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Neveu-Schwarz and operators algebras I
Vertex operators superalgebras

Sébastien Palcoux

Abstract

This paper is the first of a series giving a self-contained way from
the Neveu-Schwarz algebra to a new series of irreducible subfactors.
Here we present an elementary, progressive and self-contained approch
to vertex operator superalgebra. We then build such a structure from
the loop algebra Lg of any simple finite dimensional Lie algebra g. The
Neveu-Schwarz algebra Uity emerges naturally on. As application,
we obtain a unitary action of Uit /5 on the unitary discrete series of
Lg.
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1 Introduction

1.1 Background of the series

In the 90’s, V. Jones and A. Wassermann started a program whose goal is
to understand the unitary conformal field theory from the point of view of



operator algebras (see [0], [16]). In [17], Wassermann defines and computes
the Connes fusion of the irreducible positive energy representations of the
loop group LSU(n) at fixed level ¢, using primary fields, and with conse-
quences in the theory of subfactors. In [I4] V. Toledano Laredo proves the
Connes fusion rules for LSpin(2n) using similar methods. Now, let Diff(S!)
be the diffeomorphism group on the circle, its Lie algebra is the Witt alge-
bra 20 generated by d,, (n € Z), with [d,,,d,] = (m — n)dpy,. It admits a
unique central extension called the Virasoro algebra it. Its unitary positive
energy representation theory and the character formulas can be deduced by
a so-called Goddard-Kent-Olive (GKO) coset construction from the theory
of LSU(2) and the Kac-Weyl formulas (see [18], [2]). In [10], T. Loke uses
the coset construction to compute the Connes fusion for Uir. Now, the Witt
algebra admits two supersymmetric extensions 20, and 20/, with central
extensions called the Ramond and the Neveu-Schwarz algebras, noted Uit
and Q]il‘l /2-

In this series (this paper, [I1] and [12] ), we naturally introduce Uity
in the vertex superalgebra context of Lsly, we give a complete proof of the
classification of its unitary positive energy representations, we obtain directly
their character; then we give the Connes fusion rules, and an irreducible finite
depth type II; subfactors for each representation of the discrete series. Note
that we could do the same for the Ramond algebra Uir,, using twisted vertex
module over the vertex operator algebra of the Neveu-Schwarz algebra it /s,
as R. W. Verrill [15] and Wassermann [19] do for twisted loop groups.

1.2 Overview of the paper

First, we look unitary, projective, positive energy representations of ;5.
The projectivity gives 2-cocycles, so that 20,/ admits a unique central ex-
tension Vit /p. Such representations are completely reducible, and the irre-
ducibles are given by the unitary highest weight representations of it ,:
Verma modules V (¢, h) quotiented by null vectors, in no-ghost cases.

From the fermion algebra on H = Fyg, we build the fermion field v (z).
Locality and Dong’s lemma permit, via OPE, to generate a set of fields S, so
that thereisa 1 —1map V : H — S, with Id = V() and a Virasoro field
L = V(w). Then, we give vertex operator superalgebra’s axioms, permitting
to come so far, in a general framework (H,V,Q,w), with H prehilbert.

Let g a simple finite-dimensional Lie algebra, g, the g-boson algebra



(central extension of the loop algebra Lg) and g_ the g-fermion algebra.

We build a module vertex operator superalgebra from g =g, X g_ on H =

. . /41 . c
L(VA, ()@ Fyg, so that Uity » acts on with (e, h):(% ;J;’gdzm(g), 2(4‘29))’
with ¢g the dual Coxeter number and cy, the Casimir number.

1.3 The Neveu-Schwarz algebra

We start with 20,5, the Witt superalgebra of sector (NS):

[din,dyn) = (m—n)dpin m,neZ

s dy] = (m—2)Ym4n MEZ+ineEL

[Yims Ynl+ = 2dmin m,n € L+ %
together with d = d_,, and v}, = v_,,; we study representations which are:
(a) Unitary: m(A)* = w(A*)
(b) Projective: A +— w(A) is linear and [r(A), 7(B)] — 7([A, B]) € C.
(c) Positive energy : H admits an orthogonal decomposition H = &, . In H,
such that 3D acting on H,, as multiplication by n, Hy # {0}, dim(H,,) < +o0
Here, 3h € C such that D = m(dy) — hl.
Now, the projectivity gives the 2-cocycles and we see that Hy(201/2,C) is
1-dimensional, 2, admits a unique central extension up to equivalence:

0— HQ(QHUQ,C) — mitl/g — ml/g — 0
Yiry /, is the SuperVirasoro (of sector NS) or Neveu-Schwarz algebra:

Ly L] = (m —n) Ly + %(m?; — M) 0min
[Gma Ln] = (m - g)Gern

[Gma Gn]Jr = 2Lyin + %(mQ - i)5m+n

with Ly = L_,,, G, = G_,, and C = clI, c € C called the central charge.
The representations are completely reducible, the irreducibles are determined
by the two numbers ¢, h, and are completely given by unitary highest weight
representations of Uir;/y, described as follows: The Verma modules H =
V(e,h) are freely generated by: 0 # Q € H (cyclic vector), CQ = ¢ ,
Ly = hQ and Q]itf/QQ = {0}. Now, (2,Q) = 1, n(A)* = 7(A4*) and
(u,v) = (v,u) give the sesquilinear form (.,.). V(c,h) can admit ghost:
(u,u) < 0, and null vectors: (u,u) = 0 . In no ghost case, the set of null
vectors is K (c, h) the kernel of (.,.), the maximal proper submodule.

Let L(¢,h) = V(c,h)/K(c, h), the unitary highest weight representations.
The theorem ?? will be proved classifying no ghost cases.
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1.4 Vertex operators superalgebras

Our approch of vertex operators superalgebras is freely inspired by the follow-
ings references: Borcherds [I], Goddard [3], Kac [9]. We start by working on
the femion algebra: [V, ¥n] = Opmynl and ¢ =4, (m,n € Z+3). As
for 20, 2, we build its Verma module H = Fyg and the sesquilinear form (., .),
which is a scalar product. H is a prehilbert space, the unique unitary high-
est weight representation of the fermion algebra. Let the formal power series
V(2) =D cnVn +%z_"_1 called fermion field. We inductively defined opera-
tors D giving positive energy structure (< [D, )] = z.4)' 4+ %@/} ) and T giving
derivation ([T, 4] = ¢'). We compute (¢(2)1(w)Q,Q) = - (|2 > |w]),
which permits to prove inductively an anticommutation relation shortly writ-
ten as: ¥(2)Y(w) = —¢(w)(z). We define this relation in a general frame-
work as locality: Let H prehilbert space, and let A € (EndH)|[z, 27 !]] formal
power series of the form A(z) = > ., A(n)z"""" with A(n) € End(H) .
Such fields A and B are local if 4¢ € Z,, 3N € N such that Ve, d € H,
3X (A, B,c,d) € (z — w) NC[z*, w*!] such that:

(A(z)B(w)c,d) if |z]| > |w|

X(4, B, ¢, d)(z,w) :{ (—1)*(B(w)A(2)e,d) if [w] > |2]

Now, using locality and a contour integration argument, we can explicitly
construct a field A, B from A and B, with (A,B)(m) =
> opo(—L)PCEHA(n — p), B(m + p)l iftn >0

p=0

> en O 1 (A(n — p)B(m +p) — (=1)7""B(m +n — p)A(p)) if n <0

We obtain the operator product expansion (OPE) shortly written as

A(z)B(w) ~ Eg;ol Efff)),gqu; and by an other contour integration argument:

Sy Co(AB)(m+n —p) if m >0
[A(m), B(n)]. =
ZN_l(—l)pCp

(A,B)(m+n—p) ifm<0

Thanks to Dong’s lemma, the operation (A, B) — A, B permits to generate
many fields. To have a good behaviour, we define a system of generators as:
{Ai,..., A} C (EndH)[[z,27Y] with D, T € End(H), Q € H such that:

(a) Vi,j A; and A; are local with N = N;; and € = ¢;; = €;5.€;
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(b) Vi [T, A;] = A

(c) H= @neNJr% for D, dim(H,) < oo

(d) Vi [D,A;] = 2. A} + a;A; with o; € N4 2

(e) Qe Hy, | =1, and ViVm e N, A;,(m)Q=DQ=TQ =0

(f) A={A;(m),Vi Vm € Z} acts irreducibly on H, so that < A > .Q=H
Hence, we generate a space S, with V' : H — § a state-field correspondence
linear map. V(a)(z) is noted V(a, z) and V (a, 2)Q.— = a.

Now, {¢} is a system of generator, we generate S and the map V with ¢(z) =
V(¢_19, 2); but, ¥(2)y(w) ~ L5+ 2L(w), with L(z) = 3,5 Lz ™" 7% =
2@/} 2@/}( ) =V(w,2) withw = Qw 3@/} 1Q Then, using OPE and Lie bracket,

we find that D = Ly, T = L_4, L(z )L(w) ~ Eg/2i)4 + 2L(w ))2 (z(w)), and
[Lin, Ln] = (m — 1)Ly + 5m(m? — 1)8,,4, with ¢ = 2||L_5Q[* = 3, the
central charge. As corollary, Uitv acts on H = Fyg, and admits its unitary
highest weight representation L(c,h) = L(%,0) as minimal submodule con-
taining 2. We call w € H the Virasoro vector, and L the Virasoro field.

