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Abstract. A detailed analysis is performed to show that the second order time-
convolutionless master equation fails to describe the exciton-phonon dynamics
in a finite size lattice. To proceed, special attention is paid to characterize
the coherences of the exciton reduced density matrix. These specific elements
measure the ability of the exciton to develop superimpositions involving the
vacuum and the one-exciton states. It is shown that the coherences behave
as wave functions whose dynamics is governed by a time-dependent effective
Hamiltonian defined in terms of the so-called time-dependent relaxation operator.
Due to the confinement, quantum recurrences provide to the relaxation operator
an almost periodic nature so that the master equation reduces to a linear
system of differential equations with almost periodic coefficients. In accordance
with the Floquet theory, we show that unstable solutions emerge due to
parametric resonances involving specific frequencies of the relaxation operator and
specific excitonic eigenfrequencies. These resonances give rise to an unphysical
exponential growth of the coherences indicating the breakdown of the second order
master equation.
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1. Introduction

In molecular lattices and large molecules, excitons are ideal candidates to carry energy
from one place to another and to activate specific chemical reactions. For instance,
amide-I excitons that promote vibrational energy flow in proteins are expected to
play a key role in the transduction of the chemical energy into mechanical work
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. Similarly, Frenkel excitons that delocalize along
the array of pigment proteins in light-harvesting complex allow the conversion of
solar energy into chemical energy [12, 13, 14, 15, 16]. Finally, vibrons in adsorbed
molecular nanostructures provide an alternative to nanoscale electronics and may
enhance surface reactions [17, 18, 19, 20, 21, 22, 23, 24]. The common feature between
the latter examples is that molecular lattices exhibit regularly distributed atomic
subunits. Mainly due to dipole-dipole interactions, the energy associated to a specific
electronic transition, or to a high frequency vibrational mode, delocalizes between
these subunits. It gives rise to a narrow-band exciton able to move coherently along
the lattice. Unfortunately, the exciton does not propagate freely but it interacts with
the vibrations of the host medium usually described by phonons [25, 26]. The phonons
induce stochastic fluctuations of the dynamical parameters that control the exciton
dynamics and they tend to destroy the coherent nature of the exciton.

The problem so defined is rather general and it refers to a quantum open system
(exciton) coupled with a thermal bath (phonons) [27, 28, 29]. In that case, the
information required to describe the exciton properties is encoded in the exciton
reduced density matrix (RDM). It is extracted from the density matrix of the whole
system via a partial trace over the phonon degrees of freedom. From the Liouville-von
Neumann equation, the aim of the theory of open systems is to derive a generalized
master equation (GME) to characterize the RDM time evolution. To proceed, the
projector method plays a central role. It consists in eliminating the irrelevant
information connected to the bath to extract the information that is desired to derive
the GME. Therefore, two different kinds of GME have been obtained. In the Nakajima-
Zwanzig approach [30, 31], the GME is an integro-differential equation that involves
the time convolution (TC-GME) between the RDM and the memory kernel. By
contrast, in the Shibata approach [32, 33], a different resummation of the perturbation
series is performed to obtain the so-called time-convolutionless master equation (TCL-
GME). The TCL-GME being local in time, the influence of the bath is encoded in
a time-dependent relaxation operator. Unfortunately, although the projector method
yields an elegant way to derive an exact GME, it is only formal and the solution of the
GME still requires the solution of the full problem. However, the projector method
provides a starting point for the derivation of approximate GME through a systematic
perturbation expansion with respect to the system-bath interaction.

In many situations, narrow-band excitons propagate slower than the phonons and
the nonadiabatic weak coupling limit is reached. The Born approximation is invoked
and a second order perturbation expansion is performed to derive a TCL2-GME
or a TC2-GME. Therefore, the kernel memory and the time-dependent relaxation
operator are expressed in terms of the exciton-phonon coupling correlation functions.
The dynamics of the correlation functions is governed by free phonons which do
not experience the exciton and which behave as a reservoir [34]. Note that in the
strong coupling limit, a similar procedure is used but within the polaron point of
view, i.e. after performing a partial renormalization of the exciton-phonon interaction
[35, 36, 37, 38]. In that context, two situations occur depending on the size of the
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lattice. In an infinite lattice, the correlation functions vanish after a time scale of about
the time needed to the phonons to cover a lattice site. This phonon correlation time
being shorter than the time required to the exciton to propagate freely, the Markov
limit is reached so that the TC2-GME and the TCL2-GME are equivalent [39]. They
correspond to a system of first order differential equations with constant coefficients
whose solution provides relevant information about the exciton properties (coherence
transfer [10], diffusion coefficient [5, 38, 40], linear and nonlinear absorption spectra
[24]...).

