢ < oo is slightly more technical

but is very close to the euclidean case. We include it here for sake of completeness.
We have that

|7wf = fllzr 9
—_— < 24 (I + I
‘ |w]|® Lq(@,—lv‘l(”“uﬁ)l) ~ ||f|BZ,q( 1+ b)
where
q‘w|Q(1_5)dw
[1 /1w<1( C2J(1 S) —————— and
. Z : V(jwl)
|w[™**dw
[2:/1w<1( 02‘73>
lwl ]; J |w|)

Holder’s inequality with the weight 27075 and the definition of j,, imply

. q .
(Z%WmvﬁmﬁHM”Z€wH”

J<iw I<Jw

By Fubini’s theorem, we deduce that

dw
I < /‘ P — P S
2:B V(lw|) ’

JEN (0,279+1)
since ||(¢;j)|les < 1. The estimate on I, is very similar. Note that it is crucial here
that s € (0,1).
The converse inequality is easy to prove and only depends on the fact that the mean
value of W, is zero. We write indeed

8if(w) = [ f@(0) do= [ (rfw) = f@) () do

so that
7o f = fllze

Ely

2| fll e < sup
veG

JERC OIS

Then (2.3) implies that

A .
2|0y g < sup A2 = Sller
veG |’U|
Since
Tof —
sup M S 2”fHLp,
v[>1 [v]
we get finally
Js ” vf f”LI’
sup 27°[| A fllz» < sup =+ 2|| |l z»,
Ier [ol<1 vl

the result follows in the case ¢ = co. The case ¢ < oo is similar though a little more
technical, as above.

The homogeneous case is dealt with in a similar fashion. We leave the details to the
reader. This proves Proposition 3.1. U



10 ISABELLE GALLAGHER AND YANNICK SIRE

Using Remark 3.2, the same proof provides the following result, which will be useful
in the next section.

Proposition 3.3. Let G be a Lie group with polynomial volume growth.
For every 0 < s <1 and 1 < p,q < oo one has, writing 1/p =1/a; + 1/b;

1f9lls,, < WS llzerllgliss,, + lgllze L]

p.a —

S
Bbg,q

and
1f9llsy , < Wfllzesllglliss  + Ngllpellfll5s -
’ 1,9 2,9

3.2. The case s > 1 (inhomogeneous spaces). We shall first deal with the case
when s is not an integer. We use the well-known fact that the “local Riesz trans-
forms” (Id — Ag) ™= X;(Id — Ag)~% are bounded over LP(G) for 1 < p < oo (see for
instance [15]). This implies easily (see the next section where the same result is proved
in the more difficult homogeneous case) that

s+1 s s N
feB < feB;, and X,feB, VYi=1,... k.

We can then follow the lines of [13], by writing || fg]| gz+1 ~ HngBg’quEf:l 1X:(f9)lls,
and by arguing by induction: let us detail the case s =1+ s’ with 0 < s’ < 1. On the
one hand we know that for all 1 < p,q < oo and if 1/a; + 1/b; = 1/p,

»q

1F9lly, S W llzeallgllpy  + Ngllzelfll gy -
s 1.9 2,9
Then we write, by the Leibniz rule,

X Dy, < 17 Xiglmg, + 9XeS s
and we have, by Proposition 3.3,

(3.4) 1 Xigll sy S f e |1 Xig)

The estimate on ¢X;f in B;:q is similar so we shall not write the details for that term.
The first term on the right-hand side of (3.4) is very easy to estimate since

1 Xig]

By + I/ Bg;’qHXigHLb%

S lglls;
S .
By~ 9l ,

So let us turn to the second term. Let us first estimate f in Bg;g. We have clearly,
since s’ < s,

s .
Ba27q

s <
1 llss < IS

Now let us turn to the estimate of X;g in L, choosing 1 < by < co. We use the fact
that ) )
[ Xigllpre S 1 Xi(1d = A)72(Id = A)> g/ 2,
1
S Ad = A)2g][ e,

by the continuity of the local Riesz transforms. Since [A;, Ag] = 0, Bernstein’s lemma
(see Proposition 4.3 of [18]) implies

128;(1d = A)2 gl < 271250 oo

~
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This implies that
1 1 .
1(1d = A)2g]l s S [[So(1d = &)z gl 100 + Y 27[| 2]l e

