ACTION OF NON ABELIAN GROUP GENERATED BY
AFFINE HOMOTHETIES ON R"

ADLENE AYADI AND YAHYA N’'DAO

ABSTRACT. In this paper, we study the action of non abelian group G
generated by affine homotheties on R™. We prove that G satisfies one of
the following properties: (i) there exist a subgroup Ag of R* containing
0 in its closure (i.e. 0 € E), a G-invariant affine subspace Fg of R"
and a € Eg such that G(z) = Ag(z — a) + Eg for every z € R™. In
particular, G(z) = Eg for every x € Eg and every orbit in U = R"\ Eq
is minimal in U. (ii) there exists a closed subgroup Hg of R™ and a € R"

such that for every € R™ we have G(z) = (x + Hg) U (—z + a + Hg).

1. Introduction

A map f : R®" — R" is called an affine homothety if there exists
A € R\{-1,0,1} and a € R" such that f(z) = A(z—a)+a for every x € R™.
(iie. f=Tho(Nidpn)oT g, T,:x+— x+a). Write f = (a, \) and we call
a the center of f and A the ratio of f. Denote by

H(n,R):={f:z — Az +a; a €R" \eR"}

the affine group generated by all affine homotheties of R™. We let T,(R)
the group of translation of R”. We say a group of affine homotheties any
subgroup of H(n,R).

Denote by S, the subgroup of H(n,R) of affine symmetries, i.e.
Sp={f:2 — ex+a; acR" ce{-1,1}}

Write f = (a,¢), for every f € S, defined by f(x) = ex 4+ a. Under
above notation, a map f = (a,\) € H(n,R) is either an affine homothety if
A ¢ {—1,0,1}, and here a = f(a), or an affine symmetry (resp. translation)
if A\ =—1 (resp. A =1), and in this case a = f(0).

Let G be a non abelian subgroup of H(n,R). There is a natural action
H(n,R) x R": — R™. (f,v) > f(v). For a vector v € R™, denote by
G(v) :={f(v): f € G} CR" the orbit of G through v. A subset A C R" is
called G-invariant if f(A) C A for any f € G; that is A is a union of orbits

2000 Mathematics Subject Classification. 37C85.
Key words and phrases. Homothety, orbit, density, minimal, non abelian, action,
dynamic,...
This work is supported by the research unit: systemes dynamiques et combinatoire:
99UR15-15.
1



2 ADLENE AYADI AND YAHYA N’DAO

and denote by A (resp. A ) the closure (resp. interior) of A.
If U is an open G-invariant set, the orbit G(v) C U is called minimal in U

if G(v)NU = G(w) NU for every w € G(v) NU.

We say that F' is an affine subspace of R™ with dimension p if F' = E + a,
for some a € R™ and some vector subspace F of R"™ with dimension p. For
every subset A of R", denote by vect(A) the vector subspace of R" generated
by all elements of A.

Denote by:

- idgn the identity map of R™.

-Ag :={\: f=(a,A) € G}. It is obvious that Ag is a subgroup of R* (see
Lemma P1).

- Fix(f) :={z e R": f(x) = x}, for every f € H(n,R).
U Fix(f), if G\S, #0.

G\Sn
-Tg = feG\

0, if Gc S,

-G1:=GNT7T,, wehave Gy is a subgroup of 7,.

- Hz = G1(0), we have Hg is an additif subgroup of R™.

- vq:={f(0), feGnNS,}.

- Qg =TgUng.

- 0g ={f(0), feGN(S\Tn)}-

- Eg = Aff(Q¢) the smaller affine subspace of R™ containing Q.

Remark that Qg # 0, since I'q # 0 or v¢ # 0, and so Eg # 0.

We describe here, closure of all orbit defined by action of non abelian
subgroups of H(n,R). We distinct two considerable states. When G\S,, # 0,
this means that G contains an affine homothety different to a symmetry (i.e.
its homothety ratio A has a modulus |A| # 1). In this case we prove that
closure of any orbit is an affine subspace of R™ or it is union of countable
affine subspaces of R™. As consequence, we deduce that G has a minimal
set in R™, which is contained in closure of all orbit.

In the other state, G is a non abelian subgroup of S,,, then it contains
necessarily an affine symmetry f € S,\7,. In this case we prove that closure
of any orbit of G is union of at most two closed subgroups of R™. As
consequence, we deduce that every orbit is minimal in R™.

For n = 1, we prove that action for every non abelian affine group is
minimal (i.e. all orbits of G' are dense in R). In [[] and [F], the authors
are interested to the semigroup case, in [B], Mohamed Javaheri has proved a
strong density results for the orbits of real numbers under the action of the
semigroup generated by the affine transformations Ty(z) = £ and Ti(z) =
bx+1, where a,b > 1. These density results are formulated as generalizations
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of the Dirichlet approximation theorem and improve the results of Bergelson,
Misiurewicz, and Senti in [fl].

Our principal results can be stated as follows:

Theorem 1.1. Let G be a non abelian subgroup of H(n,R). One has:
(1) If G\S,, # 0, then:
(i) 0 € Ag and Eg is a G-invariant affine subspace of R"™ with dimen-
stonp>1.
(ii) G(x) = Eq, for every x € Eg.
(iit) there ewists a € FEg such that G(z) = Ag(x — a) + Eg, for every
zeU=RMEg;.
(2) If G C Sy, then Hg is a closed subgroup of R™ and there erxists a € R"™
such that G(xz) = (x + Hg) U (—x + a + Hg), for every x € R™.

Corollary 1.2. Under notations of Theorem [[.1. If G\S, # ), then:
(i) Ewvery orbit in U is minimal in U.
(ii) Eq is a minimal set of G in R™ contained in the closure of every
orbit of G.
(iii) All orbit in U are homeomorphic.

Corollary 1.3. Let G be a non abelian subgroup of H(n,R). Then:
(i) If G\S,, # 0, then G has no periodic orbit. Moreover, if G is count-

able then it has no closed orbit.
(il) If G C Sy, then every orbit of G is minimal in R™.

Corollary 1.4. Let G be a non abelian subgroup of H(n,R) such that
G\S,, # 0. Then the following assertions are equivalents:

(1) G has a dense orbit in in R™.
(2) Ewvery orbit of U is dense in R™.
(3) G satisfies one of the following:

(i) B¢ =R"

(ii) dim(Eg) =n —1 and Ag = R.

