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COMPARISON PRINCIPLE FOR UNBOUNDED
VISCOSITY SOLUTIONS OF DEGENERATE ELLIPTIC
PDES WITH GRADIENT SUPERLINEAR TERMS.

SHIGEAKI KOIKE AND OLIVIER LEY

ABSTRACT. We are concerned with fully nonlinear possibly degen-
erate elliptic partial differential equations (PDEs) with superlinear
terms with respect to Du. We prove several comparison principles
among viscosity solutions which may be unbounded under some
polynomial-type growth conditions. Our main result applies to
PDEs with convex superlinear terms but we also obtain some re-
sults in nonconvex cases. Applications to monotone systems of
PDEs are given.

1. INTRODUCTION

We are concerned with the comparison principle for viscosity solu-
tions of fully nonlinear elliptic partial differential equations:

(1.1) M+ F(z, Du, D*u) + H(z, Du) = f(z) in RY,

where A > 0, F : RV xR x SV - R, H : RY xRY — R and
f : RY — R are given functions. Here SV denotes the set of N x N
symmetric matrices equipped with the standard order.

We will suppose that F' satisfies the standard hypothesis called struc-
ture condition. In particular, F' is degenerate elliptic, that is
(1.2)

F(2,6,X)< F(x,6,Y) when X >V, z,peRY, XY €5V,

On the contrary, we will suppose that the mapping £ — H(x,§) has
superlinear growth. A typical example is

(1.3) H(w,€) = (Ax)€, )",

where ¢ > 1, and A : RV — SV,
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2 S. KOIKE AND O. LEY

When we consider unbounded solutions of PDEs with superlinear
growth terms in Du, we may not expect solutions to be unique in
general. In fact, for N = 1, the equation

(1.4) Mo—u" + WP=0 inR

admits at least two solutions; u; = 0 and ug(z) = —32% — 1.
In [{], Alvarez introduced bounded-from-below solutions to avoid us
in this case. He showed the uniqueness of strong bounded-from-below

solutions of
(1.5) u— Au+ |Dul? = f(z) in RY.

We will mention this result after introducing some notations in Sec-
tion P

We also refer to [ and [I4] for comparison results, which yield the
uniqueness among bounded-from-below viscosity solutions of Hamilton-
Jacobi equations.

On the other hand, the uniqueness of unbounded viscosity solu-
tions has been studied under certain growth condition on solutions.
In this direction, H. Ishii [[3J] first established the comparison prin-
ciple for unbounded viscosity solutions of Hamilton-Jacobi equations.
For nonlinear elliptic PDEs, Aizawa-Tomita [, B], Crandall-Newcomb-
Tomita [I(J] and K. Ishii-Tomita [[§] obtained comparison results for
unbounded viscosity solutions satisfying certain growth condition. How-
ever, unfortunately, we cannot apply these results to PDEs having
variable coefficients to superlinear terms in Du. For instance, it seems
difficult to treat typical H as ([[.J) unless A is constant.

To avoid this technical difficulty, we will adapt a “linearization”
technique, which Da Lio and the second author [[Z] used to show the
uniqueness of unbounded viscosity solutions of parabolic Bellman equa-
tions with quadratic nonlinearity.

More recently, we are informed that Barles and Porretta [ proved
that ([L.J) with ¢ = 2 admits at most one bounded-from-below solution
if fis bounded from below. In the case of ([.4), u; is the only bounded-
from-below solution. However, their proof seems to be specific to ([.4)
since if we perturb this equation with a transport term as in

(1.6) M —u” + W) +tzu' =0 in R,

then there is at least two solutions u; = 0 and us(z) = —2420% — A£2

Thus, for ¢t < —%, uy and uy are bounded-from-below solutions of ([L.0)).

In this paper, we study the comparison principle for viscosity solu-
tions of ([[.]) under certain growth condition on f and solutions. We
obtained two types of results depending on whether H(z,§) is convex
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in £ or not. The convex case is typically ([.3) with positive A(z) € SV.
Then we consider two nonconvex cases. The first one is when H(z, )
is convex in £ in some subset €}y C €2 and is concave in its complement.
The second one is when H(x,§) is defined as a minimum of convex
Hamiltonians, that is,

H(z,&) = min{Hy(z,&) | k=1,...,m},

where £ — Hy(x,€) is convex for x € . We will discuss a general-
ization of the above H, which appears in differential games (See [[§]
for applications). Some applications to monotone systems of PDEs are
also given.

Let us mention that we restrict ourselves to comparison principles
since it is the main ingredient to obtain existence and uniqueness in
the theory of viscosity solutions.