320
< lglles + 3 27 A9 12—
320
< lgls;,,

since s > 1. This gives the required estimate for the second term in (3.4) and that
allows to conclude the proof of Theorem 1 in the case when s € Rt \ N. The general
case s > 0 is then obtained by interpolation: we recall indeed that the following
complex interpolation is true (see [7, Theorem 6.4.5], whose proof only relies on the
dyadic decomposition and may be easily adapted to our situation)

(3.5) [Boy"s Bptfly = B,

p,q

The multilinear interpolation result of [7, Theorem 4.4.1] provides the case s = 1 and
the other integer cases are obtained similarly. 0

Note that the above proof actually gives the following result.

Proposition 3.4. Let G be a Lie group with polynomial volume growth.
For everys > 1,1 < qg<oo0and 1 < p < oo one has, writing 1/p = 1/a; + 1/b; and
choosing 1 < a;,b; < o0,

/9]

Bg, < I fllza gl

p,q —

55, + lgllzea £

S .
Bb2 2

4. PROOF OF THEOREM 2

As in the previous case the idea is to argue by induction for the noninteger values
of s, and then by interpolation. To do so, we need the following result, which is new
to our knowledge, even in the context of the Heisenberg group.

Proposition 4.1. Let G be a nilpotent Lie group and let s > 0 and p € (1,00) be

giwven. Then f € B;;I(G) if and only if for all i =1, ...k, we have X;f € B, (G).

Proof. On the one hand we need to prove that for alli =1,... k and j € N,
18 Xk fller S 270D fl o

~

Using Bernstein’s inequality and by density of polynomials in the space of continuous
functions it is then actually enough to prove that for all integers m,

m _1 m
(4.6) 1(=A¢)2 (=Ag) > Xpfllr S [(=Ag)> fllz»-
Indeed if (4.6) holds, then one also has, multiplying both sides of the inequality by 2/™,
(=22 A¢) % (= Ac) 2 Xpfller S 1(—2Y D)% £l
so for smooth compactly supported function ¢, we get by functional calculus

(4.7) (=22 A¢)(—A6) 2 Xaf o S llo(—2Y Ag) f| 1
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But recalling that A; = ¢(—2%Ag) we have
18 X5 f Il = 19(=2" Ag) X f v

= [(=2" 86) (~A6)? (~86) 2 XS 1o

Then we can write
19(=27 Ac)(=A)? (=A6) 2 X f Lo S 2716(—27 Ac) (= Ag) 2 X f 1o
S 2[4 flle

due to Bernstein’s inequality

185(=26)7 fllir < PI|A |1
along with (4.7). So let us prove (4.6). Actually according to [24] the operator £F =
(—Ag)™T Xp(—Ag)~ % is bounded over LP(G) for 1 < p < co. That property is false

if the group is not nilpotent (see for instance [1]) so it is here that the assumption
that G is nilpotent is used. So writing

(—A¢)% (—Ag) 2 Xif = (—Ag)? (;AG)7%Xk<_AG>7% (—Ag)

= ‘Cfn(_AG)Efa

m
2

S

the result follows.
On the other hand, using again the fact that polynomials are dense in the space of
continuous functions, we also need to check that for all f,

m—+1

I(=Ae)™=" fllz» < sup I(=A¢) % Xiflls.

To prove that we simply use again the fact that £F is bounded over LP(G) for every
index 1 < p < oo. Indeed we can write

1(=26)"F flle < S I1(-A6) "% X210
k
=Y (=26)"T Xi(~A6)"F (—A6) F Xif | v
k

= Z 1£5,(—Ag) Xiflle
P

whence the result. Proposition 4.1 is proved. O

Proposition 4.1 allows to obtain rather easily Theorem 2 when s € R™ \ N, using also
Proposition 3.3. Let us give the details.

