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ERROR BOUNDS FOR SMALL JUMPS OF LEVY PROCESSES AND
FINANCIAL APPLICATIONS

EL HADJ ALY DIA*

Abstract. The pricing of exotic options in exponential Lévy models amounts to the computation
of expectations of functionals of the whole path of a Lévy process. In many situations, Monte-Carlo
methods are used. However, the simulation of a Lévy process with infinite Lévy measure generally
requires either to truncate small jumps or to replace them by a Brownian motion with the same
variance. We derive bounds for the errors generated by these two types of approximation. These
bounds can be applied to a number of exotic options (barriers, lookback, American, Asian).

Key words. Approximation of small jumps, Lévy processes, Skorokhod embedding, Spitzer
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1. Introduction. In the recent years, the use of general Lévy processes in fi-
nancial models has grown extensively (see , @, ﬂ]) A variety of numerical methods
have been subsequently developped, in particular methods based on Fourier analysis
(see [E, E, E, E]) Nonetheless, in many situations, Monte-Carlo methods have to
be used. Yet, the simulation of a Lévy process with infinite Lévy measure is not
straightforward, except in some special cases like the Gamma or Inverse Gaussian
models. In practise, the small jumps of the Lévy process are either just truncated or
replaced by a Brownian motion with the same variance. The latter approach was in-
troduced by Asmussen and Rosinsky [EI], who showed that, under suitable conditions,
the normalized cumulated small jumps asymptotically behave like Brownian motion.

The purpose of this article is to derive bounds for the errors generated by these
two methods of approximation in the computation of functions of the Lévy process at a
fixed time or functions of the supremum process. Error bounds are also derived for the
cumulative distribution functions. Our bounds can be applied to derive approximation
errors for lookback, barrier, American or Asian options.

The paper is organized as follows. In the next section, we recall some basic facts
about real Lévy processes. In section E we will study the errors resulting from the
small jump truncation. The results of this section are based on estimates for the
difference X — X¢, where X€ is obtained by removing jumps with absolute value
smaller than a given positive ¢, and on Taylor’s formula. We also derive an estimate
for the expectation of the difference of the supremum processes, by using Sptzer’s
identity. The errors resulting from Brownian approximation are studied in section E
The main result of this section is Theorem @, which states an error bound for the
computation of a the expectation of a function of the supremum. The proof of this
results relies on the Skorohod embedding theorem.

2. Preliminaries. Recall that a Lévy process X is defined by its generating
triplet (v, o, v), where (v,0) € Rx RT, and v is a Radon measure on R\ {0} satisfying

/ (1A 2?) v(dz) < .
R
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2 E. H. A. DIA

The process X has finite activity if ¥(R) < co. If ¥(R) = +00, the process X is called
an infinite activity Lévy process. By the Lévy-1td decomposition, X can be written
in the form

Xi =~t+ 0B, +/ xJx (dz x ds) + lim zJx (dz x ds) (2.1)
|z|>1,5€[0,¢] 510 J5<|z|<1,5€[0,¢]

Here J is a Poisson measure on R x [0,00) with intensity v(dz)dt, Jx (dz x ds) =
Jx (dz x ds) — v(dx)ds and B is a standard Brownian motion. Given e > 0, we define
the process R¢ by

RS = / zJx (dz x ds), t > 0. (2.2)
0<|z|<e¢,s€[0,t]
Note that
ER; =0
Var (Rf) = t/| § z*v(dx) = o(e)?t.

The process X¢€ is then defined by
Xi=X,—R;, t>0. (2.3)
We also define the processes Xe by
Xt =X +o(e)W,, t >0, (2.4)

where W is a standard Brownian motion independent of X. We aim to study the
behavior of the errors made by replacing X by X°€ or X €, with respect to the level
€. These error are studied for the process X at a fixed date and for its the running
supremum. Set, for any ¢ > 0

MX = sup X,, MY = sup XS, M~ = sup XC. (2.5)
0<s<t 0<s<t 0<s<T

When there is no ambiguity we can remove the super index X.

3. Truncation of small jumps. In this section, we will study the errors re-
sulting from the truncation of small jumps. The errors resulting from small jumps
approximation are related to the moments of small jumps. Define

oo(€) = max (o(€),€) . (3.1)

The next result will be usefull for many proofs in this article.
PROPOSITION 3.1. Let X be a Lévy process with generating triplet (vy,o?%,v),
€ € (0,1] and R defined in (R.2). Then

E|Ri|* = t/e 2v(dz) + 3 (ta(e)?)?,

—€

and for any real ¢ > 0

E|R|" < Kq100(e)?,
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where K44 is a positive constant which depends on q and t.
Proof. Set

We have

where W (u) = tf|y|<€ (e™¥ — 1 — iuy) v(dy). Set

1 0mv,
cn(e) = = (0).

Using [Cont-Tankov(2004), proposition 3.13], we get

cn(e) = t/ 2"v(dzx), Vn > 2.
x| <e

Furthermore
1 0"®,

E(R)" = in Qur

(0).