In a finite size lattice, a different behavior takes place due to the discrete nature
of the phonon energy spectrum [8, 41, 42, 43]. Because the phonons are confined,
time recurrences and strong memory effects occur in the correlation functions. The
memory kernel and the time-dependent relaxation operator do no longer converge
in the long time limit giving rise to a strong non-Markovian regime. In that case,
as in most situations involving non-Markovian effects, it seems preferable to use the
TCL2-GME which presents the advantage of being local in time [27]. The TCL2-
GME yields exact results for specific problems, such as the Kubo oscillator [32] and
the finite size exciton-phonon system in the zero hopping constant limit [41], and it
gives a better approximation to the exact solution than the corresponding TC2-GME.
Nevertheless, there are situations for which the Born approximation completely fails
to provide good estimates of the RDM evolution ( divergence in the long time limit,
violation of the positivity ...). This is effectively what happens when the exciton is
confined in a finite size lattice. To overcome this problem, different strategies have
be elaborated. Examples among many are the correlated projection superoperators
method [44, 45, 46], the time-dependent projection-operator approach [47, 48, 49] and
the effective-mode representation of non-Markovian dynamics [50, 51].

In the present paper, we do not derive an additional formalism to treat non-
Markovian effects nor apply existing theories. Instead, we present a detailed study
to understand why the TCL2-GME exhibits instabilities which, of course, have no
physical meaning. To proceed, we shall consider the Fröhlich model that describes
a narrow-band exciton coupled with acoustic phonons [25]. Following recent works
[9, 10, 41], we shall restrict our attention to specific elements of the RDM, called
coherences, that measure the ability of the exciton to develop superimpositions
involving the vacuum and the one-exciton states. Their dynamics is governed by
a system of first order differential equations with time dependent coefficients and it
will be shown that instabilities take place due to parametric resonances.

The paper is organized as follows. In section 2, the exciton-phonon Hamiltonian
is described and the coherences are defined. Then, the TCL2-GME is established for
describing the coherence dynamics. A numerical analysis is performed in section 3
where special attention is paid to characterize the occurrence of instabilities in the
GME. These results are discussed and interpreted.

2. Theoretical background

2.1. Model Hamiltonian

Let us consider a finite size one-dimensional lattice that contains N sites. Each site
m = 1, ..., N is occupied by an atomic subunit whose internal dynamics is described
by a two-level system. Let |m〉 denote the first excited state of the mth two-level
system and h̄e0 the corresponding energy. Note that the convention h̄ = 1 will be
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used throughout this paper. The vacuum state |⊘〉 describes all the two-level systems
in their ground state. In the local basis {|m〉}, the exciton Hamiltonian is defined as

HA =

N
∑

m=1

e0|m〉〈m| +

N−1
∑

m=1

J [|m+ 1〉〈m| + |m〉〈m+ 1|], (1)

where J is the exciton hopping constant. Due to the confinement, the one-exciton
states are superimpositions of incident and reflected plane waves. A stationary regime
takes place and the exciton eigenstates correspond to N normal modes with quantized
wave vectors Kk = kπ/L, with k = 1, .., N and L = N + 1, expressed as

|k〉 =

N
∑

m=1

√

2

L
sin

(

kπm

L

)

|m〉. (2)

In the eigenbasis {|k〉}, the exciton Hamiltonian is rewritten in terms of the

eigenfrequencies ωk = e0 + 2J cos(kπ/L) as HA =
∑N

k=1 ωk|k〉〈k|.
The exciton interacts with acoustic phonons that describe the external motions

of the lattice sites. The phonon Hamiltonian is defined as

HB =

N
∑

m=1

p2
m

2M
+

N−1
∑

m=1

W

2
(um+1 − um)2 +

W

2
(u2

1 + u2
N ), (3)

where M is the mass of the mth site whose displacement and momentum are um and
pm, respectively, and where W is the force constant between neighboring sites. The
last two terms in (3) account for the fixed boundary conditions. Confined phonons
define N normal modes with quantized wave vectors qp = pπ/L, with p = 1, .., N .

The corresponding frequencies are Ωp = Ωc sin(pπ/2L) where Ωc =
√

4W/M . Within
this normal mode representation, the phonon Hamiltonian is rewritten in terms of the
phonon operators a†p and ap as HB =

∑N

p=1 Ωpa
†
pap.

According to the Fröhlich model, the exciton-phonon interaction results from a
stochastic modulation of the internal energy of each two-level system by the external
motions of the lattice. Within the local basis, the energy of the xth two-level system
exhibits random variations proportional to the lattice distortion um+1 − um−1, with
u0 = uL = 0. Therefore, in the normal mode representation the coupling Hamiltonian
is defined as

∆H =

N
∑

m=1

N
∑

p=1

∆pm(a†p + ap)|m〉〈m|, (4)

where ∆pm is the strength of the stochastic modulation of the mth two-level energy
induced by the pth phonon mode. It is expressed in terms of the coupling strength
∆0 as

∆pm = 2

√

2

L
∆0

√

sin
( pπ

2L

)

cos
( pπ

2L

)

cos
(pπm

L

)

. (5)

Note that ∆0 defines the so-called small polaron binding energy EB according to the
relation EB = 2∆2

0/Ωc.
Similarly, inserting (2) into (4) yields the expression of the exciton-phonon

interaction in the exciton eigenbasis, as

∆H =

N
∑

k1=1

N
∑

k2=1

N
∑

p=1

∆pk1k2
(a†p + ap)|k1〉〈k2|. (6)
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The coupling strength ∆pk1k2
is defined as