Remark 1.5. Let G be a non abelian subgroup of #(n, R) such that G\S,, #
0.

(i) Suppose that dim(Eg) = n — 1 and there exist \,u € Ag such

that Ay < 0 and fggm ¢ Q, then G has a dense orbit. (Indeed,

in Lemma B.1 we will prove that A = R and we apply Corol-
lary [[.4,(3).(ii)).

(ii) If A¢ = R and dim(Eg) < n — 1, then by Theorem 1.1.(ii), G has
no dense orbit and every orbit of U is dense in an affine subspace of
R"™ with dimension dim(Eg) + 1.
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Corollary 1.6. Let G be a non abelian subgroup of S,,. Then the following
assertions are equivalent:

(i) G has a dense orbit.

(ii) Every orbit of G has a dense orbit.
(iii) The orbit G(0) is dense in R™.
(iv) Hg is dense in R™.

Remark 1.7. Let H,, ={ f: 2 +— a(x —a) +a; a € R", o € R*} be the
set of all affine homotheties of R™. Then:
(i) H(n,R) = Hy UT,(R).
(ii) My, is not a group. (Indeed; H,, N Tn(R) = {idgn}. For f = (a,2)
and g = (2a, %) one has fog=T, € To(R), with T, : x — x + a.)
(iii) There exists a subgroup of S,,, having two orbits non homeomorphic.
(See example 6.4).

For n = 1, remark that any subgroup of #(1,R) is a group of affine maps
of R. As consequence for Theorem [L.1], we establish the following strong
result:

Corollary 1.8. Let G be a non abelian group of affine maps of R.

(i) If G\S1 # 0 then every orbit of G is dense in R.
(ii) If G C &1 then all orbits of G are dense in R or all orbits are closed
and discrete.

This paper is organized as follows: In Section 2, we introduce some pre-
liminaries Lemmas. Section 3 is devoted to given some results in the case
G\S,, # 0. Results in the case when G is a subgroup of S, are given in
Section 4. In Section 5, we prove Theorem [L.1], Corollaries [.3, [L.3, [.4],

and [L.§. In Section 7, we give four examples.

2. Preliminaries Lemmas

Recall that Fix(f) := {z € R": f(x) =z}, for every f € H(n,R).
So

0, if feT,
Fix(f):= ¢ {%}, if f=(a,¢)€8\Tn
@), it F= (0 € HinR\S,

Lemma 2.1. Let G be a non abelian subgroup of H(n,R). The set Ag is a

subgroup of R*. Moreover, if G\S,, # 0, then 0 € Ag.
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Proof. Since idrn € G, 501 € Ag. Let \,u € Ag and f,g € G defined by

f::v»—>)\:c—i—a,andg:xr—>,ux+b,:cG]R",sofog_l(:v):f<%—%> =

21‘ - /\b + a. Hence A € Ag. Moreover, if G\S,, # 0, T¢\{—1,1} # (. So
lim )\m = 0, for any A € T'q. It follows that 0 € Ag. This proves the

m—Foo
Lemma. O

Lemma 2.2.
() Let f = (a,0), g = (b,8) € H(LR\S, then fog = go f if and
only ifa=bora=1o0rpf=1.
(ii) If Fiz(f) = Fiz(g) then fog=go f.
(i) Let G be a non abelian subgroup of H(n,R) such that G\S,, # 0, then
there exist f = (a,), g = (b,8) € G such that a # b. Moreover,
there exist a,b € I'q such that a # b.

Proof. (i) If fog(x) =go f(z), for every z € R",
then AMp(z=b)+b—a)+a =puAz—a)+a—>)+0b,
SO —Mb+Ab—a)+a =—pra+ pla—0b)+b,
thus (a — b)(Ag — A — p+1) = 0. Hence (a —b)(A —1)(x — 1) = 0. This

proves the lemma.

(ii) There are two cases:
o If Fiz(f) = Fiz(g) = 0 then f =T, and g = T}, for some a,b € R", so
Jog=golf.
o If Fiz(f) = Fiz(g) = a# 0, so f,g € H(n,R)\T,, there are four cases:
-f=1(a,N), g=(a,u) € H(n,R)\S,, then fog(zx) = AMu(z—a)+a—a)+a =
A(z —a)+a=go f(x), for every z € R™.
-f=9=(2a,-1) € S;\Tn, 50 fog=go f.
-f(2a,—1) € S\ Ty, and g = (a, p) € H(n,R)\Sy, so for every x € R",
og(x) = —(u(x —a)+a)+2a
and of(x)=pu(—x+2a—a)+a
S0 og(@)=go f(z)=—pr+(1+pa

hence fog=gof.
- f=(a,A) € H(n,R)\S, and g(2a,—1) € S\ Ty, so as above fog=go f.
This completes the proof.

(iii) Since G is non abelian then the proof of (iii) results from (ii).
Moreover, we have I' # () and let h = (¢, \) € G\S,,. Since G is non abelian
then there exists i/ € G such that hoh' # b/ oh. By (ii), Fiz(h) # Fix(h'),
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so h'(c) # ¢. Then W oho W™t = (h(c),\) € G\Sp, hence I (c),c € Tg.
U

Lemma 2.3. Let B = (a1,...,ay,) be a basis of R™. Then the smaller affine
subspace Af f(B) of R™ containing {ai,...,an} is defined by

Aff(B) = {x = Zakak : o € R, Zak = 1}.
k=1 k=1

Proof. Let E :=T_,,(Aff(B)). Then E is a vector subspace of R” gener-

ated by {aa—ai,...,a,—ai}. Since E is the smaller vector space containing

0,a2 — ay,...,a, —ay, so Ty, (E) is the smaller affine subspace of R™ con-

taining {a1,...,an} O

Remark 2.4. As consequence of Lemma .3, if Eg contains a,ay,...,a,
n n

such that (a1,...,ay) is a basis of R”, and a = Y agar with > oy # 1.
k=1 k=1
Then Eg = R"™.

Lemma 2.5. Let G be a non abelian subgroup of H(n,R) such that G\S,, #

(). Then for every x € R™ we have T'q C G(x).