We are now able to define vertex operators superalgebras in general.

A vertex operator superalgebra is an (H,V, ), w) with:

(a) H = Hy @ Hji a prehilbert superspace.

(b) V: H— (EndH)|[z,27!]] a linear map.

(c) ©, w € H the vacuum and Virasoro vectors.

Let S. =V(H.), S =8 @St and A(z) =V(a,2) = >, A(n)z""1,

then (H,V,Q,w) satisfies the followings axioms:

(1) VneN,VAc S, A(n)Q =0, V(a,2)Q.—0 = a, and V(Q, z) = Id

(2) A={A(n)|A € S,n € Z} acts irreducibly on H, so that A.QQ = H.

(3) VAe S.,,VB € S.,, Aand B are local with e = €1.69, A, B € S, 1,
(4) V(w,2) = 0 Lnz ™2, [Lony L] = (m—=1) Ly s + 220 (m2 = 1)6, 4
(5) H = @n€N+% H, for Ly, dim(H,) < co and H, = @n€N+% H,

(6) [Lo,V(a,z)] = 2V'(a,z) +a.V(a,z) for a € H,

(7) [L_1,V(a,2)] =V'(a,2) =V (L_1.a,2) €S

As corollaries, we have that a system of generators, generating a Virasoro
field L € S, with D = Ly and T'= L_;, generates a vertex operator superal-
gebra; the fermion field v and the Virasoro field L generate one, each; and
we prove the Borcherds associativity: V(a, 2)V (b,w) = V(V(a, z — w)b, w).




1.5 Vertex g-superalgebras and modules

Let g be a simple Lie algebra of dimension N, a basis (X,), well normalized
(see remark E2), such that [X,, X;| = i> . I'¢, X, with 'S, € R totally

c™ ab a
antisymmetric. Let its dual coxeter number g = ¢ > (I )%

g An Bn Cn Dn EG E7 ES F4 GQ
dim(g) [ n*+2n | 2n* +n | 2n°+n | 2n® —n | 78 | 133 | 248 | 52 | 14
g n—+1 2n —1 n+1 2n—2 |12 | 18 | 30 | 9 | 4

For example, g = A; = sly, dim(g) = 3 and g = 2.

Let g, the g-boson algebra: [X2, X°] = [X,, Xi|min + MOapOmin.L, unique
central extension (by L) of the loop algebra Lg = C*(S',g) (see [18] p
43). The unitary highest weight representations of g, are H = L(V), (), with
¢ € N such that £Q = ¢Q (the level of H), Hy = V), irreducible representation
of g such that (A, 0) < ¢ with A the highest weight and 6 the highest root
(see [I8] p 45). The category %, of representations for fixed ¢ is finite. For
example g = sly, H = L(j, (), with V), = V; representations of spin j < g

We define the g-fermion algebra g_ and the fermion fields, composed by
N fermions; and as for N = 1, we generate a vertex operator superalgebra,
but now, it contains g-boson fields (S%) whose related algebra is represented
with L(Vp, g); and thanks to g_vertex background, the fields (S%) generate a
vertex operator superalgebra; by this way, we are able to generate one, from
g, and H = L(Vp, /), V¢ € N. Remark that because of the vacuum axiom,
the vertex structure need to take V\ = Vj trivial representation; in general,
we have vertex modules (see further).

Now, let § = g, X g_ the g-supersymmetric algebra; we prove it ad-
mits H = L(Vy,{) ® Fxg as unitary highest weight representations. We
generate a vertex operator superalgebra, with a Virasoro field L, and also a
SuperVirasoro field GG, which gives the supersymmetry boson-fermion: Let
B* = X*+ S® boson fields of level d = ¢ + g, then:

Sl and ve(5)G(w) ~dEEL.

Finally, from H* = L(Vy,{) ® Fyg, we define the vertex module (H*, V)
over (H°, V,Q,w), and we prove that ‘Ui‘c% acts unitarily on H* and admits

B*(2)G(w) ~ dz

L(c, h) as minimal submodule containing the cyclic vector Q*, with

1
=3. éltr—fdim(g), h = % and cy, the Casimir number of Vj.



2 The Neveu-Schwarz algebra

2.1 Witt superalgebras and representations

Definition 2.1. A Lie superalgebra is a Zo-graded vector space 0 = 05 @ 071,
together with a graded Lie bracket [.,.] : 0 X0 — 0, such that [.,.] is a bilinear
map with [0;,9;] C 0;4;, and for homogeneous elements

Xeo, Yeo, Ze, :

o [X,Y]=—(—-1)"[Y, X]
i (_l)mz[Xv [Ya ZH + (_1)xy[YVa [Zv X]] + (_1)yz[Z> [X7 YH =0

Definition 2.2. The Witt algebra 20 s the Lie x-algebra of vector fields on
the circle, generated by d,, = iew”% (neZ).

Remark 2.3. 20 admits two supersymmetrics extensions, 20y the Ramond
sector (R) and 2015 the Neveu-Schwarz sector (NS) ((see [8], [4)] chap 9).

Here, we trait only the (NS) sector.

Definition 2.4. Let 0 = 20,5 the Witt superalgebra with:

together with the %-structure, dy, = d_,, and v}, = Y—m, and
the super-structure: 05 =W = P,,c;, Cdy, 01 = DB,,c11/2 Crm

Now we investigate representations 7 of 2y /5, which are :
Definition 2.5. Let H be a prehilbert space.
(a) Unitary: m(A)* = m(A*)
(b) Projective: A w(A) is linear and [7(A),n(B)] — n([A, B]) € C.

(c) Positive energy : H admits an orthogonal decomposition H = @, .1y H,
2

such that, 3D acting on H, as multiplication by n, Hy # {0} and
dim(H,) < +o00. Here, 3h € C such that D = w(dy) — hl.



2.2 Investigation

Definition 2.6. Let b: 215 X W,/ — C be the bilinear map defined by
[m(A),m(B)] — m([A, B]) = b(A,B)I (b is a 2-cocycle)

Definition 2.7. Let f : 20,/ — C be a x-linear form.
Of = (A, B) — f(|A, B]) is a 2-coboundary.

Remark 2.8. A+ w(A) + f(A)I define also a projective, unitary, positive
energy representation, where b(A, B) becomes b(A, B) — f([A, B)).

Proposition 2.9. (SuperVirasoro extension) 2,2 has a unique central ex-
tension, up to equivalent, i.e. Hy(Wh /2, C) is 1-dimensional. This extension
admits the basis (Ly)nez, (Gm)mezy 1, C central, with L = L_,,, G}, = G_,,,
C =cl, c € C called the central cfmrge and relations:

[Lma L ] n) m+n T %(mg

(m
[GrmL ] ( 2) mbf—n L
[Gm7 G ] = Lm+n + §(m2 - Z)ém—l—n

- m)5m+n

Proof.

Let L, = 7n(d,) and G,, = 7(7y,) then:
[Lpn, Ly) = (m —n) Ly + b(dp, dy) I
Gy L) = (m — _)Gm—f—n + 0(Ym, dn) I
(G Gl t = 2Lmmgn + b(Yms V) I

In particular:

[LQ, Ln] = —TLLn -+ b(do, dn)I
[LQ, Gn] = —TLGn + b(do, ’}/n)I
[L17 L*l] - 2L0 + b(dl, dfl)[

We choose :

f(d,) = —n~1b(dy,d,)
fvm) = _m_1b<d07’7m>

f(do) = 5b(dy,d_y)
Then, after adjustment by f:

[Lo, L,) = —nL,
[L(], Gn] = —nG’n
[Li,L_1] =2Lg



Now D = Ly — hl and if v € Hy, Dv = kv, then:
DL,v = L,Dv+ D, L,Jv = kL,v + [Lg, L,Jv = (k — n) L,v
So, L, : Hy — Hy—,, (={0}ifn > k).
Similary, G,, : Hy — Hj_,,, then:

[Lm, Ln] — (m — n)Lm+n : Hm+n+k — Hk
[Gma Ln] - (m - %)Gm—i—n : Hm—f—n—l—k — Hk
[Gma Gn]—i— - 2Lm+n : Hm—f—n—l—k — Hk

But b(d, dn) I, b(Vm, dp) I, 0(Yon, Vo)L 2 Hinik = Hmtntk, SO:

b(dy, dyp) = A(M)0min
d,) = B(m)0m1n =0 because 0 ¢ Z+1/2>m+n
b(Vim, Yn) = C(M)dmin

Now, on 20 = 05, b(A, B) = —b(B, A), so, A(m) = —A(—m) and A(0) = 0,
and Jacobi identity implies b([A, B], C)+b([B, C], A)+b(|C, A], B) = 0, then,
for dy,d,,d,, with k4+n+m=20:

(n —m)A(k) + (m —k)A(n) + (k—n)A(m) =0

Now, with £ = land m = —n—1, (n—1)A(n+1) = (n+2)A(n)—(2n+1)A(1).
Then A(n) is completely determined by the knowledge of A(1) and A(2), and
so, the solutions are a 2-dimensional space.