∆pk1k2
=

√

2

L
∆0

√

sin
( pπ

2L

)

cos
( pπ

2L

)

Spk1k2
, (7)

where

Spk1k2
= δp,k1−k2

+ δp,k2−k1
− δp,k1+k2

− δp,2L−k1−k2
. (8)

In the eigenbasis, the exciton-phonon interaction is responsible for the exciton
scattering from |k1〉, with energy ωk1

, to |k2〉 with energy ωk2
, via the exchange of

a phonon p with energy Ωp. The allowed transitions are specified by the selection
rules Spk1k2

6= 0 that generalize the concept of momentum conservation in a finite
size lattice. At this step, let us mention that we shall restrict our attention to
the nonadiabatic weak coupling limit in which the following relations are satisfied:
ω0 ≫ Ωc (high energy exciton), 4J < Ωc (nonadiabatic limit) and EB ≪ J (weak
coupling limit). In that case, there is no resonance in the sense that scattering
processes do not conserve the energy, i.e. ωk1

− ωk2
6= ±Ωp [5].

The exciton-phonon dynamics is thus governed by the full Hamiltonian H = HA+
HB + ∆H which will be used to study the properties of the exciton RDM. Although
the present model is rather general, it will be applied to situations in which the lattice
temperature cannot be disregarded, being typically of about to or higher than the
phonon cutoff frequency. The phonons are thus expected to behave as a reservoir in
thermal equilibrium. Such situations are rather common and they correspond, for
instance, to the vibron dynamics in α-helices [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. In
that case, peptide units H-N-C=O are regularly distributed and neighboring units are
linked by a H bond. Each site contains an amide-I mode, i.e. a high frequency C=O
stretching vibration, that gives rise to a vibrational exciton which delocalizes along the
lattice. The exciton interacts with acoustic phonons that correspond to the collective
vibrations of the H bond network.

2.2. Coherences and TCL2-GME

Since H is an exciton-number conserving Hamiltonian, the Hilbert space is partitioned
into independent subspaces as E = E0 ⊕ E1..., where Ev is the v-exciton subspace.
Consequently the RDM exhibits independent blocks that evolve in distinct Liouville
spaces with various dimensions. To study the breakdown of the TCL2-GME in a simple
way, we restrict our attention to specific elements of the RDM called coherences. These
coherences measure the ability of the exciton to develop superimpositions involving
the vacuum and the one-exciton states. They define a N -component column vector
whose dynamics is restricted to a Liouville space with a reduced dimension equal to
N . Therefore, as detailed in [9, 10, 41], coherences switch on when the exciton-phonon
system is brought in a configuration out of equilibrium. To proceed, the exciton is
prepared in the superimposition |ψA〉 = c0|⊘〉+c1|m0〉, with |c0|

2+|c1|
2 = 1. Note that

the generalization to other situations involving eigenbasis vectors is straightforward.
By contrast, the phonons are assumed to be in thermal equilibrium at temperature T .
Their properties are encoded in the standard Boltzmann density matrix ρB so that the
initial state of the whole system is specified by the density matrix ρ = |ψA〉〈ψA|⊗ ρB .

In that context, within the local basis, the coherences are the RDM matrix
elements σ(m,⊘, t) that measure the coherence between the ground state and local
one-exciton states. These elements, simply noted σm(t), are defined as

σm(t) = 〈m|TrB[e−iHtρeiHt]|⊘〉, (9)
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where TrB denotes a partial trace over the phonon degrees of freedom and where
σm(0) = δmm0

c1c
∗
0. The coherence σm(t) gives the ability of the exciton to develop

a superimposition involving |⊘〉 and |x〉 at time t, given that such a superimposition
was initially created on the site m0. It generalizes the concept of transition amplitude
and it defines the probability amplitude to observe the exciton on site m at time t
given that it was on site m0 at t = 0. The generalization arises through the fact that
during the transition the exciton interacts with a phonon bath at finite temperature.
Similarly, from (2), the coherences in the eigenbasis are defined as

σ̂k(t) =

N
∑

m=1

√

2

L
sin

(

kπm

L

)

σm(t). (10)

As previously, σ̂k(t) defines the survival amplitude of the eigenstate |k〉 and it measures
the ability of the exciton to maintain a quantum state which is a superimposition
involving |⊘〉 and |k〉. Note that to work with normalized objects at t = 0 one
introduces the reduced coherences Ψm(t) = σm(t)/c1c

∗
0 and Ψ̂k(t) = σ̂k(t)/c1c

∗
0. One

thus obtains Ψm(t = 0) = δmm0
and Ψ̂k(t = 0) =

√

2/L sin(kπm0/L).
In that context, by applying the TCL projector method within the Born

approximation, the TCL2-GME that governs the dynamics of the coherences can be
established [27, 32, 33]. To proceed, one can either represent the GME in the local
basis or in the eigenbasis. Although both approaches are equivalent, we have observed
that the numerical integration of the GME is more efficient within the eigenbasis.
Therefore, after performing straightforward algebraic manipulations, the TCL2-GME
is expressed as

i
d

dt
Ψ̂k1

(t) = ωk1
Ψ̂k1

(t) − i

N
∑

k2=1

J (k1, k2, t)Ψ̂k2
(t), (11)

where the time-dependent relaxation operator J (t) is defined as

J (k1, k2, t) =

N
∑

k=1

N
∑

p=1

EBΩp

L

√

1 −

(

Ωp

Ωc

)2

Spk1kSpkk2
Fpkk2

(t). (12)