Proof. Let x € R™ and a € I'g. Since G\S,, # 0 then there exists f =
(a,A) € G\Sy, so |A| # 1. Suppose that |[A| > 1 and so

lim f*z)= lim \(z—a)+a=a.
k——o00 k——o00

Hence a € G(z). It follows that I'¢ C G(x). O

Lemma 2.6. Let G be a non abelian subgroup of H(n,R) such that G\S,, #
(0. Then:

(i) if Eq is a vector space, there ezistay,...,a, € I'q such that (a1, ..., ap)
is a basis of Eq.

(ii) if G = T_q 0 G o Ty for some a € T'g, then Eqv = T—_.(Eg) and
A = Ag.

Proof. (i) Since E¢ is a vector subspace of R with dimension p, so Eg =
vect(Qg) where Qg =g Uvg. As G\S,, # 0 then T'g # 0. Let aq,...,a; €
I'c and bgt1,...,b, € vg such that By = (ai,...,ak, bgt1,...,bp) is a basis
of Eq and (ay,...,ax) is a basis of vect(T'g). For every k + 1 < i < p there
exists g; € S, N G such that g;(0) = b;. Since a; € ' then there exists
f € G\S,, with f = (a1, \). Write f; = giofogfl, for every k+1 < ¢ < p. We
have f; = (gi(a1),\) € G\S,. See that g;(a1) = ;a1 + b;, with g; € {—1,1},
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E+1<i<p,sogila) €Tg, for every k+1 < i <p.

Let’s show that By = (a1, ..., ak, gk+1(a1), ..., gp(a1)) is a basis of Eg:
Let

Ek+1 -+ Ep
0 ... 0
M= A G Az | e
0 Ip,k : .
0 ... 0

and Iy, I,_j are respectively the identity matrix of My (R) and M,_(R).
So M is invertible and M (By) = Bsy. So Bs is a basis of Eg contained in I'g,
a contradiction. We conclude that k£ = p.

(ii) Second, suppose that E¢ is an affine subspace of R™ with dimension
p. Let a € Tg and G = T_,0GoT,. Set f = (a,\) € G\S,, then
T gofoT, = (0,\) € G"\S,, s00 € I'ev C Egr, hence Eg is a vector
space. By (i) there exists a basis (aj, ..., a,) of Eg: contained in T'gr. Since
I =T-4(Tq), we let ap, = Ty(ay), 1 <k <p,soai,...,ap € T'g. We have
e =T_o(Tg) C T_o(Eq) and T_,(Eq) is a vector subspace of R™ with

dimension p, containing ay,...,a,. So Egr =T 4(Eg).
See that for every f = (b,\) € G\Sn, T_go foT, = (b—a,N), so Az =
Ag. O

Lemma 2.7. Let G be a non abelian subgroup of H(n,R) such that G\S,, #
0 and E¢ is a vector space. If ai,...,ap € g such that By = (a1, ...,ap) is
a bases of Eq then there exists a € I'q such that By = (a1 —a,...,ap —a)
is also a basis of Fq.

Proof. Since a,—1 € I'g, then there exists A € Ag\{—1,1} such that f,_1 =
(ap—1,A) € G\Sp. Let a = f,_1(ap) = Aap — ap—1) + ap—1. Then a =
Aap + (1 — A)ap—1. By Lemma B.1.(ii), I'¢ is G-invariant, so a € T'g.

We have P(B;) = B2 where

roo1 0o ... 0 0 7
0
P = : . . .. : :
0 ... 0 1 0 0
A—=1 ... ... A=1 X Xx-1
I N, A A 1-=X

Since det(P) = 2A(1— ) # 0 then P is invertible and so By is a basis of R”.
U
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Lemma 2.8. Let G be the subgroup of H(n,R) generated by f1 = (a1, \1), ..., fp =
(ap, Ap) € H(n,R)\S,,. Then Eq = Aff({a1,...,ap}).

Proof. Since Eq = Af f(Q¢), it suffices to show that Qg C Af f({a1,...,a,}).

(i) First, suppose that Fg is a vector space. We will prove that Qg C
vect({ai,...,ap}):
Let f € G, so f = fZl o---ofizq for some ¢ € N*, ny,...,ny € Z and
i1,...,1g € {1,...,p}. So for every x € R",
Fl@) = fi oo f19(x)

= )\’;11()\?22(. .. ()\qul()\;zq(x —ai,) F @i, — @i _y) Fai,_y..) s —ay) +ag

1

q—1
_ \n1 g . ni Tk X . .
=Nl (r —a;,) + E At N (@, — ai) +ag
k=1

q—1 q
__ g ni ng . _ ni ng . . .
_)‘il"')‘iqx+<§ >‘i1"')‘z‘ka2k+1 E )\il...)\ikazk—{—aZl)
k=1 k=1
=Xr+a
where
— Y Ngq
A= )‘il .. ')‘iq

qg—1 q
_ ni ng . . _ ni ng . .
a= k} 1)\i1 "')‘ik @iy /; 1)\i1 "')‘ik a;,, + ag

(1)

I £ 1, then f(2) = Az +a = A(z— ) + 5, @ € R, so
f= (ﬁ, )x), with % € vect({a1,...,ap}), so I'q C vect(ai,...,ap).

- If |A\| = 1, then f = (a, |—§‘\‘), with @ = f(0) € vect({a1,...,ap}), so
va C vect(ag,. .., ap).

It follows that Qg C vect({ai,...,ap}).

(ii) Second, suppose that F¢ is an affine space. We will prove that Q¢ C
Aff({ar,...,ap}): Let G' =T_4, 0GoT,,, so G’ is generated by f; =T 4,0
froTy = (ar, — a1, M), k=1,...,p. By Lemma B.13.(ii), Eq: = T4, (Eg)

is a vector space and by (i) we have Eg C vect({az — a1,...,ap —a1}), so
Eq =Tu (Egr) C Ty, (vect({az — a1, ...,ap —a1})) = Af f({ar,az,...,ap}),
so the proof is complete. O

3. Some results in the case G\S,, # ()

In this case, G contains an affine homothety having a ratio with module
different to 1. In the following, we give some Lemmas and propositions, will
be used to prove Theorem [L.1].
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Lemma 3.1. Let G be a non abelian subgroup of H(n,R), then:

(i) If Eg is a vector subspace of R™, then {f(0), f € G} C Eg.
(ii) If Tg # 0, then T and Eg are G-invariant.

Proof. (i) Let f € G, there are two cases:

-If f € G\Sy, then f = (a,\), for some A € Ag and a € I'¢ C Eg. There-
fore f(z) = Az —a)+a, z € R" and f(0) = (1 — A)a, so f(0) € E¢ since
E¢ is a vector space.

