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BESOV ALGEBRAS ON LIE GROUPS OF
POLYNOMIAL GROWTH AND RELATED RESULTS

ISABELLE GALLAGHER AND YANNICK SIRE

ABSTRACT. In this paper we prove an algebra property under
pointwise multiplication for Besov spaces defined on Lie groups
of polynomial growth. When the setting is restricted to the case of
H-type groups, this algebra property is generalized to paraproduct
estimates. Some considerations on pseudodifferential calculus are
also provided in that setting.

1. INTRODUCTION

1.1. Lie groups of polynomial growth. In this paper G is an uni-
modular connected Lie group endowed with the Haar measure. By “uni-
modular” we mean that the Haar measure is left and right-invariant.
If we denote by G the Lie algebra of G, we consider a family

X = {X1, ..., Xi}

of left-invariant vector fields on G satisfying the Hormander condition,
i.e. G is the Lie algebra generated by the X/s. A standard metric on G,
called the Carnot-Caratheodory metric, is naturally associated with X
and is defined as follows: let ¢ : [0, 1] — G be an absolutely continuous
path. We say that ¢ is admissible if there exist measurable functions
ay, ..., ay : [0,1] — C such that, for almost every ¢ € [0, 1], one has

k

O(t) =" a;(t)X(L(t)).

i=1

If 7 is admissible, its length is defined by

1 k %
-/ (Dai(t)ﬁdt) .

i=1
For all z,y € G, define d(z,y) as the infimum of the lengths of all
admissible paths joining x to y (such a curve exists by the Hérmander
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2 ISABELLE GALLAGHER AND YANNICK SIRE

condition). This distance is left-invariant. For short, we denote by |z|
the distance between e, the neutral element of the group, and x so that
the distance from z to y is equal to |y~ tx|.

For all » > 0, denote by B(x,r) the open ball in G with respect to
the Carnot-Caratheodory distance and by V(r) the Haar measure of
any ball. There exists d € N* (called the local dimension of (G, X))
and 0 < ¢ < C such that, for all r €]0, 1]

cr? < V(r) < Cr,

see [B7). When r > 1, two situations may occur (see [B0]):
e Either there exist ¢, C, D > 0 such that, for all » > 1,

er? < V(r) < or?P

where D is called the dimension at infinity of the group (note
that, contrary to d, D does not depend on X). The group is
said to have polynomial volume growth.

e Or there exist ¢y, ¢co, C1, Cy > 0 such that, for all » > 1,

e <V(r) < Cef?r

and the group is said to have exponential volume growth.

When G has polynomial volume growth, it is plain to see that there
exists a constant C' > 0 such that for all » > 0, V(2r) < CV/(r).
In turn this implies that there exist C' > 0 and x > 0 such that for
all 7> 0and all 0 > 1, V(0r) < COV(r).

1.2. Nilpotent Lie groups. A Lie group is said to be nilpotent if its
Lie algebra G is nilpotent: more precisely writing G' = G and defining
inductively G¥*1 = [G* G*], then there is n such that G" = {0}. It can
be shown that such groups are always of polynomial growth (see for

instance [[Ld]).

1.3. Stratified (Carnot) and H-type groups. Carnot groups are a
particular version of nilpotent groups, which admit a stratified struc-
ture and for which V(r) ~ r@ for some positive @, for all r > 0.
One advantage of this additional structure is that such groups admit
dilations. Important examples of such groups are H-type groups, a
particular example being the Heisenberg group (in those cases there is
actually an explicit formula for the Fourier transform).

More precisely, the Lie group G is called a Carnot group if G is
simply connected and the Lie algebra of G admits a stratification, i.e.
there exist linear subspaces Vi, ..., V, of G such that

G=Vio..oV
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which satisfy [V1,V;] = Viyq for i = 1,..,r — 1 and [V4,V,] = 0.
By [V1, V;] we mean the subspace of G generated by the elements [ X, Y]
where X € V} and Y € V. Carnot groups are nilpotent. Furthermore,
via the exponential map, G and G can be identified as manifolds. The
dilations 75 (6 > 0) are then defined (on the Lie algebra level) by

Ys(w1 + ..+ x) =611 + o+ ...+ 02y, 35 €V
We then define the homogeneous dimension to be
@ = dimV; + 2dimV, + ... + rdimV;.
Moreover, if G is a Carnot group, we have for all » > 0,
(1.1) V(r) ~r¢

(see [[7). We will say that the Q—dimensional Carnot group is of
step r with k generators. For instance the Heisenberg group H? is a
Carnot group and ) = 2d + 2.

k
We denote Ag = Z X? the sub-laplacian on G, and the associated

i=1
gradient Vg = (X1, ..., Xi).

The previous abstract definition of Carnot groups is not always
very practical. It is however possible to prove (see [f]) that any N-
dimensional Carnot group of step 2 with m generators is isomorphic
to (R, o) with the law given by (N = m +n, 2V ¢ R™ 22 ¢ R")

() (1)

'ty g=1..m
(W, 2®) o (y,y?) = (x@) @’ ) :

where UU) are m x m linearly independent skew-symmetric matrices.