Now, n and n? are solutions, so A(n) = a.n + b.n3 .

Finally, because [L1, L_1] = 2Ly, A(1) = 0 and a + b = 0, we obtain:

3

A(n) =b(n* —n) = —(n* —n), c € C the central charge.

12<
Process [2.9.

[[Aa B]-H C] = [Av [Bv CH-F + [Ba [Aa CH-F then:

[[Gm Gs]+a Ln] = [Gra [G871Ln]]+ + [GS> [Grv Ln]]—f—l

= [2Lyys, L) =[Gy, (5 — 5”)Gn+S]+ + [Gs, (r — 5”)Gn+r]+

= Q(T + 85 — n)Lr+s+n — 5r+s+n%(n3 — n)

= (5 - %n> (2Lr+s+n + C(T)5r+s+n) (T - _n> (2Lr+s+n + C( )5r+s+n)
Then taking r 4+ s +n =0, £(n® —n) + (s — 5n)C(r) + (r — 3n)C(s) = 0.

2 2
Finally, with n = 2s and r = —3s, C(s) = £(s? — 1). O

c
3 4



Definition 2.10. The central extension of o is called Wivy /o, the Super-
Virasoro algebra (on sector NS), also called Neveu-Schwarz algebra.

Theorem 2.11. (Complete reducibility)

(a) If H is a unitary, projective, positive energy representation of 1o,
then any non-zero vector v in the lowest energy subspace Hy generates
an irreducible submodule.

(b) H is an orthogonal direct sum of irreducibles such representations.

Proof. (a) Let K be the minimal 20, ,-submodule containing v.
Clearly, since L,v = G,,v = 0 for m,n > 0 and Lov = hv, we see that K is
spanned by all products R.v with :

R:G—jg---G—ﬁL—ia---L—ip 0<i1 <. <1y, §j1<<]5

N | —

But then, Ky = Cv. Let K’ be a submodule of K, and let p be the orthogonal
projection onto K'. By unitarity, p commutes with the action of 20, 2, and

hence with D. Thus p leaves Ky = Cv invariant, so pv = 0 or v.
But pRv = Rpv, hence K’ = 0 or K and K is irreducible.

(b) Take the irreducible module M; generated by a vector of lowest energy.
Now (changing h into ' = h+m if necessary),we repeat this process for M,
to get My, M3, ... The positive energy assumption shows that H = ®M; O

Theorem 2.12. (Uniqueness) If H and H' are irreducibles with ¢ = ¢ and
h =1/, then they are unitarily equivalents as 20, 2-modules.

Proof. Hy = Cu and H| = Cu’ with u, v’ unitary.

Let U : H— H', Au— Au’, we want to prove that U*U = UU* = Id.

Let Au € H,,, Bu € H,,:

If n # m, for example, n < m, then B*Au € H,_,, = 0 and

(Au, Bu) = (B*Au,u) = 0 = (Av/, Bu').

If n = m, then D = B*A is a constant energy operator, so in CLy & CC.
Now, (Lou,u) = h = (Lou/,u') iff h = B and (Cu,u) = ¢ = (Cu', ) iff c = (.
Finally, (v,w) = (Uv,Uw) Yv,w € H and (v',w') = (U, U*w’) Vo', w" € H'
iff h=~h and c=¢.

So, U*U = UU* = Id, ie, H and H' are unitarily equivalents. O
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Definition 2.13. Yir,, = iUitl_/z@iUit? /Q@EUitT/Q with Uit! 2 = CLo®CC
Vit!, = P CL, ®CG, Vir;, = P CL, & CG,
m,n>0 m,n<0

Remark 2.14. This decomposition pass to the universal envelopping :
U(DBiyy) = U(Bi ) - UDBix] ;) - U(Die] )

Remark 2.15. We see that an irreducible, unitary, projective, positive en-
ergy representation of AWy 5 1s exactly given by a unitary highest weight rep-
resentation of Uity ), (see the following section).

2.3 Unitary highest weight representations

Definition 2.16. Let the Verma module H = V(c, h) be the iy jo-module
freely generated by followings conditions:

(a) Q€ H, called the cyclic vector (21 #0).
(b) Lo =hQ, CQ=cQ (h,c€R)
(c) Dir),2 = {0}

Lemma 2.17. L[(Qﬁtl—ﬂ)@ = H and a set of generators is given by:
G—ng,JIL,ZaL,“Q7 0<21§§Za, %§j1<<.]5

Proof. 1t’s clear. O

Lemma 2.18. V(c, h) admits a canonical sesquilinear form (.,.),
completely defined by:

(a) (£,Q)=1

(b) m(A)* = m(A")

(c) (u,v) = (v,u) Yu,v € H (in particular (u,u) = (u,u) € R).

Proof. It’s clear. O

Definition 2.19. u € V(c¢, h) is a ghost if (u,u) < 0.

11



Lemma 2.20. If V(c, h) admits no ghost then ¢,h > 0

Proof. Since LyL_yQ = L_, L, + 20k + aio)

we have (L_,Q, L_,Q) = 2nh + "¢ > 0.
Now, taking n first equal to 1 and then very large, we obtain the lemma. [

Definition 2.21. Let K(c,h) = ker(.,.) = {x € V(c¢, h); (z,y) =0 Yy}
the mazximal proper submodule of V(c,h), and L(c,h) = V(c,h)/K(c,h),
irreducible highest weight representation of Uity o, with (.,.) well-defined on.

Definition 2.22. u € V(¢ h) is a null vector if (u,u) = 0.
Lemma 2.23. On no ghost case, the set of null vectors is K(c, h).

Proof. Let x be a null vector, and y € V(c, h).
By assumption Vo, 5 € C, (ax + Py, ax + Sy) > 0. We develop it, with

a = (y,y) and § = —(x,y), we obtain : |(z,y)]*(y,y) < (z,2)(y,y)* =
So if y is not a null vector then (z,y) = 0. Else, (z,z) = (y,y) = O SO takmg

a=1and 3= —(z,y), we obtain 2|(z,y)|> < 0 and so (z,y) = O
Corollary 2.24. L(c, h) is a unitary highest weight representation.
Proof. Without ghost, (.,.) is a scalar product on L(c, h). O

Remark 2.25. Theorem 1.2 of [11] will be proved classifying no ghost cases.
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3 Vertex operators superalgebras

We give a progressive introduction to vertex operators superalgebras struc-
ture. We start with the fermion algebra as example. We work on to obtain,
at the end of the section, vertex axioms naturally.

3.1 Investigation on fermion algebra

Definition 3.1. Let the fermion algebra (of sector NS), generated by (wn)nez+§:
and I central, with the relations:

[Yms Ynls = Omin  and  Yp =1y
Definition 3.2. (Verma module) Let H = Fyg freely generated by:
(a) Q€ H is called the vacuum vector , 2 # 0.
(b)) L, 2=0Vm >0
(c) IN=0Q

Lemma 3.3. A set of generators of H is given by:
Vomy oo Vo, myp < ... <m, €N, my €N+%

Proof. 1t’s clear. O
Lemma 3.4. H admits the sesquilinear form (.,.) completely defined by :
(a) (©,9)=1

(b) (u,v) = (v,u) Yu,v € H

(€) (nu,v) = (u,¢pv) Vu,v € H e n(yn)* =m(4])

(.,.) is a scalar product and H is a prehilbert space.

Proof. 1t’s clear. O

Remark 3.5. H is an irreducible representation of the fermion algebra.
It is its unique unitary highest weight representation.

Remark 3.6. ¢2 = L[ty ¥y]4 =0 if n #0

13



Definition 3.7. (Operator D) Let D € End(H) inductively defined by :
(a) D=0
(b) DY_ppa=v_p,Da+mip_,a ¥YmeN+ % and¥a € H

Lemma 3.8. D decomposes H into @, .y 1 Hy with DE = ng
V¢ € Hy, dim(H,) < oo and H, L H,, if n #m

Proof. Let a =v_p,, ... 90—, ) be a generic element of the base of H,
then D.a = (> m;)a. O

Remark 3.9. [D,¢,,] = —ma,, and Q2 € Hy, 50 ¥y, : Hypony — Hy.
Definition 3.10. (Operator T') Let T € End(H) inductively defined by :
(a) TQ=0

(b) TY_pma=v_pTa+ (m—3)_ma VmeN+3 andVa e H
Remark 3.11. [T, ¢,,] = —(m — 3)thm_1.

Definition 3.12. Let ¢¥(2) = ., wn+%.z’"’1 the fermion operator.
Remark 3.13. ¢ € (EndH)|[[z,27']] is a formal power series.

Lemma 3.14. (Relations with ¢, D and T)
(@) [pis, ] =2

(b) [D,¥] =24 + 3

(c) [T,¢] =2

Proof. [y, ()]s = Yty pag)ez ™ = 27
[D4(2)] = (=n— D21 = 24 (2) + 0(2)
T(2)] = S (=n)_g.2" 0 = (= = D272 = §/(2) O

Remark 3.15. (.,.) induces (¢(21)..40(2,)c, d) € C[[2F, ..., 2], Ve, d € H.,
Lemma 3.16. (¢(2)Q,Q) =0 and (Y(2)(w)Q,Q) =L if |z| > |w]| .

zZ—w
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Proof. (Y(2)Q,Q) = 3,7 ($,4192,0).27" 7 =0
(W ()P (w)Q, Q) =32, nez(@/}mm w_n_a ),anflw—mfl

= pnez( U1 QY 1 Q)2 T = 3 (Y, 1,1 Q)2
1Y () = 2 2] > ol -

zZ—w

Lemma 3.17. Ve,d € H, (¥(2)c,d) € C[z, 271].