-If f €S, then f = (a,¢), with |e] =1 and so f(0) =a € Eg.

(ii) Suppose that T'¢ # 0:

I is G-invariant: Let a € T'¢ and ¢ € G then there exists A € R\{—1,1}
such that f = (a,\) € G\S,. Welet h = go fog ! € G. We obtain
h = (d',\) € G\S, with @’ = g(a). It follows that g(a) € T'¢ and so I'g is
G-invariant.

Eqg is G-invariant: Let a € I'g and G’ = T_, 0o G o T,. We have G’ is
a non abelian subgroup of H(n,R) and Eg = T_,(E¢g) is a vector sub-
space of R". Let f € G’ having the form f(z) = Az + b, x € R". By
(i), b = f(0) € T'gw C Egr. So for every © € Egr, f(z) € Egr, hence
E¢ is G'-invariant. By Lemma P.6.(ii) one has Eg = T_,(E¢), so it is
G-invariant. O

Lemma 3.2. Let A > 1 and H* := {¢\P(1 — \P), p,q € Z}. Then H”* is
dense in R.

« . . y—z  _
Proof. Let z,y € R%, such that x < y. Since pﬁmwi)\p(l_ﬂ) 400 then

there exists p € Z* such that % > 1. Therefore there exists q € Z

such that m <q< m Since \ > 1andp7é0then1—)\p>_0
and so © < g\(1 — A) <y and —y < —g\’(1 — X’) < —z. Hence R} C H*
and R* C H?. It follows that H* is dense in R. O

Lemma 3.3. Let A > 1, a € R"\{0} and H) := {g\’(1-\)a+a, p,q € Z}.
If G is the group generated by f = (a,\) € H(n,R)\S,, and h = A.idgn, then
H) c G(a) C Ra. Moreover, T1—xmyq € G, for every m € Z.
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Proof. Let p,q € Z. For every z € R™ we have
hPo fP(z) =X"P(NP(z—a)+a) =2+ (AP —1)a, (1)
so (h7Po fp)q_l (z) =24+ (¢g—1DANP=1)a.

For z=h"P(a) we have
(R7Po fp)q_1 (hP(a))=A"Pa+(g—1)(A"P =1)a =g\ Pa— (¢ — 1)a.
Then
o (W o ) o h™P(a) = A\ (gAPa— (¢ —1)a—a) +a.

=gN(1—-MN)a+a

It follows that g\P(1—\P)a+a € G(a) and so H) C G(a). Since h(Ra) = Ra
and f(aa) = Maa —a) +a = (Aa — A + 1)a then Ra is G-invariant, so
G(a) C Ra.

Moreover, by taking p = —m in (1), for some m € Z, we obtain
"o f™(z) =24+ (A" —1)a, ze€R".

Then Tixm_1), € G and 50 T(1_\m)q = T(;\}”—l)a € (. The proof is complete.
O

Lemma 3.4. Let A > 1, a,b € R™ with a # b. If G is the group generated

by f = (a,\) and g = (b, A) then G(a) =R(b—a) + a.

Proof. Let A > 1, a,b € R" with a # b and G be the group generated by
f=1(a,\) and g = (b,\) . Denote by G’ = T_,0GoTy, then G’ is a subgroup
of H(n,R) and it is generated by h =T o0 foT, and ¢ =T po0goT,. We
obtain h = A.idgn and ¢’ = (a — b, \).

Since A > 1, ¢ € G'\S,, so by Lemma B.3, we have H) , C G'(a — b),
where H)) ; := {g\?(1-\P)(a—b)+a—b, p,q € Z}. Since a—b # 0 then H* ,
and H* := {g\"(1 — \P), p,q € Z} are homeomorphic. By Lemma B.9, we
have H” is dense in R so H) , is dense in R(a —b). Since H) , C G'(a —b)
and by Lemma B., G'(a — b) C R(a —b), so G'(a —b) = R(a — b). We
conclude that G(a) = Tp(R(a — b)) = R(a —b) +b. As R(a —b) +b =
R(a—b)+ (a—b)+b=R(b—a)+a. It follows that G(a) = R(b—a)+a. O

Lemma 3.5. Let A > 1, p € R\{0,1} a,b € R™ with a #b. If G is the

group generated by f = (a,\) and g = (b, ) then G(a) = R(b—a) + a.
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€ R\{0,1} a,b € R™ with a # b and G is the group

Proof. Let A > 1,
= (a,\) and g = (b, 1), then by Lemma P.3.(i), G is non

generated by f

abelian.

(i) First, we will show that R(b — a) + a is G-invariant:
Let « € R, and = = a(b — a) + a we have

f(@)=MNa(b—a)+a—a)+a
=Xa(b—a)+a

and
f(z) =pulad—a)+a—0)+0b
=pula—1)(b—a)+b—a+a.
=(1+pula=1))(b—a)+a
So f(z), g(x) € R(b—a) + a.

(i) Second, we let ¢ = go fog~!, we have ¢ = (g(a),\) € G\S,. Since
a # b and p # 1 then

gla)—a=pla—=b)+b—a=(1—-p)(b—a)#0.
If G’ is the subgroup of G generated by f and ¢’ then by Lemma .4 we
have G'(a) = R(g(a) — a) + a. Since g(a) = pu(a — b) + b then
R(g(a) —a)+a=R(u(la—b)+b—a)+a
=R(1—-p)(b—a)+a
=R(b—a)+a.

By (i), we have R(b — a) + a is G-invariant so G'(a) C G(a) C R(b —a) + a,
hence G(a) = R(b—a) + a. O

Proposition 3.6. Let G be a non abelian subgroup of H(n,R) such that
G\S,, # 0. Then for every x € Eg, we have G(z) = E¢.

To prove the above Proposition, we need the following Lemmas:

Lemma 3.7. Let G be a non abelian subgroup of H(n,R). Let f € G,
u,v € R" then f(Ru+v) =Ru+ f(v).

Proof. Every f € G has the form f(z) = Az +a, x € R". Let « € R
then f(au +v) = Mau +v) +a = dau + (Au + v) = dau + f(v). So
f(Ru+v) =Ru+ f(v). O
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Lemma 3.8. Let G be a non abelian subgroup of H(n,R) such that Eg
is a vector subspace of R™ and I'q # 0. Let a,a,...,a, € I'g such that
(a1,...,ap) and (a1 —a,...,ap,—a) are two basis of Eg and let D = R(ay, —

a)+a, 1 <k <p. If Dy CG(a) for every 1 <k <p, then G(a) = Eg.