By differentiating, we get
9, ov,, \* v, \* 0%v, oV, 90,
%0 ((220) o () et B

13 (a;i : (u))2 + a;ie (u)> ®, ().

But, as ER§ = 0, we have ZX<(0) = 0. Hence
"0, 92w, \* oM.
Out 0) = 3< 0%y (0)> + Out (0).

Therefore

. 10%°0,, \° 1040,
E(Rt)4 =3 (,L_Q 921, ( )) 4 ul (0)

= 3(ex(0)* + e
_ 3t20(e)4+t/ | (da).

|z <e
Hence the first result of the proposition. Besides, for an integer n > 1 we have
. k q
o) = Y i (VVO) (¥ )
{4,k.p,a}EER

where Ey, is a finite set, (ajkp.q)(j4pq1ep, 8¢ Positive real which we can derive
explicitly. Note that for any {j, k,p,q} € E,, we have

j>1,p>1, jk+pg=2n
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So

. k q
20 < Y i |¥OO)] |2 0)

{4,k,p,a}€En

Therefore
€|2n n k
EIRP" =020 £ Y ajapa e lep()]”.
{4,k.p,q}EER
But for j > 2, we have
@ <t [ fafu(da
|z|<e
=ted 20 (€)?

) (e)jt.
Hence

ik
E|R{|" < > @jkp.q |00(€) ] oo(e)Pt]*

{4:k:p,qa} €E,,j>1,p>1

_ k+ jk+
= Z @jkp,gt" " o0(€) TP
{J:k:p,q}E€E,

= Z aj,k,p,qtk+q00(€)2n-

{4.k.p,at€ER

Note Kp¢ = \/Z{j,k,p,q}GEn @jk,p,gt" T4, we get
E|R{[*" < K7 100(e)*".

So

2

em e12n
E|R;" < (E|R;™")
< Ky 00(e)™.
The upper bound for E |R§|? where ¢ is a positive real can be easily deduced. O

3.1. Estimates for smooth functions. Let X be a Lévy process with gener-
ating triplet (v, o0,v) and f a C-Lipschitz function where C' > 0. Then

E|f (X,) - f (X)] < CE|X, - X{]
— CE|R]|

< C\/E|R¢]%.

E|f(Xe) = [ (X)] < CVio(e). (3-2)

Hence

Note that we do not ask that f(X;) be integrable. If f is more regular, sharper
estimates can be derived, as shown in the following Proposition.

ProprosITION 3.2. Let X be an infinite activity Lévy process with generating
triplet (7,02, v), e € (0,1] and t > 0.
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1. If f € CY(R) and satisfies E ’f/ (X7)

< 00, and if there exists 8 > 1 such

i
that <Sup5€[071] E ] F(XP+0RY) — (X)) ’ﬂ) ® s finite and integrable with
respect to 6 on [0, 1], then

E(f (Xe) = f (X)) = 0(00(e))-
2. If f € C*(R) and satisfies E ] £ X9

+E |1 (X7)

< 00, and if there exists

" 1" ﬁ E
B > 1 such that (supée[OJ]E‘f (X +0R)) - f (Xf)‘ ) is finite and
integrable with respect to 6 on [0,1], then

o(€)
2

2
E(f (X0) — £ (X0) = Z9YEF (X7) + 0 (00()%)

Note that, if f has bounded derivatives or f is the exponetial function and e?X* is
integrable, where 8 > 1, the conditions in the above proposition are satisfied. Recall
that the truncation of small jumps is used when v(R) = oo. In typical applications,
we have liminf o(¢)/e > 0, so that o (og(€)?) is in fact o (c(€)?). This is the case for
Lévy processes with a Lévy density that behaves like =% in the neighborhood of 0
with a > 1. Examples in finance are VG, NIG and CGMY processes.

Proof. We have

1
FO0) - 10 = [ F (X + 0R}) R
0
The last equality is obtained by the substitution 6§ = % and moreover we have
by theorem 27.4 of [[L1]
P[X;,— X;=0]=P[R; =0] =0.

So
R’y
a(e)

1 ! , ,
SR~ (X0 = [ B (X +0R) 1 (X0)) 2t
1
/ R€
Ef (X{) —%db
+/0 f ( t)O'(E)
1
’ ! RE
= [ E(f (X{+0R;)—f (X)) —~db.
| B oxevom) - 1 (x)) 25
Because R; and X; are independent and ER{ = 0. Let 1 < a < S, by Holder’s
inequality we have
Ot)é

€

| ( Cxi v om) - (x0)

< (B]7 (7 +0R) — 1/ (XD)

a(e)

Hence using the assumption of uniform integrability and proposition @, we get

E(f (Xi) = £ (X7)) = o(o0(e)) -
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On the other hand, using Taylor’s formula we get
’ Xt "
E(f (Xe) = f(X7)) =Ef (X7) (Xe — X7) + [ (@) (Xi — z)dx
X5

—Ef (X{) R+ / P XE 4 ORE) (1 0) (R df
0
-/ CF(XE 4 ORE) (1 0) (R df
0
- / £ (XE) (1= 0) (Re)* do
o [ (7 Qs oms) — 1 (x0) (1= 0) (e .
So

B (f (%)~ £ (X0) = 5B/ (X7) o(e)?