Proof. (¢(2)¢_,_1c,d) = (c,d).z7" " = (§(2)e, 1,4 1d)

(W(2)e, ¥_p_1d) = (e, d).2 — (), 10, d)
Then, the result follows by lemma B]ﬂzand induction. O

Proposition 3.18. V¢, d € H, 3X(c,d) € (z — w) 'C[z*!, w*!] such that:

[ @Ew)ed) if |2 > ]
Xl d){zw) = { —(W(w)b(z)e,d) if | > |2]
Proof. (W(=0(w)y_,_sc,d) = (U(=)e, dyw = ((w)e, d)z " 1+ ()0 (w)e, ¥, 1d)

(W) (w)e, v_,_1d) = (P(w)e, d)z" —(1/1( )e, d)w" + (P ()Y (W), 1, d)
Then, the result follows by lemma [3.16] B.I7] symmetry and 1nduct1on O

3.2 General framework

Definition 3.19. Let H prehilbert and A € (EndH)[[z, 27| a formal power
series defined as A(z) =", ., A(n)z~""! with A(n) € End(H).

Definition 3.20. Let A, B € (EndH)|[z,27]]
A and B are local if 3¢ € Zy, AN € N such that Ve, d € H:
IX (A, B,c,d) € (z —w) NC[z*', w*'] such that:

(A(2)B(w)c,d) if [2] > |w)|
X(A,B,c,d)(z,w) = - .
B e = { B A e il = 1o
Example 3.21. 1 is local with itself, with N =1 and ¢ = 1

XY -YX ife=0

Notation 3.22. [X,Y]. = { XY +YX ife=1

Remark 3.23. Let n € N, then, (2 —w)" =7 Ch(=1)PwPz""? and,

(z —w)™ = { > pen Cpan1wPz P if [2] > [w]
(=D)" > pen Copn12Pw ™™ if Jw| > |2]
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Proposition 3.24. Let A, B local and ¢,d € H then:
X(A, B,c,d)(z,w) =), Xn(A, B, c,d)(w)(z — w) "L
Xn(A, B,c,d)(w) = (A, B(w)e, d),

A,B(w) =3, 7 (A.B)(m)w ™" and (A,B)(m) =

{ > po(—LPCE[A(n — p), B(m +p)]. ifn >0

> pen O 1(A(n = p)B(m +p) — (=1)**"B(m +n —p)A(p)) ifn <0

Proof. X(A, B,c,d) € C[lz=!, w*!, (z — w)™!], we develop it around z = w:
X(A,B,c,d)(z,w) =3, o7 Xn(A, B, ¢, d)(w)(z —w) ™!

with X, (A, B, ¢,d)(w) = 5= § (2 — w)"X (A, B, ¢,d)(z,w)d=.

By contour integration argument (§, = le|:R>\w| — lelzr<|w\)’ we obtain:

Xn(A, B, c,d)(w) = L'<f|z|=R>\w| Jomrcu) (2 — 0)"X (A, B, ¢, d)(z, w)dz

271

=L (z—w)"(A(2) B(w)c, d)dz— 21 f|z|zr<|w‘(z—w)”(B(w)A(z)c, d)dz

27 J|z|=R>|w| o
= Z€Z,p=0(f\z\=1«z>|w\ CP(=1)Pz"PwP(A(q)B(w)e,d) 2~ dz
—(=1)° f|z|:r<|w\ CP(—1)P2"PwP(B(w)A(q)c, d)Z_q_ldz)
= (X po(=1)Pw?CP[A(n — p), B(w)].c,d), with n € N,

X (A, By, d)(w) = 5 qu,peN(f\z\:R>|w\ C 12 " PP (A(q) B(w)e, d)z~ 0 dz

— (=17 ), =r<lul Cpna(=1)"w™"P2P(B(w) A(g)e, d)z~" dz)
= (Zyen Cpina (WP A(=n = p)B(w) — (=)= w ™" Bw)A(p))e,d) O

Definition 3.25. Let the operation (A, B) — An,B as for proposition [3.2].
Formula 3.26. The formula of (A, B)(m) on proposition[3.24

Corollary 3.27. (Operator product expansion) Let A, B local, and c¢,d € H :

(A(z)B(w)c,d) ~ ( %c, d) mnear z=w
Proof. X(A, B, c,d)(z,w) =3, ,(A.B)(w)c, d)(z —w) !
E(z—w)’NC[zil,w1,soAB:0for—n—1< —Nien> N. O
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Remark 3.28. We write OPE as: A(z)B(w) ~ Zg;ol %.

S o CF (z —w)kw™™* ifm >0
D ken(—DFCE i (2 —w)fw™F if m < 0

Proposition 3.30. (Lie bracket ) Let A, B local, with € € Zy then:

Remark 3.29. 2™ = {

SN Cn(AB)m A+ n —p) if m>0
[A(m)7 B(n)]e =
SN H)PCE,((AB)(m+n—p) ifm <0

Proof. Ve, d € H, ([A(m), B(n)lcc,d) =
ﬁ(f f|z|:R>‘w| - fﬁzl:K'w‘)zmw"X(A,B,c, d)(z, w)dzdw

By contour integration argument ([ le|:R>\w| — [ f\z\:r<\w| =¢4.)

([A(m), B(n)l-c,d) = 7= §ums §, 27 (3,5 22 e, d)dzdw

p=0 (z—w)pPt1

We suppose m > 0, then by previous remark, ([A(m), B(n)].c,d) =

- 2;2 fo 27rz f 2o O™ k(zg o1 %C d)dzdw

- 27rz fo p= 0 wn+m pCrez(ApB)( )Cv d)dw

= 353 $o( iveziazo wrtmmPrCr (A B)(r)e, d)dw

= (Eif:@l CP(A,B)(m+n —p)c,d) (wetake C? =01ifp >m ).

Similary for m < 0..., and the result follows. O

Formula 3.31. The formula of [A(m), B(n)]. on proposition [3.30.

Definition 3.32. (Operator D) Let D € End(H) decomposing H into
@neN+1 H,, with D¢ =n& V¢ € H,, dim(H,) < oo and H, L H,, if n # m.

Notation 3.33. Let A'(z) = LA(2) =3, ,(—n)A(n — 1)z,

Definition 3.34. A € (EndH)|[z,27Y]] is graded if:
Ja € IN such that [D, A(z)] = zA'(z) + aA(z)

Lemma 3.35. A is graded with a <=
A(n) : Hyy — Hppia—1 Vn € Z,Ym € 3N

17



Proof. [D,A(z)] = zA'(2) + aA(z) = >, cpla — 1 —n)A(n)z~"!

<~ [D,A(n)]=(a—1—-n)A(n) VneZ

< Vn € Z,Ym € ;N,V¢ € H,

DA(n)¢ = A(n)DE+ [D,A(n))é = (m —n+a—1)A(n)

< A(n): Hyn — Hynia1 Yn €Z,¥m € %N. O

Lemma 3.36. Let A, B local and graded with o and 3 then:
[D,A,B(2)] = 2(A,B) (2) + (a« + B —n—1)A,B(2).

Proof. A(n): Hyp = Hynga—1 and B(n) : Hy, — Hpypyonip1
Now, by formula B.26] A,B(n) : Hy, = Hponi(ats—p-1)-1
The result follows by the previous lemma. O

Lemma 3.37. Let A, B € (EndH)[[z, 27|, graded with o and 3, then:
A and B are local <= de € Zy, AN € N such that Ve, d € H:
(z —w)N(A(z)B(w)e,d) = (=1)%(z — w)V (B(w)A(z)c,d) as formal series.

Proof. (=) True by definition.

(<) Let ce H,, d € H,

An)c € Hy_piq-1=0forn>p+a—1,

B(m)c € Hy_pmip—1=0form>p+p—1,

A(n)B(m)c, B(m)A(n)c € Hy_(min)tats—2, d € Hyand H, L Hyif ¢ # r.