Proof. The proof is done by induction on dim(E¢g) =p > 1.
For p = 1, by Lemma P.9.(iii) there exist a,b € T'¢ with a # b, since G is
non abelian and I'g # (). In this case D1 = R(b — a) + a = R = Eg, then if

Dy C G(a) so G(a) = Eg. T¢ = Eg.
Suppose that Lemma B.§ is true until dimension p—1. Let G be a non abelian
subgroup of H(n,R) with I'¢ # 0 and let a,a1,...,a, € T'¢ such that

(a1,...,ap) is a basis of Eg. Suppose that Dy, C G(a) for every 1 < k < p.
Denote by H the vector subspace of Eg generated by (a1 —a), ..., (ap—1—a)
and A,y = T,(H). We have A, is an affine subspace of E¢ and it con-
tains a,aq,...,ap1.

Set A, A\, € T'g, 1 <k <p—1such that f = (a, ), fr = (ag, \x) € G\Sx.
Suppose that A > 1 and A; > 1, for every 1 < k < p — 1 (leaving to replace
f and fy respectively by f? or f~2 and by f? or f,;Q) Let G be the group
generated by f and fi, 1 <k <p—1. By Lemma B.J we have G1.(a) = Dy.
Let G’ be the subgroup of G generated by f, fi,...,fp—1, then Dy C G'(a)
forevery 1<k <p-—1.

By LemmaP.§ we have Egr = A, 1. Let G” = T_,0G’0oT,, by Lemma P.4.(ii)
we have Egr = T_o(Ap—1) = H and D; = T_,(Dy) C G"(0) for every
1 < k < p—1. By induction hypothesis applied to G” we have G”(0) = H

so G'(a) = Ap_1. Since G'(a) C G(a), then

Apfl C G(CL) (1)

Let z € Eg\Ap_1 and D = R(a,—a)+x. Since (a1 —a,...,ap,—a) is a basis
of Eg, so H®R(ap, —a) = E¢ with z,a € Eg, then z — a = 2z + a(ap, — a)
with z € H anda € R. Let y =2+4+a,as H+a=A,_1 we have y € A,_1,
and
y=—alap,—a)+z €D

=z+a

=z—a—afa—a)+a

=—afap—a)+z €D

Hence y e A,_1ND.
By (1) we have y € G(a). Then there exists a sequence (fi)men in G
such that  lim  f,(a) = y. For every m € N denote by f, = (b, Am)-

m—>+400
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By Lemma B.7] we have f,(D,) = fm(R(a, — a) + a) = R(a, — a) + fm(a).

Since miqwfm(a) =y then

ml_iﬁoofm(Dp) =R(ap —a)+y
Asy € D then y —x € R(ap — a), thus R(ap, —a) +y =R(ap —a)+z =D
and so lim fn(D,) = D.

m—>—+00
Since D), C G(a) then D C G(a), so x € G(a), hence Eg\Ap—1 C G(a). By
(1) we obtain Eg C G(a). Since I'¢ # () then by Lemma B.1.(ii), we have Eg
is G-invariant, so G(a) C Eq since a € Eg. It follows that G(a) = Eq. O

Proof of Proposition [3.4. Let G be anon abelian subgroup of H(n, R). Since
G\S,, # 0 then T'¢ # 0 and suppose that Eg is a vector subspace of R,
(one can replace G by G' =T_, 0 G o T, for some a € I'g).

First, we will prove that there exists a € I'¢ such that m = FEq. By
Lemmas R.6,(i) and R.7, there exists a, a1, . .. ,ap € I'g such that (a1,...,ap)
and (a; —a,...,ap—a) are two basis of Eg. Denote by Dy = R(a, —a) +a,
1 <k < p. Since a € T'g, then there exists f € G such that f = (a, ).
Suppose that A > 1 (one can replace f by f? or f~2). By Lemma B.J,
D, C m, for every 1 < k < p. By Lemma B.§, we have @ = FEq.

Second, let ¥ € Eg and by Lemma P.§ we have I'¢ C G(z) and by
Lemma B.1.(ii), T'g is G-invariant. Since a € I'¢ then

E¢ = G(a) CTg C G(x).

It follows that G(z) = Eg since Eg is G-invariant (Lemma B.1,(ii)). The
proof is complete. O

Proposition 3.9. Let G be a non abelian subgroup of H(n,R). Suppose
that G\S,, # 0 and Eg is a vector space. Then for every x € R™\Eg, we
have G(z) = Ag.x + Eg.

To prove the above Proposition, we need the following Lemma:

Lemma 3.10. Let G be a non abelian subgroup of H(n,R) such that G\S,, #
(0. For every A € Ag\{—1,1} and for every b€ Eq, there exists a sequence
(fm)men in G such that ZLWJLr fm = f, with f = (b,\) € H(n,R)\S,.

Proof. Let A € Ag\{—1,1} and b € Eg. Given g = (a,\) € G\S,, so

a € T'¢ C Eg. By Proposition B.6, we have G(a) = Eg. Then there exists

a sequence (gm)men in G such that lin}r gm(a) = b. For every m € N,
m—r—+00
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denote by fy, = gm o go 91;37 S0 fm = (gm(a)7)‘)' Hence limr Im = f,
with f = (b, \). 0

Lemma 3.11. Let G be a non abelian subgroup of H(n,R) such that Eq is

a vector space and G\S,, # 0. Then:

(i) For every b € Eq there exists a sequence (Ty, )mez in G N Ty, such that
lim Tbm = Tb-

m——00
(ii) If =1 € Ag, then for every b € Eg there exists a sequence (Spy)meN in
G N (S, \Ty) such that li@ S =8 =(b,—1).