This paper is organized as follows: In Section P}, we give our hypoth-
esis on F' and H. Section J is devoted to the case when H is strictly
convex in €. We then discuss on the case when H may be nonconvex
in Section f. In section ], we extend our results to monotone systems.

2. PRELIMINARIES

First of all, we recall the definition of viscosity solutions of general
PDEs:

(2.1) G(z,u, Du, D*>u) =0 in RY,
where G : RY x R x RY x S¥ — R is continuous.
Definition 2.1. We call u : RY — R a viscosity subsolution (resp.,
supersolution) of (B1) if for ¢ € C*(RY),
G(&,u'(2), Do(&), D*¢(2)) < 0

(resp., G(&,u.(2), Do (&), D*p(2)) > 0)
provided u*—¢ (resp., u.—) attains its local maximum (resp., minimum)
at & € RV,
We also call w a viscosity solution of (R1) if it is both a viscosity
sub- and supersolution of (R.1]).

Here u* and u, denote upper and lower semicontinuous envelopes of
u, respectively. We refer to [§, B, §, [7] for their definitions, and the
basic theory of viscosity solutions.

In order to explain our hypotheses below, we give a typical example:

(2.2) u—Tr(o(z)o” (x)D*u) + (b(z), Du) + (A(x)Du, Du)? = f(x)
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in RV, where 0, A : RY — SV and b : RY — RY are given func-
tions. In this example, G(z,&, X) = F(x,&, X) + H(x,€) — g(z) with
F(z,6, X) = =Tr(o(2)0" (2)X)+(b(x),&), and H (z,¢) = (A(x)¢,§)*/*.

We denote by M the set of modulus of continuity; m € M if m(s) —
0 as s — 01 and m(s +t) < m(s) + m(t) for all s,t > 0.

We present a list of hypothesis on F': The first one is a modification
of the structure condition, under which we may consider (£.) when o
and b are locally Lipschitz continuous.

(

For R > 0, there exists mgr € M such that
F(l’,E_l(.T - y),X) o F(yug_l('r - y),Y)
<mg(lz—yl+etz -y’
provided € > 0, 2,y € B and (X,Y) € SV x SV satisfies

31 O X O 3 I —I
o T)=(0 5)=2(4 )

Here B, = {x € RY | |2| < r} and B,(z) = z + B, for » > 0 and
r € RY. Notice that (F1) implies the degenerate ellipticity ([.2).
We next suppose homogeneity of F in (£, X) € RY x SV:

(F2) F(x,06,0X)=0F(x,&,X) for>0, 2,6 eRY X SV,

(F'1)

To state further hypotheses, we introduce two subsets of functions
having superlinear growth of order 7;
A continuous function h : RY — R belongs to SSQTi if and only if

thz)

lim inf

|z|—o0 ‘SL’|T
Notice that h € SSG! (resp., SSG. ) if, for any € > 0, there exists
C. = C.(h) > 0 such that

h(z) > —¢lz|” — C. (resp., h(z) < e|z|” + C.) in RY.
We define S8G, = S§G" NSSG. . Notice that h € SSG, if and only if
|h(2)]

|z|—o0 |l‘|r

A continuous function A : RY — R belongs to SG= if and only if

lim inf +h(z)

|z|—o0 |ZL‘|T

> —00

Notice that h € SG (resp., SG,) if, for any £ > 0, there exist positive
constants € = (h),C' = C(h) such that

h(z) > —¢l|z|" — C  (resp., h(z) < el|z|” +C) in RV,
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We define SG, = SGT N SG. . Notice that, if a continuous function h
belongs to SG,, then there exists M > 0 such that, for all z € RV,

[h(x)] < M1+ |2]").

The next assumptions indicate that the coefficients to the second
and first derivatives are in SSG, and SSG1, respectively.

There exists g : RY — SV such that || € SSG; and
(F3) { F(2,&X) - F(z,£,Y) > —Te(p(w)ap(x)" (X - V)
for x, 6 € RN, X, Y € SV,

There exists by : RY — R such that |by| € SSG; and
(F'4) |F(2,&,X) = F(z,n, X)| < bo(x)[§ — n]
for x,&,n € RN, X ¢ SV,

We shall write P(z, X) = —Tr(oo(z)od (2)X).
We next give a list of hypothesis on H : RV x RY — R:

(H1) ¢ € RY — H(x,¢) is convex for z € RY,

which will be violated in Section f] when we treat PDEs (R.Z) with
matrices A(-) which are not positive definite everywhere. Under (H1),
we need to suppose strict positivity and boundedness of H with respect
to x € RN, For a fixed ¢ > 1,

(H2) There exist 6 € C(RY) and Cy > 0 such that 6(z) > 0,
and §(x)|€]? < H(x,£) < Cyl€]? for z,£ € RV,

(H3) H(z,06) = 0'H (z,€) forz,6 € RN, 0 >0.
We also suppose continuity of H in x € RY.