Let S={(m,n)eZ*m+n=p—q+a+p-2m<p+p-—1}
and S’ = {(m,n) €Z* m+n=p—q+a+-2n<p+a-—1}

(z —w)V(A(2)B(w)c,d) = Z CE(A(n)B(m)e, d)z "Ly~ m-1+N—k

N
(z—w)V(B(w)A(2)e,d) = (=1)7 Y CR(B(m)A(n)e,d)z"""Fp=m =N
S’ k=0
But, S NS is a finite subset of Z2, so the formal series is a polynom:
P(A, B, c,d) € C[z*!, w*!]; now, using remark 323 and the fact that
An)c=0forn >p+a—1and B(m)c=0 for m >p+ [ — 1, then:

(A(z)B(w)c,d) if |z| > |w|

(z,w) N P(A, B, c,d)(z,w) = { (=1)f(B(w)A(2)e, d) if |w| > |2]

18



Remark 3.38. (associativity) (A,B),C = A, (B,C) = A, B,,C

Lemma 3.39. Let Ay,..., Ar graded, A; and Aj local with N = N;; € N.
Then, Ve, d € H:

[1G: — )™ (Ai(=1). Ar(z)e, ) € Cla, o, 22
i<j
Proof. 1t is exactly as the previous lemma:
We can put each A;(z;) on the first place by commutations.
We obtain equalities between R series with support S;UT', with T" the support
due to [, (2 — z;)Nii (finite), and as the previous lemma:
S; = {(my,....,mg) € Z%my + ... + mp = K, m; < k;}
So, (S; is a finite subset of Z%, and the result follows. O

Lemma 3.40. (Dong’s lemma) Let A, B, C graded and pairwise local, then
A, B and C are local.

Proof. Let Q(z1, 22, 23) = [[;;(2 — %), by lemma 339 Vd,e € H:
Q-(A(21)B(22)C(25)d, €) = Q.(=1)77%(C(23) A(21) B(z2)d, €) € Cl2i, 257, 257

Now, we divide this polynom by @), we fix 2, and we develop around z; = z5.
Then IN € N such that Vn € Z if P, is the coefficient of (27 — 29)™"! then
S, = (20 — 23)N P, € Clz3t, 251

Now, on one hand S,, = (29 — 23) (A, B(22)C(23)d, ¢) and on the other hand
Sn = (—1)6(22 — Zg)N(C(Zg)AnB(ZQ)d, 6), with ¢ = €1+ €a.

Then, the result follows by lemmas and 337 O

Proof’s corollary 3.41. If in addition, A and C' are local with 1 € Zs ,
and, B and C, local with 5, then, A, B and C are local with € = €1 + &5.

Lemma 3.42. If A and B are local with € € Zs, so is A" and B

Proof. (z —w)"(A(z)B(w)c,d) = (—1)°(z — w)V (B(w)A(2)c, d)
Then, applying d% and the lemma [3.37] the result follows. O

Definition 3.43. (Operator T) Let T € End(H).
Lemma 3.44. Let A, B local such that [T, A] = A" and [T, B] = B'.
Then, [T, A,B] = (A,B) = A,B+ A,B and [T,A’] = A”
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Proof. (z—w)N([T, A(z)B(w)]c,d) = (z—w)N((A'(2) B(w)+ A(2)B'(w))e, d)

=(z—w)" ¥, L (A,B+ A,B)(w)e,d)(z —w)~™™'  on one hand
(z —w)V (L + di)(z:nEZ B(w)(z —w) ™™ '¢,d)  on the other hand

= (z = w)"[(X, (=0 — DAB(w)(z — w)™" ¢, d) +
(Xnez(AnB) (w)(z —w) ™", d) + (Z (0 + 1) AB(w)(z = w) ™" e, )]
(z =)™ 32, ((An )’(w)a d)(z —w)™"

By identification: [T, A, B] = (A,B)' = A/, B+ A,B’
Now, [T, Al = A" = [T, A(n)] = —nA(n - 1) so [T, A'] = A" O

Lemma 3.45. Let Q € H; A, B local with A(m)Q2 = B(m)Q =0 Vm € N,
then A'(m)Q = A,B(m)Q =0Vm € N,Vn € Z.

Proof. A'(m) = —mA(m —1),s0 A(m)Q=0Vm e N
On the formulaB.26], A(n — p)Q2 = B(m + p)Q2 = A(p)Q2 = 0 because
n—p,m+p,p €N, then, A,B(m)Q=0VmeN,Vn € Z. O

3.3 System of generators

Definition 3.46. Let H prehilbert space; {Ay,..., A.} C (EndH)[[z, 2]
is a system of generators if AD, T € End(H), Q € H such that:

(a) Vi,j A; and A; are local with N = N;; and € = €;; = €;;.€j;
(b) Vi [T, A] = A,

(c) D decomposes H = EBneNJrl H,, with D& = né Y€ € H,, dim(H,) < oo,
H, 1 H, if n# m and ‘v’z Aj; is graded with o; € N+ =

(d) Qe Hy, | =1, and Vi ¥m € N, Ai(m)Q = DQ =TQ =0

(e) A={A;(m),YiVm € Z} acts irreducibly on H, so that H is
the minimal space containing ) and stable by the action of A

Definition 3.47. Let S C (EndH)[[z, 27 !]], the minimal subset containing
Id, Aq,..., A,, stable by the operations:

(A,B) > (A,B) (YneZ) , A=A
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Let S. = {A € S| A is local with itself with € € Zs}, so that S = S5 11 Sj.
Let S; =lin < S: > and S = 55 @ 57.

Remark 3.48. All is well defined by previous lemmas.

Lemma 3.49. VA, B € S, they are local, A,B € S and [T,A]=A"€ S
Proof. By previous lemmas and linearizing Dong’s lemma. O
Lemma 3.50. Let £ € S, and F' € S, then:

(a) E F €S, 1o,

(b) E and F are local with € = £1.€2

Proof. (a) E and F are local with an ¢ € Z,.

We use the corollary B.4Ilwith A= FE, B=F,C = FE,with A=FE, B=F,
C = F and finally with A= F, B=F, C' = E,F. Then we see that F, F is
local with itself with e’ =& +e 463+ =¢1 + €9, 50, E,F € S, 1c,

(b) By induction:

Base case: Vi,j A; € S.,,, A; € &, and are local with € = ¢;; = €;;.¢5; by
definition [3.46]

Inductive step: We suppose the property for £ € S.,, FF € S., and G € &.,.
We prove it for £, F and G-

FE and GG are local with € = ¢.e3

F and G are local with ¢ = g5.63

Now, E.F € S. 1c,, G € S, and by corollary B.41] with A = E, B = F,
C =G, E,F and G are local with € = 1.3 + 9.3 = (61 + £2).€3

The following lemma completes the proof. U

Lemma 3.51. AcS. = A' € S.

Proof. By lemma [3.42] if A and B are local with € € Zo, so is A" and B.
The result follows by taking B = A and then B = A’ O

Definition 3.52. (well defined by lemma[3.43)

R: § — H
A — a:=A(2)Q.=0
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Examples 3.53.
(a) R(Id) =, R(A)=A(-1)Q

(b) R(A") = A(—2)Q = T.R(A)

(¢) R(A,B) = A(n)R(B) (by formula[720)

(d) R(AnId) = A(n)

Lemma 3.54. A is graded with o < R(A) € H,

Proof. By lemma [3.35] and [3.36] inductions and linear combinations.

State-Field correspondence:

Lemma 3.55. (Ezistence) Va € H, 3A € S such that R(A) =

PTOOf. R((Ah)ml <A12)m2<Alk)mkld) = Ail (ml)R((A22>m2(A7«k)mk[d>

Now, the action of the A;(m) on € generates H by definition B.40

Lemma 3.56. Let A € S, then A(2)Q = e*TR(A).

Proof. Let Fu(z) = A(2)Q2 = >, oy A(=n — 1)Q2",
Then, Vb € H, (Fa(z),b) € C[z]

Now, & (Fa(2),b) = (£Fx(2),5) = (A (2)2.0)
— (1 A0 ) = (A, b) = (T Fa(2)0b
But, F4(0) = R(A), so we see that: (Fa(2),b) = (e*TR(A),b) Vb € H
Finally, Fa(z) = eTR(A)

Lemma 3.57. (Unicity) R(A)=R(B)= A= B.

Proof. Let C = A — B, then R(C') = R(A) — R(B) =0

and Fg(z) = e*TR(C) =0

Now, Ve € H, 3E € S such that R(E) =

Then Vf € H, AN € N 3¢ € Z, such that :

(z = w)M(C(2) Ew)Q, f) = (=1)*(z — w)¥ (E(w)C(2)Q, )
Now, (E(w)C(2), f) = (E(w)Fe(z), f) = 0 = (C(2) E(w)S, f)
So, (C(2)E(w)Y, flw=o = (C(2)e, f) =0 Ve, f € H

Finally, C=0and A= B

22
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Now, we can well defined:

Definition 3.58. (State-Field correspondence map)

Ve H — S i
i V(a) inear.
Vae H R(V(a))=a

such that : (‘V’A €S V(R(A)) = A

Notation 3.59. V(a)(z) is noted V(a,z) and A(z) = V(R(A), 2)
Examples 3.60.

(a) V(0,2) =0, V(Qz)=1Id

(b) V'(a,z) = V(T.a, 2)

(c) (A4xB)(z) = V(A(n)R(B),z)

Definition 3.61. Let H. = P H, so that H = Hy ® Hj.

neEN+§
Lemma 3.62. R(S.) = H. (¢ € Z)

Proof. Base step: by definition B.40 and lemma B3.54]
Vi A; € S, and R(A;) € H,, with a; € N4 &2
Inductive step: by lemma [3.50

Corollary 3.63. (Relation with T and D) Let a € H,, we have that:
(a) [T,V(a,2)] =V'(a,z) =V (T.a,z) €S
(b) [D,V(a,z)] =2V'(a,z) + a.V(a,z) (¢S in general)

3.4 Application to fermion algebra
H = fNSa ¢(Z) = Znez ,lvz)n-i—%zinil with meﬂ/fnh = 5m+n]d-

Proposition 3.64. {¢} is a system of generator.
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Proof. 1) is local with itself with N =1 and ¢ = 1 = 1.1 (see definition [3.46))
We have construct D and 7" (p[I4l ), 2 € Hy, ||| =1, DQ=TQ = 0.