Proof. (i) e First, suppose that b € I', then there exists f € G\S, with
f = (b,\). Since G is non abelian set g € G such that fog # go f. Set
h = gofog_l, soh = (g(b), )\) Let G’ = T—g(b)oGng(b)a f, = T—g(b)ofng(b)
and h' = T_gpy 0 ho Ty, so f' = (b—g(b),\) and b’ = (0,\) = Nidgn.
By Lemma @, for every m € Z, T! = T—xm)b—g(v) € G'. Write T,,, =
Tg(b) e} Trln e} T—g(b)? SO
b, = (1 = AN"™)(b—g(b)) + g(b) = (1 = A"™)b+ A\"g(b), m € Z.
Since |A\| # 1, suppose that A > 1, so lim (1 —A")a + X"g(b) =b. It

m——0o0

follows that the sequence (Ty, )m € GN T, and lim T, = Tp.
m—r—0o0

b—yg

e Now, suppose that b € E¢ and let a € I';. By Proposition B.§, G(a) = Eg,
so there exists a sequence (g)r in G such that i lim gg(a) = b. By above
—>+00

)m € GN T, such that lim T, = T,.
m——0o0
Set Ty, = gk © Ta,, © glgl, one has Tj, , = (9x(am),1) € GNT,. We have

lim bpg = lim gi(am) = gr(a), so
m——00 m——0o0

state, there exists a sequence (7

am

lim by = lim gy(a) =0.
Il (e, =) | =00 k—+o0

So lim Ty, , =Ty This complete the proof of (i).

Ik, =m)|[—=+o0

(ii) Suppose that —1 € Ag and let b € Eg. Then there exists f = (a,—1) €
GNS,. By Lemma B.1.(i), a = f(0) € Eg, so b —a € Eg, since Eg is a
vector space. By (i), there exists a sequence (T, )mez in G N T, such that
ml_z;mooTOLm =Ty q. Set Sy, =Ty, of. We have S, = (a+am,—1) € GNS,.

Since lim a,, =b—a, then lim a+a, =b,s0 lim S, =S5=(b—1).
m—-+00 m——+00 m——+00

The proof is complete. O
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Proof of Proposition [3.9. Let G be a non abelian subgroup of H(n,R) such
that G\S,, # 0 and E¢ is a vector space. Let x € U = R™\ Eg.
Lest’ prove that Ag.x + Fq C m: Let « € Ag and a € Eg.
e Suppose that a € Ag\{—1,1}. Since Eg is a vector space, o’ = 2= € Eg.

«

By Lemma there exists a sequence (fi,;)m in G such that . li@ . fm =
f=(d,a) e G\S,. Then
f(x)=alx—d)+d
=az+ (1 —a)d

=ar+a € G(x),

SO

(Ac\{1,1}) .z + E¢ C G(z).

e Suppose that o € Ag N {-1,1}.
- If @ = 1, by Lemma B.11].(i), there exists a sequence (T}, )., in G such
that lim T,, =Tu. SoTy(x) =z+a € G(x).

m—>—+400

- If @ = 1, by Lemma B.11].(i), there exists a sequence () in GN (S, \T»)
such that l_z)rrJLr Sm =8 =(a,—1). So S(z) = -z +a € G(x).

It follows that ax + a € G(x) and so
(AG N {—1, 1}) z+ Eqg C G(.%')

This proves that Ag.x + Eg C G(z).

Conversely, let’s prove that G(z) C Ag.x + Eg. Let f € G.

e Suppose that f = (a,\) € G\S,,. By Lemma B.1.(i), £(0) = (1-\)a € Eg
since Fg is a vector space.

Then f(z) =AMz —a)+a=A Xz + (1 — N)a € Ag.z + E¢.

e Suppose that f = (a,e) € GNS,, so f(x) =ex+a € Ag.xz + Eg, since by
Lemma B.1.(i), f(0) = a € Eg.

It follows that G(x) C Ag.z + Eg. Therefore m C Ag.z + Eg. Hence
G(x) ZA_G'.1'+Eg. O

Lemma 3.12. [f there exists \,u € Ag such that Ay < 0 and fgzm ¢ Q,
then Ag = R.

Proof. Suppose that A < 0 < p. Let Hy := {\?*p24 p,q € Z} and H_ :=
AHi. See that H. C Ag and so Hy UH_ C Ag. Set f :]0,+o0[— R,

the homeomorphism defined by f(z) = logz, so f(H) := Z + jgmz As
log|A|

Togll ¢ Q then f(H,) is dense in R, so Hy gi H_ are dense respectively
in ]0, 400 and in | — 0o, 0]. We deduce that Ag = R. O
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4. Some results for non abelian subgroup of S,

In this case, G is a non abelian subgroup of S,,, then it contains necessarily
an affine symmetry. In the following, recall that G; = G N T, and every
f € S, is denoted by f = (a,e), where f : © — ex + a. Denote by
og = {f(0)7 Jean (Sn\,ﬁz)}

We use the following lemmas and propositions to prove Theorem and
above Corollaries:

Lemma 4.1. Let G be a non abelian subgroup of S,,. Then:
(i) G1(0) is an additif subgroup of R™.

(i) b6 #0.
(iii) For every f € G\T,, we have f(G1(0)) =g and f(dc) = G1(0).

Proof. The proof of (i) is obvious.
(ii) If ¢ = 0 then G N (S,\T) = 0, so G is a subgroup of T,(R), hence G
is abelian, a contradiction.

(iii) Let f € G\Tn, b € G1(0) and g = (b,1) € G; . Then for every z € R"
we have fog(z) = f(x+b) = —x—b+a,so fog=(—b+a,—1). Hence
F) = £ o.9(0) = —b+a € o

Conversely, let b € §¢ and g = (b, —1) € G\T, such that g(0) = b. We
have fog(z) = f(—x+b) =x—b+a, so fog=(-b+a,l) € Gy, thus
¢c=—-b+a € G1(0). Hence b = —c+a = f(c) and so b € f(G1(0)). It
follows that f(G1(0)) = dg. As f~1 = f so f(6g) = G1(0). O

Proposition 4.2. Let G be a non abelian subgroup of S,, a € dg and
x € R™. Then:

G@) = (z+ G1(0) U (—z + a + G1(0)).