"

v (1 X 0mg) — 1 (X)) (1 ) ()" .

Again, using Holder’s inequality, the assumption of uniform integrabilty and proposi-
tion @, we get

B () — 1 (xX0) = D9 Bp" (X + 0 (00(0?).

O

REMARK 3.3. If X is an integrable infinite activity Lévy process with generating
triplet (v,0,v) and t > 0. If we also assume that f € C1(R) and f is Lipschitz, then

E(f (X:) = f(X5)) =0 (a(e)?).

The proof is similar to the proof of proposition @ If f/ is C-Lipschitz, and if we

denote by f// its a.e. derivative, we get }f”} < C. So we can prove that

"

E|f"(X{+0R) — ' (X{)| (R)® < 2Cto(e)>.

This concludes the proof.

When we consider functions X-path-dependent, errors in Lipschitz case are similar
to that obtained above. We will consider now the case of the supremum process.

PROPOSITION 3.4. Let X be a Lévy process with generating triplet (v,o,v), f a
K -Lipschitz function, € € (0,1] and t > 0, then we have

E|f (M) — f (Mf)] < 2K Vto(e).
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Proof. Consider R® defined in (2.9). So R¢ is a martingale. Thus

E‘f(sup Xs)f(sup Xg)‘SKIE sup Xs — sup X;

0<s<t 0<s<t 0<s<t 0<s<t
S KE sup |)(s")(ﬁ
0<s<t
€
< KE sup |R{|
0<s<t

2
<K E(sup |R§|) .

0<s<t

U Doob’s inequality, we get

E‘f<sup XS) f<sup X;)‘gQK E|R:|?

0<s<t 0<s<t

= 2Kto(e).

REMARK 3.5. If X is a Lévy process with generating triplet (v,02,v), € € (0,1],
t > 0 and f a function from RT x R to R, K-Lipschitz with respect to its second
variable. Then

sup Ef (1,X,;)— sup Ef (7, X9)| < 2K+to(e),
T€T(0,1) T€T(0,1)

where Ty denote the set of stopping times with values in [0,t]. The proof can be
found in /é]

The bound in proposition @ might not be optimal. This is what suggests the
following result.

THEOREM 3.6. Let X be an integrable infinite activity Lévy process with gener-
ating triplet (v,02,v), e € (0,1] and t > 0, then

0<E(M;— M)=o0(o(e)).

Proof. Using Spitzer’s identity (see Proposition 3.2 of [E] for details), we have

tEXT tE(XE)T
E(Mt—Mf):/ = ds—/ &ds
0

0 S S

¢ . ds
/O E (X7 -(x9)") =
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Set I¢ = E (Xj - (X;)*). So

I =E (X7 - (X)")

=B (X5 + BT - (X))

=EX{ (Ixeireso— Lxeso) FER L xeqreso

=EXS (1 _pecxe<o — Locxe<—re) + ER{L xcs_pe

=EX; (]lng<X;§0 - ]10<X;§7Rg) +ER{L _Rrecxc<o
+ER§1X§>—R§,X§>O

=EX{ (L_peexe<o — Locxe<—re) + BRI _ge < xc<o

+ER; (]1X§>0 - ]lo<X;§ng) .
Besides R and X°€ are independent and ER® = 0, thus

I =EXS (1_geexe<o — Locxe<—pe) + ER{I _pecxc<o
+ER o< xc< ke
=E(Xs+ R 1 _Rreexeco —E(XS + RS) Locxe<—Re
=E (IR — 1X5) L-re<xe<o — B (XS] = |RS)) Lo xe<—re
=E(|R;| - |X5]) (]LRg<X;§0 + ]10<X§§7R§)
=E(|R;| - |X§|)Jr (]l—R;<X;§0 + ]IO<X§§7R§) .

But
1 _reexe<o+ Locxe<c—re = Dpexeco+ Lxe—o,re<0-
Hence

+
Ig (Lgexe<o + Lxe—0,re<0)

"L gexeco + E|RY Lxemo e <o
"L rexc<o + E[RS| Lre<oP [X{ = 0]
" lrxico +E(RY)TPIX] =0].

| RSl — 1 X
| RSl — 1 XE]
[R5l — X
[R5l — [ X

E
E
E
E

/\/\/\/\
~— ~— ~— ~~—

But I > 0, therefore
E (M, — M{) > 0.
On the other hand, using Cauchy-Scwarz inequality

1

1
i< (miRg)” (2 <<1 B ||;§||>+>2 E (BIRP) " Pixs = 0]

o
< o(e)Vs E<<1||)]§j||)> X = 0]
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Note that v(R) = 400, so RS # 0 a.s. Then we get

E(Mth)So(e)/Ot ]E<<1|é§||>+>2 E+]P’[X§:0] %

Furthermore by dominated convergence, we have

e\ 2
lim E 1-— |XS| =0.
e—0 |R§|

Indeed R — 0 a.s. and X — X, a.s. with X # 0 a.s. We also have

lim P[X{=0] =P[X, =0]
e—0
=0.
On the other hand

2 2
X\ * ;
E 1f|R€| +P[XE=0] <2

Therefore by dominated convergence

o [ (2 (2 XY +Pxe =0 | &~
30 Jo IRe] )T

Hence
E (M — M) = o(a(e))

O

REMARK 3.7. The result of theorem @ s optimal, in the sense that we cannot
have a better power for o(€).