The function F (t) is written as

Fpkk2
(t) =

inp

ωk2
− ωk + Ωp

[1 − ei(ωk2
−ωk+Ωp)t]

+
i(np + 1)

ωk2
− ωk − Ωp

[1 − ei(ωk2
−ωk−Ωp)t], (13)

where np = (exp(Ωp/kBT ) − 1)−1 is the Bose-Einstein distribution connected to the
pth phonon mode, kB being the Boltzmann constant.

The GME (11) is isomorphic to the Schrodinger equation for an exciton moving
on a finite size lattice. The reduced coherence Ψ̂k1

(t) behaves as a wave function
whose dynamics is described by a time-dependent non-hermitian effective Hamiltonian
H(t) = HA − iJ (t). The first term in the right-hand-side of (11) describes the free
evolution under the influence of the exciton Hamiltonian HA, only. By contrast, the
effect of the phonons is encoded in the relaxation operator J (t) which breaks the
unitary nature of the evolution. The origin of this time-reversal symmetry breaking is
twofold. First, it arises due to the non vanishing value of the real part of J (t). Then,
it is enhanced by the fact that the imaginary part of J (t) is a non-hermitian matrix.
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Figure 1. Maximum value of the transmitted coherence over 1000 ps versus
lattice size for (a) T = 100 K and (b) T = 300 K.

Therefore, equation (11) shows that the exciton-phonon interaction is responsible for
a coupling between distinct coherences. Although this coupling is local in time, it
results from the history of the interaction. Basically, a coupling takes place at time t
between |k1〉 and |k2〉 if |k1〉 is scattered in a state |k〉 via the exchange of a phonon
p at time t and if the phonon bath keeps the memory of a past interaction involving
the scattering of |k2〉 into |k〉 via the exchange of the same phonon p. Note that the
selection rules encoded in the S matrix (see equation (8)) reveal that only coherences
Ψ̂k1

(t) and Ψ̂k2
(t) that satisfy |k1 − k2| = 2q, with q = 0, 1, 2, ..., interact through the

phonon bath.

3. Results and Discussion

In this section, the numerical integration of the TCL2-GME (11) is carried out to
highlight the occurrence of instabilities for specific values of the model parameters.
Following our recent work devoted to the coherence transfer in an infinite lattice [10], it
will be applied to describe amide-I exciton in a finite size lattice of H-bonded peptide
units [9, 41]. To proceed, typical values for the parameters are used: e0 = 1660
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Figure 2. Maximum value of the transmitted coherence versus Temperature for
J = 12 cm−1, N = 11 (full circles) and N = 12 (open circles).

cm−1, W = 15 Nm−1, M = 1.8 × 10−25 kg and J = 6 − 12 cm−1. The phonon
cutoff frequency is equal to Ωc = 96.86 cm−1 indicating that the nonadiabatic limit
is reached (Ωc > 4J). The exciton-phonon coupling strength is fixed to EB = 0.21
cm−1. At time t = 0, a coherence is created on the side site m0 = 1 and the initial
conditions satisfy Ψm(t = 0) = δm1.

Information about the coherence transfer is displayed in figure 1 for T = 100 K
(figure 1(a)) and T = 300 K (figure 1(b)). For a lattice containing N sites, figure
1 shows the maximum value of the transmitted coherence, i.e. tN = Max[|ΨN (t)|],
which occurs over an observation time scale equal to 1000 ps. At low temperature
(figure 1(a)), tN decreases almost linearly with the lattice size. It typically scales
as tN ≈ 1 − 0.02N ∀J , giving rise to a high fidelity transfer. At low temperature
the coherence properties are mainly governed by the exciton Hamiltonian. Therefore,
the discrete nature of the energy spectrum and the symmetry between the side sites
favor the occurrence of quantum recurrences. For specific revival times, the exciton
reaches a quantum state that resembles the copy of the initial state localized on the
side site m = N . Consequently, the maximum of the transmitted coherence occurs
after the exciton has experienced several reflections. For instance, for J = 6 cm−1

and N = 10, tN = 0.95 is very close to unity. The maximum takes place at t = 742
ps. Note that a fully different behavior was observed in an infinite lattice [10] since
dephasing-limited coherent motion yields a strong localization of the coherence that
decreases exponentially with distance.

