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Analysis of Anisotropic In-Plane Corners
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Abstract

Singular behavior of the mechanical in-plane fields occurs at a laminate reinforce-
ment patch corner due to the geometry and different material properties in the rein-
forced and non-reinforced domain, respectively. Adopting Lekhnitskii’s approach of
the complex potential method, an asymptotic analysis of the mechanical fields is per-
formed near laminate reinforcement patch corners. The mechanical in-plane fields
at the two-dimensionally modeled interface corner can be determined in closed-
form manner. Various configurations of interface corners are examined and their
effect on the singular characteristics of the cross-sectional force field is studied. It
is found that for a characterization of the singular behaviour of the in-plane forces
each singular in-plane force term has to be considered and that the corresponding

displacement modes are useful for understanding this behaviour.
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1 Introduction

Fiber-reinforced composite materials offer a broad range of opportunities be-
yond the lightweight feature. The structural versatility of composite materials
exceeds the one of classical materials, e.g. mass reduction accompanied with
the possibility to adapt for special structural needs in regard of e.g. strength,
stability or stiffness [1]. Often, the guidelines for lightweight structures allow
the structure to have mass merely where it is needed for load bearing purposes.
Thus, only excessively high stressed locations and areas, e.g. hole boundaries
or joints, contain more structural mass in the form of reinforcements than
the structure parts which experience average loading conditions. In the case
of in-plane loaded plates the employment of a bonded external doubler, i.e.
symmetrically attached laminate patches, is a well established kind for rein-
forcement. The shape of the affixed laminate patches have to comply with
geometrical and manufacturing necessities of the parent composite structure.
Hence, these reinforcements often have corners, see Figure 1, which can have
a degradation effect on the desired effective strength in the region consid-
ered because these corners constitute a source for stress localizations at their
boundaries due to the geometric and material discontinuity. Consequently, an
investigation of these corners is needed.

Since the main focus of in-plane loaded plates in regard to borne loads are the
mechanical in-plane fields, these fields are also of primary interest inside the
domains of the reinforced and the non-reinforced plate. Hence, both domains
are idealized as two-dimensional ones which comprise the in-plane fields, see
Figure 2. Thereby the reinforced domain is established by a wedge shaped

material sector and the non-reinforced plate by its sector counterpart in a



two-dimensional plane. Both domains are bonded tightly so that the inter-
faces show no slip. Subsequently, this structural situation is termed ”interface
corner”. Though this two-dimensional idealization does not comprise the intri-
cate three-dimensional nature of the structural situation the present method
may be of value as a first assessment of the configuration in order to shed
some light into the singular in-plane behaviour of such structural setups.

Interface corners or closed wedge setups, as they are also frequently termed,
have been studied and characterized for plane strain situations and isotropic
materials by Dempsey and Sinclair [2] and [3]. Besides the stress singulari-
ties immanent to interface corner configurations the corresponding mechan-
ical fields are of interest. Chen and Nisitani [4] used the complex potential
method by Kolosov to perform a singularity and eigenform analysis of isotropic
multi-material planes converging at the common vertex. The eigenfunction
expansion method was used by Pageau et al. [5] to obtain the stress and dis-
placement fields for multi-material wedges and junctions. Also Penado [6] used
this method to analyze closed wedge setups. Within a comprehensive range of
different boundary conditions for isotropic material joints, Yang [7] also inves-
tigated the situation of the interface corner by applying Airy’s stress function.
The singular elastic states in such configurations with anisotropic materials
were first investigated by Ting [8]. Also, among others, Barroso et al. [9] and
Hwu et al. [10] have characterized the singular behavior of anisotropic interface
corners. Yin [11] has expanded Ting’s adaptation [12] of Stroh’s formalism for
some special material classes and has evaluated with this method the asymp-
totic stress field. For plane stress situations the in-plane stress singularities
at interface corners of anisotropic domains have been investigated by Wigger
and Becker [13] by means of Lekhnitskii’s complex potential formulation.

The purpose of this work is twofold. First, to present an analysis method for



the investigation of in-plane loaded situations of interface corners with discon-
tinuous transitions of anisotropic material properties. In the context of this
work anisotropic means that only non-degenerated material configurations are
considered, excluding degenerated ones like quasi-isotropic laminates. There-
fore, the method introduced by Wigger and Becker [13] has been extended
with a collocation technique in order to obtain not only the singularity expo-
nents but also the corresponding coefficients and hence the mechanical fields.
Second to utilize this method to evince characteristics of the mechanical in-
plane fields of such interface corners, like e.g. the singular coefficients or the
singular displacement modes, in order to provide a better understanding of

these fields and to assess them in regard to their singular nature.