[T,0(2)] = (=), [D, ()] = 24/(=) + b(=) and 4 € N 44

Finally, {¢,,n € N} acts irreducibly on H O]

Corollary 3.65. {1} generates an S with a state-field correspondence with:
R(Y) =¢_1Q and (z) = V(¢_19, 2)

Lemma 3.66. (OPE) (2)i(w) ~ -4

zZ—w

Proof.  ,ip(w) = V(wn%z/}f%Q,w) =0ifn>1(here N=1)
Now, for0<n<N—-1lien=0:

Ui 1 Q= ([1, ¥ 1]y —¥_191)Q = Q, s0 Yoyp(w) = Id O

Remark 3.67. (Next operator) z/Léwf%Q =0, so ¥_1¢ = 0; and the next
operator of the expansion is 2L(w) = Y_sth(w) =23, 5 Lz "2
Now, R(L) = %w,%w,éQ, then L(w) = V(%w%lpf%Q,w).

Remark 3.68. L(n) = L,y so, LiQ = L_1Q =0 by lemma[5.43

Lemma 3.69. (OPE) 1(z)L(w) ~ M20w) _ 1/20"(w)

(z—w) (z—w)

2

Now, Y10 s _1Q = —9p_sQ=R(Y)') |, ¢s¢_s¢ 10 =9 10 =R(¢) O

Lemma 3.70. (Lie bracket) [Ly,,n] = —(n+ 3m)¥min

Proof. ¢, L(w) = IV(@Z)nJF%@Z)_%w_%Q,w) =0ifn>2(here N=2)

Proof. By lemma 350, ) and L are local with € = 0, and by formula B.3T}
[(m), L(n+1)] = —1C%¢'(m+n+ 1)+ 3Chv(m+n+1—1)

= 3(m+n+Dy(m+n) + gmip(m +n) = (m+ 5 + )¢ (m +n)

We have computed for m > 0, we find the same result for m < 0.

Now, 1(m) = U1 and L(n+1) = L,, so the result follows. O

Lemma 3.71. D=Ly and T = L_,
P’f’OOf. [L07wn] = _nwn = [D7¢n] ) [L—lawN] = —(’I'L - %)¢n—1 = [T, ’ll)n]

So, by irreducibility and Schur’s lemma, Ly — DandL_, — T € CId
Now, Lo = DQ=L_1Q=TQ =0, then, D =Lyand T = L_, O
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Corollary 3.72. Ya € Hy:
(a) [L_1,V(a,2)]=V'(a,2) =V (L_y1.a,2) €S
(b) [Lo,V(a,2)] =2V'(a,z)+ s.V(a,z)

Remark 3.73. VA € S, A" = (LoA), so, by Dong’s lemma, we finally don’t
need here to A — A’ for the construction of S.

Lemma 3.74. (OPE) L(2)L(w) ~ 204 4 200 | F(w)

(z—w) (z—w)? (z—w)

Proof.  L,L(w) =V (L(n)L(—1)Q,w) =V (L,_1L_9Q,w) =0if n > 4.
Then, here, N =4, so, for 0 <n < N — 1:

(a) V(L_1L_oQ,w) = L'(w)

(b) LoL_2Q =2L Q2 =2R(L) because L 52 € Hy
(c) LiL Q= %Llwfgi/téQ = %[L171/Lg]1/téQ = %Q/JE%Q =0

(d) LQL,QQ € HO = CQ, SO, LQL,QQ = KQ with K = HL,QQ”Q

Notation 3.75. ¢ := 2||L_»,Q|?, the central charge.
(here ¢ = 5(¢_s¢_19Q,9_3¢_1Q) = 3)

0 if k#0
Id if k=0

Lemma 3.77. (Lie bracket) [Ly,, L,] = (m —n)Lyjn + S5m(m?* — 1)8p4n.

Proof. By lemma 350, L € S5, and by formula 33Tk

If m+1>0, then: [L(m+1),L(n+1)] =

CO L L(m+n+2)+2C) Lim+n+2—-1)+5C3 Idim+n+2—3)
— —(mAn+2)L(m+n+2)+2(m+1)Lim+n+1)+ gmels

= (m—n)L(m+n+ 1)+ Sm(m* —1)0p4n

We find the same result for m+1 <0 O

Remark 3.78. L), = L_,,

Proof. [Y_p, L} = [Li, ¥n)* = —(n + 3m)¢_m_pn = [)_n, L_,], then the
result follows by irreducibility, Schur’s lemma and grading. O

Notation 3.76. Let ), = {
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Remark 3.79. The (L,) generate a Virasoro algebra Ui.

Corollary 3.80. Uit acts on H = Fysg, and admits L(c,h) = L(3,0)
as minimal submodule containing 2.

Definition 3.81. Let call L the Virasoro operator,

and w = R(L) = %@Z)f%@bf%Q’ the Virasoro vector.

3.5 Vertex operator superalgebra

Definition 3.82. A vertex operator superalgebra is an (H,V,Q, w) with:
(a) H = Hy ® Hi a prehilbert superspace.

(b) V: H — (EndH)[[z,27]] a linear map.

(c) Q, w e H the vacuum and Virasoro vectors.

Let S. =V(H.), S =8 ® 81 and A(z) =V(a,z) = >, An)z""1,
then (H,V,Q,w) satisfies the followings axioms:

1. (vacuum axioms): VA € S and Vn € N, A(n)Q =0,
Vi(a,2)Q.=0 = a and V (2, 2) = Id

2. (irreducibility axiom): Let A = {A(n)|A € S,n € Z} then,
A acts irreducibly on H, so that A.QQ = H

3. (locality axiom): VA € S.,, VB € S.,, A and B are local
(see definition[3.20 and lemma(3.37), with € = €1.69 and ApB € S, +e,

4. (Virasoro aziom): V(w,z) = L(z) = Y, . Lnz~""* Virasoro operator
(LeQ=L_12=0 and w = L_5Q). Let c = 2||w]||* the central charge:
(L, Ln) = (m — 1) Lypgn + 5m(m? — 1)0m4n

5. (Lo axioms) Lo decomposes H into @, oy, 1 Hy with dim(H,) < oo,

H, L Hy ifn#m, H. = @, o, e Hn, Q@ € Hy, w € Hy, and
Va € H,, [Ly,V(a,z)] = 2.V'(a,z) + a.V(a, 2)

6. (L_y axioms): [L_1,V(a,z)] =V'(a,z) =V (L_1.a,2) €S
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Corollary 3.83. A system of generators, generating a Virasoro operator
LeS, with D=Ly and T = L_,, generates a vertex operator superalgebra.

Corollary 3.84. The fermion operator 1 generates a vertex operator super-
algebra , with Virasoro vector w = %1/1_%1/}_%(2

Remark 3.85. The Virasoro operator L alone, generates the minimal vertex
operator (super)algebra.

Remark 3.86. Let A(z) =V (a,z) and B(w) =V (b,w); the formula[328 is

general, so similary, by vacuum axioms, A, B(w) =V (A(n)b,w).

Proposition 3.87. (Borcherds associativity) IN € N such that Ve,d € H:
(’Z - U))N<V<CL7 Z)V<b7 ’IU)C, d) = (’Z - w)N(V(V(a, Z = w)b7 ’IU)C, d)

Proof. To simplify the proof, we don’t write:
”JN € N such that Ve,d € H (z —w)N( . ¢,d)”, but it is implicit.

B(w)(z —w)™"!
L=V AM)b(z —w) " w)
byw)=V(V(a,z—w)b,w). O

V(a,2)V(byw) = A(z)B(w) = >_ A,
L
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4 Vertex g-superalgebras and modules

4.1 Preliminaries
4.1.1 Simple Lie algebra g

Let g be a simple Lie algebra of dimension N, a basis (X,)

with [X,, Xp] =4 ) . I'5,X. with T'¢, € R totally antisymmetric.

Lemma 4.1. Let C = >, X2, then [g,C] =0

Proof. Tt suffices to prove [X,,C] = 0 for each X,.

[Xm C] = Zb[Xav Xl?] = Eb([Xaa Xb]Xb + Xb[Xav Xb]) =1 Zb,c FZbXCXb+
i Zb,c ngXbXC = Z.z:b,c(]‘_\gb + FZC)XCXb =0

Remark 4.2. C is a multiple of the Casimar of g. We suppose to have well
normalized the basis such that C is exactly the Casimir.

by antisymmetry. O

Corollary 4.3. By Schur’s lemma, C acts as multiplicative constant ¢y on
each irreducible representation V.

Example 4.4. g is simple, it acts irreducibly on V = g with ad.
Lemma 4.5. > T® T'¢

a,c ™ ac’

Proof. (Za ad?Xa)(Xb) =g Xp = Za[Xav [Xa, Xo]]
=2 qud re, e X, = Za,c,d re .1t X,
Then, >, . I'%..T'¢, = e, O

Definition 4.6. g = %

== 5bdcg

15 called the dual Coxeter number.

