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Thermal Convection Heated both
Volumetrically and from Below: Implications

for Predictions of Planetary Evolution

G. Choblet *

Université de Nantes, Nantes Atlantique Universités, CNRS, Laboratoire de

Planétologie et Géodynamique, UMR 6112, France

E. M. Parmentier

Brown University, Providence, Rhode-Island, USA

Abstract

Solid-state thermal convection, as a model for the internal dynamics of planetary
mantles, is generated both by volumetric heating and heating from below. A se-
ries of 2D and 3D numerical experiments is described where a bottom heat flux is
prescribed as well as a constant fraction of volumetric heating with either free-slip
or no-slip conditions for the two horizontal boundaries. The assumption that hot
plumes rising in the interior of the layer act as a volumetric heat source leads to a
first order scaling of thermal boundary layers. Cases with a no-slip boundary agree
well with this scaling while cases with free-slip systematically deviate: a decrease of
20-30 % is observed for the temperature difference across the boundary layer when
the fraction of heating from below is increased from 0 to 1. These differences are
attributable to a velocity structure near the boundary varying with the fraction of

volumetric heating. The main planetary implications are that (i) the average ther-
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mal structure of the bulk mantle and lithosphere are not good indicators of the
distribution of heat sources between the interior (e.g. radioactive heating, secular
cooling) and the lower interface (e.g. core cooling) ; (ii) in contrast, the nature of
volcanism (wether it is localized, hot-spot like or widespread) reflect this distribu-
tion and should thus help to constrain the global thermal structure as well as the

existence of a magnetic dynamo.

Key words: Planetary interiors, Mantle convection, Thermal evolution, Boundary

condition

1 Introduction

Solid-state thermal convection in planetary mantles is generated both by vol-
umetric heating and heating from below. Volumetric heating may be due to
radioactive decay and tidal dissipation; and, in a steady-state approxima-
tion, secular cooling can also be approximated as a volumetric heat source
(e.g. Krishnamurti, 1968a,b; Daly, 1980; Choblet and Sotin, 2000). Numerous
models of thermal evolution have also assumed that heating from below can
be represented as a volumetric heat source. Recent examples include thermal
evolution models of Nimmo and Stevenson (2000) and Parmentier and Zuber
(2007). The results of this work identify the conditions under which this is a

reasonable approximation.

For terrestrial planets, cooling and solidification of the iron-rich core is a pri-
mary source of heating from below, and heat flux out of the core, transported

by thermal convection in a largely solid silicate mantle, should control the

* 2. rue de la Houssiniere, BP 92 208, 44 322 Nantes Cedex 3, France
Email address: Gael.Choblet@univ-nantes.fr (G. Choblet).
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strength of the magnetic field along with the solidification rate of the core
(e.g. Labrosse et al., 2001; Stevenson, 2001). Among the terrestrial planets,
differing size of the core should imply significant differences in the relative
amounts of volumetric heating and heating from below. This heating should
also vary during the evolution of the planet, an effect which could be particu-
larly large for a planet such as Mercury with a relatively large core (cf. Zuber
et al., 2007). For differentiated icy satellites, radiogenic heat in a silicate core
can heat an overlying icy mantle from below and tidal dissipation may heat it
volumetrically. The resulting temperature distributions in the convecting icy
layer will determine whether and how much of this layer will be liquid (e.g.
Tobie et al., 2003; Roberts and Nimmo, 2008). For both terrestrial planets and
icy satellites, the relative proportions of heating from below and volumetric
heating results in variations of mantle temperature distributions that should
be reflected in the style of volcanism, from one dominated by local hot spots
at the top of rising plumes to more globally distributed extrusions perhaps

controlled by lithospheric structure.

This study examines scaling relationships for the rate of heat transfer and
thermal structure of a layer of viscous fluid heated both from within and
from below. Such scaling relationships provide estimates of heat transfer rate
and thermal structure leading to a first order understanding and can guide
large scale models for mantle convection that, requiring specific choices for a
number of physical parameter, can be carried out for a limited range of condi-
tions. Although many previous studies have treated either volumetric heating
or heating from below, few have considered their combined effects (McKenzie

et al., 1974; Ishiwatari et al., 1994; Sotin and Labrosse, 1999; Shahnas et al.,
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2008; Moore, 2008). Among these, only threee studies have treated systemat-
ically convection in a fluid layer with mixed heating in order to derive scaling
relationships: Sotin and Labrosse (1999) derived a boundary layer analysis
from 3D numerical experiments in a Cartesian framework (tested with results
in a 3D spherical shell by Shahnas et al., 2008, who also address the influence
of the shell thickness) and, more recently, Moore (2008) proposes a specific
scaling for the bottom hot boundary layer.

This study, along with these earlier ones, consider a uniform viscosity fluid
even though deformation due to thermally-activated creep is expected to be
strongly temperature dependent. Studies of thermal convection in a fluid with
strongly temperature-dependent viscosity both for heating from below (Solo-
matov, 1995) and volumetric heating (Grasset and Parmentier, 1998) along
with laboratory studies for secular cooling (Davaille and Jaupart, 1993), show
that convection beneath a suitably defined conductive lid near the cold top
boundary may be treated as convection in an isoviscous fluid. We have consid-
ered the four combinations resulting from two possible mechanical boundary
conditions (free-slip and no-slip) for the two horizontal interfaces of the fluid
layer. In the case of planetary interiors, a free-slip condition may best repre-
sent the interface of a convective solid layer with an adjacent liquid layer such
as a liquid iron rich-core beneath a silicate mantle in the case of most terres-
trial planets but also when a deep ocean lies under or over an icy layer as is
suggested for example in the case of large satellites such as Europa (e.g. Tobie
et al., 2003) or Enceladus (e.g. Roberts and Nimmo, 2008); a no-slip condi-
tion (though it is not investigated as thoroughly as the free-slip boundary by
previous studies) is likely to be more characteristic of the interface between
two solid layers (e.g. icy layer over a silicate rich core within the satellites

already mentioned). Finally, as indicated above, the stagnant lid regime is
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well described by the juxtaposition of a conductive lid above an almost isovis-
cous convective sublayer : for this reason, in the constant viscosity framework,
small-scale convection beneath the lithosphere on a one-plate terrestrial planet
(beneath continents in the case of the Earth) is addressed in a better way with
a no-slip condition.

Both Sotin and Labrosse (1999) and Moore (2008) treated a prescribed, uni-
form temperature on the bottom boundary. In constrast, we consider a pre-
scribed heat flux since this allows a simpler approach to developing an intuitive
understanding of the scaling involved. While a uniform temperature is more
appropriate for the top of a very low viscosity convecting core, a prescribed
heat flux might be more relevant for the interface between a deep silicate
core/layer with an icy shell. We show that both uniform temperature and

uniform heat flux give similar results.