For R > 0, there exists wr € M such that

(H4) |H () — H(y, &) < wrlle = y]IE]
for ,y € Br and £ € RV,

In the sequel, we denote by ¢’ the conjugate of ¢ > 1;

1 1

a g
Now, we shall come back to the result in [J] for (I.J). Roughly
speaking, the comparison result in [J] is as follows: if we suppose that

f—g€S88G, foranonnegative convex function g : RV — R,

then the uniqueness holds among strong solutions in VVli’CN(RN INSSG ;r,.
Thus, if one restricts f to be nonnegative and convex, then one does
not need to suppose any growth condition on f to obtain the com-

parison principle. In this paper, we generalize the uniqueness result by



6 S. KOIKE AND O. LEY

assuming only that f € SSQ;C, i.e., f may have any growth from above
and need not to be “close” to a convex function.

3. COMPARISON PRINCIPLE
We denote by USC(RY) (resp. LSC(RY)) the set of upper (resp.,

lower) semicontinuous functions in RY. We first establish the compar-
ison principle when given data are of §G,.

Theorem 3.1. Fiz any A > 0. Assume that (F1—4) and (H1—4) hold.
Letu € USC(RY)NSSG,, and v € LSC(RN)NSSG, be, respectively,

a viscosity subsolution and a viscosity supersolution of ([1]). If f €
SSQ;’,, then for any X > 0, we have u < v in RY.

Proof. Step 1: Linearization procedure.
For 11 € (0,1), it is easy to verify that u, := pu is a viscosity subso-
lution of

(3.1)  Au, + F(x, Duy,, D*u,) + p*~*H(z, Du,) = pf(z) in RY.

We shall show that w = w, := u, — v is a viscosity subsolution of an
extremal PDE

(3.2) Aw+P(x, D*w) — by(z)|Dw| — B.|Dw|? < (u—1)f(z) in RY,

where 3, := (5£)179C, > 0.

For ¢ € C%(RY), we suppose that w — ¢ attains a local maximum
at # € RY. We may suppose that (w — ¢)(2) = 0 > (w — ¢)(z) for
x € B.(2)\ {2} with a small r € (0,1).

Let (zc,v.) € B := B,(2) x B,(%) be a maximum point of u,(z) —
v(y)—(2e) Y z—y|*—¢(y) over B. Since we may suppose lim. (., y.) =
(@, 2), and moreover lim._,o(u,(z.),v(y:)) = (uu(2),v(2)), it follows
that (z.,y.) € int(B) for small . Hence, in view of Ishii’s lemma (e.g.
Theorem 3.2 in [[]), setting p. = e~ 1(z. —y.), we find X., Y. € SV such

that (p., X.) € 72’+uu(x5), (p:—Do(y.),Y-—D?*¢(y.)) € jz*v(yg), and

3 (1 O X. O 3( I -1
_g<0 I>§<O—Y5)SE<—I I)'
Thus, from the definition, we have

)\uu(xa) + F('Z‘EapE)X&‘) + ,ul_qH(x&‘apE) S luf(x&‘)

and

)‘U(ye)—i_p(yeape_D(b(ys)v}/;_DQQb(ye))_'_H(ysape_D(b(ys)) Z f(ys)'
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Since (F'3) and (F'4) imply
P(Ye, D2¢(y€)) — bo(ye)| Do (ye)|

< F(Ye,pe, Yo) = F(ye, p: — Do(ye), Yo — D*¢(ye)),
by (F'1), we have
)‘(uu(xe) - v(ya)) + P(ym D2¢(ye)) - bo(y5)|D¢>(y5)|

< H(Ye,pe — DO(y:)) — Nlqu(xmpe) +pf(we) — f(ye)
+mR(|xa - ye| + €7l|fL‘€ - ye|2)a

where R = r + |Z|.
We shall estimate the first two terms in the right hand side of the

above. By (H1), we have
5 ) H (e, ~Do ().

1+p 1
y&)) ( 2 )1 qH(y€’p5)+( 2
H?2) and (H4), we find wr € M such that

H(y.,p-—
Thus, due to

Dg(
(
H(y pe — Do(ye)) — '~ H (., pe)

(3.3) — (T — (Y5 (y) e+ ptwr(|7e — e )[pe?