Indeed, in the previous proof we have shown that

E(X)"T —E(X)T =E(R| — X)) Lrexc<o+E (RS P[X:=0].
So
E(X)" —E(X)T >E (R P[XS=0]

1
— SEIRY|P(X: = 0],

because ERS = 0. Let X be a Lévy process with generating triplet (0,0, ) where

dx
v(dz) = a10<|z|<1W7

and « €]0,2[. We have
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We can prove that there exists a positive constant C,, > 0 such that
E (M; — Mf) > Coo(e)n

This justifies the above remark.

In financial applications, the function f defined in proposition E is not always
Lipschitz, as for call lookback option where the function is exponential. Hence the
following proposition.

PROPOSITION 3.8. Let X be a Lévy process with generating triplet (vy,o?%,v),
p>1,e€(0,1] and t > 0. We suppose that EePMt < oo, then

(€);

where Cy, is a positive constant independent of e.

In fact we have to ensure that EePM¢ is bounded by a constant which is indepen-
dent of e.

LEMMA 3.9. Letp >0 and € € (0,1]. If EeP™ < 0o , then

5
sup EePMi < o0
0<5<1

REMARK 3.10. For any p > 0, EePMt < oo if only if fm>1 ePTy(dx) < oo.

Proof of lemma @ Let ¢ € (0, 1],

Xslzvs—l—aBs—i—/ Jx (ds x dx)

0<7<s,|z|>1

RS = / Jx (ds x dz)
0<7<s,6<|z|<1

So

S 3
EePMt S EePSUPo<s<t XlersuPogsgt R

1 55
< EePsuPo<s<t X5 FeSUPo<s<t |Rs|

By hypothesis and remark B.10, Ee?*tPo<e=t X2 < 00. We need to bound
1
EePSuPo<s<e| 2| independently of §. We have

Eep Sup0<s<t

EZ pSUp0<s<t ‘R D

_EZ sup ‘R‘S‘

O<5<t
+oo n
= g 'E sup |R5‘
o v 0<s<t

—14pE R Py r"
+p mm ‘ ﬁ+;27m 032 ’
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By Doob’s inequality (R’ is a martingale)

— 12 = pn n " =6

5 P n
<t e R+ 10 (725 wlRd

55 2 = pn n =617
< 1+2p\/E|R}| +ZEQ E|Ry|
n=2 "
=5 2 =8 = 2npn I

o (VEIRIP - B|&) + Y 2B R

n=0

RS

EePSuPogsgt

Hence
R |R5| ﬁ = +o0 2np" 55T
Ee ssstlsl < 2p E‘Rt‘ _E’Rt’ +EZ n! ’Rt’
n=0

=2 (VRIR - B | + Bl

<2p (W ~E[R} |> +Ee?T 4 e
But

E|R)| < \/W
< \/t/ 2?v(dx)
0<|z|<1

< t/ x?v(dx)
lz[<1

And we can prove that for any 5 € R, (eﬂéf ) 5 is uniformly integrable. Hence
0<5<1

&
sup Eepsupogs§t|Rs| < 00
0<6<1

Proof of proposition . By the mean value theorem, we have
eMe — eMi = (M, — M) eMi

where M{ is between M; and Mf. Let g be defined such that %Jr % = 1. In the sequel
C)p will denote a constant depending on p.

E|eM — M| < E|M, — M|

e

<E sup |Rg|e™i
0<s<t

1 1
< (IE sup |R§|q) (Eepr)p

0<s<t
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Hence, using Doob’s inequality and then proposition @, we get

E M — M| < Ll (E|R¢|%)" (EePME)E
q-—
< Cpoo(e) (IE (eth + eprE)) "
We conclude the proof by lemma @ a

3.2. Estimates for cumulative distribution functions. For cumulative dis-
tribution functions bounds are expected to be bigger. However, in some cases we can
get similar results as in Lipschitz case. Consider the following result which will be
useful for the next proofs.

ProposiTiON 3.11. Let X and Y be two r.v. We assume that X has a bounded
density in a neighborhood of x € R, and there exists p > 1 such that E|X —Y|" is
finite. Then there exists a constant K, > 0, such that for any § > 0
E|X -Y|?