2 Complex Potential Method for Anisotropic Interface Corners

2.1 Fwvaluation of the Material Constants

An anisotropic plate or a laminate with symmetrical lay up which is only in-
plane loaded is considered so that it is modeled according to in-plane loaded
classical laminate theory. This allows to apply the complex potential method
[14], [15], [16] to fulfill all basic mechanical equations, i.e. the equilibrium con-
dition without body loads, the kinematical equations of Green’s linearized
strain tensor and the constitutive relation of Hooke’s law, in an identical
manner with arbitrary complex potential functions ¢;(z;) and their deriva-

tives. Hence, the in-plane field quantities can be represented by appropriate



complex potential functions as follows

u=2Re[p;p;(2)], v=2Relq0;(z)],

Ex = 2Re [qub;(zj)]? Ey = 2Re [qjlu“]¢;(2])]7

ey = 2Re [(pin; + 4;)95(2)], (1)

N, =2Re[a;$j(2;)], N, =2Relb;¢}(2;)],
Nay = 2Re[c;¢()],

wherein the complex variables z; are defined in cartesian x-y-coordinates as

zj=x+ py, j7=1,2. (2)

The complex constants p; in Equation (2) and the quantities aj, b;, ¢;, pj,
¢; in Equations (1) are determined by substitution of these relations into the
formerly mentioned basic mechanical equations, see also [13]. This leads to a
characteristic polynomial of degree four for the complex quantities p;. The
roots of this equation appear for non-degenerate materials in pairs of complex

conjugates

= a1+ B, pe = ag+i B,

(3)
M3 = 1, Ha = f12,

with o as the real and (3; as the imaginary part of p;. This excludes degener-
ate material setups like quasi-isotropic laminates from being investigated with
this approach since such configurations possess repeated roots of the charac-
teristic polynomial. Without loss of generality, the complex constant b; is set
arbitrarily to b; = 1 since the characteristic polynomial represents the con-
dition of the vanishing determinant of a coefficient matrix of a homogeneous

linear equation. The remaining complex constants a; and c¢; can be calculated



as

aj = /LJQ, bj = 1, Cj = —/Lj. (4>

Subsequently also p; and g; can be evaluated.

2.2 Complex Potential Functions for the Interface Corner Situation

The complex potential functions ¢;(z;) have to represent the local near field
as the objective of this analysis is the behavior of the mechanical fields of
anisotropic homogenous plate sectors converging at a corner tip. From prob-
lems similar to this one, e.g. a bi-material wedge structure, it is known that
a series of potential functions is adequate to describe the mechanical in-plane
fields. Therefore, an appropriate potential function for this situation is a linear

combination of terms of the form
Oi(z)) = Fjz)™ + Gzy™. ()

Herein the quantities F}j; and G j;, represent complex constants and Ay is the k& -
th characteristic exponent which in case of a complex value can be decomposed

into a real part £ and an imaginary part n:
Ae = &k + i (6)

The complex variable z;, given in (2) in cartesian coordinates, reads in polar

r-0-coordinates

z; = 1(cosf + p;sinb). (7)



Hence, the cartesian representations of potential functions (5) are transformed

into the polar r-6-coordinate system ones as

Gi(r,0, ;) = Fjpr™ (cos 0 + pj sin 6)™ + ijrx(cos 0+ p;sind).  (8)
Due to relation (6) the term r** reads
M = 18k (cos(ny In(r)) + i sin(ny In(r))). (9)

From this it can be concluded that the factors containing the real part & of the
characteristic exponent scale the respective k-th term ¢, (2;) of the potential
radially while in the case of an imaginary part 7 this term of the potential
also undergoes oscillations in the radial direction.

With the abbreviations x = cosf, ¢ = sinf, {, = cos(nxIn(r)) and

or = sin(ngIn(r)) the potential functions (8) can be expressed as

(1,0, 117) =% |G (Fii(x + g ™ + Ginlx + 1y o)™ |

78 Jio (B + 415 )™ = Ginlx + s ™) | (10)

Their derivatives with respect to the complex variable z; follow as

O, 0, p13) = 17 G (Fpedu O+ a5 M+ G+ 4y )|
= g (B + 15 61 = Gad(x + g5 6] (1)

Equations (10) and (11) are in effect for all complex valued characteristic
exponents ). If the characteristic exponent is real valued, the foregoing equa-
tions simplify significantly because the factor g, becomes zero and the terms
needed for the distinction of )\ and its complex conjugate \; merge in one

term.