Proof. Let G be a non abelian subgroup of §,, and xz € R™. We have
G(z) ={g9(z) =ex+b, g=(be) € G} = (x+G1(0)) U(—x + dg). So
) = (m + G1(O)> U(-z+0dg). (1)
Since G is non abelian then G\T,, # 0, so let f = (a,—1) € G\T,, with a €
8¢- By Lemma [E1].(iii) we have d¢ = f(G1(0)). By Lemma [1.(i), G1(0) is

an additif subgroup of R™ then f(G1(0)) = G1(0) + a, so ¢ = G1(0) + a.
Hence —z + 0g = —x + G1(0) + a. By (1) we conclude that

m: (m—l-m)U(—m—i-a—i-m).
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5. Proof of main results

Proof of Theorem [1.1. Let a € Eg and G’ = T_,0GoT,. By Lemma P.6.(ii),
E¢ =T_4.(Eq), so Eg is a vector subspace of R™. Then :

e Proof of (1).(i): One has T'g # 0 since G\S,, # 0. Then by Lemma P.1],
0 € A and by Lemma B.1].(ii), E¢ is G-invariant. As G\S,, # 0, there exist
b,c € T¢ C Eg, with b # ¢ (Lemma R.3.(iii)), so dim(E¢g) > 1.

e Proof of (1).(i7): By Proposition B.6, G'(z — a) = E¢, for every x € Eg.
So T_,(G(x)) = E¢v, it follows that G(z) = T,,(Eq) = Eq. So the proof of
(1)(i) is complete.

e Proof of (1).(iii): By Proposition B.9, G'(x — a) = Ag/.(x — a) + EJ, for
every € U. So by Lemma R.4,(ii), T_4(G(z)) = Ag.(zx — a) + Eg — a, it
follows that G(x) = Ag.(z — a) + Eg. So the proof of (1)(ii) is complete.

e Proof of (2): The proof of (2) results from Lemma [.1].(i) and Proposi-
tion [L.9, since Hg = G1(0). O

We will use the following Lemmas to prove Corollary [L.2.

Lemma 5.1. Let G be a non abelian subgroup of H(n,R) with G\S,, # 0,
then for every x € U we have G(x) = G(y).

Proof. Suppose that Eg is a vector space (leaving to replace G by G’ =
T_o0GoT, for some a € Eg, and by Lemma R.6.(ii), Eq: = T_.(Eg) is a
vector space). Let z € U and y € G(x) NU. By Theorem [L.T.(1).(ii), there
exists a € Eg such that G(x) = Ag(z —a) + Eg. Since Eg is a vector space
and a € Eg then G(x) = Agz + Eg. In the same way,

G(y) = Agy + Eq, (1)

See that G(x)NU = (Ag\{0})z + Eg. Write y = ax +b, where a € Ag\{0}
and b € E¢g. So by (1),

G(y) = Agy + E¢ = Ag(az +b) + Eg = aAgz + Eq.

Since a € Ag and by Lemma R.1), Ag\{0} is a subgroup of R*, then aAg =
Ag. Therefore G(y) = Agx + Eg = G(z). O

Lemma 5.2. Let G be a non abelian subgroup of H(n,R) such that Eq is
a vector subspace of R™. Let x € U then the vector subspace H, = Rx ® Eg
of R™ is G-invariant.

Proof. Let © € R"\Eg and H, = Rz + Eg. Let f € G having the form
f(z) = Az +a, z € R, then by Lemma [.2.(i), a = f(0) € Eg. For every
a € R, b e Eg, we have f(azx +b) = Moz +b) + a = Aax + Ab + a. Since
E¢ is a vector space, then Ab+ a € E¢ and so f(ax +b) € H,. O



18 ADLENE AYADI AND YAHYA N’DAO

Proof of Corollary [1.3.
e The proof of (i): The proof results from Lemma [.1].

e The proof of (ii): As G\S,, # 0, then by Lemma P.1], 0 € Ag. So the proof
of (ii) results from Theorem 1,1.(1).(ii).
e The proof of (iii): Suppose that Eg is a vector subspace of R" (leaving,
by Lemma [[.2(ii), to replace G by G’ =T_, 0 G o T,, for some a € Eg).
Recall that U = R"\Eg and let z,y € U with = # y. Denote by H, =
R.z @ Eg and by H, = Ry ® Eg. By lemma 5.9 we have H, and H,
are G-invariant. Let ¢ : H, — H, be the homeomorphism defined by
p(ax +v) = ay + v for every a € R and v € Eg. For every f € G, with the
form f(z) = Az +a, z € R", then by Lemma B.1].(i), a = f(0) € E¢g and so
o(f(x)) = Az +a) = Ay +a = f(y). It follows that o(G(z)) = G(y). O

Proof of Corollary [I.3.
e The proof of (i): From Corollary [.3.(ii), the closure of every orbit of G

contains Eg and by Theorem [[1].(1), we have dim(E¢g) > 1, so G has no
periodic orbit. Moreover, if G is countable then every orbit O is also count-
able, hence O can not be closed.

e The proof of (ii): Let x € R™ and y € G(x). By Proposition [l.9 we have
G(z) = <x + G1(0)> U (—x +a+ G1(0)>. Suppose that y € (z + G1(0))

then y = = + b for some b € G1(0). By Lemma [L.1.(i), G1(0) is an additif
group, so b+ G1(0) = G1(0). Therefore, by Proposition [1.9 we have

Gy) = (x+b+m>u(—x—b+a+m)
= (x—i-m)U(—x—l—a—i-m) zm.

The same proof is used if y € (x + a + G1(0)). O

Proof of Corollary [[.]. Let G is a non abelian subgroup of #(n,R) such
that G\S,, # 0. Suppose that Eg is a vector subspace of R" (leaving, by
Lemma P.4.(ii), to replace G by T, o G o T,, for some a € Eg.)

e Let’s prove that (1) and (2) are equivalent: if G(z) = R", for some = € R”,

sox € U. Let y € U, then by Corollary [.3.(i), G(y) NU = G(z) NU = U.
Since U is dense in R", G(y) = R™. Conversely, the proof is obvious.

e (3).(i) = (1): If Eg = R™ then by Theorem [[.1.(1).(i) we have G(z) =
Eg, for every x € Fg. So G has a dense orbit.

e (3).(ii) = (1): If Ag is dense in R then by Theorem [L.1.(1).(ii) we
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have G(z) = Agz + Eg, for every # € U. So G has a dense orbit.

e (1) = (3): Suppose that G has a dense orbit G(z), for some z € R™.
There are tow cases:

- If Eq = R", then we obtain (3).(7).