[P[X >2]-P[Y >z]| < K0+ 5

Proof. We have
PX >z -PY >2]|=|P[X >2,Y <z]-P[X <z,Y > z|.
We will study the above terms on the right of the equality.
PX>z,Y<z]|=Prr<X<z+(X-Y))
=Pzr<X<z4+(X-Y),|X-Y|<J]
tPr<X<z+(X-Y),|X-Y|>J]
<Plz<X<z++P[X-Y|>4].

But the probability density function of X is bounded in the neighborhood of z. So
there exists a constant K} > 0 such that

Plx <X <z+d] <KL
Hence
PX>a2Y <2] <K +P[|X Y| >0

E|X - Y

1
<K+

, by Markov’s inequality.
On the other hand,

PX<z,Y>z]=Plz—(X-Y)< X <2
=Plz—(X-Y)<X<z|X-Y]| <]
Pz - (X -Y)< X <z,|X -Y]|>§]
<Plz—-6< X <2]+P[|X-Y|>/].

The boundedness of the probability density function of X in the neighborhood of =z,
also yields that there exists a constant K2 > 0 such that

Plz -6 < X <] < K26
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Hence
P[X <zY >z] < K§5+E|X57;Y|p.
Therefore
IP[X >z] —P[Y > 2]| <max (K,,K2) 0+ MXT;YPD.
a

In the first result below, we assume local boundedness of the probability density
function of the Lévy process X and its supremum process M at fixed time t¢.
PROPOSITION 3.12. Let X be a Lévy process with generating triplet (v,o?%,v),
€ (0,1] and ¢t > 0.
1. If 0 > 0, then

1
sup|P[X; > 2] —P[X; > z]| <

z€R T V270

2. If Xy has a locally bounded probability density function, then for any q € (0, 1),

o(e).

IP[X; > 2] —P[X{ > ]| < Cytq00(e) 9
3. If My has a locally bounded probability density function on (0,+00), then for
any q € (0,1),
[B[M; > o] = P[M{ > a]| < Cyp400(6)' ",

where Cy 1.q means a positive constant depending on x, q and t.
Proof. We have

[P[X: > x| -P[X; > 2] = |P[X: >, X; <] —P[X: <z, X; > 2]
But, in the case ¢ > 0
PX: >z, X <z]=Plz — (X — X{) < X{ <7]
=Pz —R; <oBi+ (X; —0B;) < z].

Note that the r.v. 0By, (Xf —o0B;) and R§ are independent, and \/21—ﬂ0 is a bound

of the probability density function of ¢ B;. Then
1
V2mto

P[X; >z, X{ <] <

E|R;|

1
<
TV 2mto
1
= o(e).

V2o

2
| RS |

Similarly
PX: <z, X;>a]=Plz < X; <z+4 (X — X)]
=Plz <oB;+ (X; —0B:) < x + Rj]

1
mgo(e).

<
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So
1

2ro

IP[X, > 2] — P[X{ > a]| < ——0(e).

Consider now the second part of the proposition. By proposition , there exists a
constant K, ; > 0 such that for any p > 1, we have

E|X; — Xf|P
op
E|Rg”
o

But by proposition @, there exists a constant K, > 0 such that

[P[X, >z —P[X; >2x]| < Kz .0+

= z¢6'+

E|R{|’ < Kj100(€)P.
So

p
[PIXe > o] — P [X] > a]| < Koud + Kp,t_"()é(;)

< max (Ky¢, Kp 1) <(5 +

o0 (S(S)p) |

Thus by choosing § = a(e)#, we get
IP[X; > 2] — P[X{ > z]| < max (K,.4, Kp+) oo(€) 7.
Therefore for any ¢ € (0,1), we have
IP[X; > 2] —P[Xf > ]| < Cpyqole) ™
For the third part of the proposition, set
[=[P[M; > o] - P[M > all.
By proposition , there exists a constant K a,v,t > 0 such that

E (M, — M§)P

I <K, 0+ 5

On the other hand

p
Bt - M5 <& sup 1, - xi1)

0<s<t

p
<& (s Irel)

0<s<t

By Doob’s inequality, we have

(o) o

P
E(M; — M) < (L> E|R{”
p—1
K.

IN
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Therefore, by choosing ¢ = 0’(6)#, we have

’ p p D
I < max (Kzt,Kpﬂg (—1) ) oo(e) P+,
; D

So for q € (0,1), we have
I< C’Iytﬂqoo(e)l_q.

d

REMARK 3.13. When there is no assumption on the boundedness of the probability
density function of M, the upper bounds for cumulative distribution functions are
bigger. If o > 0 then

IP[M; > 2] — P [Mf > ]| < Cople)’
If 0 = 0 and there exists a > 0 such that
lim&)nf 670‘/ |z|?dv(z) > 0 (3.3)
then for any 6 > 0
P[M, > 2] - P[M; > o] < Cooo(e) e

Constants C et Cy are independent of €. The proof can be found in /@’/

4. Approximation of small jumps by a Brownian motion. In this method
we will replace R by a Brownian motion. This method gives better results than the
truncation one, subject to a convergence assumption. In fact, Asmussen and Rosinski
proved ([[l], theorem 2.1) that, if X is a Lévy process, then the process o(e)~!R¢
converges in distribution to a standard Brownian motion, when ¢ — 0, if only if for
any k>0

o (ka(e) Ne)

li =1. 4.1
e o () (4.1)
This result is implied by the condition
lim o(e) = +00. (4.2)
e—0 €

The conditions (.1]) and (£.9) are equivalent, if v does not have atoms in some neigh-
borhood of zero ([[I]], proposition 2.1).