With this at hand, one can give the definition of a goup of Heisenberg-
type (H-type henceforth). These groups are two-step stratified nilpo-
tent Lie groups whose Lie algebra carries a suitably compatible inner
product, see [R4]. One of these groups is the nilpotent Iwasawa sub-
group of semi-simple Lie groups of split rank one (see [2J]). More pre-
cisely, an H-type group is a Carnot group of step 2 with the following
property: the Lie algebra G of G is endowed with an inner product (-, -)
such that if Z is the center of G, then

25,2 =2
and moreover for every z € Z, the map J, : Z+ — Z=+ defined by
<JZ('U)’ w> = <Z’ ['U’ w])

for every w € Z+ is an orthogonal map whenever (z,z) = 1.
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If m = dim (£+) and n = dim (Z), then any H-type group is canon-
ically isomorphic to R™ " with the above group law, where the matri-
ces UY) satisfy the additional property

UMy L g@um — g

for every r, s € {1,...,n} with r # s. Whenever the center of the group
is one-dimensional, the group is canonically isomorphic to the Heisen-
berg group on R™*1. We will always identify Z+ with C* with 2¢ = m
and Z to R™ thanks to the discussion above. Note that the homoge-
neous dimension of a H-type group so defined is () = 2¢ + n.

On an H-type group G, the vector-fields in the algebra G are given
by

X; = 8% ZZZZUH 8 and Y, = + ZZZZUZ(I;M@t

klll k=1 I=1

for j =1,....4, 2= (z,y) € R* and t € R". In the following we shall
denote by X any element of the family (X,..., X, Y1,...,Y)).

The hypo-elliptic Kohn Laplacian on H-type groups writes

AG_Z@? _‘ ’ Z@t2+zz ; 8t8x

s=1 14,5=1

In the general case of Carnot groups, the Laplacian allows to define
the Sobolev space H*(G), for s € N, as the space of L*(G) functions
such that (Id — Ag)f belongs to L?*(G). The case s € R follows by
interpolation and duality. We also define the Schwartz space S(G) as
the set of smooth functions f on G such that for any x € N,

[fllss = sup \Xa ([l f(w))] < oo,

|a|<k, N
wGG

where we denote X7 any vector-field of the form

(1.2) X'=X;,...X

Il
where j,, belongs to {1,...,2¢} with the convention that X, , =Y;.

1.4. Main results and structure of the paper. In [[4], the authors
investigate the algebra properties of the Bessel space LF(G) with

= {f € ’(G), (-A¢)% f € I’(G)},

where G is any unimodular Lie group. We address the same type
of question here for the scale of Besov spaces, when the group has
polynomial growth. As pointed out below in the definition of Besov
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spaces (see Section P), we need to distinguish the different cases of
homogeneous and non homogeneous spaces.

We prove the following theorems. The first one considers low regu-
larity inhomogeneous Besov spaces.

Theorem 1. Let G be a Lie group with polynomial volume growth. For
every 0 < s < 1 and 1 < p,q < oo, the space B, (G) N L>(G) is an
algebra under pointwise multiplication.

The next theorem deals with the higher order case, and is restricted
to the case of nilpotent groups.

Theorem 2. Let G be a nilpotent Lie group. For every s > 1 and
1 < p,q < o0, the space B, (G)NL>*(G) is an algebra under pointwise
multiplication.

Remark 1.1. Notice in Theorem [ the limitation on the range of p
and q. Such a restriction (on the index p) is also present in [[4]. Note
that we shall also prove a generalization of Theorems [ and 3 to the
case when L°(G) is replaced by L™ (G) (see Proposition 5.3).

In the context of Carnot groups, one can define homogeneous Besov
spaces (see Section f]). We have the following corollary of Theorems [f
and [ (recall that Carnot groups are nilpotent).

Corollary 1.2. Let G be a Carnot group.

(1) Forevery0 <s <1 (resp. 0 <s<Q/p)andl <p,q< oo, the
space By (G) N L>(G) (resp. B; (G) N L>*(G)) is an algebra
under pointwise multiplication.

(2) For every s > 1 and 1 < p,q < oo, the spaces By (G) N L>(G)
and B;’,q(G)ﬁLOO(G) (for s < Q/p) are algebras under pointwise
multiplication.

q

Finally, in the context of H-type groups, thanks to paraproduct tech-
niques, one can enlarge the range of admissible p and ¢ and prove the
following result.

Theorem 3. Let G be an H-type group. For every s > 0 and for
every 1 < p,q < oo, the space B, (G)NL>(G) (resp. B, ,(G)NL>(G)
if 0 < s < Q/p) is an algebra under pointwise multiplication.

Besov spaces are defined in the coming section, and Theorems [ and [
as well as Corollary are proved in Section B. We present the proof
of Theorem f in Section [, by paraproduct techniques, and we also
provide a few direct applications in the spirit of [[J]. Actually Section fi
develops not only paraproduct techniques, but also gives definitions and
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the main properties of a pseudodifferential calculus on H-type groups,
following results of [[] for the special case of the Heisenberg group.

In the following we shall write A < B if there is a universal con-
stant C' such that A < C'B. Similarly we shall write A~ Bif A < B
and B < A.

Remark 1.3. [t has to be noticed that a careful look at the construction
in [I§ shows that one could provide the same arguments in the con-
text of Riemannian manifolds with doubling measure and Ricci tensor
bounded from below. This would allow to define Besov spaces in such

a context and prove an analogous algebra property.