2.8  Domain Transformation for the Formulation of Transition Conditions

Now, a material sector Q' and the respective complement sector 22 are re-
garded in a polar coordinate system delimited by the angles 6, and 65, see

centerpiece of Figure 3. These sectors can be described as follows
Q' (z,y) = {(z,y) €ER?|0 < r < 00,0, < 0 < b}, (12)

Q2 (z,y) = RA\Q. (13)
It is necessary to express the above defined domains Q' and Q2 in a sepa-
rate, rotated coordinate system each, in order to represent the mechanical
field quantities of these domains in a unique way. The reason for this is that
the determinant of the corresponding system of linear equations of transition
conditions, which is introduced later on, has to vanish. For a configuration
where the in-plane stiffness of the reinforced laminate domain is only a sim-
ple multiplicity of the base laminate domain this can not be achieved with a
formulation in the given coordinate system since then it is not possible to ac-
complish linear dependency of the system of linear equations. For this reason,
two transformations have to be performed, see Figure 3.
First the domain Q! is transformed from the original z-y-coordinate system
to a new x’-y’-coordinate system by rotating the original coordinate system
about the z-axis by an angle of w’. This first transformation angle w’ is defined
as

ol 01 + 65

=212 (14)

Now the former sector Q! is delimited by the angles ¢ and 61 which are

9{ = 01 - WI, (15)

95 = 92 — CUI (16>



and it can be stated as
Q' = {(2',y") e R*0 < r < 00,0 < 0" <0} (17)

The second transformation is conducted by rotating the z-y-coordinate system

by an angle of w!!, whose value is

6, + 06
wH: Lt 2+7r

5 (18)

In this way, the original domain Q2 is obtained in the new x'/-y/-coordinate

system as
QM = {(2" y") e R*0 < r < 00,05 < 0T < 617}, (19)
wherein the two angles 87 and 61 are given by
ol — g, — Wi, (20)

03 =0, — W' (21)

Regarding the cross-sectional forces of the laminate plate their transformation

from cartesian into polar coordinates yields

Nr =2Re [(§ — My X)2¢9(T7 87 :uj)]v (22>
Ng =2Re[(x + pj <)°¢;(r, 0, ;)] (23)
where the abbreviations Y = cosf and ¢ = sin# are used and the relations

from (1) obeying relations (4) are substituted for the respective expressions.
Furthermore, the displacements in the r-6-coordinate system are given with

the use of relations (1) as

Up = 2 Re [(pj X+ q; g)¢j(r7 97 H’j)]? (25>



ug = 2Re[(=pj < +¢; x)b;(r, 0, 115)]- (26)
Then, the continuity of the displacements and tractions at the corner interfaces

of the two sectors Q! and 2 demands the following relations at § = 6,

No(0f) = Ny(01"),

NTG(Q{) = Nr@(efj)v

(27)
UT(H{) = uT(Q{I),
ug(0]) = up(6{")
and at 6 = 6,
Ny(63") = Ny(63),
Nr@(%l) = Nr0(0£)7
(28)
up(057) = u(63),
ug(03") = ug(63).

2.4 Determination of the Characteristic Exponents

Inserting the in-plane forces and displacements as given by Equations (23),
(24), (25) and (26) in conjunction with (10) into the transition conditions (27)

and (28) leads to a system of linear homogeneous equations

M(\)vi = 0. (29)

10



where in case A\ being real the matrix M(\;) is of dimension 8 x 8 and the

vector of unknowns is given as

vi = [Re[F}],Im [F},],Re[F}], Im [Ff,], Re [F}]], Im [F}]], Re [F}]], Tm [F}]]
(30)

In case \; is a complex quantity M(\;) is a 16 x 16-matrix and the vector vy,

is composed of the real and imaginary parts of the constants Fj; and Gy

vi = [Re [Fljk] , Im [Fljk] ,Re [F2[k] , Im [F2[k] ,Re [G{k] , Im [G{k] ,Re [Gék] , Im [Gék] )

Re [Fy], Im [F{], Re [F3(], Tm [F3,(], Re [G}], Im [Gi], Re [GE4], Tm [GE4]].
(31)

The essential condition for the existence of a non-trivial solution for the ho-

mogeneous system (29) requires that

det M(\) = 0. (32)

This corresponds to a characteristic equation which solves for the characteris-
tic exponents \g. For the singular part of the in-plane stress fields there have
to be characteristic exponents in the range 0 < Re[A;] < 1. The lower limit
ensures that the strain energy in the region regarded remains finite. The upper
limit is the value which separates the singular from the regular stress fields.
Hence, a sufficient number of exponents Re [\¢] > 1 is needed to describe the
regular stress fields.