2 Theoretical formulation

Equations for convection in very viscous fluids have been reported in numerous
earlier studies. Adopting the Boussinesq approximation, the incompressibility
condition along with the conservation equations for heat and momentum are
considered. Relevant physical properties of the fluid are thermal conductivity
k, thermal diffusivity s, and viscosity p. The fluid density with a reference
value pg is treated as a linear function of temperature as described by coef-
ficient of thermal expansion a. The nondimensionalizations use the following
characteristic scales: the length scale L is chosen as the depth of the fluid
layer, and the diffusive scale L?/k for time. The temperature scale fL/k is

based on the heat-flux f through the top boundary. Note that since both the
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bottom heat flux f, and the volumetric heating rate H are prescribed, f is
also a prescribed parameter in the present numerical experiments while the
global temperature difference is a result of the calculations. Two dimension-
less parameters are thus introduced, the Rayleigh (Ra; = apogfL*/krp) and
Prandtl (Pr = p/pox) numbers. For convection in a very viscous fluid, we

consider the limit of infinite Pr.

The resulting dimensionless equations are solved numerically in a rectangu-
lar two or three dimensional domain with periodic conditions on the vertical
boundaries. A uniform heat flux is prescribed on the bottom, and a constant
temperature on the top. Combinations of free-slip and no-slip conditions on
the top and bottom boundaries considered are listed in Table 1. The aspect

ratio of the domain is (1:2) in 2D and (1:1:1) in 3D.

Numerical experiments are based on solutions of the equations obtained us-
ing second order finite volume approximations for the pressure, velocity, and
temperature fields on a staggered mesh. With buoyancy forces derived from
the temperature field at a given time, the flow equations are solved iteratively
using a multi-grid method with Gauss-Seidel smoothing in V-cycles. The ad-
vection of temperature in the energy equation is treated using an explicit

scheme that minimizes numerical diffusion (Smolarkiewicz, 1984).

For the parameter ranges considered here, persistently time-dependent tem-
perature and velocity fields are obtained. Each numerical experiment is run
to a secular steady state in which the mean temperature and heat flux do not
change with time, and then for a sufficiently long time interval that accurate

stationary time averages can be obtained.
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3 Results

A simple approximation for mixed heating would be to assume that hot plumes
from the bottom thermal boundary rise into the cooler interior of the convect-
ing fluid, losing their heat, and thus acting as a volumetric heat source. The
heat flux transported through the top boundary would then follow the same
scaling as for volumetric heating alone, when only a cool top boundary layer
is present. Conservation of energy requires that the heat flux across the top
boundary f = f, + HL (with H the dimensionless rate of volumetric heat-
ing). With scaling laws for volumetrically heated convection (Parmentier and
Sotin, 2000), the dimensionless temperature difference across the top bound-
ary is given by

fL

Al o« ———
! kRa}/ 4

(1)
Within the present hypothesis, the temperature difference is independent of
the fraction of the heat flux derived from below (¢* = f,/f). If velocities
near the top and bottom boundary layers are essentially equal, then the two
boundary layer thicknesses would be the same and the temperature difference

across the bottom boundary layer is

AGy = ¢*Ab, (2)

Comparison with this simple first order hypothesis then provides a basis for
describing and interpreting the results of numerical experiments. Deviations
from this scaling would indicate the conditions under which velocities and
temperatures near the boundaries are affected by the distribution of heating.

For example, it is reasonable to expect that hot plumes rising from the lower
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boundary have an increasing effect on heat transfer across the top boundary

layer as the fraction of heating from below increases.

The temperature differences across the top and bottom boundary layers as
a function of ¢* are shown in Figure 1 (a normalized temperature differ-
ence is computed using Af;(¢*) = 0 as a reference temperature difference).
Time-averaged values of horizontally-averaged temperatures as a function of
depth shown in Figure 2 (also displaying maximum and minimum profiles) are
used to evaluate Af; and Af,. In Figure 1-a,b,c,d, the numerical experiments
correspond to a single value of Ray(= 10®) and the temperature differences
plotted are normalized by the value obtained for the volumetrically heated
case (¢* = 0). According to the simple first order hypothesis, temperature
differences across the hot and cold boundary layers would follow the solid
lines shown. For the case of no-slip top (Figure 1-a) and bottom boundaries,

calculated temperature differences follow this first order hypothesis very well.

As shown in Figure 1-b, the case with free-slip boundaries deviates from the
simple scaling hypothesis, showing a gradual decrease of the temperature dif-
ference across both boundary layers as the amount of heating from below
increases relative to the simple prediction. The temperature difference across
the cold boundary layer is 30 % smaller with pure heating from below (¢* = 1)
than with pure volumetric heating (¢* = 0). The hot boundary layer follows
a similar trend. The slight differences between A#; and A#, for ¢* = 1 are
attributable to the asymmetry in the temperature boundary condition in our
experiments: temperature is prescribed at the top while flux is prescribed at

the bottom.
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Interestingly, for cases with mixed boundary conditions (Figure 1-c,d), the
variation of the temperature differences (A#) with ¢* reflect directly the local
boundary condition on velocity or stress. For a no-slip top and a free-slip
bottom (Figure 1-c), as for no-slip at both boundaries, Af; does not vary
much with ¢* so that the first-order scaling is valid. The variation of A#,
with ¢* is comparable to that observed for the pure free-slip case, with the
exception of the value for ¢* = 1 that is not as small. The results of Figure
1 also indicate that rising hot plumes affect the free-slip top boundary layer
more strongly for a no-slip (Figure 1-d) than for a free-slip (Figure 1-b) bottom
boundary. This is consistent with the observation that more widely spaced hot
plumes are obtained for the no-slip bottom boundary. Larger plumes rise more
rapidly, remaining hotter as they rise, and therefore more strongly perturbing

the velocity and temperature fields near the top boundary.

Figure 1 also shows the variations of the maximum temperature difference
across the top boundary (A#;"**). For the cases with a no-slip top boundary,
AG* increases with ¢*. In contrast, for a free-slip top boundary, A#"** is

relatively independent of ¢*. For a given ¢*, the difference between A and

Q;nax
A0, indicates how much hotter localized areas at the top of hot rising plumes
would be. This difference increases with ¢* for all cases, but most strongly for

the free-slip top boundary.

Figure 1-e,f summarizes all the numerical experiments carried out in this study
(for various values of Ray and both 2D and 3D cases). The variation with Ray
is accounted for in the normalization of the A# values, but the results (see
Figure 3) follow the scaling (1) where the exponent is very close to —1/4. The
same features described earlier are observed for all these cases. Cases with

no-slip top follow the simple scaling of Eqs. 1 and 2. Free-slip cases, although
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they exhibit more scatter, also follow the same behavior observed in Figure
1-b. Note however, that the effect of decreasing Af; with increasing ¢* seems
to be enhanced in 3D calculations. Results from earlier studies (Sotin and
Labrosse, 1999; Moore, 2008) lead to the same variation Af(q*), with slightly
more scatter but no consistent deviation. The need to normalize Af with a
global scaling (1) may introduce some of this scatter. The general agreement
indicates that the nature of the boundary condition on the bottom, whether

prescribed heat flux or temperature, does not affect this behavior much.