4.1. Estimates for smooth functions. The errors resulting from Brownian
approximation have not been much studied in the literature, at least theoretically.
There is a result which we can find [f] (proposition 6.2).

PROPOSITION 4.1. Let X be an infinite activity Lévy process with generating
triplet (y,o,v) and t > 0,

1. If f € CY(R) and satisfies E|f' (Xf)| < oo, and if there exists 3 > 1 such
1

. B\ B
that (supﬁe[o,l] E ‘f’ (Xt€ + GU(G)Wt) — f1(X5) ) and
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(supecton) |1 (X + 080) = 1 (x)
spect to 6 on [0,1], then
E(f(X0) = (X5)) = oloo(e).
2. If f € C?(R) and satisfies E|f' (X§)| + E|f" (X§)| < oo, and if there ex-
5) B
and

1
(Supee[o,l] E|f"(Xg+60R5) — f" (Xf)|ﬁ) * are finite and integrable with re-
spect to 6 on [0,1], then
E (f (Xe) = f (Xf)) =0 (00(e)?) .

The remark we did next to the proposition B.J is still true here.
Proof. By proposition @, we have

B\ B
) are finite and integrable with re-

ists § > 1 such that (Supee[o,uE‘f” (Xte +90(6)Wt) — f(XY)

o(e)*t
2

On the other hand, using the same reasoning as the proof of proposition @ (we will
replace R¢ by o(e)V) we get

E(f(Xe) = f(X7)) =

Ef" (X{) + 0 (00(€)?)

a(e)
2

E (7 (Xt +o(0iin) - 7 (x0) = ZV B (x0) + 0 o0(eP)

Hence
E(f (X))~ f (%)) = o (o0(e)?)

d

The combination of proposition 6.2 of [ﬁ] and the Spitzer’s identity for Lévy
processes ([E], proposition 3.2) leads to the following result.

ProproSITION 4.2. Let X be an integrable infinite activity Lévy process with
generating triplet (vy,02,v), then

< 4max <1 + \/g, A) a(e)p(e) (1 + log (%)) ;

where A is a positive constant < 16.5. Compared with the estimate of theorem @,
we have gained a factor of about p(e).
Proof. Using Spitzer’s identity (see Proposition 3.2 of [3] for details), we have

’IEMt _EN

t
EXS
E sup X, = 5 ds
0<s<t 0 S

E sup (X;—l—a(e)Ws) :/0

0<s<t

Set

I = ’E sup X; —E sup (X;—l—o(e)Ws) :

0<s<t 0<s<t
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Let § > 0, then

Ie

<

s
S/
0

S

/t EXF —E (XS +o(e)We) " .
0

S

/6 EX} —E (XS + U(E)Ws)+d . /t EX} —E (XS +o(e)W.) "
S
0 9

S S

ds

+

s| +

d t
+_s+/
s s

S

/5 EX: —E (XS +o(oW.) " .
0 S

/t EXS — E (XS + ()W)
)

EXF —E (XS + o(e)W.)

EX —E (XS + ()W)

+

ds

ds
-

17

We will call I§ (resp. I§) the first (resp. the second) term of the last expression. Note
that the function & — 2" is 1-Lipschitz, So by proposition 6.2 of @, we have

}E(X; £ )T (X +a(e>m)+} < Ao(e)p(e),

where A < 16.5. So

On the other hand

Hence

‘EXS* “E (X; + a(e)mﬂ <E ’(X; + RO — (X; + a(e)Ws)

<E ‘(X; R — (X; + a(e)Ws)

=E ’RZ — o(e)W,

<E|R;| +o(e)E ’WS
<\E|R|> + o(c)E ]WS
= <1 + \/%) Vso(e).

+
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where A; =2 (1 + \/g) Finally
I¢ <max (A, A1) o(e) (\/ng p(€) log <§>) .

The right term of the above inequality is minimal for § = 4p(€)2. So
7))
20(e)) )

I¢ <2max (A, A1) o(e)p(e) (1 + log (

This concludes the proposition. 0
4.2. Estimates by Skorokhod embedding. We will use a powefull tool to
prove the results of this section. This is the the Skorokhod embedding theorem. We

will begin by defining some useful notations.

DEFINITION 4.3. We define
f‘m‘<€ rtv(dr)

= @
e =t (\/10g (5(3% " 3) + 1)
e (log (ﬁ(e) = ))

(4.3)

REMARK 4.4. Note that under the condition ([.2), we have
lim B(e) = 0.

e—0

The proof of proposition @ cannot be extended to the Lipschitz functions, be-
cause the reformulation of the spitzer identity for Lévy processes cannot be applied

in that case. We have to use an other method.