Example 4.7. g = A, = sly, dim(g) =3

[E,F|=H, [H E]=2E, [H,F] = —2F, with Casimir EF + FE + 1H?
We choose the basis: X, = #(E - F), Xy = g(E +F), X5 = @H,
with relations: [X1, Xo] = iv/2X3, [X3, X1] = iv2Xs, [Xa, X3] = iv2X,
C=%,X2=EF+FE+1H? and g = %Zmb(l“gb)Q =2

Table (see 1] p 111)

g An Bn Cn Dn EG E? E8 F4 GQ
dim(g) | n*+2n | 2n*+n | 2n°+n | 2n®* —n | 78 | 133 | 248 | 52 | 14
g n+1 2n —1 n+1 2n—2 (12| 18 | 30 | 9 | 4
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4.1.2 Loop algebra Lg

Definition 4.8. Let Lg = C>(S!, g) the loop algebra of g.
It’s an infinite dimensional Lie x-algebra, admitting the X = X,e™?
as basis, with n € Z and (X,) the base of g; so:

[Xgrm XZ] = [XCH Xb]m+n and (X?l)* = ><ain

Proposition 4.9. (Boson cocycle) Lg has a unique central extension, up to
equivalent, i.e. Hy(Lg, C) is 1-dimensional. Ho(Lg, C) is 1-dimensional. Let
L the central element and g, = Lg ® CL called g-boson algebra, then:

[ng Xz] = [Xaa Xb]m-l—n + maab(;m-l—n“c
Proof. See [13] or [18] p 46. O

Theorem 4.10. The unitary highest weight representations of g are
H = L(Vy, ) with:

(a) ¢ € N such that L = (Q  (the level of H).

(b) Hy = V) irreducible representation of g such that:
(A, 0) < € with X the highest weight and 6 the highest root.

Proof. See [13] or [18] p 48. O

Remark 4.11. Let 6, the category of such representations for { fized.
é, is a finite set and 6; C 6pi1

Remark 4.12. The irreducible unitary projective positive energy represen-
tations of Lg are given by the unitary highest weight representation of g. .

Example 4.13. We take g = sly, then H = L(j, () with:
e LO=1(Q, (€N

o Hy=1V; with j € %N the spin and 5 < g, such that

CQ = ¢y, Q with C =Y (X{)? the Casimir and cy, = 25° + 2j
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4.2 g-vertex operator superalgebras
4.2.1 g-fermion

Definition 4.14. Let g_ be the g-fermion algebra, generated by (%) with
a€{l,..,N}, N=dim(g), m € Z+ 3 and relations:

[Wm WLM = 0abOmin and (1/}1?@)* = Q/ng

Remark 4.15. As for the fermion algebra of section [3.1l, we generate the
Verma module H = Fyg, and the sesquilinear form (.,.) which is a scalar
product; w(Y2)* = w((Y2)*), Fig s a prehilbert space, an irreducible repre-
sentation of g_ and its unique unitary highest weight representation.

Definition 4.16. Let 9%(2) = >, ., werl.z—"—l the fermion operators.
2

Remark 4.17. ¢*(2))"(w) ~ Lab

(z—w)

Remark 4.18. As for the single fermion operator v, of section[3.),
{v* a € {l,...,N}} generates a vertex operator superalgebra with:
dim(g)

1 a a 2
_§wa%¢fég2 and ¢ =2[wl|* = )

Definition 4.19. Let S¢(z) =V (s¢,2) = > _, Sz with:

nez n?

QEab z/;erchHo

Lemma 4.20. (OPE and Lie bracket)

a b iy Lo (w) b _ b
w (’Z)S (w) ~ W and wnn S - IZ I bwm—i-n - wn]
Proof. ¢Z+%'Sc =0ifn>1and @Z)C%l.sc =iy, Fgc@Z)‘I_%Q. O

Remark 4.21. [S% 9% =0
Lemma 4.22. (S°)* = S°

Proof. [(Sp)*, 42, = [n, Sp]* = =i 32 Toue = [S2,,02,)]
The result follows by irredumblhty, Schur’s lemma and grading. O
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Remark 4.23. (Jacobi) [ X, [Xp, Xc]] = [[Xa, Xb], Xe] + [Xo, [Xa, X
S rire, = Ed(FZbezc + 45 < Yo Teley + g ey +Tgle.) =0
Notation 4.24. [S, 5% =4 T¢,S°

c™ ab

Lemma 4.25. (OPE and Lie bracket)

Se S0 (w) 9-Oap

(z —w) (z —w)

S2)S%(w) ~ [

2

and [S¢,S%] = [5% S®l(m +n) + L.mbuOmsin  (with {=g€N)
Proof. S%s¢=0if n>2 and:
(a) Sgs° = _% Za,b PZngwa_L%@/)E%Q
Za,b,e F;brgawi%wi% Q+i Ea,b,e ngrgbw(i%wi% Q)
Za,b,e(rgbrge + Fgerge)w(i%wE%Q
=1 Ze 1—‘20? Za,b Pcetb,l?ba_%wli%Q =1 Ze P?lcse = [Sd’ SC](_]')

() S5 = =40 30 Toal iU, Q= £ 50, 5T, = 9.0

3(i
3(i

Corollary 4.26. (5%) is the basis of a g-boson algebra.
It admits L(Vy, g) as minimal submodule of Fi.q containing
(with Vo = C the trivial representation of g).

Lemma 4.27. Y (5%,)?Q = 4gw

Proof. 37,(8%,)*Q = _% Za,b,e FEbSEWZ%wE%Q

= 1 Vabede T Tt 10" 00 10 Q= § 37, T[S0, 0 107 ]
= =15 Lapea LTl e+ TalG +TaTe) v 00 v 102, Q)

+ Ea,b,a,e Fﬁafiawi%df’iéﬁ = 4dgw 0

Lemma 4.28. (OPE and Lie bracket)
5*(w)

Sz)L(w) ~ e

and [Ly, S = —nS?

m-+n
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Proof. Sf.w =0 forn >3 and:
(a) Sg.w‘: i S S8(Sh)*Q = i S ([S8, S%118%,Q + S°,[S§, S%4]9)
- i Zb,c<F2b + FZC)SEISEIQ =0
(b) 85w =352, ([55, 52,5792 + 5%,[S5, 5%,]0)
= ﬁ Zb,c PZbeSE1Q = 42_9 Zb,c I'G0pel = 0
(c) Stw =, 355([ST, 82,]5%, Q2 + 524[St, 824]9)
(2@ +i30,,15,565°,Q) = 2050 0= 59,0 (x)

Corollary 4.29. (S%) generate a vertex operator (super)algebra with
W= i ,(8%0)%Q as Virasoro vector.

4.2.2 g-boson

Definition 4.30. Let X%(z) = >, ., X&z7""! the boson operators
with [Xg,” XZ] = [Xa7 Xb]ern + méab5m+n.£

Corollary 4.31. The g-boson algebra g, generates a vertex operator
(super)algebra on H = L(Vy,g), and also on H = L(Vy,£) for any ¢ € N,
with w = m > (X%)2Q as Virasoro vector; and:

Xa<Z)Xb<w) ~ [Xava](w) + g'éab

(z —w) (z —w)?
a X (w) a a
Xz)L(w) ~ o w)? and  [Lp, X§] = —nX?%
Proof. By the previous work on (5%) and (x). O

Lemma 4.32. ¢ = 2||wl||? = MET;Q)

Proof. 4(0 4 g)*[|w[* = 32, ,((X21)?Q, (X2))?Q) = 3, ,(Q, (X1)*(X?,)*Q)
= D4 (0 XTXO [XT, X2, )0 4+ XP[XT, X2 )X, Q)
= (Do 105 (Q, XPXGXP Q) + 203 (9, XX, Q)

= (D apedl— DI, TE(Q, XX, Q) + 20°dim(g))

= (2g4dim(g) + 203dim(g)) = 2¢dim(g)({ + g) O
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Remark 4.33. By vacuum axiom of vertex operator superalgebra, X§§2 =0,
then, the representation Hy = V) of g is necessary the trivial one Vj.

At section [{.3, we see that general L(Vy,l) admits the structure of vertex
module over L(Vj, ().

4.2.3 g-supersymmetry

By lemma [£.20, the g-boson algebra g, acts on the g-fermion algebra g,
then, we can build their semi-direct product:

Definition 4.34. Let g = g, x g_ the g-supersymmetric algebra.

Proposition 4.35. The unitary highest weight representations (irreducible)
of g are H = L(V), () ® Fig (see [G]).

Proof. Let H be such a representation of g, then, g_ acts on, but it admits
a unique irreducible representation: Fyrg, so H = M ® FRg, with M a
multiplicity space. Now, g, acts on H and on Fyg (corollary ), and
the difference commutes with g_; but g_ acts irreducibly on FRg, so, the
commutant of g_ is EFnd(M) ® C by Schur’s lemma. So, g, acts on M,
and this action is necessarily irreducible. Finally, by unitary highest weight
context, I\ such that M = L(V), (). O

Remark 4.36. Using the previous notations, g+ acts on L(Vy,l) @ Frg as
B = X2+ 5S¢, bosons of level d = {4+ g.