The thickness of the cold thermal boundary layer varies with position and time
but is largely controlled by the thickness that develops at stagnation points:
only minor thickening occurs away from stagnation points. Thus considering
the thermal structure near stagnation points allows an analysis of the main
difference between free-slip and no-slip cases in terms of the structure of the
velocity fields near the boundaries. In the free-slip case, the vertical velocity W
associated with a hot upwelling impinging on the cold boundary layer varies
linearly with depth z (/W = —Az) while in the no-slip case, (W = —Az?).
With the stagnation-point thickness (§°P) defined as the depth where this
vertical velocity is balanced by a diffusive velocity (2rx/0°" ), the variations of
0°P can simply be expressed as a function of the appropriate vertical derivative

(D"W = d"W/dz") in dimensionless variables:

5sp 2 1/(n+1)
\ (DWV) (3)

with n = 1 for free-slip and n = 2 for no-slip. §°” and D"W for cases presented
in Figure 1-a,b, are plotted in Figure 4, and show that the scaling (3) correctly
describes the variations of stagnation point thicknesses with ¢*. For the free-

slip case 0°” and D"™W vary significantly with ¢* and in such a way that (3)

10

Page 10 of 50



214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

is satisfied. In contrast, the results for the no-slip boundary do not vary much
with ¢* and, with the smaller variation, a clear trend with increasing ¢* cannot

be discerned.

We conclude here that the decrease of the temperature difference across the
cold boundary layer as the fraction of heating from below increases can be
attributed mostly to the velocity structure near the boundary. For the free-
slip boundary the vertical velocity is affected by the distribution of heating,
particularly the strength of the hot plumes rising from the lower boundary,
much more than for the no-slip boundary. This results in an increase of W
with increasing ¢* and thus a decrease of the stagnation point thickness mainly
responsible for the decrease of the average temperature differences Af; and

Af, relative to the simple scaling.

4 Conclusions

A simple scaling in which heat from the lower boundary can be treated as
an additional volumetric heat source provides a first order description for the
case of a no-slip top boundary. For a free-slip top boundary, however, both
the top boundary layer temperature difference and thickness decrease relative
to the prediction of this simple scaling by about 20-30 % with increasing ¢*.
For the same heat flux, whether a uniform temperature or a uniform heat flux
condition is prescribed on the lower boundary does not appear to influence

the temperature difference across the top boundary layer.

A compilation of earlier results with a prescribed uniform basal temperature

(Sotin and Labrosse, 1999; Moore, 2008) together with results from this study
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with a prescribed basal heat flux indicates that the trends observed in all
the experiments for the temperature difference across boundary layers as a

function of the amount of basal heating are similar (Fig. 1-f).

Our results show that hot plumes rising from lower boundary have a much
stronger influence on velocity and thermal structure of the top boundary layer
for a free-slip top boundary. For a no-slip top boundary, the simple scaling
implies that the effect of hot plumes on the boundary layer structure is re-
markably small. As shown in Figure 1, the effect of rising hot plumes on the
free-slip top boundary layer is larger for a no-slip (Fig. 1-b) than for a free-slip
(Fig. 1-d) bottom boundary. This is consistent with the observation that more
widely spaced hot plumes are larger for the free-slip bottom boundary. Larger
plumes remain hotter and rise more rapidly therefore more strongly perturb-
ing the velocity and temperature fields near the top boundary. The mechanical
boundary conditions thus have an important influence on the thermal struc-

ture of boundary layers.

As indicated earlier, in the case of planetary interiors, a free-slip condition
may best represent the (liquid) core-(solid) mantle boundary from the mantle
“point of view”. A no-slip condition may be more characteristic of the inter-
face between a cold and viscous plate and a convective mantle. For a planet in
which the lithosphere acts as a conductive lid, the scaling for no-slip bound-
aries thus indicate that the thermal evolution of the mantle and the average
thermal structure of the planetary lithosphere should not strongly reflect the
distribution of heating, whether by cooling of the core, radiogenic heating or

secular cooling.

In contrast, the difference between the maximum and the average tempera-
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ture beneath the top boundary layer increases with ¢* (see Fig. 1 and Fig.2).
Since the maximum temperature at a given depth depends significantly on
the distribution of heating, the nature of volcanism should remain an impor-
tant indication of the distribution of heating. For example, a transition from
globally distributed volcanic activity, reflecting widespread partial melting
beneath the thermal boundary layer, to localized hot spot volcanism should
indicate the changing relative importance of secular cooling (volumetric heat-
ing) and heat flux out of the core. Note that the heterogeneous distribution of
radioactive elements, especially if heat-producing elements are concentrated in
a deep region, as is suggested in models advocating a deep-enriched reservoir
for the Earth (e.g. Tackley, 2000) or, as a possible result of the overturn of
a magma ocean cumulate on Mars (e.g. Elkins-Tanton et al., 2005), can also
shape this distribution of heat. The distribution of volcanism should thus help
to constrain the global thermal structure as well as the existence of a magnetic
dynamo. Conversely, the average thermal structure of the lithosphere should
be a good indicator of the global heat flux, but the distribution of volcanism

should not since this depends significantly on the distribution of heating
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Table 1: List of the (2D and 3D) numerical experiments

conducted for the present study. BC denotes the mechan-

ical condition for the top and bottom boundaries (FS:

free-slip, NS: no-slip). W, and Wy, refer to the maxi-

mum upwelling and downwelling velocities.

2D-3D BCy,, BCh  Ray 7 A, Ab, W Wao

2D NS NS 1.00E+08 -0.2 3.717E-02 £ 6.861E+02 1.539E-+03
2D NS NS 1.00E+08 0 3.796E-02 D, 7.992E+02 1.697E+03
2D NS NS 100E408 0.2 3877E-02 9.501E-03 1.049E+03 1.862E+03
2D NS NS 1.00E+08 0.4 3.884E-02 1.659E-02 1.200E+03 2.003E+03
2D NS NS 100E408 0.5 3.885E-02 2.009E-02 1.442E+03 2.078E+03
2D NS NS 1.00E408 0.6 3.850E-02 2.268E-02 1.465E+03 1.969E+03
2D NS NS  1O00E408 0.7 3.835E-02 2.679E-02 1.711E+03 2.186E+03
2D NS NS 1.00E4+08 0.8 3.839E-02 3.026E-02 1.950E+03 2.325E+03
2D NS NS 100E408 0.9 3.829E-02 3.370E-02 2.189E+03 2.442E+03
2D NS NS 100E4+08 1 3.778E-02 3.673E-02 2212E+03 2.361E+03
2D NS NS 1.00E+07 0 6.373E-02 — 2.775E+02  5.431E+02
2D NS NS 1.00E+07 0.2 6.683E-02 1.491E-02 3.382E+02 6.511E+02
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2D