2. LITTLEWOOD-PALEY DECOMPOSITION ON GROUPS OF
POLYNOMIAL GROWTH, AND BESOV SPACES

This section is devoted to a presentation of the Littlewood-Paley
decomposition on groups of polynomial growth, together with some
standard applications. A general approach to the Littlewood-Paley
decomposition on Lie groups with polynomial growth is investigated
in [I§]. We also refer to [[i] or [ for the case of the Heisenberg group.
We recall here the construction of the homogeneous and inhomogeneous
decompositions. For details and proofs of the results presented in this
section we refer to [, [[§ and [BT].

2.1. Littlewood-Paley decomposition. We first review the dyadic
decomposition constructed in [I§]. Let x € C*°(R) be an even func-
tion such that 0 < x < 1 and x = 1 on [0,1/4], x = 0 on [1,00][.
Define ¥(x) = x(x/4) — x(x), so that the support of % is included
in [1/4,4]. The following holds:

VreR*, ) w2 ¥r)=1 and x(r)+Y (@ ¥r)=1, VreR

JEZL j>0

Let us introduce the spectral decomposition of the hypo-elliptic Lapla-
cian

—Ag = /°° A E)y.
Then we have 0
(e) = [ aWdE and w(-2486) = [ v ndE,
We then deﬁne0 for j € N the operators 0
Sof = x(=Ag)f and A;f =¢(-27%Ag)f.
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The homogeneous Littlewood-Paley decomposition of f in §’(G) is then

given by
=>4
JEL

while the inhomogeneous one is given by

f="50f+) A

=0
Furioli et al (see [I§]) proved the following theorem.
Theorem 4 ([[§]). Let G be a Lie group with polynomial growth.
Then u belongs to LP(G) if and only if Sou and /377 |Ajul? belong

to L?(G). Moreover, we have

1
lullza) ~ ISoullzae) + || (3 145u)?
=0

Lr(G)

o0
jf

In the following we shall denote by W; the kernel of the opera-
tor (2% Ag). One can show that ¥; is mean free (see Corollary 5.1
of [[(] for Carnot groups, and Theorem 7.1.2 of [[]] for an extension
to groups of polynomial growth). In the context of Carnot groups, ¥;
satisfies the dilation property

\I/](ZL') = 2Q]\I/0(2]ZL‘)

In the more general context of groups of polynomial growth, this does
not hold but one has nevertheless the following important estimates:

let @ € N be given, as well as I € U{l, ..., k}? and p € [1,00]. The

BeN
following result is due to [I§:

(2.1) Vi>0, 1+ DX e < 2T,

where 1/p +1/p" = 1. We have denoted X' = X;, ... X;, and |I| = 3.
Moreover as proved in [[[1]], Theorem 7.1.2,
(2:2) VieZ, [Xi¥lne S2.

Finally putting together classical estimates on the heat kernel (see [[4]
or [B9] for instance) and the methods of [I§ allows to write that for
any o > 0,

23) GeZ |11 S 2
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2.2. Besov spaces. As a standard application of the Littlewood-Paley
decomposition, one can define Besov spaces on Lie groups with polyno-
mial volume growth in the following way : let s € Rand 1 < p,q < +o0,
then

= . 1/q
B;,q(G) = {f - S,(G), ||SOf||LP(G) + (Z(2j8||Ajf||LP(G))q> < OO}
5=0
with the obvious adaptation if ¢ = co. When p = ¢ = 2 one recovers
the usual Sobolev spaces (see for instance [ for a proof in the case of
the Heisenberg group). We define

o0

1155, = 1SS lr@ + (D@14 lr@))

Jj=0

1/q

Note that when s > 0 one sees easily that ||.So f| r») may be replaced
by || fllzr(@)- One can also define the homogeneous counterpart

. 1/q
11550 = (D@14 s(c))")
JEL
but proving that this does provide a norm is not an easy matter, and
is actually not true in general if s is too large. In the context of Carnot
group, the homogeneous space B;q(G) can be defined as the set of
functions in &'(G) such that the above norm is finite, and this provides
a Banach space if s < Q/p (we refer for instance to [|] for a proof in

the euclidean case, or to [[J] for the Heisenberg group).

Actually Besov spaces are often rather defined using the heat flow
(the advantage being that it does not require the Littlewood-Paley
machinery). In [I§], the authors prove that if s € R, then u € B} (G)

is equivalent to: for all ¢ > 0, the function e'*¢u belongs to LP(G) and
1
—s m di\ 14
(] roreaames g, e F) " < o

for m > 0 greater than s. Moreover one can similarly prove (see The-
orem 4 of [f] in the case of the Heisenberg group) that

g0~ ([ 1= Be)™ e 1,6, F)

3. PrRoOOFS OF THEOREMS [, § AND COROLLARY

3.1. Proof of Theorem [[] and Corollary [[.3([). To prove the re-
sults, we use an idea already present in [[4] and which consists in
representing the norm on Besov spaces by suitable functionals. More
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precisely, we introduce the following functionals (note that they differ
from those used in [[4]):

|m—wf — fllr)

|wl?

IT—wf + Tuf = 2fllLr )
|w|

S, f(w) = and Df(w)=

where 7_,, f(w') = f(w'w). We prove the following theorem.