At high temperature (figure 1(b)), the transmitted coherence behaves differently
and a critical size N∗ ≈ 10 discriminates between two regimes. When N < N∗,
tN still decreases almost linearly with N , ∀J . However, when N > N∗, tN exhibits
pronounced peaks for specific N values. The amplitude of these peaks is close to or
larger than unity and their position depends on the hopping constant. For instance,
for J = 12 cm−1, a peak whose amplitude is equal to 1.55 takes place for N = 11. It
corresponds to a maximum of the transmitted coherence that occurs at t = 948 ps.
Similarly, for J = 8 cm−1, a peak whose amplitude is equal to 1.05 is observed for
N = 13 and the corresponding revival time is equal to 870 ps. Consequently, since
ΨN (t) is an effective probability amplitude, these peaks reveal the failure of the TCL2-
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Figure 3. Time evolution of |ΨN (t)| for J = 12 cm−1 and for (a) N = 8, (b)
N = 9, (c) N = 10 and (d) N = 11.

GME to provide results with well-established physical meaning. Note that peaks have
been observed at low temperature (T = 100 K) but for a larger value of the exciton-
phonon coupling strength EB = 0.5 cm−1(not drawn). Therefore, although figure 1(a)
seems to suggest that the confinement enhances the fidelity of the coherence transfer,
the validity of the results is questionable.

According to the previous results, it seems that the TCL2-GME breakdown occurs
for a rather strong exciton-phonon interaction, i.e. either at high temperature or for
a strong coupling strength. However, a surprising effect is illustrated in figure 2 that
shows the temperature dependence of tN for J = 12 cm−1. When N = 11, tN
remains lower than unity provided that T < 280 K. Then, it exceeds unity over the
temperature range T ≈ 290−350 K, indicating the failure of the TCL2-GME. However,
as the temperature increases, this breakdown seems to disappear since tN becomes
lower than unity again. By contrast, for N = 12 and over the temperature range
displayed on the figure, tN exceeds unity at high temperature, i.e. when T > 400 K.

To clarify the meaning of the previous features, the time evolution of |ΨN (t)|
is shown in figure 3 for J = 12 cm−1, T = 300 K and for different N values. In
the short time limit, the behavior of the coherence is qualitatively size independent.
Initially equal to zero, it reaches a first maximum for a time tL that increases
linearly with the lattice size. This maximum characterizes a direct exciton transfer
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Figure 4. Time evolution of |Ψ̂k(t)| for J = 12 cm−1, T = 300 K and N = 8

between the two lattice sides according to a velocity of about v = 2J . Then, due
to the confinement, |ΨN(t)| does not vanish but it exhibits peaks which are almost
periodically distributed. These peaks define quantum recurrences that occur at
classical revival times tk ≈ tL + 2kL/v, with k = 0, 1, 2 ... [41]. They describe
situations in which the exciton quantum state resembles the copy of the initial state
localized on the site m = N . Over a longer time scale, this scenario still remains valid
and it yields a quite good understanding of the coherence behavior for N = 8, 9 and
10. Note that the strength of the recurrences slightly decreases as time increases. By
contrast, for N = 11 (figure 3(d)), a fully different behavior occurs. Although, the
transmitted coherence supports quantum recurrences, it irreversibly increases with
time and it exceeds unity when t becomes longer than 800 ps. The coherence follows
a slowly varying exponential growth which indicates the occurrence of an instability
in the TCL2-GME.

To gain further insight into the origin of the instabilities, let us now consider
the behavior of the coherences in the eigenbasis. To proceed, the time evolution
of |Ψ̂k(t)| is displayed in figure 4 for J = 12 cm−1, T = 300 K and N = 8,
i.e. a situation for which tN < 1 (see figures 1(b) and 3(a)). When ∆H = 0,
Ψ̂k(t) = Ψ̂k(0) exp(−iωkt), with Ψ̂k(0) =

√

2/L sin(km0π/L). The coherences evolve

in pairs since Ψ̂k(0) = Ψ̂L−k(0) and their modulus remains time independent, i.e.
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|Ψ̂k(t)| = |Ψ̂k(0)|, ∀t. When the exciton-phonon coupling is turned on, the coherences
still evolve in pairs. Nevertheless, |Ψ̂k(t)| is no longer time independent and, over
1000 ps, it shows high frequency small amplitude oscillations around its initial value.
Note that the coherences connected to eigenstates close to the band center are more
sensitive to the phonon bath. Nevertheless, over the time scale shown in figure 4,
∑

k |Ψ̂k(t)|2 < 1. Initially equal to unity, the sum develops high frequency small
amplitude oscillations around a mean value of about 0.75. Therefore, no fact allows
us to reject the probability amplitude interpretation of the coherences and the results
displayed in figure 4 seem to indicate that a certain excitonic coherence remains in
spite of the disturbance induced by the phonon bath.

As illustrated in figure 5, a different behavior takes place when N = 11. In the
short time limit, i.e. over 100 ps, the coherences evolve in pairs and they exhibit
small amplitude oscillations around their initial value. Then, as time increases, a
small disturbance affects the coherences associated to k = 1, N and L/2. Note that
coherences connected to k = 2, 3, 4, 8, 9 and 10 are not significantly perturbed over
the time scale shown in figure 5. By contrast, the coherences associated to k = 5
and k = 7 follow a slowly varying function that irreversibly increases exponentially
and that supports high frequency small amplitude oscillations. The amplitude of
these oscillations increases at time increases and the coherences exceed unity when
t becomes longer than 800 ps. This feature is the signature of an instability which
yields the peak observed in figure 1(b) as well as to the divergence of the transmitted
coherence displayed in figure 3(d). It reveals that the instability initially affects
specific coherences that develop an exponential growth. However, as time increases,
the instability propagates to the remaining coherences that finally diverge in the long
time limit (not drawn in figure 5).