2D

2D

2D

2D

2D
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2D

2D

2D

2D
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0.4

0.6

0.1

0.2

-0.2

0.2

0.4

0.5

0.6

0.7

0.8

0.9

0.2
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6.576E-02

6.485E-02

1.174E-01

1.179E-01

1.183E-01

2.383E-02

2.379E-02

2.344E-02

2.284E-02

2.243E-02

2.207E-02

2.148E-02

2.090E-02

2.030E-02

1.694E-02

2.364E-02

2.334E-02

2.623E-02

3.757E-02

1.390E-02

2.313E-02

4.581E-03

8.344E-03

9.958E-03

1.169E-02

1.321E-02

1.475E-02

1.590E-02

1.467E-02

4.459E-03

4.125E+02

5.106E4-02

9.016E+01

1.103E+02

1.309E+02

6.484E4-02

7.427E4-02

9.982E4-02

1.351E+03

1.310E+4-03

1.728E4-03

1.938E+03

2.258E+403

2.745E+03

3.615E+03

7.157E+402

8.332E4-02

6.408E+02

7.225E4-02

2.339E4-02

2.531E402

2.716E+402

1.875E4-03

2.084E4-03

2.319E+03

2.517E+03

2.430E+403

2.752E4-03

2.799E+03

3.084E4-03

3.569E+-03

3.443E+03

1.994E+03

2.148E+03
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2.288E-02

2.182E-02

2.074E-02

1.849E-02

3.812E-02

3.879E-02

3.878E-02

3.880E-02

3.842E-02

3.829E-02

3.822E-02

3.807E-02

3.721E-02

2.378E-02

2.355E-02

2.314E-02

2.267E-02

8.416E-03

1.162E-02

1.471E-02

1.535E-02

4.707E-03

8.492E-03

1.027E-02

1.209E-02

1.383E-02

1.552E-02

1.721E-02

1.874E-02

9.678E-03

1.709E-02

2.053E-02

1.172E+03

1.465E+03

1.949E4-03

3.084E4-03

7.957TE+02

1.078E4-03

1.449E4-03

1.613E+403

1.928E4-03

2.240E+03

2.550E+03

3.289E4-03

3.748E+03

7.463E4-02

9.647E+402

1.249E4-03

1.404E+03

2.462E4-03

2.523E+03

2.879E+03

3.770E+03

1.773E403

1.942E+03

2.117E+03

2.176E+03

2.295E+03

2.408E+03

2.489E+03

2.555E+03

2.120E+403

2.099E+03

2.272E403

2.486E+03

2.531E4-03
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2.213E-02

2.178E-02

2.155E-02

2.159E-02

2.145E-02

2.418E-02

2.418E-02

2.423E-02

2.408E-02

2.368E-02

2.211E-02

2.078E-02

1.676E-02

3.380E-02

6.116E-02

3.366E-02

3.346E-02

2.386E-02

2.726E-02

3.053E-02

3.352E-02

3.644E-02

1.752E-03

3.642E-03

5.440E-03

7.320E-03

1.064E-02

1.262E-02

1.507E-02

3.881E-03

7.093E-03

1.555E4-03

1.739E+4-03

1.911E+403

1.992E+03

2.079E+03

5.760E+-02

6.287E+02

7.747TE4-02

1.016E+4-03

1.306E+-03

1.822E+403

2.789E+03

4.354E4-03

6.415E+02

2.060E4-02

7.528E4-02

9.412E4-02

2.613E+03

2.755E+03

2.992E4-03

3.402E4-03

3.795E+03

3.027E+03

3.307E+03

3.458E+03

3.638E+03

3.653E+403

3.635E+03

4.864E4-03

4.522E4-03

1.956E+03

7.562E402

2.034E4-03

2.072E4-03
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3D NS NS  1.00E+08 0.3 3.325E-02 9.934E-03 1.123E4+03 2.146E+03

3D NS NS  1.00E+08 0.4 3.277E-02 1.263E-02 1.385E+403 2.249E+403

3D NS NS  1.00E+08 0.6 3.278E-02 1.799E-02 1.987E+4+03 2.690E+03

3D NS NS  1.00E+08 0.8 3.293E-02 2.468E-02 2.758E+403 3.546E+03

3D NS NS  1.00E+08 0.9 3.254E-02 2.722E-02 3.095E+403 3.878E+03

3D NS NS  1.00E+07 1  3.204E-02 2.965E-02 3.650E+403 3.624E+403
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Fig. 1. Normalized temperature difference (Aé) across the boundary layers as a
function of fraction of heating from below (¢*) for various mechanical boundary
conditions. All panels report dimensionless values for A6, (filled symbols), A8
(empty symbols) and A#*** (crosses) normalized by Af(¢* = 0) (free-slip or no-s-
lip, all heating from within). The horizontal and diagonal lines refer to the simple
hypothetical scaling discussed in the text. Upper panels (a,b,c,d): 2D numerical ex-
periments with Ray = 10%. Purely no-slip (a) or free-slip (b) and cases with (mixed)
conditions: no-slip top and free-slip bottom (c) or the reverse (d). Lower panels (e,f):
all numerical experiments performed for this study (2D: circles, 3D, squares) as well
as results from previous studies shown by stars (Moore, 2008) and diamonds (Sotin
and Labrosse, 1999).
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Fig. 2. Time-averaged temperatures as a function of depth. On each panel, three
profiles are displayed: horizontally-averaged , minimum and maximum temperatures
at a given depth. Three values of the fraction of basal heating (¢*) are shown for
free-slip boundaries and Ray = 108. Bold lines and arrows describe the procedure
chosen to evaluate the temperature differences (A6, Afy) and the maximum (mini-
mum) temperature differences (Af"**, AG;***) from the various profiles. Note that
since heat-flux is prescribed on the bottom boundary, all profiles have the same

slope there while the slopes differ at the the top boundary (¢/*** > 1).
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Fig. 3. Temperature difference across top thermal boundary layer (A6;) as a function

of the flux-based Rayleigh number (Ray). The straight line shows an ideal Ra}f1

/4

scaling as in Eq. 1. (a) Results from numerical experiments with a no-slip top

boundary. For each of the three values of Ray, the ranges including all the result is

displayed as a rectangle with a missing side (on the right for 3D, on the left for 2D).