Theorem 5. Let G be a Lie group with polynomial growth. Then for
any s €]0,1] and p,q € [1,+o0|, we have

£ W35 0@ ~ LF Nl + |!sz|!Lq(G}%syl‘jy)

and if s =1
1B, ~ ILfllze + 1D Sl

1 d .
ly|<12Y
LG~y )

Remark 3.1. By the same arguments one can prove that

Hf”Bg’q((G) ~ |

dy
v(iyn)
and

17115,y ~ DSl 0

Once Theorem [ is proved, the algebra property follows immediately.
Indeed, let f, g belong to the space (B, ,NL>)(G) for s # 1. It is easy
to see that

(3.1) Ss(f9) < I fllee Ssg + llgllze Ssf,

hence the result using the equivalence in Theorem fl. The case s =1 is
similar. Theorem [f| and Remark B.J] therefore provide Theorem [ and
the first part of Corollary [L.2. O

Remark 3.2. Actually ([3.1) can easily be extended to
1Ss(foMe < N llzor1Ssglipen + Ngllzoz [Ssf e
with 1/a; + 1/b; = 1/p.

We now prove Theorem fl. We need to prove that for s €]0, 1]

‘ Iruf — fI2,
SO @A ) ~ / Lo @) 1.
G

2 V(s

and for s =1

| Iruf + 7uf — 2/,
SO @1 llre)? ~ / Lujer L(©) gy,
G

2 V(o
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with the obvious modification if ¢ = co. We shall only detail the proof
of the s # 1 case, and leave the other one to the reader. The proof is
very much inspired by the euclidean case (see for instance [|]), although
one is missing the usual dilation property, which will be replaced by
estimate (B.]). The classical proof also uses a Taylor expansion at order
one, which we must adapt to our context in order to use only horizontal
vector fields (which alone appear in (B.1)).

Let us start by bounding the quantity ||7_,A; f —A; f||zr(c). Recall-

ing that A; = Z A;Aj, we have

7/ —jl<1

Tl f =8 f = Y Apfx(rawly = 0y),

l7'—jl<1

where U, is the kernel associated with /(272 Ag). It follows by Young’s
inequality that

IT—wlif = Diflleey < Y A fllosllm—w¥s — .

l7'—jl<1

Now let us estimate ||7_,¥; — ¥;||;1. We have
b d
(o) = Wa) = [ W Gapls) ds
0

= Z ) (Xe(wp(s))T,) (wp(s)) ds,

where ¢ is an admissible path linking e to w. It follows that

ey =Wl < [ 3 [ el [ (Xt 0 (o)) ds
< 30 [ et s 1

by the Fubini theorem and a change of variables. Using (B.2) we get
k 1
VieN, |70 — )0 < QJZ/ lco(s)] ds
=170

so by definition of |w| and by the Cauchy-Schwarz inequality we find
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This implies that there is a sequence (c;) in the unit ball of ¢¢ such
that

(32)  VieN, |m—ulif —Ajfllee) S cilwl2 fllss
On the other hand one has of course

(3-3) IT-wlif = Ajfllone) S 27|/

B; 4(G)-

Now let us define j, such that ﬁ < 2w < ﬁ (which is possible
since |w| < 1). Then using (B.9) for low frequencies and (B.3) for high

frequencies allows to write

7w f = fllze@) S 1flB; @) (Z ;20w + Y Cj2j3> -

J<Jw J>jw
Let us first consider the case ¢ = oco. Then one finds directly that

ITwf = fllze@) S 1wl flls;,,@)

which proves one side of the equivalence. The case ¢ < oo is slightly
more technical but is very close to the euclidean case. We include it
here for sake of completeness (see [[]). We have that

[7—wf = fllze |
T IR PR
©itan)
where
. q‘w|Q(1_5)dw
I, :/1w<1< C,Qa(l—s>) Jw” Tdw
¢ M* Z V(jw])
and
|w[™*dw
[2:/1w<1< CQJS)
| ‘ ]; J ‘w|>

j(1—s)

Holder’s inequality with the weight 27 and the definition of j,, imply

that
( S ngmfs))q < Ju] 0@ 37 i),
J<Jw J<Jw
By Fubini’s theorem, we deduce that

dw ~
REX [ et <,
jeZN B(0,2—3+1) V(|w‘) ’

since ||(¢;)|lee = 1. The estimate on I, is very similar. Note that it is
crucial here that s €]0, 1].
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The converse inequality is easy to prove and only depends on the
fact that the mean value of U, is zero. We write indeed

Af(w) = / o ()W (0) dv
_ / (ruf (w) — f(w));(v) dv

so that

218 flle <

wn

ap WL =T [ o) o
veG ‘U|

So the case ¢ = oo simply follows from (R.3), while the case ¢ < oo is
similar though a little more technical, as above. We leave the details
to the reader. This proves Theorem f. O

Using Remark B.3, the same proof provides the following result,
which will be useful in the next section.

Proposition 3.3. Let G be a Lie group with polynomial volume growth.
For every 0 <s <1 and1 < p,q < oo one has

1f9lls;, < I flleallgls; , + llgllzell £l 5

P — by,q
where 1/p = 1/a; + 1/b;.