_'_( M)l TH (ye, —D¢(y:))-

Since the positivity of (&) implies '~ Iwr(|z-—1y]) < (' ~9—(5£)=9)6(y.)

for small € > 0, we have N
)‘(uu(‘%) - U(?/E)) + P(yaa D2¢>(y5)) - bO(ya)|D¢(ye)| - BM|D¢(ye)|q
S Nf(xe) - f(ya) + mR(|xa - y6| + 571|l‘5 - y6|2)a

where 3, = (1_7“)1_‘16’0. Therefore, sending ¢ — 0 and using that

(2e) " Hze — ye|* = 0, we have

Mw(i) + P (&, D*¢(2)) — bo(2)| D(&)] — BulDp(2)|* < (1 — 1) f (),
which proves that w is a viscosity subsolution of (B.2).

Step 2: Construction of smooth strict supersolutions of (B.9).

Let ®(z) = (1 — pu){C1 + a(x)?}, where (z) = (1 + |z|*)"/?, and
C1,a > 0 will be chosen later.

Note that

Da)? = q/(a) 22, and DXa)? = q'(a)"~* ((2)2T + (¢ —2x 02) .
Since 0g,bp € SS8G, and f € SSQ;C, for any e, > 0, we can find
C. = C.(09,bp) > 0 and C.r = Co(f) > 0 (independent of a > 0) such
that
P(z, D*® )—bo(x)lD‘PH(l— ) f(x)
> (1= p{—ale@)?” + Ccla)?™") — &/ (2)? — Cur},
and
—BulDB|" > —(1 = )aCy ()" ™D = —(1 — p)aCy(x)?,
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where C = 2771(¢')9. Hence, we have

XD + P(z, D2®) — by(x)| DB — 5,/ DB[? + (1 — ) (x)
(34) Z (]. — M){)\Cl *|>I<O[(>)\/ - <€C’—}C€<x>1 — QQ*106)<:E>Q

Fix ¢, € (0,1) such that ¢ < A/4 and a2 'C}y < A\/4. We then choose
e’ < A /4 to estimate the right hand side of the above from below by

!

(1= W{ACH — Co+ a5 — Cula) ™))}

Hence, taking C) = A7 Cw + max{C.(x)7 =% | (z) < 4C./\}] + 1, we
see that ® satisfies

(3.5) A\® + P(x, D*®) — by(x)| DP| — B,|DP|* > (u—1)f(x) in R,

Step 3: Conclusion.
Since w € S§G,, w — P takes its maximum at & € RY. Thus, we
have

Mw(z) + P(&, D*®(x)) — bo(2)| DP()| — B[ DP(2)|” < (n— 1) f(&).

If (w— ®)(z) > 0, then we get a contradiction to (B.H). Hence, we
have

w(z) < (1 —p)(Cy +alz)?) for z € RY,
which concludes the assertion in the limit © 7 1. U

Note that, if we suppose gy € SG; or by € §G; in (F3-4), then the
comparison principle for ([.1)) fails among solutions in SG, in general.
In fact, we recall the example ([.) stated in the Introduction. In this
example, by € SG; but does not belong to SSG; unless t = 0, and the
comparison obviously fails since one does not have uniqueness.

Also, if we consider

(3.6) u— (1+2H)u" +|W|*=0 inR,

then it is easy to check that v; = 0 and vy(z) = 5+ 22 are solutions of
(B-9) in SG, but v5 ¢ SSG,. This nonuniqueness comes from oy € SG.
In [[[@], they may suppose that given functions belong to SG; for the
comparison principle. However, they need to suppose that A is large
enough. We can extend their results following the above arguments.

There exists g : RY — SV such that |og| € SG; and
(F3) ] Ple.6.X)— P(r.6.Y) > ~Tr(oo(x)op(n)T(X - V)
for z,6 e RV, XY € SV,



COMPARISON PRINCIPLE FOR UNBOUNDED VISCOSITY SOLUTIONS 9

There exists by : RY — R such that |by| € SG; and
(F4I) ‘F(.I’,f,X)—F(:L’,?],X)‘ Sbo(“’”f—m
for z,&,n € RV, X € SV,

Theorem 3.2. Assume that (F'1,2), (F3',4) and (H1 — 4) hold. For
f e SQ;L,, there exists Ao > 0 such that for A\ > Ao, if u € USC(RY) N

858G, and v € LSC(RM) N SSQ;C are, respectively, a viscosily subso-
lution and a viscosity supersolution of (7)), then u < v in RV,

Proof. We do not need any change in Step 1 of proof of Theorem
B1l.