The fact that B% L(G) is embedded in L**(G) simply follows from the easy calculations:

£ llze@ <D IA; flli~@)
JEZ
S22 g
JEZ

by the Bernstein inequality (Proposition 4.2 of [18]).
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Now let us prove that B? ,(G) is an algebra, and then let us prove that for every 1 < s
and every 1 < p < oo, if f and g belong to B;S%I N L*(G) then fg belongs to B;,1 N

L>(G). We follow the lines of the inhomogeneous case treated above, but we need to be
careful that the norms are now homogeneous. Let us define s = 1+ s’ with s’ € (0, 1).
We write as in the inhomogeneous case, by the Leibniz rule,

1Xi(fg)] By, S | fXig| By, t |9 X f]

and study more particularly the first term on the right-hand side, which satisfies due
to Proposition 3.3, for 1/a; + 1/b; = 1/p (and choosing from now on 1 < a;, b; < 00),

(4.8) foig”Bg/q S e HxigHBg’ + Hf”Bg/ X9l Lo -
B 1-9 2,9
On the one hand

Sl
s
Bqu

Xl S lgllsy

Bg;,qHXigHLb%
In the case when ¢ = 1 and p = d/s we choose ay = d/(s — 1) = d/s" and by = d and
use Bernstein’s inequality which states that

78 S 051,
]

so it suffices to estimate || f|

Then according to [13] we have

s 1 1—1
1Xigllze S NI(=Ae)29ll" 4 llgll 1=

and moreover

I(=2e)2gll, 2 < D114 (—Ac)3g]l, 4

JEZ

S D209l 4

JET

S

by Bernstein’s inequality, so we infer that
1 1-1
1Xigllza < Nlglle Mgl
4

and the result follows in the case 1 < s < 2. The other noninteger cases are obtained
by induction. To prove the result in the integer case we use a nonlinear interpolation
argument as in the inhomogeneous case above: let us detail the case s = 1 for instance.
We have indeed (as pointed out in [7], the interpolation results hold in the homogeneous
case):

1—¢ 1+e _ Pl
B2 By = B
so the result follows. The other cases are obtained similarly.

In the case when f and g belong to B; .1 then we use as above the fact that

[f 1z [ Xig]

s/ Bs 3
Bb1,q ~ b1.9
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and in particular we can take a; = oo and b; = p, and we choose ay = ps/(s — 1)
and by = ps. Then Holder’s inequality gives

y s=1 L
s S22V A flI s 12 i

-1 ~

< (2014 f ) If

27 (1A

1
s
Lo

Since as above
s 1 1-1
[ Xigllzes S 1(=2c)29ll ;o191

S llgl

the result follows in the case 1 < s with s non integer. Let us detail for instance how
to recover the case s = 2: we write for instance

1-1
|9l o

1
s

S
BP,I

[Bfo Bl ]s = B
P35 D,

’9 p7§

oot
(NI

so the result follows by bilinear interpolation. The other cases are obtained similarly.

Finally let us turn to the last statement of the theorem, namely the fact that if 1 <
p1,p2 < 0o with 1/p =1/p; + 1/ps, if 1 < g < 0o, and if f belongs to B;hq N L7 (G)
and g belongs to B;Q7qﬂLp2(G) then fg € B;qﬂLp(G). We recall the real interpolation
result [7, Theorem 6.4.5], which holds also in the homogeneous case as indicated in [7],
according to which

(4.9) (BoL iB2 lo, =B, s=0s1+(1—0)s2, s1%s

,q1? p,q2 p,r?
so in particular
. . ., .,
[BO - BS ]ﬂlZBs < B
s b

a2,007) "~ az,q az,1 a2,q *

We infer that f belongs to Bj;q as soon as f belongs to L* N Bgm — ng N Bjm.
Similarly

[Bl())g,oo; ng,q]%,l = ng,l
so using the fact that
1 Xigllpe < 11Xl go

b1
< .
<ol
we infer that X,;g belongs to L’ as soon as g € L N Bgfm C BSQ,OO N ng. The
result follows for 1 < s < 2, and the theorem is proved by an easy induction, and

interpolation as in the inhomogeneous case. O

5. PARADIFFERENTIAL CALCULUS ON H-TYPE GROUPS

In this section, we describe several topics related to harmonic analysis on H-type
groups, which we recall are particular cases of Carnot groups where it turns out that
an explicit Fourier transform is available.
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5.1. Fourier transforms. In order to construct para-differential and pseudo-differential
calculus on H-type groups, one needs to introduce a suitable Fourier transform. This
is classically done through the infinite-dimensional unitary irreducible representations
on a suitable Hilbert space since H-type groups are non commutative. Two repre-
sentations are available: the Bargmann representation (see [21] for instance) and the
Schrodinger representation (see [12] for instance).