3.2. Proof of Theorem P and Corollary [.2(B). We now deal with
the case s > 1. To do so, we need the following proposition, which is
new to our knowledge, even in the context of the Heisenberg group (see

Section [L.2 below).

2#1’

Proposition 3.4. Let G be a nilpotent Lie group and let s > 0 and p €
|1, 00[ be given. Then f € BytH(G) if and only if f € By (G) and for
alli=1,....k, we have X;f € By (G).

Remark 3.5. As in the case of Remark B4, one has a similar result
for homogeneous quantities (when defined):

If]

Proof. On the one hand we need to prove that for all s =1,... k and
all 7 € N,

Bt <0 = [ Xif]

B;q(@) < OO, \V/’L - ]_, ,k

1A Xk f |l S 22018, f | -

Since [A;, Ag] = 0, Bernstein’s lemma (see Proposition 4.3 of [LI§)
implies that

(3.4) 1A;(=A6)2 flle S 2[4 f -
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By density of polynomials in the space of continuous functions it is
then actually enough to prove that for all integers m,

m —1 m
(3.5) I(=A¢)= (=Ac) 2 Xy fllr S I(=A¢) % f|zr-
Indeed if (B.3) holds, then one also has

1(=2%26)% (~A6) 2 X0l S 1(=2726) % /1o

so for smooth compactly supported function ¢,

(3.6) lo(—2% M) (—Ae) 2 Xef e < 110(2¥ Ag) £l 1o
hence
18 Xef e = [1(~Ac)70(—2% Ag)(—Ag) 2 X f | 1o
S O 2)Af| e

due to (B.4) and (B.6). So let us prove (B.5). Actually according to [2g]
the operator £, = (—Ag)"? Xp(—Ag)~ % is bounded over LP(G)
for 1 < p < oo (it is here that the assumption that G is nilpotent
is used, as if not that property is false, see for instance [[l). So writing

(—Ae) % (—Ae) T Xif = (—Ae)?(—Ag) T Xi(—A¢) % (—Ag)% f
- Lm(_AG)%fa
the result follows.

On the other hand, using again the fact that polynomials are dense
in the space of continuous functions, we also need to check that
m+1 m
I(=A¢) 2 fllzr S I(=A¢) > Xif||Lr-
To prove that we notice that we have just seen that
m—+1

1(=26)% Xufllze S 1(=26)"% fllze,

so we need to prove the converse inequality: this is actually obtained
9

in a classical way by duality (see for instance [}, pages 36-37), so we
omit the proof. Proposition B.4 is proved. O

Proposition B.4 allows to obtain rather easily Theorem B (as well
as Corollary [.4(B)), using also Proposition B.3. We follow the lines
of [[4], by writing, thanks to Proposition B.4|,

/9]

k
gt ~ 1 fallsg, + Z 1Xi(fo)lBs,
=1

and by arguing by induction.
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On the one hand by Proposition B.J and the induction assumption
we have

1fgllag, < Il Ngllsg .+ Nglloes s,

p,q q
SO
1f9ll;, S I1fl[Leallgll geer 4 Ngllzoa £ 1l et
1.9 2,4
where . . .
—=— 4+ — A € {1.2}.
p oty ford {1,2}

Then we write, by the Leibniz rule,
| Xi(fo)llBs, < 1fXiglss, + lgXiflss,

and we have, by the induction hypothesis again,
1f Xigllsy,, S 1 fllsg, 1 XigllLes + 11 f o | Xiglls;

big
The parameters have been chosen as follows:
1 S n 1 d 1 S n 1
— = and — = .
bs  (s+1)by  (s+1)ay a3z (s+1ay (s+1)h

Notice that the requirement 1/p = 1/b3+ 1/ag holds. Then we use the
classical interpolation estimate

s
1
1f1Bs,, < IIf B:;}]”f

as well as (using again the continuity of Riesz transforms)

1
s+1
L*1

1
s+1
Bstl Hg
b1.q

A
s+1

1 Xigllzes < ||g Thas

which allows to conclude the proof of Theorem P and its corollary. [

4. PARADIFFERENTIAL AND PSEUDODIFFERENTIAL CALCULUS ON
H-TYPE GROUPS, AND APPLICATIONS

In this section, we describe several topics related to harmonic analysis
on H-type groups, which we recall are particular cases of Carnot groups
where it turns out that an explicit Fourier transform is available (see
Section in the introduction for definitions).

4.1. Fourier transforms. In order to construct para-differential and
pseudo-differential calculus on H-type groups, one needs to introduce a
suitable Fourier transform. This is classically done through the infinite-
dimensional unitary irreducible representations on a suitable Hilbert
space since H-type groups are non commutative. Two representations
are available: the Bargmann representation (see [23] for instance) and
the Schrédinger representation (see for instance).
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4.1.1. General definitions. Let us define generally what a Fourier trans-
form is on non commutative groups. Consider a Hilbert space H,(K*)
of functions defined on K. The irreducible unitary representations

T G = Hy(KY)

are parametrized by A € R™\ {0} . We have then the following defini-
tion.

Definition 4.1. We define the Fourier transform on G by the follow-
ing formula: let f € L'(G). Then the Fourier transform of f is the
operator on Hx(K®) parametrized by A € R™\ {0} defined by

F(H(A) = /G Flot)m (2.8 dz dt.

Note that one has F(f x g)(A) = F(f)(A) o F(g)(N).