(b) Results from numerical experiments with a free-slip top boundary. As in (a)

results from this study are displayed using rectangles. Results from previous studies

are shown by circles (Moore, 2008) and triangles (Sotin and Labrosse, 1999). Empty

symbols refer to mixed heating while filled symbols refer to only heating from below.
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Fig. 4. Stagnation-point boundary layer thickness §°P(= Af;"*" /¢;"*") as a function
of the appropriate vertical velocity derivative D"W (computed from the maximum
vertical velocity profile at each time-step, averaged through time). Purely no-slip
and purely free-slip results also shown in Figure 1-a,b (Ras = 10%). Lines refer to

the simple stagnation-point scaling indicated in the text (3).
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Abstract

Solid-state thermal convection, as a model for the internal dynamics of planetary
mantles, is generated both by volumetric heating and heating from below. A se-
ries of 2D and 3D numerical experiments is described where a bottom heat flux is
prescribed as well as a constant fraction of volumetric heating with either free-slip
or no-slip conditions for the two horizontal boundaries. The assumption that hot
plumes rising in the interior of the layer act as a volumetric heat source leads to a
first order scaling of thermal boundary layers. Cases with a no-slip boundary agree
well with this scaling while cases with free-slip systematically deviate: a decrease of
20-30 % is observed for the temperature difference across the boundary layer when
the fraction of heating from below is increased from 0 to 1. These differences are
attributable to a velocity structure near the boundary varying with the fraction of

volumetric heating. The main planetary implications are that (i) the average ther-
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10

11

12

13

14

mal structure of the bulk mantle and lithosphere are not good indicators of the
distribution of heat sources between the interior (e.g. radioactive heating, secular
cooling) and the lower interface (e.g. core cooling) ; (ii) in contrast, the nature of
volcanism (wether it is localized, hot-spot like or widespread) reflect this distribu-
tion and should thus help to constrain the global thermal structure as well as the

existence of a magnetic dynamo.

Key words: Planetary interiors, Mantle convection, Thermal evolution, Boundary

condition

1 Introduction

Solid-state thermal convection in planetary mantles is generated both by vol-
umetric heating and heating from below. Volumetric heating may be due to
radioactive decay and tidal dissipation; and, in a steady-state approxima-
tion, secular cooling can also be approximated as a volumetric heat source
(e.g. Krishnamurti, 1968a,b; Daly, 1980; Choblet and Sotin, 2000). Numerous
models of thermal evolution have also assumed that heating from below can
be represented as a volumetric heat source. Recent examples include thermal
evolution models of Nimmo and Stevenson (2000) and Parmentier and Zuber
(2007). The results of this work identify the conditions under which this is a

reasonable approximation.

For terrestrial planets, cooling and solidification of the iron-rich core is a pri-
mary source of heating from below, and heat flux out of the core, transported

by thermal convection in a largely solid silicate mantle, should control the

* 2. rue de la Houssiniere, BP 92 208, 44 322 Nantes Cedex 3, France
Email address: Gael.Choblet@univ-nantes.fr (G. Choblet).
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strength of the magnetic field along with the solidification rate of the core
(e.g. Labrosse et al., 2001; Stevenson, 2001). Among the terrestrial planets,
differing size of the core should imply significant differences in the relative
amounts of volumetric heating and heating from below. This heating should
also vary during the evolution of the planet, an effect which could be particu-
larly large for a planet such as Mercury with a relatively large core (cf. Zuber
et al., 2007). For differentiated icy satellites, radiogenic heat in a silicate core
can heat an overlying icy mantle from below and tidal dissipation may heat it
volumetrically. The resulting temperature distributions in the convecting icy
layer will determine whether and how much of this layer will be liquid (e.g.
Tobie et al., 2003; Roberts and Nimmo, 2008). For both terrestrial planets and
icy satellites, the relative proportions of heating from below and volumetric
heating results in variations of mantle temperature distributions that should
be reflected in the style of volcanism, from one dominated by local hot spots
at the top of rising plumes to more globally distributed extrusions perhaps

controlled by lithospheric structure.

This study examines scaling relationships for the rate of heat transfer and
thermal structure of a layer of viscous fluid heated both from within and
from below. Such scaling relationships provide estimates of heat transfer rate
and thermal structure leading to a first order understanding and can guide
large scale models for mantle convection that, requiring specific choices for a
number of physical parameter, can be carried out for a limited range of condi-
tions. Although many previous studies have treated either volumetric heating
or heating from below, few have considered their combined effects (McKenzie

et al., 1974; Ishiwatari et al., 1994; Sotin and Labrosse, 1999; Shahnas et al.,
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2008; Moore, 2008). Among these, only threee studies have treated systemat-
ically convection in a fluid layer with mixed heating in order to derive scaling
relationships: Sotin and Labrosse (1999) derived a boundary layer analysis
from 3D numerical experiments in a Cartesian framework (tested with results
in a 3D spherical shell by Shahnas et al., 2008, who also address the influence
of the shell thickness) and, more recently, Moore (2008) proposes a specific
scaling for the bottom hot boundary layer.

This study, along with these earlier ones, consider a uniform viscosity fluid
even though deformation due to thermally-activated creep is expected to be
strongly temperature dependent. Studies of thermal convection in a fluid with
strongly temperature-dependent viscosity both for heating from below (Solo-
matov, 1995) and volumetric heating (Grasset and Parmentier, 1998) along
with laboratory studies for secular cooling (Davaille and Jaupart, 1993), show
that convection beneath a suitably defined conductive lid near the cold top
boundary may be treated as convection in an isoviscous fluid. We have consid-
ered the four combinations resulting from two possible mechanical boundary
conditions (free-slip and no-slip) for the two horizontal interfaces of the fluid
layer. In the case of planetary interiors, a free-slip condition may best repre-
sent the interface of a convective solid layer with an adjacent liquid layer such
as a liquid iron rich-core beneath a silicate mantle in the case of most terres-
trial planets but also when a deep ocean lies under or over an icy layer as is
suggested for example in the case of large satellites such as Europa (e.g. Tobie
et al., 2003) or Enceladus (e.g. Roberts and Nimmo, 2008); a no-slip condi-
tion (though it is not investigated as thoroughly as the free-slip boundary by
previous studies) is likely to be more characteristic of the interface between
two solid layers (e.g. icy layer over a silicate rich core within the satellites

already mentioned). Finally, as indicated above, the stagnant lid regime is
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well described by the juxtaposition of a conductive lid above an almost isovis-
cous convective sublayer : for this reason, in the constant viscosity framework,
small-scale convection beneath the lithosphere on a one-plate terrestrial planet
(beneath continents in the case of the Earth) is addressed in a better way with
a no-slip condition.

Both Sotin and Labrosse (1999) and Moore (2008) treated a prescribed, uni-
form temperature on the bottom boundary. In constrast, we consider a pre-
scribed heat flux since this allows a simpler approach to developing an intuitive
understanding of the scaling involved. While a uniform temperature is more
appropriate for the top of a very low viscosity convecting core, a prescribed
heat flux might be more relevant for the interface between a deep silicate
core/layer with an icy shell. We show that both uniform temperature and

uniform heat flux give similar results.

2 Theoretical formulation

Equations for convection in very viscous fluids have been reported in numerous
earlier studies. Adopting the Boussinesq approximation, the incompressibility
condition along with the conservation equations for heat and momentum are
considered. Relevant physical properties of the fluid are thermal conductivity
k, thermal diffusivity s, and viscosity p. The fluid density with a reference
value pg is treated as a linear function of temperature as described by coef-
ficient of thermal expansion a. The nondimensionalizations use the following
characteristic scales: the length scale L is chosen as the depth of the fluid
layer, and the diffusive scale L?/k for time. The temperature scale fL/k is

based on the heat-flux f through the top boundary. Note that since both the
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bottom heat flux f, and the volumetric heating rate H are prescribed, f is
also a prescribed parameter in the present numerical experiments while the
global temperature difference is a result of the calculations. Two dimension-
less parameters are thus introduced, the Rayleigh (Ra; = apogfL*/krp) and
Prandtl (Pr = p/pox) numbers. For convection in a very viscous fluid, we

consider the limit of infinite Pr.