In view of (F'3') and (F4'), we can get (B.4) for some ¢,¢’, C.,Cr > 0
which are not necessary small. Therefore, we can choose Ay > 0 such
that for A > A, we can show & is a strict supersolution of (B.2). The
rest of proof can be done by the same argument. U

In the above Theorem, we need to assume that u, —v € S§G , to be

sure that w — ® achieves a maximum in RY (recall that (1 — ) in front
of ® is arbitrarily small). If we are concerned with PDEs (1.1) without
superlinear terms, that is

(3.7) M+ F(z, Du, D*u) = f(z) in RY,

then we can obtain slightly stronger results.

Proposition 3.3. Assume that (F1 —4) holds. Let u € USC(RY) N
§G, and v € LSC(RM)n Sg; be, respectively, a viscosity subsolution

and a viscosity supersolution of (B.4). If f € SSQ:;, then u < v in RV,

Proof. Following the argument in the proof of Theorem 3.1, we
verify that w := u — v is a viscosity subsolution of
(3.8) M + P(x, D*w) — by(x)|Dw| =0 in RY.
Now, setting ®(x) = a(z)? 4 C; for a, C; > 1, we see that ® satisfies
(3.9)
AD(2)+P(x, B(x))—bo ()| DB(2)] > (AC1—CL)+a(z)! (A\—e(x)2—ca™h),
where € > 0 is small enough so that the second term of the right hand
side is positive. We then choose C7 > C./\ to show that ® is a strict

supersolution of (B.§). Since we may take a large enough so that w—®
attains its maximum at a point in RY, we conclude the proof. U

Finally, we treat the case when given functions are in §G;.
Proposition 3.4. Assume that (F'1,2) and (F3',4") hold. For f €
S8G., there ewists \g > 0 such that if u € USC(RY) N SG,, and v €
LSC(RN)HSQZC are, respectively, a viscosity subsolution and a viscosity
supersolution of (1), then u < v in RY.
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Proof. As above, we can show (B.9) but € > 0 may not be small.
However, again, for large A\ > 0, we can show that ® is a strict su-

persolution of (B.§) when «, C; are any large numbers. Thus, we can
conclude the proof even for w € SQ;/. 4

4. NON-CONVEX H

In this section, we deal with some case when (H1) is not satisfied.
We denote by I' C R the zero-level set of H(-,¢) for all £ € RY;
I'={xcRY | H(z,£) =0 for any £ € RV}

Our assumptions are as follows. For oy in (F'3) and by in (F4),

(A1) I'c{zeRY|oy(z) =0, by(xz) = 0}.

Assumption (A1) is a kind of degeneracy condition on the coefficients
of F.

There exist open sets QF C R, §* € C(RY) and
CF > 0 such that RN =T U Q*uUQ~,6*(z) > 0,
0*(w)]€]? < £H(,€) < Cyl¢|* for w € OF, € € RV,
and £ — +H (x,&) are convex for z € Q.

(A2)

It means that we can divide RY \ ' into two open subsets: Q1 where
H(x,-) is convex and Q~ where H(x,-) is concave.

When A(z) = a(z)l in (23) for some a : RN — R, OF = {z €
RY | +a(z) >0}, and ' = {z € RY | a(z) = 0}.

We also suppose that og in (F'3) and by in (F4) satisfy that

(A3) 00, bo € WE2(RY).

oc

Finally, we need some degeneracy condition for H on T

(Ad) { For each xq € I', there exist r,C; > 0 such that
|H(z,8)| < Cila — ao|?|¢]? for z € By(x0).

Theorem 4.1. Assume that (F1—4), (H3,4) and (Al —4) hold. Let

u € USCRYM)N 88G, and v € LSC(RY) ﬂSSG;L/ be, respectively,

a wiscosity subsolution and a viscosity supersolution of ([1)). If f €

S8G, then u <wv in RV,

Proof. We first notice that the comparison principle holds if £ —
H(z,§) is concave instead of (H1). In fact, we may take w, = v — pv
for u € (0,1), and then we can follow the argument in the proof of
Theorem B.9.

Step 1: u < f/A<wv onT.

We only prove the first inequality since the second one can be shown
similarly. For 29 € T, let 2. € Bi(z¢) be the maximum point of
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u(x) — f(xo) — (28) 7Yz — x0]® over By(xg). It is easy to see that
lim. gz = zo; . € Bi(xp) for small ¢ > 0.