5.1.1. General definitions. Let us define generally what a Fourier transform is on non
commutative groups. Consider a Hilbert space H,(K?) of functions defined on some
field K (which can be R or C). The irreducible unitary representations m : G —
H(K*) are parametrized by A € R™\ {0} where n is the dimension of the center of the
group. We have then the following definition.

Definition 5.1. We define the Fourier transform on G by the following formula: let
f € LYG). Then the Fourier transform of f is the operator on Hx(K*) parametrized
by A € R"\ {0} defined by

FHO) = / e t)m (2. 1) de d.

Note that one has F(fxg)(\) = F(f)(A)oF(g9)(N). Let F,, 5, a € N® be a Hilbert basis
of Hy(K*). We recall that an operator A()\) of H, such that

Z |(AN) Ean, Far)m,| < 400

a€ENE

is said to be of trace-class. One then sets tr (A(\)) = Z (AN)Ean, Fa)n,, and the

aeN¢
following inversion theorem holds.

Theorem 5. If a function f satisfies Z/ IF(F)N) Farllz, A AN < oo then we
aend “R”
have for almost every w,

26—1

) = 2oz [t (ma(w (O A

Following [29], the representation my, on G determines a representation 7 on its Lie
algebra G on the space of C'*° vectors. The representation 73 is defined by 7} (X)f =

d
<%7T,\(exp(tX))f)\t:0 for every X in the Lie algebra G. We can extend 73 to the

universal enveloping algebra of left-invariant differential operators on G. Let K be a
left-invariant operator on G, then we have

K(maf,9) = (mmi(K)f, 9)

where (-, -) stands for the H, inner product.
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5.1.2. Bargmann representations on H-type groups. Given A € R™\ {0}, consider the
Hilbert space (called the Fock space) Hy(C) of all entire holomorphic functions F

2| A\ ¢ 2
on C* such that ||F||72le = <L> / |F(¢)|2e~ NI g¢ is finite. The corresponding
™ (el4

irreducible unitary representation 7y of the group G is realized on H,(C%) by (recall
that t € R" and z,& € C*) (see [14])

(ma(z, ) F)(€) = F(€ — 2)eM— (P +(.0)

It is a well-known fact that the Fock space admits an orthonormal basis given by the
(V2[A[€) 5

monomials F, ,(§) = , a € N. A very important property for us is the

following classical dlagonahzatlon result (see [21], or [4] and the references therein).

Proposition 5.2. Let Fg be the Fourier transform associated to the Bargmann repre-
sentation . The following diagonalization property holds: for every f € S(G),

Fe(Acf) (N Fax = —4A@2lal + O Fs(f)(A) Fan
This allows to define the following formula, for every p € R:

Fu((=8c)"[) (M) Fax = (4N 2lal +0)" Fp(f)(A) Fax.

5.1.3. The L? representation on H-type groups. Another useful representation is the
so-called Schrodinger, or L? representation. In this case, the unitary irreducible repre-
sentations are given on LQ(RK) by, for A € R" (and writing z = (z,y)): (TA(2,t)F)(§) =
A FINI(T 2y 25€5+52505) F(&+vy). The intertwining operator between the Bargmann and
the L? representations is the Hermite-Weber transform K : H, — L*(R") given by

2 1 0 >
K — NN g [ ) oAl
which is unitary and satisfies Kym(z,t) = 7x(z,t) K. Following [29] and the previous

description, we have 73(X;) = i|Al§; and 73(Y;) = for j = 1,...,¢, and similarly

0¢;
for k =1,...,n, 73(0, ) = i\;. Therefore, we have

Z (%2 +IAPlEP

Notice that this is a Hermite operator and the eigenfunctions of 7 (—Ag) are ®X (&) =

A4, (VINE), a = (Oél,...,Oég) Where P, (&) is the product g, (&1)..-¢a, (&) and
Ve, (&;) is the eigenfunction of —F% + §2 with eigenvalue 2a; + 1. This leads to the

following formula, where |a| = a4 + et ag:
T(=Ac) 25 = (2la] + )Ny,

As a consequence, one has the following lemma.
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Lemma 5.3. Let Fg be the Fourier transform associated to the Schrodinger represen-
tation 7. The following diagonalization property holds: for every f in S(G),