The resulting dimensionless equations are solved numerically in a rectangu-
lar two or three dimensional domain with periodic conditions on the vertical
boundaries. A uniform heat flux is prescribed on the bottom, and a constant
temperature on the top. Combinations of free-slip and no-slip conditions on
the top and bottom boundaries considered are listed in Table 1. The aspect

ratio of the domain is (1:2) in 2D and (1:1:1) in 3D.

Numerical experiments are based on solutions of the equations obtained us-
ing second order finite volume approximations for the pressure, velocity, and
temperature fields on a staggered mesh. With buoyancy forces derived from
the temperature field at a given time, the flow equations are solved iteratively
using a multi-grid method with Gauss-Seidel smoothing in V-cycles. The ad-
vection of temperature in the energy equation is treated using an explicit

scheme that minimizes numerical diffusion (Smolarkiewicz, 1984).

For the parameter ranges considered here, persistently time-dependent tem-
perature and velocity fields are obtained. Each numerical experiment is run
to a secular steady state in which the mean temperature and heat flux do not
change with time, and then for a sufficiently long time interval that accurate

stationary time averages can be obtained.
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3 Results

A simple approximation for mixed heating would be to assume that hot plumes
from the bottom thermal boundary rise into the cooler interior of the convect-
ing fluid, losing their heat, and thus acting as a volumetric heat source. The
heat flux transported through the top boundary would then follow the same
scaling as for volumetric heating alone, when only a cool top boundary layer
is present. Conservation of energy requires that the heat flux across the top
boundary f = f, + HL (with H the dimensionless rate of volumetric heat-
ing). With scaling laws for volumetrically heated convection (Parmentier and
Sotin, 2000), the dimensionless temperature difference across the top bound-
ary is given by

fL

Al o« ———
! kRa}/ 4

(1)
Within the present hypothesis, the temperature difference is independent of
the fraction of the heat flux derived from below (¢* = f,/f). If velocities
near the top and bottom boundary layers are essentially equal, then the two
boundary layer thicknesses would be the same and the temperature difference

across the bottom boundary layer is

AGy = ¢*Ab, (2)

Comparison with this simple first order hypothesis then provides a basis for
describing and interpreting the results of numerical experiments. Deviations
from this scaling would indicate the conditions under which velocities and
temperatures near the boundaries are affected by the distribution of heating.

For example, it is reasonable to expect that hot plumes rising from the lower
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boundary have an increasing effect on heat transfer across the top boundary

layer as the fraction of heating from below increases.

The temperature differences across the top and bottom boundary layers as
a function of ¢* are shown in Figure 1 (a normalized temperature differ-
ence is computed using A#,(¢*) = 0 as a reference temperature difference).
Time-averaged values of horizontally-averaged temperatures as a function of
depth shown in Figure 2 (also displaying maximum and minimum profiles) are
used to evaluate Af; and Af,. In Figure 1-a,b,c,d, the numerical experiments
correspond to a single value of Ray(= 10®) and the temperature differences
plotted are normalized by the value obtained for the volumetrically heated
case (¢* = 0). According to the simple first order hypothesis, temperature
differences across the hot and cold boundary layers would follow the solid
lines shown. For the case of no-slip top (Figure 1-a) and bottom boundaries,

calculated temperature differences follow this first order hypothesis very well.

As shown in Figure 1-b, the case with free-slip boundaries deviates from the
simple scaling hypothesis, showing a gradual decrease of the temperature dif-
ference across both boundary layers as the amount of heating from below
increases relative to the simple prediction. The temperature difference across
the cold boundary layer is 30 % smaller with pure heating from below (¢* = 1)
than with pure volumetric heating (¢* = 0). The hot boundary layer follows
a similar trend. The slight differences between A#; and A#, for ¢* = 1 are
attributable to the asymmetry in the temperature boundary condition in our
experiments: temperature is prescribed at the top while flux is prescribed at

the bottom.
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Interestingly, for cases with mixed boundary conditions (Figure 1-c,d), the
variation of the temperature differences (A#) with ¢* reflect directly the local
boundary condition on velocity or stress. For a no-slip top and a free-slip
bottom (Figure 1-c), as for no-slip at both boundaries, Af; does not vary
much with ¢* so that the first-order scaling is valid. The variation of A#,
with ¢* is comparable to that observed for the pure free-slip case, with the
exception of the value for ¢* = 1 that is not as small. The results of Figure
1 also indicate that rising hot plumes affect the free-slip top boundary layer
more strongly for a no-slip (Figure 1-d) than for a free-slip (Figure 1-b) bottom
boundary. This is consistent with the observation that more widely spaced hot
plumes are obtained for the no-slip bottom boundary. Larger plumes rise more
rapidly, remaining hotter as they rise, and therefore more strongly perturbing

the velocity and temperature fields near the top boundary.

Figure 1 also shows the variations of the maximum temperature difference
across the top boundary (A#;"**). For the cases with a no-slip top boundary,
AG* increases with ¢*. In contrast, for a free-slip top boundary, A#"** is

relatively independent of ¢*. For a given ¢*, the difference between A and

Q;nax
A0, indicates how much hotter localized areas at the top of hot rising plumes
would be. This difference increases with ¢* for all cases, but most strongly for

the free-slip top boundary.

Figure 1-e,f summarizes all the numerical experiments carried out in this study
(for various values of Ray and both 2D and 3D cases). The variation with Ray
is accounted for in the normalization of the A# values, but the results (see
Figure 3) follow the scaling (1) where the exponent is very close to —1/4. The
same features described earlier are observed for all these cases. Cases with

no-slip top follow the simple scaling of Eqs. 1 and 2. Free-slip cases, although
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they exhibit more scatter, also follow the same behavior observed in Figure
1-b. Note however, that the effect of decreasing Af; with increasing ¢* seems
to be enhanced in 3D calculations. Results from earlier studies (Sotin and
Labrosse, 1999; Moore, 2008) lead to the same variation Af(q*), with slightly
more scatter but no consistent deviation. The need to normalize Af with a
global scaling (1) may introduce some of this scatter. The general agreement
indicates that the nature of the boundary condition on the bottom, whether

prescribed heat flux or temperature, does not affect this behavior much.