THEOREM 4.5. Let X be an integrable infinite activity Lévy process with gener-
ating triplet (v,02,v), e € (0,1), t > 0 and f be a Lipschitz function, then

< Coy(€)p1(e),

Ef (M)~ Ef (M)

where C' is positive constant independent of €.
Compared with the estimate of theorem @, we have gained the factor 1 (¢).
(X§ + J(e)WS)>) ‘

)

Proof. Set
I;‘E<f<sup XS) f<sup
0<s<t 0<s<t
sup Xﬁ) f( sup (Xi_t Jra(e)VAVﬁ >)‘
0<k<n n B

r = e 1 (v
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Because f is, say, K-Lipschitz, we have

I3(n) < KE

sup X — sup (Xi_t +U(€)Wﬁ)
0<k<n ™  0<k<n N " "

= KE| sup (Xi._t +R€k._t) — sup (Xm +o(e )Wk_)‘
0<k<n " " 0<k<n n n
< KE sup |R% —o(e)W
0<k<n! ™ "
< KE( sup [RS|+o(e) sup |Wa )
o<k<n | m 0<k<n!| ™

< KE ( sup |Rg|+ o(e) sup
0<s<t 0<s<t

)

As the last expression is integrable, by dominated convergence we can deduce that

lim If( n) = I;.

n—-+o0o

So we will consider I¢(n). For k € {1,...,n}, we have

"L

:F’“

where
V= v (g = R ).

The r.v. (V")je{1 1111 ny BT€ ii.d. and have the same distribution as /nRS. But

EVi = 0, and var (Vi) = o(e)*t, by theorem 1 of [[J (see pp. 163) there ex-
ists positive iid. r.v., (75), and a standard Brownian motion, B, such that

(2?21 Viike{l,... ,n}) and (BTlJr.,.Jer,k e{1,... ,n}) have the same join dis-
tribution. Thus (RL,/{ e{1,... ,n}) and
(3% ke {1, ” . n}) have the same join distribution. Furthermore

Er = var(Vy), (4.4)
and for any ¢ > 1, there exists a positive constant L, such that

Erl! < L;EV. (4.5)
We also have

(U(G)W%,kz c {1,...,n}) —d (éd(ﬁt,k € {1,...,n})

Set
o=t T
n
T = o(e)?kt
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Thus

I3(n) < KE sup
1<k<n

Br, — Bry

The following theorem concludes the proof. O
THEOREM 4.6.
1. We have

l}n:_‘Bjﬁ

limsupE sup < Coaog(e)pi(e),

n—-+00 1<k<n

2. and

* < Cou(e)2B(0).

A

Br, — Bre

limsupE sup
n—-+oo 1<k<n

3. For any real p > 1 and for any real € (0,1), we have

A p
BTk — BT; < Cp,BUO(e)pﬁp,G(e)a

limsupE sup
n—-+00 1<k<n
where C and Cp ¢ are constants independent of e.
This theorem is the main result of this section. The other important which we
need for the sequel is the following lemma.
LEMMA 4.7. Let 6 > 0, then we have

limsup P [ sup |Tp — T > 9
n—+4o0o0 0<k<n

] - 4Latoo(e)*B(e)
< ——

Proof of lemma E By Markov’s inequality, we have

] ESUP1§k§n Ty, — T1§|2
< .
< 52

]P’{ sup |1y —T%| > 9
0<k<n

On the other hand (T}, — T%) is a martingale, so using Doob’s inequality, we get

1<k<n
AR |T, — T¢|?
52

4 var (1)
—8 n

4 Erf
< 21
6% n

AL,EVA

4
ALsnE (Rg )
2

o %/_ su(de) + 3 (%0(6)2)2.

IN

P[ sup [Ty — Tyl >5}
0<k<n

But by proposition @

E‘Ri
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So
4 +e
lim nE (RZ) :t/ |x|41/(dz)
n—-+oo n e
Therefore
4
Jim nE (RY) = o0(e)B(e)t
Thus
4Lt 4
lim sup P [ sup |Ty — Tf| > 5] < M.
n—+oo  [0<k<n §
Proof of theorem [.4. For § > 0, have
Elillign B, — BT; < El?]ign B, — BT,j ]l{SuP1gk§n|Tk—T,j|§6}
+E13€12n Br, — Bre ]l{suplgkgn|Tk—T,§|>6}'
We set
I = Elilli}g)n Br, — BT; ]l{suplgkgn|Tk*T,§ <5}
I, = Eéllilg)n Br, — Bry ]l{suplggnﬁk,T’: S5}

On {sup; <j<,, [Tk — Ti| < 0}, set, for k fixed

SliT]:/\Tk
52:T]§\/Tk-

21

We have s1 < s3 < s1 + 6. Let j be such that j6 < s1 < (j + 1)J, we have s1 < 59 <