Let F,, a € N’ be a Hilbert basis of H,(K*). We recall that an
operator A(A) of H, such that

Z |<A<)‘)Fa,)\7Fa,)\)H>\‘ < +00

aeN?
is said to be of trace-class. One then sets
tr (AN) = D> (AN Fanr, Far)a,,
aeN?

and the following inversion theorem holds.

Theorem 6. If a function [ satisfies

> [ IF N Faalhe A < o0

a€Nd

then we have for almost every w,

Fw) = 2oz [ (mle HFA) WA

Following [B{], the representation 7y on G determines a representa-
tion 7} on its Lie algebra G on the space of C'™ vectors. The represen-
tation 73 is defined by

w307 = (Smexp(tX)) ) o

for every X in the Lie algebra G. We can extend 73 to the universal
enveloping algebra of left-invariant differential operators on G. Let K
be a left-invariant operator on G, then we have

K(maf,g) = (mmi(K)f, 9)
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where (-, ) stands for the H, inner product.

4.1.2. Bargmann representations on H-type groups. Given A € R™\ {0},
consider the Hilbert space (called the Fock space) H(C?) of all entire
holomorphic functions F' on C* such that

AN ¢ )
171, = (2 [ ir@peieras < o

The corresponding irreducible unitary representation 7y of the group G
is realized on H,(C*) by (recall that ¢t € R and z,& € C) (see [[H])

(ma(z, ) F)(&) = F(€ — 2)eM— (P +(.0)

It is a well-known fact that the Fock space admits an orthonormal
basis given by the monomials

Fua(6) = (v m" 3 . aeN.

Va
A very important property for us is the following diagonalization
result.

Proposition 4.2. Let Fg be the group Fourier transform associated to
the Bargmann representation w.The following diagonalization property

holds: for every f € S(G),
FB(Acf)(A) Fan = —4[A[2la| + ) Fp(f)(A) Fax.
This allows to define the following formula, for every p € R:
Fe((=Ac)"[) (M) Fax = (4A(2la] + )" Fs(f)(A) Far

4.1.3. The L? representation on H-type groups. Another useful repre-
sentation is the so-called Schrodinger, or L? representation. In this
case, the unitary irreducible representations are given on L?(R) by,
for A € R” (and writing z = (x,y))

(F(z, ) F)(€) = MO+ 26+ 3050 B¢ 4 yp).

The intertwining operator between the Bargmann and the L? rep-

resentations is the Hermite-Weber transform K : H, — L*(R") given
by

(A1) (Ka0)(E) = GAeM g (—ﬁa%) e,

which is unitary and satisfies Kymy(2,t) = ma(z,t) K. Following [BJ]
and the previous description, we have

X) =ilMg and B(Y) = 52
J
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for j =1,...,¢, and similarly for k=1,....n

Therefore, we have
21412
(43) Z 852 APl

Notice that this is a Hermite operator and the eigenfunctions of 75 (—Ag)

are
PA(E) = A 1Do(VINE), a = (aq,...,ap)

where @,(&) is the product 1q, (§1)...%0a, (&) and 14, (§;) is the eigen-

function of ——+§ 2 with eigenvalue 2a;+1. This leads to the following

formula, where o] =1 4+ ... +ay:
T (—A6) @, = (2]al + 0N
As a consequence, one has the following lemma.

Lemma 4.3. Let Fg be the group Fourier transform associated to
the Schrodinger representation 7. The following diagonalization prop-
erty holds: for every f € S(G)

Fs((=2¢) [)®5 = (2la] + OIMNFs ()23
Proof. We have by definition

Fs((—Ag) /B = [G (—Ae)f (2 ) (2, B
= /Gf(z,t)(—Ag)ﬁ,\(z,t)cIDg.

Using the definition of the dual representation, we have
Fol(=B)N®: = [ fm(a ) (~Ae)2)
G

and using the properties of the Hermite operator, this yields to the
desired result. O

4.2. A localization lemma. As in [{], one can prove a localization
lemma (also called Bernstein Lemma), which we choose to state here
in the context of the Bargmann representation. The proof is omitted
as it is identical to the Heisenberg situation treated in [{]. Note that
with the result given in Proposition B.4, the equivalence provided in
the last statement of the lemma could be extended to iterated vector
fields X’. We do not write the estimate here as it is not needed in the
sequel.
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Lemma 4.4. Let p and q be two elements of [1,00], with p < q, and
let u € S(G) satisfy for all a € N*,

(4.4) Fp(u)(A)Fax = Lie@lal+0-122i5,F 5(w) (A) Fa
The we have, with the notation ([I.3)

Vk €N, sup || XPullpoe) < CkQNj(%_éijHUHLp(G).
B=k

On the other hand, if
(4.5) Fp(w)(A) Far = Laelal+o)-122¢os
then for all p € R,

C, 2777\ (=Ac) full o) < llullme) < Co279 | (—Ag) 2 ullo(6)-
Remark 4.5. The same result holds under less restrictive assumptions
than u € S(G), but in that case ([{-4) should be replaced by the assump-

tion that w x f = 0 for every radial function f € S(G) satisfying for
all a € N,

F(F)NE,a=0 for M€ (2a|+ )" 12%B,.
Similarly (.J) should be replaced by the assumption that w* g =0 for
every radial function g € S(G) satisfying for every o € N¥,
Fe(g) N Fux=0 for )€ (2la|+)712%¢,.
We refer to [|] for more details.
4.3. Paraproduct on H-type groups. In order to develop a para-
product on H-type groups, one has to prove that the product of two
functions is localized in frequencies whenever the functions are local-

ized. This is the object of the next lemma, which is an extension of
Proposition 4.2 of [f].