The thickness of the cold thermal boundary layer varies with position and time
but is largely controlled by the thickness that develops at stagnation points:
only minor thickening occurs away from stagnation points. Thus considering
the thermal structure near stagnation points allows an analysis of the main
difference between free-slip and no-slip cases in terms of the structure of the
velocity fields near the boundaries. In the free-slip case, the vertical velocity W
associated with a hot upwelling impinging on the cold boundary layer varies
linearly with depth z (/W = —Az) while in the no-slip case, (W = —Az?).
With the stagnation-point thickness (§°P) defined as the depth where this
vertical velocity is balanced by a diffusive velocity (2rx/0°" ), the variations of
0°P can simply be expressed as a function of the appropriate vertical derivative

(D"W = d"W/dz") in dimensionless variables:

5sp 2 1/(n+1)
\ (DWV) (3)

with n = 1 for free-slip and n = 2 for no-slip. §°” and D"W for cases presented
in Figure 1-a,b, are plotted in Figure 4, and show that the scaling (3) correctly
describes the variations of stagnation point thicknesses with ¢*. For the free-

slip case 0°” and D"™W vary significantly with ¢* and in such a way that (3)

10
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is satisfied. In contrast, the results for the no-slip boundary do not vary much
with ¢* and, with the smaller variation, a clear trend with increasing ¢* cannot

be discerned.

We conclude here that the decrease of the temperature difference across the
cold boundary layer as the fraction of heating from below increases can be
attributed mostly to the velocity structure near the boundary. For the free-
slip boundary the vertical velocity is affected by the distribution of heating,
particularly the strength of the hot plumes rising from the lower boundary,
much more than for the no-slip boundary. This results in an increase of W
with increasing ¢* and thus a decrease of the stagnation point thickness mainly
responsible for the decrease of the average temperature differences Af; and

Af, relative to the simple scaling.

4 Conclusions

A simple scaling in which heat from the lower boundary can be treated as
an additional volumetric heat source provides a first order description for the
case of a no-slip top boundary. For a free-slip top boundary, however, both
the top boundary layer temperature difference and thickness decrease relative
to the prediction of this simple scaling by about 20-30 % with increasing ¢*.
For the same heat flux, whether a uniform temperature or a uniform heat flux
condition is prescribed on the lower boundary does not appear to influence

the temperature difference across the top boundary layer.

A compilation of earlier results with a prescribed uniform basal temperature

(Sotin and Labrosse, 1999; Moore, 2008) together with results from this study

11
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with a prescribed basal heat flux indicates that the trends observed in all
the experiments for the temperature difference across boundary layers as a

function of the amount of basal heating are similar (Fig. 1-f).

Our results show that hot plumes rising from lower boundary have a much
stronger influence on velocity and thermal structure of the top boundary layer
for a free-slip top boundary. For a no-slip top boundary, the simple scaling
implies that the effect of hot plumes on the boundary layer structure is re-
markably small. As shown in Figure 1, the effect of rising hot plumes on the
free-slip top boundary layer is larger for a no-slip (Fig. 1-b) than for a free-slip
(Fig. 1-d) bottom boundary. This is consistent with the observation that more
widely spaced hot plumes are larger for the free-slip bottom boundary. Larger
plumes remain hotter and rise more rapidly therefore more strongly perturb-
ing the velocity and temperature fields near the top boundary. The mechanical
boundary conditions thus have an important influence on the thermal struc-

ture of boundary layers.

As indicated earlier, in the case of planetary interiors, a free-slip condition
may best represent the (liquid) core-(solid) mantle boundary from the mantle
“point of view”. A no-slip condition may be more characteristic of the inter-
face between a cold and viscous plate and a convective mantle. For a planet in
which the lithosphere acts as a conductive lid, the scaling for no-slip bound-
aries thus indicate that the thermal evolution of the mantle and the average
thermal structure of the planetary lithosphere should not strongly reflect the
distribution of heating, whether by cooling of the core, radiogenic heating or

secular cooling.

In contrast, the difference between the maximum and the average tempera-

12
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ture beneath the top boundary layer increases with ¢* (see Fig. 1 and Fig.2).
Since the maximum temperature at a given depth depends significantly on
the distribution of heating, the nature of volcanism should remain an impor-
tant indication of the distribution of heating. For example, a transition from
globally distributed volcanic activity, reflecting widespread partial melting
beneath the thermal boundary layer, to localized hot spot volcanism should
indicate the changing relative importance of secular cooling (volumetric heat-
ing) and heat flux out of the core. Note that the heterogeneous distribution of
radioactive elements, especially if heat-producing elements are concentrated in
a deep region, as is suggested in models advocating a deep-enriched reservoir
for the Earth (e.g. Tackley, 2000) or, as a possible result of the overturn of
a magma ocean cumulate on Mars (e.g. Elkins-Tanton et al., 2005), can also
shape this distribution of heat. The distribution of volcanism should thus help
to constrain the global thermal structure as well as the existence of a magnetic
dynamo. Conversely, the average thermal structure of the lithosphere should
be a good indicator of the global heat flux, but the distribution of volcanism

should not since this depends significantly on the distribution of heating
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Table 1: List of the (2D and 3D) numerical experiments

conducted for the present study. BC denotes the mechan-

ical condition for the top and bottom boundaries (FS:

free-slip, NS: no-slip). W, and Wy, refer to the maxi-

mum upwelling and downwelling velocities.

2D-3D BCy,, BCh  Ray 7 A, Ab, W Wao

2D NS NS 1.00E+08 -0.2 3.717E-02 £ 6.861E+02 1.539E-+03
2D NS NS 1.00E+08 0 3.796E-02 D, 7.992E+02 1.697E+03
2D NS NS 100E408 0.2 3877E-02 9.501E-03 1.049E+03 1.862E+03
2D NS NS 1.00E+08 0.4 3.884E-02 1.659E-02 1.200E+03 2.003E+03
2D NS NS 100E408 0.5 3.885E-02 2.009E-02 1.442E+03 2.078E+03
2D NS NS 1.00E408 0.6 3.850E-02 2.268E-02 1.465E+03 1.969E+03
2D NS NS  1O00E408 0.7 3.835E-02 2.679E-02 1.711E+03 2.186E+03
2D NS NS 1.00E4+08 0.8 3.839E-02 3.026E-02 1.950E+03 2.325E+03
2D NS NS 100E408 0.9 3.829E-02 3.370E-02 2.189E+03 2.442E+03
2D NS NS 100E4+08 1 3.778E-02 3.673E-02 2212E+03 2.361E+03
2D NS NS 1.00E+07 0 6.373E-02 — 2.775E+02  5.431E+02
2D NS NS 1.00E+07 0.2 6.683E-02 1.491E-02 3.382E+02 6.511E+02
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2D

2D

2D

2D

2D

2D

2D

2D

2D

2D

2D

2D

2D

2D
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NS

NS
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NS
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ES

FS

ES

FS

ES

FS

ES

FS

ES

FS

FS

ES

NS
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FS

FS

FS

FS

FS

FS
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FS
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1.00E+07