It follows that we can write the viscosity inequality for the subsolu-
tion u of (L) at z. (see e.g. [[]): for any & > 0, there exists X, € S
such that

(A1) (o, X.) € Pru(e), with X. <2

_[7
3

where p. = e~ }(z. — x9). We have
)\U(ZL‘E) - P(x5>Xa) - bo($5)|p5| + H($5,p5) S f(xe)

By (A3) and (A4), we can find some constants C,,Cp1,C; > 0 such
that, for € small enough, we have

loo(2:)| < Coilre — 20|, |bo(2:)| < Cpalwe — w0l
and  [H (ze,p:)| < Ci]ze — 0|?|pe|”.
It follows that there exists C' > 0 such that
Mu(z.) — C (e ze — o> + 67z — 30]7) < f(a2).

Since lim. e~ |z. — 20|* = 0 and lim. o u(z.) = u(zo), letting € — 0,
we get

Au(zo) < f(xo).

Step 2: Comparison on QT UT.

We can proceed exactly as in the convex case (Step 1 in the proof of
Theorem B.1]) to prove that w, = pu—uv (for 0 < p < 1) is a subsolution
of (BF) in Q. Define ® = (1 —u)(C1 +a{zx)?) with the same choice of
constant «, C; as before. Notice that, with this choice, A& > (u — 1) f
in RV,

Consider supg+ r(w, — ®,). Since w, € SSG, this supremum is
finite and is achieved at a point T which belongs to the closed set QT UT".
We distinguish two cases.

At first, if z € QT then, arguing as in the convex case (Step 2 in
the proof of Theorem B.1) we can write the viscosity inequality for w,,
using ¢ as a test-function to show that the supremum is nonpositive.

Now, if z € T, then, from Step 1, we get u(z) < f(z)/A < v(Z)
and therefore w,(z) < (p—1)f(z)/A < ®(z); thus the supremum is
nonpositive. In both case, w, — ® < 0. Letting 1 ' 1, we conclude
w<vin QT UT.

Step 3: Conclusion.

To get the comparison in 2~ UT', we use the fact that we are in the
concave case in 2~. As noticed before, we can prove v < v in Q- UT.

g
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In Introduction, we give a nonconvex H : Q x RY — R defined by
(4.2) H(z, &) = min{Hy(z,§) | k=1,2,...,m},

where Hj, is convex in & and m € N. We shall denote by A the set
{1,2,...,m}.

Theorem 4.2. Assume that (F'1 —4) holds, that H in ([1]]) is given
by (EJ) and that (H1—4) holds for each Hy with common § € C(RY),
Co > 0 and wg € M for k € A. Let u € USC(RY) N SSG,, and

v € LSC(RM) N SSQ;C be, respectively, a wviscosity subsolution and a
viscosity supersolution of ([[L1). If f € SSQ;C, then for any A > 0, we
have u < v in RV,

Proof. It is enough to verify Step 1 in the proof of Theorem B.1].
More precisely, we only need to check if (B.3) holds. We shall use the
same notation in the proof of Theorem B.1. For any € > 0, we can
choose k. € A such that

H<xeap5) = Hkg ('r€7p€)'

Hence, we have

H(yz-:aps - D(b(ys)) - Nlqu@/’saps)

S Hkg (ympa - D¢(ya)) - ulquks(xE’pS)
_ 1+p B
< =T = (=) T el + 1wz = gl el
1—p

+(T)17q00\D¢(ys)\-

Therefore, since the remaining proof is the same as in the proof of
Theorem B.1], we conclude the proof. O

We shall generalize the above H.

Let A and B be compact metric spaces. For o € A, 5 € B, we
consider continuous functions o,7 : RY x A x B — M(N,n), where
M(N,n) denotes the set of N x n real-valued matrices. For a@ € A,
BEB,abecR" x & €RY, we define Hg”;:RN x RY — R by

Hg,7l§l<x7£> = 2(0(;1:,04,5)& - T(SL’,O{,B)Z), g) - ‘CL|2 + ‘b|2

We next set
Hgp(z,§) = sup  Hgy(x,§)

a€A,aeR”

= sup{|o” (z, @, )E* ~ 2(r(x, 0, /0. )} + IbP
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for 3 € B, b€ R" and x,£ € RY. Finally, set

(4.3) H@6) = /3ezisl,ifeRnH5,b(x,€)

= inf sup{|o” (2, o, B)E)* — |77 (2, o0, B)EJ?).
BEB acA

for z € RY and (a, 8) € A x B, we give a condition on S, T so that H
satisfies (H2).