At this step, let us mention that the previous observations have a rather
general character. Indeed, we have verified that the peaks displayed in figure 1(b)
correspond to instabilities that involve an exponential growth of specific coherences
in the eigenbasis, this growth being the precursor for the divergence of the remaining
coherences. In most situations displayed in figure 1(b), the specific coherences are
connected to eigenstates located in the neighborhood of the band center.

As shown in equation (11), the TCL2-GME breakdown results form the exciton-
phonon coupling that is encoded in the relaxation operator J (t). In a finite size lattice,
the confinement is responsible for time recurrences which prevent J (t) to converge in
the long time limit. As a result, the elements J (k1, k2, t) behave as almost periodic
functions whose frequencies involve the difference between excitonic Bohr frequencies
and phonon frequencies (see equations (12) and (13)). This specific time evolution
yields an apparent randomness of J (k1, k2, t) whose properties can be investigated
by performing a statistical analysis [41]. To proceed, J (k1, k2, t) can be viewed as a
realization of a random variable Jk1k2

. Over a sufficiently long time scale, the curve
J (k1, k2, t) defines a sample over which statistical quantities can be computed in an
empirical way, i.e. without deploying a statistical model.

Within this statistical point of view, distribution functions provide information
about the coupling strength between the coherences. To illustrate this feature, let us
focus our attention on the coherences connected to k = 5 and k = 7 that exhibit an
exponential growth for J = 12 cm−1, T = 300 K and N = 11. Figure 6 displays
the distribution function g(γ) associated to γ = Re J (5, 7, t). The distribution shows
a continuous band centered on the origin and whose width is about 1.7 cm−2, ∀N .
It exhibits two peaks for γ ≈ ±0.35 cm−2. Although these peaks are slightly more
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Figure 5. Time evolution of |Ψ̂k(t)| for J = 12 cm−1, T = 300 K and N = 11
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Figure 6. Distribution function for γ = Re J (5, 7, t) (black lines) for J = 12
cm−1, T = 300 K and for (a) N = 9, (b) N = 10, (c) N = 11 and (d) N = 12.
Gray lines represent the distribution when the coupling with the phonon mode
p = 1 is removed.

pronounced for N = 11, the distribution is almost size independent. However, figure
6 reveals that the coupling with the phonon mode p = 1 is the dominant contribution
to J (t). Indeed, when this mode is removed from J (t), the distribution drastically
narrows (gray lines). The peaks disappear and the distribution exhibits an almost
uniform band whose width is equal to 0.28, ∀N . By studying other relaxation operator
elements, we have verified that this feature is rather general. More precisely, the
phonon mode p = 1 has been identified as the mode responsible for the occurrence
of instabilities. To check this statement, the simulation of equation (11) has been
carried out by switching off the influence of the mode p = 1 in J (t). Doing so, we
have observed the disappearance of any exponential growth.

Nevertheless, as suggested by the results displayed in figure 6, the coupling
strength with the phonon mode p = 1 is not the key ingredient involved in the
occurrence of instabilities. The main reason is that the coupling distribution is
basically size independent whereas unstable evolutions arise for specific lattice size. In
fact, the instabilities originate in the almost periodic nature of J (t). When the bath
reduces to the mode p = 1, the TCL2-GME is a linear system of differential equations
whose time dependent coefficients evolve almost periodically. In the language of the
differential equations, J (t) plays the role of a parameter that provides an almost



Parametric resonance-induced time-convolutionless master equation breakdown 14

periodic modulation of the exciton Hamiltonian HA. In that context, one may expect
the occurrence of parametric resonances when specific frequencies of J (t) approach
specific excitonic eigenfrequencies [52, 53]. To clarify this point, let us consider the so-
called linear parametric oscillator. A parametric oscillator is a modification of a simple
harmonic oscillator in which the natural frequency ω0 supports a periodic modulation,
i.e. ω2

0 → ω2
0 + b cos(Ωt), where b and Ω stand for the modulation strength and the

modulation frequency, respectively. The dynamics being described by Mathieu-type
equations [54], there are parameter values for which the trivial solution is unstable in
the sense that a small disturbance will result in an unbounded exponential growth.
Such an instability takes place if the parametric resonance condition Ω = 2ω0/n is
fulfilled, the integer n defining the order of the resonance.