1.00E+-07

1.00E+06

1.00E+06

1.00E+06

1.00E+08

1.00E+08

1.00E+08

1.00E+08

1.00E+08

1.00E+08

1.00E+08

1.00E+08

1.00E+08

1.00E+08

1.00E+08

1.00E+08

0.4

0.6

0.1

0.2

-0.2

0.2

0.4

0.5

0.6

0.7

0.8

0.9

0.2

18

6.576E-02

6.485E-02

1.174E-01

1.179E-01

1.183E-01

2.383E-02

2.379E-02

2.344E-02

2.284E-02

2.243E-02

2.207E-02

2.148E-02

2.090E-02

2.030E-02

1.694E-02

2.364E-02

2.334E-02

2.623E-02

3.757E-02

1.390E-02

2.313E-02

4.581E-03

8.344E-03

9.958E-03

1.169E-02

1.321E-02

1.475E-02

1.590E-02

1.467E-02

4.459E-03

4.125E+02

5.106E4-02

9.016E+01

1.103E+02

1.309E+02

6.484E4-02

7.427E4-02

9.982E4-02

1.351E+03

1.310E+4-03

1.728E4-03

1.938E+03

2.258E+403

2.745E+03

3.615E+03

7.157E+402

8.332E4-02

6.408E+02

7.225E4-02

2.339E4-02

2.531E402

2.716E+402

1.875E4-03

2.084E4-03

2.319E+03

2.517E+03

2.430E+403

2.752E4-03

2.799E+03

3.084E4-03

3.569E+-03

3.443E+03

1.994E+03

2.148E+03
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2.288E-02

2.182E-02

2.074E-02

1.849E-02

3.812E-02

3.879E-02

3.878E-02

3.880E-02

3.842E-02

3.829E-02

3.822E-02

3.807E-02

3.721E-02

2.378E-02

2.355E-02

2.314E-02

2.267E-02

8.416E-03

1.162E-02

1.471E-02

1.535E-02

4.707E-03

8.492E-03

1.027E-02

1.209E-02

1.383E-02

1.552E-02

1.721E-02

1.874E-02

9.678E-03

1.709E-02

2.053E-02

1.172E+03

1.465E+03

1.949E4-03

3.084E4-03

7.957TE+02

1.078E4-03

1.449E4-03

1.613E+403

1.928E4-03

2.240E+03

2.550E+03

3.289E4-03

3.748E+03

7.463E4-02

9.647E+402

1.249E4-03

1.404E+03

2.462E4-03

2.523E+03

2.879E+03

3.770E+03

1.773E403

1.942E+03

2.117E+03

2.176E+03

2.295E+03

2.408E+03

2.489E+03

2.555E+03

2.120E+403

2.099E+03

2.272E403

2.486E+03

2.531E4-03
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2.213E-02

2.178E-02

2.155E-02

2.159E-02

2.145E-02

2.418E-02

2.418E-02

2.423E-02

2.408E-02

2.368E-02

2.211E-02

2.078E-02

1.676E-02

3.380E-02

6.116E-02

3.366E-02

3.346E-02

2.386E-02

2.726E-02

3.053E-02

3.352E-02

3.644E-02

1.752E-03

3.642E-03

5.440E-03

7.320E-03

1.064E-02

1.262E-02

1.507E-02

3.881E-03

7.093E-03

1.555E4-03

1.739E+4-03

1.911E+403

1.992E+03

2.079E+03

5.760E+-02

6.287E+02

7.747TE4-02

1.016E+4-03

1.306E+-03

1.822E+403

2.789E+03

4.354E4-03

6.415E+02

2.060E4-02

7.528E4-02

9.412E4-02

2.613E+03

2.755E+03

2.992E4-03

3.402E4-03

3.795E+03

3.027E+03

3.307E+03

3.458E+03

3.638E+03

3.653E+403

3.635E+03

4.864E4-03

4.522E4-03

1.956E+03

7.562E402

2.034E4-03

2.072E4-03
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3D NS NS  1.00E+08 0.3 3.325E-02 9.934E-03 1.123E4+03 2.146E+03

3D NS NS  1.00E+08 0.4 3.277E-02 1.263E-02 1.385E+403 2.249E+403

3D NS NS  1.00E+08 0.6 3.278E-02 1.799E-02 1.987E+4+03 2.690E+03

3D NS NS  1.00E+08 0.8 3.293E-02 2.468E-02 2.758E+403 3.546E+03

3D NS NS  1.00E+08 0.9 3.254E-02 2.722E-02 3.095E+403 3.878E+03

3D NS NS  1.00E+07 1  3.204E-02 2.965E-02 3.650E+403 3.624E+403
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Fig. 1. Normalized temperature difference (Aé) across the boundary layers as a
function of fraction of heating from below (¢*) for various mechanical boundary
conditions. All panels report dimensionless values for A6, (filled symbols), A8
(empty symbols) and A#*** (crosses) normalized by Af(¢* = 0) (free-slip or no-s-
lip, all heating from within). The horizontal and diagonal lines refer to the simple
hypothetical scaling discussed in the text. Upper panels (a,b,c,d): 2D numerical ex-
periments with Ray = 10%. Purely no-slip (a) or free-slip (b) and cases with (mixed)
conditions: no-slip top and free-slip bottom (c) or the reverse (d). Lower panels (e,f):
all numerical experiments performed for this study (2D: circles, 3D, squares) as well
as results from previous studies shown by stars (Moore, 2008) and diamonds (Sotin
and Labrosse, 1999).
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Fig. 2. Time-averaged temperatures as a function of depth. On each panel, three
profiles are displayed: horizontally-averaged , minimum and maximum temperatures
at a given depth. Three values of the fraction of basal heating (¢*) are shown for
free-slip boundaries and Ray = 108. Bold lines and arrows describe the procedure
chosen to evaluate the temperature differences (A6, Afy) and the maximum (mini-
mum) temperature differences (Af"**, AG;***) from the various profiles. Note that
since heat-flux is prescribed on the bottom boundary, all profiles have the same

slope there while the slopes differ at the the top boundary (¢/*** > 1).
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Fig. 3. Temperature difference across top thermal boundary layer (A6;) as a function

of the flux-based Rayleigh number (Ray). The straight line shows an ideal Ra}f1

/4

scaling as in Eq. 1. (a) Results from numerical experiments with a no-slip top

boundary. For each of the three values of Ray, the ranges including all the result is

displayed as a rectangle with a missing side (on the right for 3D, on the left for 2D).

(b) Results from numerical experiments with a free-slip top boundary. As in (a)

results from this study are displayed using rectangles. Results from previous studies

are shown by circles (Moore, 2008) and triangles (Sotin and Labrosse, 1999). Empty

symbols refer to mixed heating while filled symbols refer to only heating from below.
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Fig. 4. Stagnation-point boundary layer thickness §°P(= Af;"*" /¢;"*") as a function
of the appropriate vertical velocity derivative D"W (computed from the maximum
vertical velocity profile at each time-step, averaged through time). Purely no-slip
and purely free-slip results also shown in Figure 1-a,b (Ras = 10%). Lines refer to

the simple stagnation-point scaling indicated in the text (3).
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