Having determined the characteristic exponents \; the evaluation of the cor-

responding vector vy is readily performed.

11



2.5 Identification of the Mechanical In-plane Fields

As indicated before, the complex potentials for the situation regarded are a
linear combination of an infinite number of terms according to Equation (10).
Since a feasible representation of the mechanical in-plane fields is sought for,
these fields are represented as truncated series with the K lowest admissible
characteristic exponents A\, of the complex potentials retained. Thus, the se-
ries is build up in such a way that N terms with real valued characteristic
exponents A\, and K — N = M terms with complex valued characteristic ex-
ponents A, express the displacement field due to deformation and rigid body

rotation as

N
UT<T, 9) = Z Cnrfnfuy- (07 Hj, )‘n)
n=1

M
+ Z rém (c1mG1u, (0, 115, Am) + CamGau, (0, 1, Am)) 5 (33)

m=1

N
ug(r,0) = Z cnrgnfug (0, i, An)
n=1

M
+ Z Tgm (Clmglue (67 Mg )‘m) + ComG2u, (97 Mg Am)) : (34>

m=1

In these series representations the terms are ordered with increasing magnitude
of the characteristic exponents’ real part. The coefficient functions f,, and f,,

denote expressions with real valued exponents as

Fur (6,11, M) = Re [Fyn(py x + 45 ) (x + 15 )™ (35)

Fuo (0, 185, An) = Re [ Fju (= pj s + 4 ) (x + 145 6)™] (36)

12



and g1y, , G2u,, J1u, and goy, represent the expressions with complex valued

exponents as

91u, (97 ,uj> )\m) = Re [Cm(pj X + Qj C) (F}m(X + Mg g)Am + Gjm(X + /Lj C)/\m>}
(37)

G2u, (0, 185, Am) = Re [iom (D X + @5 ) (Fym(x + 115 ™ = G (X + 11 6™ )]
(38)

iy (0, 115, An) = Re [Gn(= 2 s + 45 X) (Fim(x + 115 )™ + G+ 15 )|
(39)

G2ug (0: 115, Am) = Re [i0m(—= ;s + 5 %) (Fjm (X + 15 )™ = G (x + 115 6)™™ )|
(40)
These coefficient functions are obtained by substituting the complex potential
functions from Equation (10) into the expressions for the displacements in
Equations (25) and (26), keeping in mind that for a real valued exponent Ay
the second major summand of the complex potential function in (10) vanishes
as well as there is only use for the constants Fj.
Since the coefficient functions in expressions (35 - 40) do not depend on the
radial coordinate r they can be considered as displacements modes associated
with the respective characteristic exponent.
Then, the total displacement field U,(r,0) and Uy(r,8) is obtained by su-
perposing the displacement field due to deformation and rigid body rotation
u,(r,0) and ug(r, §) with the translative rigid body displacements u,o and uy

in the respective directions as

U, (r,0) = up(r, 0) + cos 0 uyg + sin 0 uy, (41)

Ug(r,0) = up(r, ) — sin 0 uyg + cos 0 uy. (42)

13



The so far unknown coefficients ¢, ci,, and cap, as well as u,o and u, have
to be determined now. This is carried out by defining a closed path I' around
the reinforcement patch corner of a coarse finite element model, see Figure
4. Along this path T', arbitrarily chosen to be circular with a radius rq which
has the value of a characteristic length, e.g. the laminate thickness, a finite
number L of points are selected at angles 01, 6,,...,0;. The displacements at

these points can be expressed in vector notation as

Upoint = Dc. (43)

Here the vector U+ contains the displacements obtained from the finite

element analysis at a selected point ,

U,.(r,0)
U point(1,0) = : (44)

Ug(?", 9)

14



The matrix D composes as follows

l)fPJr

l)gllr

l)g21r

nger

l)g22r

l)glﬂ4r

l)g2ﬂ4r

cos 6

sin @

15

Do

l)gllﬁ

l)g219

1)9129

l)g229

l)glﬂie

l)g2ﬂ49

—sinf

cos

(45)



with the components known from Equations (33) and (34)

Dfm“ = rgnfur (97 M, )\n)
Dglmr = rgmgluT (97 iy, )\m)
Dg2m7“ = rgm.gQur (07 Hi, Am)
(46)
DfTL@ = rgnfue (67 s /\n)
Dglm9 - 7“gmglug (07 M, )‘m)
D92m0 = 7’57"92@ (67 M, >\m)