In our situation, the coherences Ψ̂k(t) can be viewed as the coordinates of
harmonic oscillators whose natural frequencies are the eigenfrequencies ωk whereas
J (t) plays the role of the periodic modulation. Restricting our attention to the
phonon mode p = 1, the selection rules (8) show that the bath induces scattering
from |k〉 to |k ± 1〉. As a result, a coupling takes place between the coherences
Ψ̂k(t) and Ψ̂k±2(t) mediated by the elements J (k, k ± 2, t). According to (13), these
elements involve the frequencies ωk±2 − ωk±1 ± Ω1. Therefore, one may expect an
unstable evolution of both Ψ̂k(t) and Ψ̂k±2(t) if a parametric resonance either defined
by |ωk±2 − ωk±1 ± Ω1| = 2ωk/n or |ωk±2 − ωk±1 ± Ω1| = 2ωk±2/n takes place.

To illustrate this feature, figure 7 displays the k dependence of specific energy
differences for J = 12 cm−1 and N = 11. It shows that a second order parametric
resonance (n = 2) affects the coherences Ψ̂5(t) and Ψ̂7(t), these coherences interacting
through the relaxation operator element J (5, 7, t). This resonance is thus responsible
for the exponential growth of |Ψ̂5(t)| and |Ψ̂7(t)|, as observed in figure 5. Of course,
we have verified that parametric resonances can be invoked to explain the various
peaks observed in figure 1(b). For instance, for J = 8 cm−1 and N = 13, a first order
parametric resonance affects Ψ̂6(t) and Ψ̂8(t) which effectively exhibit an exponential
growth at T = 300 K. Similarly, for J = 10 cm−1 and N = 16, two second order
parametric resonances have been identified. The first resonance affects Ψ̂9(t) and
Ψ̂7(t) whereas the second resonance acts on Ψ̂8(t) and Ψ̂10(t). We have checked that
these four coherences diverge and thus produce a peak in the curve displayed in figure
1(b).

At this step, let us consider in more details the situation J = 12 cm−1,
N = 11 and T = 300 K for which Ψ̂5(t) and Ψ̂7(t) diverge. Because of their
exponential growth, we have verified that these coherences are decoupled from the
other coherences. As a result, their dynamics is well accounted by the restriction of
the GME to the subspace generated by the reduced basis {|k = 5〉, |k = 7〉}. Due to
the symmetry of the exciton energy spectrum with respect to the band center, one
obtains ω0 = (ω5 − ω6) = −(ω7 − ω6) = 6.21 cm−1 and ω0 ≈ (ω4 − ω5) = −(ω8 −ω7).
For the mode p = 1, the phonon frequency is fixed to Ω1 = 12.64 cm−1. At high
temperature, the relaxation operator (12) is approximated by disregarding negligible
contributions. For instance, J (5, 5, t) involves the term F145(t) (equation (13)) that
exhibits two contributions. The contribution whose denominator is equal to Ω1 − ω0

is kept whereas the contribution whose denominator involves Ω1 +ω0 is neglected. By
generalizing this procedure, the relaxation operator is finally expressed as

J (5, 5, t) = J (7, 7, t) = 2Re η(t)

J (5, 7, t) = J ∗(7, 5, t) = η(t) (14)
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Figure 7. k dependence of the energy differences |ωk+2 − ωk+1 + Ω1| − ωk (full
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circles) and |ωk−2 − ωk−1 − Ω1| − ωk−2 (open squares), for J = 12 cm−1 and
N = 11.

where η(t) = iǫ(1 − exp(iΩt)), with ǫ = EBkBT/LΩ, is a periodic function with
frequency Ω = Ω1 − ω0. Consequently, performing the change of variables Ψ̂k(t) →
Ψ̂k(t) exp(−ie0t), the reduced GME is written as

d

dt
Ψ̂5(t) ≈ − iω0Ψ̂5(t) − 2Re(η(t))Ψ̂5(t) − η(t)Ψ̂7(t)

d

dt
Ψ̂7(t) ≈ + iω0Ψ̂7(t) − 2Re(η(t))Ψ̂7(t) − η∗(t)Ψ̂5(t) (15)

The coherence dynamics is thus described by a linear system of differential
equations with periodic coefficients whose period is equal to T = 2π/Ω. As a result,
the stability of the solutions can be studied within the frame of the Floquet’s theory
[55]. According to this theory, the solutions of (15) behave as Ψ̂k(t) = exp(µt)fk(t)
where fk(t) is a T -periodic function and where µ defines the so-called Floquet
exponent. Equation (15) is characterized by two Floquet exponents µi that are
related to the characteristic multipliers ρi according to the relation ρi = exp(µiT ), for
i = 1, 2. The characteristic multipliers are the eigenvalues of the monodromy matrix
that corresponds to the evolution operator (fundamental matrix) connected to (15)
evaluated at time t = T . Consequently, three regimes occur depending on the value
of the Floquet exponents. If Re(µ) < 0 (|ρ| < 1), the solution tends to zero in the
long time limit. By contrast, if Re(µ) = 0 (|ρ| = 1), a pseudo-periodic solution arises.
Note that if ρ = ±1, the solution is periodic with period T . Finally, if Re(µ) > 0
(|ρ| > 1), an unstable solution occurs giving rise to an exponential growth.