( There are 6 € C(RY) and Cy > 0 such that
(i)  6&(z) >0 for z € RV,
(ii) for any z € RY and 8 € B, there exists ag, € A
satisfying S(z, agq, 8) — T(x, a4, 5) > 0(2)1,
(iii) for any z € R, there exists 3, € B satisfying
\ SUPqeA ‘S(.ﬁlﬁ‘, a, Bm)‘ < CO-

Assuming that S, T : RY x A x B — SV satisfy (H2'), we easily
verify that the above H satisfies (H2) and (H3) with ¢ = 2. In
fact, for 2,6 € RY, we choose 8, = B,¢ € B such that H(z,§) =
supaeallo” (v, 0, 8,)€1* — |77 (2, o, B;)€[*}. Thus, by (H2'), we can
find a, = a, ¢ € A such that
H(z,6) > |o" (2,00, B:)E1 — |77 (2, a, Ba)€]?
= <(S(.T,Oéx,6m) - T(I‘,Oéx,ﬁm))g,§>

> o(x)|¢*.

The other inequality is trivial by (iii) of (H2'). Furthermore, assuming
that

(H2')

for R > 0, there are Cr > 0 and wr € M such that
(i) |o(z,a,8)|+ |7(z,a, 8)| < Cg for x € Bp and
(H4) (a, B) € A X B,
(11> |O'<$L’,Oé,6) - 0-<y7057ﬁ)‘ + |T(SL’,OJ,6) - T<y7a76>|
< wg(lx —y|) for z,y € Br and (o, ) € A x B,

we can show that (H4) holds with some wgr € M.

Now, we can state the comparison principle for the above H in ([L.1]).
Since we can prove it with the same argument as in the proof of The-
orem [L.3, we leave it to the readers.

Corollary 4.3. Assume that (F'1 —4) holds, that H in ([L.1) is given
by (E3) and that (H2'), (H4') hold. Let u € USC(RN) N SSG, and
v € LSC(RN) N SSGS be, respectively, a viscosity subsolution and a
viscosity supersolution of ([1). If f € SSGF, then for any A\ > 0, we
have u < v in RV,
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In particular, we shall suppose that o and 7 are, respectively, inde-
pendent of a and . Then, it is easy to see

H(z,¢) = min o (2, B)E[* — min |77 (z, )¢,

Since it is straightforward to restate the hypothesis (H2') and (H4') in
this case, we leave it to the readers.

Remark 4.4. We may give some generalizations of Theorems [£.1] and
to PDEs with coefficients in SG instead of SSG as it was done at
the end of Section B.

5. MONOTONE SYSTEMS

In this section, we establish the comparison principle to monotone
systems of elliptic PDEs, which were introduced in [LJ].

For a given integer m > 2, we set A = {1,2,...,m}. We consider
systems of PDEs: for k € A,

(5.1) Fy(z,u, Dug, D*uy,) + Hy(x, Duy) = fi(z) in RY,
where u = (uy,ug, ..., Uy) : RY — R™ is an unknown function, and
Fp : RVxR*" xRV x SN 3R H, : RVxRY - R, fr,:RY = R
(k € A) are given functions.

First of all, we recall the definition of viscosity solutions of general
systems of PDEs: for k € A,
(5.2) Gr(x,u, Dug, D*u;,) =0 in RY,
where G, : RV x R™ x R x RN x SV — R is continuous.

Definition 5.1. We call u = (u,) : RN — R™ a viscosity subsolution
(resp., supersolution) of (52) if for ¢ € C*(RN) and k € A,

Gr(Z,u"(2), Dg(z), D*¢(2)) < 0
(resp., Gip(#,u.(2), Do(2), D*¢(2)) > 0)

provided (uy)* — ¢ (resp., (ur)« — @) attains its local mazimum (resp.,
minimum) at & € RY.

We also call u a viscosity solution of (5.2) if it is both a wviscosity
sub- and supersolution of (p.2).

We will suppose that F':= (F, Fy, ..., F,,) is monotone as in [[J]:

There exists A > 0 such that
if r=(r),s=(sp) €R™, (2,&,X) e RN xRN x SV and
maxgea(ry — sk) =1 —s; > 0 for j = j(r,s,2,£, X) € A,
then Fj(z,7, &, X) — Fj(x,s5,&,X) > A(r; — s).

(M)
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We will suppose that every Fj, = Fy(z,r, &, X) in F = (F}) satisfies
(F'1) with a modulus mp uniformly for |r| < R; moreover it satisfies
(F3) and (F4) with some o, € SSG; and b, € SSG;, respectively.
Assumption (F'2) is replaced with

(F2)

F(z,0r,0¢,0X) = 0F(z,r,,X) for0>0,2,6 cRY re R, X € SV,

We set Py(z, X) = —Tr(op(z)ol (z)X). In the same way, we will as-
sume that Hj, satifies (H1)—(H4) with common 6 € C(RY), ¢ > 1, and
wr (though we may allow them to depend on k € A).