The unknowns c,, ci,, and cay, as well as uzo and uy are compiled in the

vector ¢ as

T
c = [01, C2,...,CN,C11,C21,C12,C22, - - - C1 M, C2M1 5, U0, Uyo] . (47)

Now for all selected locations (rg,6;) with [ = 1,2,..., L the displacement
vectors U,y are retrieved from the finite element analysis and composed to

a vector U,y

Upoint (TO ) 01 )

Upoint (7107 92)
U, = (48)

Upoint (7007 eL)

16



and the matrices D are similarly joined to give the matrix K as

_ D(rg,61) _
D(ro, 02)
K= (49)
I D(ro,0r) |
This leads to the equation
U.; =Kc (50)

so eventually the vector ¢ can be obtained from
-1
c=(K'K) K'Ug. (51)

To be valid, this method requires that the number of points chosen on the
path I has to be bigger than the number of unknowns to be determined in c,

meaning the inequality

K>L (52)

has to hold.
Afterwards, all mechanical in-plane fields around the interface corner can be

obtained, e. g. the cross-sectional forces as

Cnrgn_lfNr (07 Hojs )‘N)

hE

Nr(ry 0) =

N
Il
—_

rém—t (c1mgin, (0, 145, Am) + cam@an, (0, 115, Am))

+
NE

1

3
I

(53)

17



N
No(r,0) =" car™ " fn, (0, 115, An)

n=1

M
-+ Z rgmil (ClmglNo (07 s )\m) + ComY2anN, <9’ M )\m)) ’
m=1

(54)
N
Nr@(ra 9) = Z CnrgnilfNTg (97 M, )\n)
n=1
M
+ ) T (CimGing, (05 15, Am) + Coman,g (0, 115, Am))
m=1
(55)

where the coefficient functions fn,, gin,, 92n., fn,: 91N, 92N, [N, G1N,, and
g2n,, are given for conciseness in appendix A. Furthermore, in these series rep-
resentations the exponent A\, = 1 is not admitted as characteristic exponent

since this potential term represents a rigid body rotation.

3 Results and Discussion

The structural situations investigated are laminates which are symmetrical
with respect to the thickness direction. The material properties are given in
the usual notation for laminates assembled of unidirectional reinforced plies.
In the z-y-coordinate system given the orientation angle ¥ indicates the fiber
orientation of the ply which is identical with the material 1 —direction. The
orientation angle is counted from the r—axis in a mathematical positive sense.
The applied material is the standard carbon fibre-reinforced plastic (CFRP)

T800/Epoxy, see Table 1. Each ply within the structure is assumed to have an

18



individual thickness of 0.125 mm. The setups are in-plane loaded only. Subse-
quently, the above presented method is employed in a substructure approach.
In this scheme a conventional finite element analysis of the whole structural
situation is performed without the expectation that the results in the corner
vicinity are very precise. Then, as described above, a closed path around the
reinforcement patch corner in the first quadrant is defined as interface I'; see
Figure 4. This interface I' provides data of the displacements along the closed
path at arbitrarily chosen points. The global setup of the corner situation is a
quadratic 100 mmx 100 mm reinforcement patch centered on a base laminate
of x-y-dimensions 1000 mmx 1000 mm. The setup is loaded in the respective
direction with a remote uniform load of N7 =100 N /mm at the edge of the
base laminate, see Figure 1. The structure considered is modeled with shell

elements of the commercial finite element code ABAQUS®.

3.1 Validation of the Method

To ascertain convergence of the above presented method, several solutions
based on truncated series of different lengths have been evaluated and have
proved the assumed property of well behaved convergence of the results. The
reliability of the method is shown here by comparing the results of this method
for the displacements along the interface at #; = 180° in the vicinity of the cor-
ner vertex with the respective results of an analysis performed with the finite
element method (FEM). The results of the finite element analysis for valida-
tion have been obtained with a very finely meshed finite element discretization

and a corresponding high computational effort (CPU-time of 641 seconds on

19



a SUN® Blade 1000 workstation) while the results of the presented approach
are based on a coarse finite element analysis (CPU-time of 76 seconds on a
SUN® Blade 1000 workstation) and a converged series representation with
20 terms (only a few seconds evaluation time for the series representation
on a standard PC). This calculation configuration of a coarse finite element
mesh and the converged series representation is also used for the evaluations
later on. The situation regarded is that of a transversely symmetric reinforced
[0°/90°] s cross-ply laminate. The lay-ups of the reinforcement patches are the
same as the basic laminate, namely [0°/90°]g, and possess rectangular inter-
face corners as one interface runs at #; = 180° and the other one at an angle of
0o = 270°. The structure is loaded uniaxially in the y-direction with the above
assumed uniform load of Np2 = 100 N/mm. Good agreement is observed for

both displacement components u, and uy, see Figures 5 and 6.