Lemma 4.6. There is a constant My € N such that the following holds.
Consider f and g two functions of S(G) such that

Fa(f)(N)Fax = Lic@lal+p22me(N) Fe(f)(AN) Fox  and
Fr(9)(A) Far = 1Ae(2|a\+£)22m'0()‘)FB<g>()‘)Fa,)\

for some integers m and m’. If m'—m > My, then there exists a ring C
such that

Fo(f9)(N)Fap = 1>\e(2|a\+g)22m’c~()‘)]:B(fg)(A)Fa)\-

On the other hand, if |m' —m| < My, then there exists a ball B such
that

Fe(f9) (AN Fap = 1>\e(2\a|+z)22m/é(>‘)-7:8(fg)()‘)Fa«\-
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Remark 4.7. As pointed out in Remark[].J, it is actually not necessary
to assume as much smoothness on f and g, but the result is slightly
more complicated to state in that case.

We are now in position to introduce the following definition.

Definition 4.8. We shall call paraproduct of v by u and shall denote
by T,v the following bilinear operator:

TuU = Z Sj,1U A]”U.
J

We shall call remainder of u and v and shall denote by R(u,v) the
following bilinear operator:

R(U,U): Z AJ‘UA]'/’U.

li—J4'I<1
Remark 4.9. Just by looking at the definition, it is clear that formally
wv = Tyv+ Tyu+ R(u,v).

According to Lemma (.G, S;_1uAjv is frequency localized, in the
sense of ([3), in a ring of size 2. But, for terms of the kind AjuAjv
with |j — j’| < 1, we have an accumulation of frequencies at the origin.
Such terms are frequency localized, in the sense of (-4), in a ball of
size 27,

One of the immediate consequences of Lemma [.q is the following
result on the product of functions in Besov spaces.

Corollary 4.10. Let p > 0 and (p,r) € [1,+00]? be three real numbers.
If f and g belong to L> N BY (G), then

1791l 5z.) < CUflzellglsg,. ) + gl fll52,.)-
If p1+ p2 > 0 and if py is such that p; < Q/p1, then for all (py, ) €
[1,400]* and for all f and g in BS' . N B2 (G),
@ < CUlflsp L Mollzz,, +gllsgr Nl g2

Py, p2,72 Py, P22

1/ gll 5 ),

p2,;T2

where p = p1 + p2 — Q/p1. L
Moreover, if pr + ps > 0, p1 < Q/p1 and — + — = 1, then for f
1 T2
and g in B?* N B2 (G), one has

p1,r1 p2,T2

1/ 9llBg o) < CUS N sgr, N9llmgz,, + gl [1f 11522

P1:T1 P2,72 P1:71 p2:72 )
Finally if p1 + p2 > 0, p; < Q/p; and p > max(py,ps), then for

all (ry,m3),
1fallgeiz ey < Cllfll e, Mgl g2

P1,T1 2.2’
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1 1 1

with p1a = p1+p2—Q(—+———) and r = max(ry,r3), and if p1+ps >
P p21 p 1

0, with p; < Q/p; and with — 4+ — =1, then for all p > max(p1, p2),
T T9

If9llagz@) < Cllfllsg,, N9l sz

P1,T1 P22

Note that the same results hold in the case of homogeneous Besov
spaces, up to obvious modifications.

4.4. Applications: Refined Hardy and Sobolev estimates. One
interest of frequency localization is that it allows to prove rather simply
Sobolev and Hardy inequalities, and actually even refined versions of
those inequalities. This approach is presented here.

Theorem 7. Let s be any real number in |0,Q/2[. Then the following

1 1 s
' lity hold th — = — — —
mequantty notas, wi , 5
5 -
'r < .

OOOO

Moreover let p and q be two real numbers in [1,00| such that 2 <

Q < p < oo. Then the following inequality holds, with o =

2

1
u(w)|? 2 3
([l o) <ol oy Ty
¢ ¥ B, V@) B,V e

The first result (which should be understood as a refined Sobolev
inequality) was first proved in the euclidian case by P. Gérard, Y.
Meyer and F. Oru in [[g] following the proof of Sobolev embeddings
of J.-Y. Chemin and C.-J. Xu in [[J], and in [ in the Heisenberg
case. The second result is a refined Hardy inequality, proved in [f]. We
refer to [[[(] for recent extensions. Let us explain why they should be
considered "refined”: this is due to the following proposition, whose
proof is identical to [B], up to obvious modifications.