Theorem 5.2. Assume that (M), (F'1,2',3,4) hold for F}, and (H1—4)
hold for Hy (k € A).

Let u € USC(RY) N SSG,, and vy € LSC(RY) NSSG, u = (uy)
and v = (vg) be, respectively, a viscosity subsolution and a viscosity

supersolution of (B). If fr € SSQ;C for k € A, then uy, < v in RN
for k e A.

Proof. First of all, by (£'2), (H1) and (H3), we verify that u, =
(wpr) = (pug) (1€ (0,1)) is a viscosity subsolution of

Fy(x,uu, Duy, g, DZuMk) + ul_qu(:p, Duy ) < pfi(z) in RV,

Step 1: Linearization. Set w(z) = maxyea(u,r — vy)(z) for x € RV,
We shall verify that w is a viscosity subsolution of

Aw + min{Py(w, D*w) = by ()| Dw| = Bu| Dw|* = (1 = 1) fi(x)} = 0

in RY, where 8, = (177“)1_(1 Cy. We argue as in the proof of Theorem
Bl assuming that, for a fixed ¢ € C*R"Y), w — ¢ attains a strict
local maximum at # € RV, Setting B := B,(%) x B,(Z), up to extract
subsequences, we can suppose that

(5.3) max max{u, () - vi(y) = (2)'|o —y|* = é(y)}

Uu,j(s)(xa) - vj(s)(ya) - (28)_1|1‘5 - ?/5|2 — d(ye)

Te,ye — & and uy jo) (@) — Vi) (Ye) = w(Z). Moreover, since the set A
is finite, we may suppose that j(e) = j is independent of e.
As in the proof of Theorem B, since there are X;.,Y;. € SV such

2:€r €

—2,4 —2,—
that (pea Xj,t?) €J Uj(:L‘g), (pa - D¢(y6)v Y},é - D2¢(ya)) €J vj(yé)v
and the matrix inequalities in (F'1) hold with (Xj.,Y}.), we have

(5'4) Fj <y€7 uu<x6)a De, Y},e)
< Fj(xea Uu(l'g),pg, Xj,e) + mR(|fEe - ye| + 6_1|x6 - y6|2)a
where R = r + |Z|.
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Moreover, by (F'3) and (F'4), we have
(5.5) Fi(ye,v(Ye),pe — DO(ye), Yie — D2¢(ye))
< F(Ue, v(Ye), pe, Yie) = Pilye, D*6(y:)) + bj(ye) | D (ye) .

From (B.3), we note that

rlgleaj((umk(xs) —uk(ye)) = upg(ze) —v;(ye)
and therefore, by (M), we have
(5.6) Ay (2e) = v;(ye))

S Fj(yz-:7 uu(xs)apea Y;‘,e) - Fj(yea U(ye)apea Y}',e)-

On the other hand, from the definition, we have

F?j('xt?? uﬂ('xe)upeu Xj,E) + :ul_qH(x€7p€) S Mf]<x€)7

and

Fj(yea v(Ye), pe — Dd(ye), Y- — D2¢(y6)) + H(ye, pe) > fj(?/e)-

Thus, following the same calculations for H; as in Theorem B.1], by

(B), (B7) and (F9), we have

(5.7) AMug,j(2e) — v5(ye))
+P;(Ye, D*¢(y:)) — b (ye) [ Dp(ye)| — Bl Db (ye) |
—pfi(xe) + fi(ve)
< mp(|ae =y + e e — yel?)

for small enough £ > 0. Hence, sending ¢ — 0 in (5.7), we obtain the
desired extremal PDE

Aw (&) +min{Py(#, D*¢(&))=bk(2)| Do ()| =Bu DY ()] = (u—1) fi(#)} < 0.

Step 2: Conclusion. Consider the same function ® from the proof of
Theorem B.1. We can choose the constant a, Cy > 0 in order that @
is a strict supersolution of the previous extremal PDE. The conclusion
follows. U

Remark 5.3. As in the previous sections, we may give some generaliza-
tions of Theorem [.]] to PDEs with coefficients in SG instead of SSG
and for nonconvex Hamiltonians Hj, satisfying assumptions like (A1)-
(A4) on some subsets Qf, I'y.. The proof combines techniques developed
in Section [ and [, so we skip it.
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