3.2 Behaviour of the Membrane Forces around the Interface Corner

The preceding structural and loading configuration is again considered and
investigated with regard to the behaviour of the membrane forces in polar
coordinates. For this purpose, membrane force results are evaluated along a
circle around the interface corner at the distance of the normalized radial co-
ordinate r/rqg = 1, where 7 = 2mm. For comparison reasons the results of
the in-plane forces are normalized with the applied remote load Nj-. These
normalized membrane forces are marked later on with an upper asterisk. As
can be observed, the transition conditions for the normalized in-plane forces
N;j and N}y are fulfilled and the circumferential in-plane force N possesses a

maximum close to the interface at #; = 180°, see Figure 7. This reveals the

20



interface angle 6; as a significant location of the investigated setup. Following
the criterion of Erdogan and Sih [17], which assumes that a possible crack will
grow in radial direction of largest circumferential force, this location where
the circumferential in-plane force is close to a maximum is chosen for closer
investigations. Although the criterion originally has not been postulated for
anisotropic material properties, it is felt that it is a somehow good first guess
for possible failure spots.

So the focus is now on the radial course of the in-plane forces at the interface
61 = 180°. Since particularly the singular behaviour is of concern it is first
investigated whether the singular in-plane force terms are dominant enough
to represent their respective membrane forces sufficiently well in the interval
of 0 < r/ry < 1. For the situation considered there are two singular terms with
real valued characteristic exponents, \; = 0.8219 and A\, = 0.9429. The linear
combination of the singular terms Nj;(A1, A2) are in good accordance with the

behaviour of the converged series representation N of the in-plane forces

ijseries
in the singular regime, as can be seen in Figure 8.

Another interesting aspect is the range over which the individual singular
terms control the singular behaviour of the total in-plane force. For this, the
total resultant in-plane forces and the respective individual singular terms are
depicted in double logarithmic manner. Here it can be seen that the singular
term of the weaker characteristic exponent Ay determines basically the be-
haviour of the circumferential in-plane force in the interval of 1072 < r/rg < 1,
see Figure 9 while the slope of the displayed representations indicate that the
stronger characteristic exponent \; controls the course of all membrane forces
from r/rg = 0 to r/ro = 1073, Figure 10. Hence, in this specific case where

more than one singularity exponent exists it is not possible to give a general

in-plane force intensity factor for the whole singular regime, but one has to
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know a characteristic length in order to know which singular term is in effect
and determines the behaviour of the in-plane forces. Different structural con-
figurations may have only one singular term, as shown by Wigger and Becker
[13], so that only that one has to be taken into account. But the appearance
of more than one singularity exponent leads to the situation that all singular

terms have to be investigated separately.

3.8 Investigation of Singular In-plane Terms

The first structural configuration investigated with respect to the character-
istics of the singular in-plane force terms is a [0°/90°]s base laminate. The
base laminate is reinforced by either two [0°/90°]s patches or by an angle-ply
doubler which is assembled of two [45°/ — 45°]s laminates or by unidirectional
[90°/90°] s patches which add strength and stiffness to essentially one direction.
One loading scenario is a uniaxial loading in the y-direction with an assumed
uniform load of N2 = 100N/mm. The other loading situation is the one of a
shear loading where the remote uniform shear loads Ngz = N22 = 100N/mm
are applied. The loading is again used to normalize the obtained results.
Since the membrane force in the circumferential direction is assumed to be
most critical for the structure only the singular terms of this in-plane force
are investigated. Again the results are evaluated on a circle with the radius
r/ro = 1.

The results of the singular in-plane force terms for the uniaxial loading situa-
tion are depicted in Figure 11. The singular terms for the first characteristic
exponent Ny (A1) have maxima in the area of the base laminate while the sin-

gular terms for the weaker exponent Nj(\y) possess maxima in a range where
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the reinforcements are attached. This means that the maximum of the circum-
ferential in-plane force shifts towards lower angles 6 while the interface corner
is radially approached. Furthermore, the results for the unidirectionally rein-
forced configuration exhibit that the first singular term has clearly the largest
magnitudes in an angle range which is perpendicular to the loading direction.
This reflects the preference of the y-direction of the displacement mode as-
sociated with the first singular in-plane force term, see Figure 15. Whereas
the displacement modes of the first singularity exponent A; of the other two
reinforcement configurations have symmetry properties with respect to the bi-
secting line of the reinforcement patch, see Figures 13 and 14, the influence of
the unidirectional reinforcement is clearly detectable in the mentioned direc-
tion’s preference of the displacement mode which also leads to non-symmetric
features, also seen later on in Figure 20.