Proposition 4.11. Let 0 be a function in S(G), p in [1,00], 0 in ] —
Q1 — 1/p), +oo[ and gy a positive real number. A constant C' exists
such that the oscillatory function f-(y) = 6(y)e™"/s satisfies

(46) Ve <o, follgg @ < O
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Then one can construct a family (f.).~o of smooth functions on G
such that, for any s in |0, Q/Q[ and any < 2s/Q,

£l
-3 erHHs

= +oo and

5 If1°

. S

lim / +00.
e FA ,QHszlﬁ |w\25

Now let us turn to the proof of Theorem []. The first estimate actually
only relies on the localization lemma (Lemma [£.4), and the proof fol-
lows exactly the lines of [J]. As to the proof of the Hardy inequality,
it relies on the paraproduct algorithm recalled in the previous section.
The idea indeed consists simply in noticing that

. S

dw = <pf2s7 u2>

c |wl*
so it is enough to prove that p=2¢ and u® belongs to a pair of spaces in
duality. One proves easily that | - |72* belongs to the space BSO_OQS and
using product laws of Corollary [l.1(] we conclude directly that

1

et )
dw | < Clullzsn-
([ Jull e

The precised Hardy inequality is then obtained by studying more pre-
cisely each term of the paraproduct algorithm, and is derived exactly
as in the case of the Heisenberg group or the euclidian case (see [{]).

4.5. Pseudodifferential calculus.

4.5.1. Introduction. Once paradifferential operators have been constru-
cted, with similar properties to the euclidian case, it is natural to ad-
dress the question of the construction of pseudodifferential operators.
It is out of the scope of this article to review the history of pseudo-
differential operators in the euclidian setting (we refer the interested
reader for instance to [21] or [Bg]), but let us simply point out that the
study of such operators allowed spectacular progress in the study of
linear and nonlinear PDEs in the last forty years. In this section we
shall see how such a theory may be developed in the context of H-type
groups. Actually this project was undertaken in [[] in the case of the
Heisenberg group, and it is quite easy to adapt that work to our more
general setting. We shall therefore not go through all the details of the
construction and the proofs of the main properties, which turned out
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in [A] to be quite technical, but rather explain the general principles
and refer to [[] for details.

4.5.2. Definitions. In order to motivate the next definition, let us recall
that according to (f.J), the sublaplacian is naturally associated with
the Harmonic oscillator. It is therefore natural to construct symbols
on a H-type group G by using the Weyl-Hormander calculus associ-
ated with the Harmonic oscillator. However this is not sufficient, since
as noted in (f.7), functions of A alone should also be considered as
symbols. This motivates the following definition of symbols on a H-
type group, and the next one giving pseudodifferential operators. As
pointed out in [[] it is possible to consider low regularity symbols (in
the G variable): that regularity is measured by a positive index p which
is arbitrary and is fixed from now on.

Definition 1. A smooth function a defined on G x R® x R?* is a symbol
if there is a real number v such that for all N € N, the following semi
norm s finite:
_18l 9\ L
lallwsss = sup sup  [A|72 (14 [A[(1+©0%)) 2
AF0 |Bl+|kI<N
OcR?
X [[(A0x)*9ga(-, A, ©)|loe(o)-

Besides, one additionally requires that the function

(w,\,§,n) — o(a)(w,\,&,n) =a (w, A, sgn

§ m
N —7= =
VIAL VI
is smooth close to X\ = 0 for any (w,&,n) € G x R?**. In that case we
shall write a € Sg ().

Before giving the definition of a pseudodifferential operator associ-
ated with such a symbol, let us introduce the scaling operator

Vfe LX(RY), Thf(€) = A" F(IN2),

as well as the operator J, = T\ K, where K is the intertwining oper-
ator defined in ([1)).

Definition 2. To a symbol a of order p in the sense of Definition[d, we
associate the pseudodifferential operator on G defined in the following
way: for any f € S(G) and any w € G,

Op(@)f(w) = Ze7 [ 1w (mlw ™ WFa(HA)Ar(w) 1A A
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where
Ax(w) = Jyop”(a(w, A, §,m))JIx.

4.5.3. Ezamples. 1t is easy to see, using the formulas of the Section L],
that the following result hold for 1 < j < ¢:

X; = Op(2isgn(A) VIAlny), ¥; = —0p(2i VII)),
Oy, = Op(iA,), and — Ag =40p (|A\|(n* +&%)).

4.5.4. Some results. The proofs of the following results are easy adap-
tations of the proofs of []. Due to their rather high technicality we
choose here not to go through the proofs in this more general context.

Theorem 8. Ifa is a symbol in Sg () with p = +o0o, then Op(a) maps
continuously S(G) into itself.

Moreover, consider Op(a) and Op(b) two pseudodifferential operators
of order p and v respectively.

o [fp>2(20+n)+ |ul, then the operator Op(a)* is a pseudodif-
ferential operator of order u.

o Ifp>2(20+n)+ |u|l+ |v|, then the operator Op(a) o Op(b) is
a pseudodifferential operator of order less or equal to pu+ v.

Note that precise formulas for the symbols of Op(a)* and Op(a) o
Op(b) may be derived, as in [{].

Now let us consider the action of pseudodifferential operators on
Sobolev spaces.

Theorem 9. Let p be a real number, and p > 2(20+n) be a noninteger
real number. Consider a symbol a in Sg(u) in the sense of Definition [1.
Then the operator Op(a) is bounded from H*(G) into H*~*(G), for any
real number s such that |s — u| < p. More precisely there exists n € N
such that

10p(a) | 2(ar:(6), 123 < Cullallvise -
If p > 0, then the result holds for 0 < s — u < p.
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