Fs((—2c) /)@, = (2lal + A Fs(f) P
Proof. We have by definition

Fo((-80)00) = [ (e 0m (001 = [ Fe0(-A0m(z )
Using the definition of the dual representation, we have
Fol(=86) )8 = [ fetm(0m(-00)2)
and using the properties of the Hermite operator, this gives the result. O

5.2. A localization lemma. As in [5], one can prove a localization lemma (also called
Bernstein Lemma), which we state here in the context of the Bargmann representation.
The proof is omitted as it is identical to the Heisenberg situation treated in [5]. Note
that using Proposition 4.1, the last statement of the lemma could be extended to
iterated vector fields X7. We denote Cy the ring {T € R 1/2 < |7| < 4} and by By the
ball {7 € R |7| < 2}.

Lemma 5.4. Let p and q be two elements of [1,00], with p < ¢, and let u € S(G)
satisfy for all o € N¥, Fp(u)(N)Fox = Lye@a|+0)-122i8,F 5(U)(A) Far. Then we have

Vk €N, sup ||XPul @) < Ck2 NG +k]HUH
|Bl=k

On the other hand, if Fp(u)(N)Fax = Lic(jal+e)-122ic,, then for all p € R,
C12797)(=Ag) 2 ull o) < llullire) < Cp2777[[(=A) 2 ul o).

5.3. Paraproduct on H-type groups. In order to develop a paraproduct on H-type
groups, one has to prove that the product of two functions is localized in frequencies
whenever the functions are localized. This is the object of the next lemma, whose proof
is the same as that of Proposition 4.2 of [5].

Lemma 5.5. There is a constant My € N such that the following holds. Consider f
and g two functions of S(G) such that

Fe() (A Far = Lae@ial+o22me, (A)Fp(f)(A) Fax  and
FB(9) (M) Fap = Lic@iaprnzm e, (NFB(9)(A) Fan
for m and m' integers. If m’ —m > M, then there exists a ring C such that
Fp(fg) (N Fapy = = Lycglal+0)22m e(NFB(9)(A) Fan
On the other hand, if |m' — m| < M, then there exists a ball B such that
Fp(fg) (A Fapy = = Lyciajaf+022m 5(MN)FB(fg)(N) Fax
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Definition 5.6. We shall call paraproduct of v by u and shall denote by T,,v the bilinear
operator T,v = Z Si_1uAju. We shall call remainder of uw and v and shall denote
J
by R(u,v) the bilinear operator R(u,v) Z Aju .
li=3'1<1

Remark 5.7. It is clear that formally uwv = T,v + Tyu + R(u,v).

One of the classical consequences of Lemma 5.5 is the following result, which is obtained
using the previous decomposition as well as localization properties of the paraproduct
and remainder terms.

Corollary 5.8. Let p > 0 and (p,r) € [1,+00]? be three real numbers. Then
19l Bg..0) < CULf =9l Bg, @) + N9l =l f Nl 70069

If pr + p2 > 0 and if py is such that py < Q/p1, then for all (pa,r2) € [1,+00]? writing
p=p1+p2—Q/pi,

Vol € ooz, + ol )
1
Moreover, if p1 + p2 >0, p1 < Q/p1 cmd — + — =1, then
Folspoier < CUL N ol + ol 1l

Finally if pr + p2 > 0, p; < Q/p; and p > max(py, p2), then for all (r1,12),

1Folspee < O o, gllage
1 1 1
with pra = p1 + po — Q(— + — — =) and r = max(ri,m2), and if pr + p2 > 0,
1]91 P2 p
with p; < Q/p; and with — + — =1, then for all p > max(p1, p2),
T
1Folapie o < ClFllazr Nllnge..

The same results hold in the case of homogeneous Besov spaces. Once the paraproduct
algorithm is in place, one can obtain (refined) Sobolev and Hardy inequalities (see [11]
and [5] for Sobolev embeddings in the euclidean case and for the Heisenberg group,
and [3] for the Hardy inequalities — see also [9] for recent extensions). One can also
construct, in the context of H-type groups, an algebra of pseudo-differential operators
exactly as on the Heisenberg group. We refer to [4] for details.
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