The displacement modes are displayed such that a normalized circular refer-
ence contour and its respective deformation are regarded around the vertex
of the corner. The normalized components of the displacement modes are de-
picted as arrows pointing from the reference contour to the respective location
of the deformed contour. The difference between the results for the displace-
ment modes obtained by Wigger and Becker in [18] and the present work
originate from the fact that the results from the previous work have been
calculated numerically while the present approach uses an analytical scheme.
The numerical calculation in the previous work based on an iterative proce-
dure to obtain the eigenvectors.This procedure does not provide any scheme
to ensure that the eigenvectors are orthogonal to each other. In case particu-
lar eigenvalues are numerically close to each other this leads to corresponding
eigenvectors which possess very poor orthogonal properties. In contrast the

analytical approach in the present paper provides inherently orthogonal prop-
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erties to the calculated eigenvectors.

Considering now shear loaded setups the singular displacement modes are
again of value for understanding the results of the singular terms of the cir-
cumferential in-plane force. The results Nj(\;) for the stronger singularity
reveal the symmetry properties of the cross-ply and angle-ply reinforced se-
tups through the fact that the respective two maxima of each in-plane force
term are of same magnitude, see Figure 12. Further, the specific loading to-
gether with the characteristics of the singular displacement modes seem to
excite only the first singular terms V(A1) of these structural setups since the
terms Ny (\2) of the weaker singularity are negligibly small. The difference in
magnitude of the maxima of the first singular term and the existence of the
second singularity term are evidence of the non-symmetric properties of the
displacement modes of the unidirectional reinforced laminate.

Next, the structural configurations of a [45°/ — 45°]¢ angle-ply base laminate
reinforced by the same patches as the cross-ply base laminate are analyzed.
The applied loadings and the location for the evaluation of the circumferen-
tial in-plane force are also identical. The preference of the unidirectionally
reinforced structure is again indicated by the biggest maxima of the first sin-
gular term Ny () of the uniaxial loading, see Figure 16, which also correlates
with the particular singular displacement modes, Figure 20. The shapes of the
displacement modes associated with the singular in-plane force terms of the
angle-ply and the cross-ply reinforced laminate reveal that a uniaxial load-
ing favors none of them. Consequently the maxima of these singular in-plane
force terms are of the same magnitude for each singular term. Noteworthy is
the fact that the displacement mode of the first singularity of the cross-ply
reinforced structure looks very similar to the displacement mode of the second

singularity of the setup where angle-ply patches are attached, see Figures 19
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and 18. This fact is reflected in the results for the respective first and second
singular in-plane force terms of the uniaxial and the shear loading. For the
shear loading these terms vanish, see Figure 17. So the singular behaviour of
the circumferential in-plane force of the cross-ply reinforced laminate is only
represented by the second singular in-plane force term. The circumstance that
the first singular displacement mode of the angle-ply patched base laminate
shows symmetry characteristics with respect to the patch’s bisecting line and
that the displacement mode is highly orientated along this bisecting line di-

rection results in the biggest maximum of the singular in-plane force terms.

4 Conclusions

Subject of the present analysis is first the development of an analysis tool
with the help of the complex potential method as introduced by Lekhnitskii
for the analysis of in-plane loaded interface corners which assemble of two
anisotropic material sectors. The developed method has been validated and
proven to be reliable. Furthermore, with this method some specific structural
configurations are investigated with respect to the characteristics of their sin-
gular in-plane force terms. It turns out that in the case of the appearance of
more than one singularity term the behaviour of the particular in-plane force
in the singular range can not be determined by only one characteristic value
but that it is essential to consider all singular in-plane force terms and that
these singular in-plane force terms are in effect in different regimes of scale.
Moreover, the displacement modes associated to the singular in-plane force
terms give a deeper insight into the possible structural behaviour under cer-

tain loading conditions and deliver explanations for the incidence or vanishing
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of singular in-plane force terms. This may be of value for the assessment of

specific structural situations in regard to failure mechanisms.