Corollary 4.37. From (%(z)) and (B*(z)), we generate S(z) and X =
B® — S% a vertex operator superalgebra on H = L(Vy,l) ® Fxg with the
Virasoro vector:

1 a a 1 a \2 .
W—i;w_%’l/}_%Q—'—Q(g_'_g) ;(X_l)Q and.
mm@+jwm@_§ (+3g

—9 2 _ —
¢ = 2|l 2 (g 2 71g

dim(g)

Definition 4.38. (SuperVirasoro operator)
Letmy =Y, " X9 Q, 7= 3> 9,5 Q and 7 = ({ + 9) "2 (11 + 7).
2 2

Let G(2) = V(1,2) = 3,5 G127l = EneZJr% Gz "2

n—g
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Proposition 4.39. (Supersymmetry boson-fermion)

Ba(z)G(w) ~ d;% and Q/JOL(Z)G(UJ) N dié Ba(w)

(G, Bi) = —nd2¢f,, and (G, 05}y = d 2By,
Proof. @Z)ZJrlTi =0forn>2 and:
(a) ’l/}%’?'l = Xng

(b) W = §(5%,0 = 5,00 945%,9) = (54,0 — i 5, Tu? 9, 9)
= 59,0

(C) ’l/)%’?'l = w%TQ = 0
Seri, Xom, =0 for n > 2 and:
(a) Sgm =2, Sgwli%Xng = iZb,c ng,@Z)i%XBlQ

(b) S5 = %Zb 58%#‘1%5519 = %(Z Zb,c FZb@Z)i%SLQ +2 @DE%SSS&Q)
= %(l Zb,c PSLb@Z)i%SElQ + i Zb@ szwiésilﬁ)
= % Eb,c(rgb + Fgc),l?bi%SElQ =0

(c) Xgm = Ebwﬁéxgxilsz =0) . ngz/;’i%XSIQ = —S07
(d) XSTQ = X?TQ = S?Tl = O

(e) Xim =y,

(f) St =32, waiésglﬁ =302, FZW%S&Q +20 wi%SfSLQ)
= %(Zw@ szrgc@/)c_l%Q + gw“_%Q) = gw“_‘%ﬁ

Remark 4.40. G}, = G_,, (as lemma[{.29)
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Lemma 4.41. (OPE and Lie bracket)

G'(w) N %G(w)

(z—w) (- w)?

L(z)G(w) ~ and G, Ly] = (m — %n)Gm—i—n

Proof. L(n)T = L,—17 =0 for n > 3 and:

(a) L_17 = R(G") (see L_; axioms and definition B.52])

(b) Lot = 2R(G) (see Ly axioms)

(€) Li(n+m) =3, L (X4 +i5° )=, z/;g%Ll(le +15°)Q

2

= 3,07 (Xg + 1550 =0

O
Remark 4.42. HA7 B]+7 C] = [A7 [B7 C]+] + [B7 [A7 C]+]
= [A7 [B7 C]]-i‘ + [Ba [Aa C]]-i‘
Lemma 4.43. (OPE and Lie bracket)
2c 2L(w) c 1
~ —3 d =2L —(m?—=
G(Z)G(w) (2 . w)3+(z . w) an [GmaGn]-f— m+n+3(m 4)5m+n
Proof. By supersymmetry:
(&) [[Gons Gl BE] = ~20 By = 2L, B
() [[Gm, Gl 9] = =2(r + 5(m + )5 sy = [2Lmgm, V7]
Then, [[Gm, Gn]+ - 2Lm+n7 Bg] — [[Gm, Gn]+ - 2Lm+n7 'l/}g] = 0
Now, (B%), (¢¢) act irreducibly on H, so by Schur’s lemma:
[Gm7 Gn]—i— - 2Lm+n = km,nl
Now, among the G,,7, G%T is the only to give a constant term and:
Gst = (L+9)71>2, Ggw&(Xfl +352)0
= ((+9) 7 2, (XT + ST (X2, +352,)Q
= (04 g)tdim(g)({ + 59)Q = 3.
Finally, by formulas and B31 k. = g(m2 — i)5m+n. O
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Summary 4.44.

BE)w) ~ i+ 2+ 8
G'(w) | 3Gw)
L(z)G(w) ~ o) + 2 =L
2
and: ,
Lo L) = on = 1) e 5 = e
my Hn - 5) m;rn ) L
(G Gl = 2L + —(m - Z)5m+n
¢+ 1
Ly =L, G,=G_,, andc= s 3gdim(9)
2 l+yg

the SuperVirasoro algebra of sector (NS), or Neveu-Schwarz algebra Uity ;.

Corollary 4.45. Q]it% acts unitarily on H = L(Vp,0) @ Frg and admits
L(c,0) as minimal submodule containing Q (see definition [Z.21] ).

4.3 Vertex modules

Remark 4.46. If ¢ = 0, then A = 0 and L(Vy,0) = C trivial, and what we
will show is ever proved by the previous section. So, we suppose { € N* fixed.

4.3.1 Summary

Let H = L(Vp,¢) ® Fyrg, the vacuum representation of the g-supersymmetric

algebra g, with 7 : g — End(H).

We have construct the vertex operator superalgebra (H, 2, w, V) with

V : H — (EndH)[[z, 2!]] the state-field correspondance map.

S = V(H) is generated by (V (¥ ,9Q))a, (V(X®,Q)),, and V(LR), pairwise
2

local, with the operations, (A, B) — A, B and linear combinations.

We write V(wO_LlQ’ Z) = ZnEZ Tr(,lvz)z_i_l)zinil)

V(X2,Q,2) = ,m(XE) 2"t and V(£Q, 2) = (L) (= (ldy).
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4.3.2 Modules

Let H* = L(V), () ® Fy¢ a unitary highest weight representation of g and
7t g — End(H?)

Remark 4.47. H” is itself the minimal subspace containing Q* and stable
by the action of g: QO is the cyclic vector of H.
On the vacuum representation, 2 is called the vacuum vector.

Lemma 4.48. (}°, . 7r)‘(1/12+%)z’"’1)a, ez ™ XD 27, and (L) are
pairwise local (definition [3.20).

Proof. Let A, B € g[[z,27!]]; m and 7 are faithful representations of g.
Then, as formal power series, with N € N and ¢ € Zs:
(z = w)"w(A(2))m(B(w))c, d)
= (=1)°(z —w)¥ (W(B(U})) (A(2))e,d) Ve,de H o if and only if
(z = w)¥ (7} (A(2))m (B(w))e, f)
= (=1)°(z = w)¥ (7N (B(w))7*(A(2))e, f) Ve, f € H?

We generate inductively an operator D decomposing H?* into @ H) by:
DO =0, Dy, &€ =, DE+myp, € DX €= X" DE+nX® & &€ H,
clearly well defined; but, ¢ : H)‘ — H)‘ and X! : H/\ — H» . so, by

—m p—no

lemmas B.35] [3.36], .37 the result follows O

Lemma 4.49. D = [ — 2(z+g) ,

with cy, the Casimir number of Vy (see corollary[{.3)

Proof. [Lo,¥%] = [D,v?] and [Lo, X2 = [D, XZ], so, by irreducibility and
Schur’s lemma, Ly — D € Cldys. Now, DQ* = 0 and LyQ* = hQ* # 0 in

general. Now, writing explicitly Lg with formula [3.28, we obtain:
2(0+ g) Lot = 32, (X5)°Q* = C.O* = e, ¥ 0
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Theorem 4.50. Viry acts unitarily on H* = L(V), ) ® Fig
and admits L(c, h) as minimal submodule containing O,

. 0+1 . c
with ¢ = 3 - Hzgdzm(g) and h = ﬁ.

Proof. We generate S* from generators of previous lemma, with the opera-
tions (A, B) — A, B (now available) and linear combinations. The formula
is independant of the choice between the faithful representations = and
7. So, we identify S and S*, which gives the isomorphism i : S — S*; we
compose it with the state-field correspondence map V' : H — S to give:

VA — (Brd)[e 2]
0 —  i(V(a)

Then, 3, (U, 1) " = V¥, 0, 2),
ez THXD) 2 = VMNX,Q,2) and (L) = VAL, 2)
Now, V(a),V(b) = V(V(a,n)b) Ya,b € H, so, by construction:

V@) VA (0) = VA(V(a,n)b)  (2)

Then, VMw,2) = Y. L,z 2 , VMN1,2) = > Gz Ly = Lo, and
Gr, = G_,,, with (L,), (G,) verifying superVirasoro relations.  (3) O

Remark 4.51. [L,,, ¥¢] = —(n+ im)ye ., and [L,, X8 = —nX2% ., so:

m-+n m—+n’

{ L1, Va, 2)] = (VY)(a, 2) (4)
(Lo, V*a,2)] = 2.(VN(a,z) +rV*a,2) (a € H,)

Remark 4.52. VA(Q, 2) = Idy» because m and 7 are at same level £.  (5)
Definition 4.53. By (1)...(5), (H*,V?*) is called a vertex module of (H,V,Q,w).

We now apply the theorem [4.50] to GKO construction with g = sls.
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