In that context, the simulation of (15) has been carried out over a period T
to evaluate the monodromy matrix and to determine the Floquet exponents. This
procedure allows us to define the stability diagram in the parameter space (ǫ,Ω). As
illustrated in figure 8, this diagram shows instability domains, i.e. the striped regions,
that form tongues which fall down to zero. These so-called Floquet tongues emanate
from the parametric resonances (Ω/ω0 ≈ 2/n,ǫ = 0), with n a positive integer, where
they exhibit more or less sharped tips. Near a resonance, an infinitesimal disturbance
destabilizes the dynamics and it gives rise to the exponential growth of the coherences.
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Note that at T = 300 K, one obtains Ω/ω0 = 1.035 and ǫ/ω0 = 0.093 indicating that
the divergence of the coherences originates in a second order parametric resonance, as
observed in figure 7. Moreover, since ǫ is proportional to the temperature, increasing
the temperature amounts to follow a straight line in the stability diagram for a fixed
Ω value. Doing so, one successively crosses stable and unstable regions. For instance,
for Ω = 1.5ω0, stable solutions arise provided that ǫ < 0.48. Then, an unstable region
is covered when 0.48 < ǫ < 0.61 but a stable domain recurs when ǫ exceeds 0.61.
Finally, unstable solutions take place provided that ǫ > 0.81. This feature explain why
instabilities occur over a temperature range, whereas stable solutions appear outside
this range, as illustrated in figure 2. Note that the occurrence of instabilities results
form the coupling between the coherences mediated by the non diagonal elements of the
relaxation operator. When the diagonal part of J (t) is removed form equation (15),
one obtains a rather similar stability diagram with the same parametric resonances.

To conclude, let us mention that the prediction provided by the TCL2-GME
has clearly no physical meaning when a parametric resonance takes place. By
contrast, outside the instability domains, no fact allows us to reject the wave function
interpretation of the coherences and our results seem to indicate that the confinement
enhances the fidelity of the transfer (see figures 1(a), 3(a), 3(b) and 3(c)). However, the
sensitivity of the GME to the model parameters makes this statement questionable.
To clarify this point, an exact diagonalization has been carried out when the phonon
bath reduced to the single mode p = 1. In doing so, we have observed that the TCL2-
GME yields quite good results in the very short time limit, only. Over intermediate
and long time scales, the TCL2-GME breaks down although no divergence occurs.
It always overestimates the degree of the coherence when compared with exact
calculations. Strictly speaking, this feature does not originate in the perturbative
treatment of the exciton-phonon coupling. It results from the Born approximation
in which the relaxation operator depends on time through memory functions. These
memory functions characterize a free evolution of the phonons that form a thermal
bath insensitive to the exciton dynamics. In that context, we have verified that
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standard canonical second order perturbation theory provides a time evolution in
good agreements with the exact diagonalization method, even in the long time limit.
The calculations have been carried out by using a dressed eigenbasis that mixes both
exciton and phonon degrees of freedom. Correlations are thus taken into account
although a second order expansion with respect to the exciton-phonon coupling is
performed.

4. Conclusion

In the present paper, a detailed analysis was performed to show that the TCL2-GME
fails to describe the dynamics of an exciton coupled with a phonon bath in a finite size
lattice. Special attention has been paid to characterize the properties of the excitonic
coherences. They define specific elements of the exciton RDM that measure the ability
of the exciton to develop superimpositions involving the vacuum and the one-exciton
states. These coherences play a key role in understanding various phenomenon since
they provide information about the linear response of the exciton and studying their
propagation is a key step to understand quantum state transfer in open systems.

In the excitonic eigenbasis, we have shown that the coherences behave as wave
functions whose dynamics is governed by a time-dependent effective Hamiltonian.
The influence of the phonon bath is encoded in a time-dependent relaxation operator
that provides to the effective Hamiltonian its non hermitian nature. Due to the
confinement, quantum recurrences arise so that the relaxation operator does not
converge in the long time limit. A non-Markovian regime takes place and the
relaxation operator exhibits an almost periodic nature whose main contribution results
from the coupling with the phonon mode p = 1. Consequently, the TCL2-GME
reduces to a linear system of differential equations with almost periodic coefficients. In
accordance with the Floquet theory, we have shown that unstable solutions emerge for
particular values of the model parameters. Such instabilities originate in parametric
resonances that involve specific frequencies of the relaxation operator and specific
excitonic eigenfrequencies. They give rise to an exponential growth of the coherences
attached to eigenstates located in the neighborhood of the band center. These initial
instabilities propagate to the remaining coherences that finally diverge in the long time
limit leading to the TCL2-GME breakdown. Moreover, if the prediction provided by
the TCL2-GME has clearly no physical meaning when a parametric resonance occurs,
we have shown that this method overestimates the degree of the excitonic coherence
when no resonance is observed. Consequently, whatever the situation, the TCL2-
GME fails to provide good results over both intermediate and long time scales. These
features originate in the Born approximation in which correlations between the exciton
and the phonons are neglected during the propagation. Therefore, to overcome this
problem, both exact diagonalization and canonical perturbation theory will be applied
in forthcoming works to investigate again the exciton-phonon dynamics in a finite size
lattice.
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