A Appendix

The radial membrane forces have the following coefficients

e (0,15, M) = Re [Fjun(s = 15 )2 (x + 3 )™ (A1)

i, (0, 115 Am) = Re [Gnls = 115 )" (FymAm (X + 15 9+ Gomdn (O + 1156
(A.2)

92, (0,117, M) = Re [iom (s = 115 X)? (FymAn(X + 15 )™ ™ = GimAm(x + 15 )71
(A.3)

while for the representation of the cross-sectional forces in the circumferential

direction one needs

Iy (8, 1, Xn) = Re [Fyndn(x + g1 )2(x + 1 )™ '] (A4)

918y (0, 185 Am) = Re [Gn(x + 115 6)> (FjmAm (X + 185 )™+ GimAm (X + 115 ) 71|
(A.5)

Ga8y (0 15 Mn) = Re [i0m(x + 145 ) (FmAm (X + 115 )M = G A (x + 15 )71
(A.6)

The shear in-plane forces can be represented with the coefficients

e (0,115 0) = Re | Finha(s = 5 ) (X + 15 ) (x5 )71 (A7)
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1, (0, 11, Am) = Re [Gnls = 115 X) (X + 115.6) (FymAm (X + 115 )+ GimAm(x + 11671
(A.8)

928, (0115, Am) = Re [iom(s = 15 X)(x + 15 6) (FjmAm(x + 115 )™ = GmAmn (x + 15 )71
(A.9)
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Fig. 1. Reinforced laminate and detailed view of a corner
Fig. 2. Two-dimensional modelling of a three-dimensional structural situation
Fig. 3. Transformations to obtain domain Q! and domain Q/
Fig. 4. Definition of the interface path T' in the finite element model (only one
quarter of finite element model is depicted)
Fig. 5. Comparison of displacements w, at the reinforcement corner at ; = 180°
obtained with the complex potential method and with FEM
Fig. 6. Comparison of displacements ug at the reinforcement corner at 6, = 180°
obtained with the complex potential method and with FEM
Fig. 7. Normalized in-plane forces N;; around the interface corner on a circle at
distance r/ro =1
Fig. 8. Normalized in-plane forces N;; at the interface 1 = 180° given by a converged

series representation Nf;‘ series

and by a two singular term representation N5 (A1, A2)
Fig. 9. Normalized in-plane forces N{; at the interface 6; = 180° given by a converged

series representation Ni’; series

and by the second singular term N;(\2)
Fig. 10. Normalized in-plane forces N; at the interface 1 = 180° given by a con-

. . : *
verged series representation Niiseries

and by the first singular term N/;(A1)
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Fig. 11. Normalized singular terms N ()\;) around the interface corner at r/rg =1

of a cross-ply base laminate under remote uniaxial loading

Fig. 12. Normalized singular terms Ny(A) around the interface corner at r/rg = 1
of a cross-ply base laminate under remote shear loading

Fig. 13. Singular displacement modes f,, (Ax) and fy, (Ax) of a cross-ply base lami-
nate reinforced with cross-ply patches and interfaces at 81 = 180° and at 6 = 270°
Fig. 14. Singular displacement modes f,, (Ax) and fy, (Ax) of a cross-ply base lami-
nate reinforced with angle-ply patches and interfaces at ; = 180° and at #, = 270°
Fig. 15. Singular displacement modes fy, (Ax) and fy,(Ag) of a cross-ply base lam-
inate reinforced with unidirectional patches and interfaces at ¢; = 180° and at
0y = 270°

Fig. 16. Normalized singular terms Ny(\;) around the interface corner at r/rg =1
of an angle-ply base laminate under remote uniaxial loading

Fig. 17. Normalized singular terms Ny(A) around the interface corner at r/rg = 1
of an angle-ply base laminate under remote shear loading

Fig. 18. Singular displacement modes fy, (Ax) and fy,(\x) of an angle-ply base lam-
inate reinforced with cross-ply patches and interfaces at #; = 180° and at 6, = 270°
Fig. 19. Singular displacement modes fy, (Ax) and fy,(Ax) of an angle-ply base lam-
inate reinforced with angle-ply patches and interfaces at #; = 180° and at 6, = 270°
Fig. 20. Singular displacement modes f,, (Ax) and fy,(Ag) of an angle-ply base
laminate reinforced with unidirectional patches and interfaces at #; = 180° and at

0 = 270°
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Engineering Constant Value Unit
F 135,000 MPa
Ey 10,000 MPa
G12 5,000 MPa
V12 0.27 -

Table 1

Engineering constants of a T800/Epoxy standard material