- If Eg # R™ then dim(Eg) < n — 1, so and U # (), hence x € U. By
Theorem [L.1.(1).(ii) we have G(z) = Rz + Eg, so dim(Eg) =n —1 and Ag
is dense in R. Then (3).(iz) follows. O

We use the following Lemma to prove Corollary [I.6}:
Lemma 5.3. Let H be an additif subgroup of R™. Then

H+#() ifandonlyif H=R"

Proof. Suppose that_ﬁ # () and let @ € H # (). Then there exists ¢ > 0
such that B,y C H # ), where B(,.) = {z € R" : ||z —a| < ¢} and
||| is the euclidian norm. Since H # () is an additif group, it follows that
By =T-4 (B(a,e)) C H. Moreover, we also have B(o,me) = mBge) C H,
for every m € N*. As R" = |J Bme) C H, it follows that H = R".

meN*
Conversely, the proof is obvious. O

Proof of Corollary [I.§. Let G be a non abelian subgroup of S,. By
Lemma B.1.(i), one has §g # 0. Let a € é¢ and f = (a,—1) € G.

e First, by Corollary [[.3.(ii) we prove that (i) , (#4) and (iii) are equivalent.
e Second, let’s prove that (i77) and (iv) are equivalent: Suppose that G(0) =

o

R™. By Proposition .2 we have G(0) = G1(0) U (a+ G1(0)). Since G(0) # ()

then G1(0) # 0. By Lemma [L1.(1), Hg = G1(0) is an additive subgroup
of R™ then by Lemma [.J, Hg = R". Conversely, if Hz = R" then by By

Proposition 1.3 we have G(0) = G1(0) U (a + G1(0)) = R™. O

Proof of Corollary [[.§. For n = 1, G is a non abelian group of affine
maps of R.

e The proof of (i): If G\S; # 0, then by Theorem [L.1.(1), Eg is a G-invariant
affine subspace of R with dimension p = 1 such that every orbit of Fq is
dense in it. In this case Eq = R.

e The proof of (ii): If G C Sy, then by Theorem [L.1.(2), Hg is a G-invariant
closed subgroup of R and there exists a € Eg such that for every x € R, we
have G(x) = (x + Hg) U (—x 4+ a + Hg). Then there are two cases:

o If Hg is dense in R, so every orbit of G is dense in R.

o If Hg is discrete then every orbit is closed and discrete.
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6. Examples

Example 6.1. Let G be a subgroup of H(2,R) generated by fi; = (a1, 1)
and fy = (ag,a2) and f3 = (a3, a3), where ag # 1, for every 1 < k < 3

and a1 = [ \{F},ag:[?} and a3z = [ :g} Then every orbit of G is

dense in R.

Indeed, by Lemma R.2.(i), G is non abelian. By Proposition B.6, for ev-
ery x € Eg, we have G(z) = Eg. In this case, by Remark R4, Eg = R? so
every orbit of G is dense in R2.

n
Example 6.2. Let (ai,...,a,) be a basis of R® and a = ) apag, with
k=1

n
> agap # 1, then for every t > 1, the subgroup G of H(n,R) generated by
1

k—
{f
R™).

Indeed; By Remark .4, we have Eg = R" and by Proposition B.g, every
orbit of GG is dense in R™.

(a,t), Ty,,2 < k < n} is minimal. (i.e. every orbit of G is dense in

Example 6.3. Let (aj,...,a,) be a basis of R” and A € R\{0,1}. Then
every orbit of the group generated by 1,,,...,7;,, Ald is dense in R".

Indeed, By Remark P.4 we have Eg = R™ and by Proposition B.q every
orbit of G is dense in R™.

Example 6.4. Let a € R” and G be the group generated by f = T,,
g = (a,—1) and h = T s5,. Then for every z € R"\Ra, we have G(0) and

G(z) are not homeomorphic.

Proof. Remark that for every ¢ € Gy, there exist ny,m1,p1,..., Ny, My, Pr €
Z such that ¢ = (f™ o g™ ohP1)o---o (f" o g™ o hPr), for some r € N*,

e First, let’s show by induction on r > 1 that
#(0) € (Z+V2Z)a ().

For r =1, we have
©(0) = f™ o g™ o hP*(0)
= —p1\/§a + mia + nia
= (m1 +n1 + \/ipl)a-
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So (0) €€ (Z + v2Z)a.
Suppose property (i) is true up to order r — 1. If

o= (fMog™ohP)o(f?0g™ ohP?o- -0 f" o0g" ohP),
then by induction property there exists p,q € Z such that
ff2og™ohP o 0 f" og™ okt (0) = (p+ V2g)a.
So ¢(0) = f™ 0 g™ o ' ((p + v2q)a), thus

(0) = - ((P +V2q)a +p1a) +a+mnia, if my is odd,
i ((p + \/iq)a + p1a) + ma, if mq is even.

Hence, ¢(0) € (Z + v/27Z)a.

It follows that
G1(0) C (Z+V2Z)a (1)

e Second, we will proof that G1(0) = (Z 4 v/2Z)a. let p,q € Z, we have
fPoht = T\ szpa thus fPohi(0) = (p+ v2¢)a € G1(0). It follows
by (1) that G1(0) = (Z + /2Z)a. With the same proof we can show that
da = G1(0).

e Thirdly, by Proposition for every x € R", we have G(z) = (v +

G1(0)) U (=2 + G1(0)). Therefore G(0) = G1(0) = (Z + V2Z)a = Ra and it
is connected. But G(z) = (x + Ra) U (—z + Ra), is not connected for every
x € R™\Ra. Hence G(0) and G(x) can not be homeomorphic. O

Remark 6.5. Remark that the form of ¢ used in the proof of Example [.4
is general of every ¢ € G and the order (f™* o g""* o hP*) is not particular of
. For example, if ¢ = ¢ o f™ o hP, we write

0 = (fn1 Ogm1 thl)o(fn2 Ong thQ)o(fngong OhPS)

with n1 = p1 = mgo =ps =ng =m3 =0, m; =m, ng =n and p3 = p.

REFERENCES

1. Vitaly.B, Michal. M and Samuel.S, Affine actions of a free semigroup on the real line,
Ergod. Th. and Dynam. Sys. (2006), 26, 12851305.

2. Mohamed.J,A generalization of Dirichlet approximation theorem for the affine actions
on real line, Journal of Number Theory 128 (2008) 11461156.



22 ADLENE AYADI AND YAHYA N’DAO

ADLENE AYADI, DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES OF GAFSA,
GAFSA, TUNISIA.

YAHYA N’DAO, DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES OF GAFSA,
GAFsA, TUNISIA
E-mail address:  adleneso@yahoo.fr, yahiandao@yahoo.fr