(J+2)d. If 56 < 81 < 89 <(j+1)d, we have

A

B,, — B,

<2 sup

0<j< [a(??t} 4+1705u<(+1)8

< ’le - Ej(S’ + ’szi -

If 56 <51 < (j+1)5 < s2 < (j+2)d, we have

By, - By, ;

S }Bm - Ajé

+

1

<3 sup

A

sup

A

sup

0<5< [G'(ET)%] +2j6§u§(j+1)6

Hence

I < 3E sup

sup

0<j< [292] 12 J6SuS(H1)S

=3E sup

sup

o2 . .
1<5< [—(5) t]+3 (j—1)6<u<js

B,

Bjs = B(j+1)s

Bu - Ejé

+ }B(jﬂ)a - By,

Eufgﬂy
}Bu - Ejé
Eufﬁﬁy
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are 1.i.d. withe the same distri-

The r.v. (sup(j71)5§ugj5 ‘3u — Bj(s

)13js (292 ] +3

bution as supg<,<s |Bu| ~ \/gsup0<u<1 |- Then

I < 3VOE sup Vi,
<< [ 2 ]+

where (V) are i.i.d. r.v. with the same distribution as

1< [292 43

«|- On the other hand, we know that if (V) are i.i.d. r.v. satisfying

SUPo<u<i

1<j<m

2 . .o .
Ee®"" < 0o where « is a positive real, then

E sup V;<g (mEeo‘Vf) ,

1<j<m

where g : € [1,+00) — 1/ % log(z). Indeed g being concave, we have

E sup V; =E sup g(eO‘VJ‘Q)

1<j<m 1<j<m

=Eg ( sup eV ) , because g is non-decreasing
1<5j<m

<g (E sup e”‘VJ‘Z) , by Jensen’s inequality

1<j<m

m
2 . .
<g|E E e®Vi' | | because g is non-decreasing

<g (mEeo‘Vf) .

In our case Vi = supg<,<; |Bul|- So

Vi < sup 3u+ sup (—Bu)
0<u<1 0<u<1

Thus

e2a((S“Po<u<1 B )2+(S“P09S1(*B”>)2)
( 4o (supgc, <1 Bu )2) 2 (Ee4a(supg§u51(—3u))2) 2
Ee?

(Supo<u<1 B )2.

2
eavl

IN A

IN

2

But the probability density function of supg<,<; B, is 2%13520, SO an easy com-
putation give that for any real g < %

ReB(supocuc Bu)® (1-283)". (4.7)
Thus choosing o < é, we get

Ee®Vi < (1—-8a)~ 3.
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Hence for o € (0, %)

<3 é<1 1°g >\/610g )Qt}+3)
(1) v (7] +9)

. Mog([g]m)

< Ca\/élog (U(?% + 3)

Notice that C, = 3\/ (1 — %) and the second inequality come from the fact

I
Q

that for any z,y € RT we have log(z+3) +y < (1 + 5 (3)) log(z + 3). Consider now
I>. We have

1
2\ 2
I, < (E( sup ‘BTk ET; > ) (]P’[ sup [Ty —Tg| >0
1<k<n 1<k<n
1
2\ 2
< (E( sup ‘BTk|+ sup ‘BTe ) ) (P[ sup [Ty — TF| >5])
1<k<n 1<k<n
So

1 1
3 3 3
I, < <(IE sup ’BTk’ ) + (E sup ‘BTe ) ) (]P’ |: sup |Tx —Tg| > (5:|)
1<k<n 1<k<n 0<k<n
1 1 1
2 2 N 2 2 2
< <(IE sup |Rg| ) +(E sup |Bs‘ ) ) (IF’|: sup |Tk—T,§|>6:|)
0<s<t 0<s<o(€)2t 0<k<n

Using Doob’s inequality, we get

<2 <<E|R§|2)§ + (IE ‘B’U(E)Zt

[N

N[

1

2\ 2 3
) ) (P{ sup |Tk—T,§|>5}) .
0<k<n

I < 4v/to(e) (]P’ { sup [Ty — T§| > 5]>%

1<k<n

Hence

So, by lemma Q, we have

<4L2t00(6)45(6)> g

limsup I < 4v/to(€) 52

n—-+o0o
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Hence

o(e)?t

< Ca \/5 log (T + 3> + %0(6)00(6)2 B()La

< Ca\/élog (# +3> + 8\/L_2t00(e)3 Ble)

limsupE sup |Br, fBT;
n——+oo 1<k<n

)

= Coat <\/6log (Uo(g)% +3) + %O’O(E)S ﬂ(é)) ;

where Cy,; = max (Ca, 8\/L2t). Choosing ¢ = 00(6)26(6)%, we get

< Ca,tdo(e)ﬂ(e)% <\/Iog (B(ﬁ + 3> + 1) )

For the second part of the theorem we will use the following definition for the function
g

limsupE sup
n—+oo  1<k<n

Br, — Br

g(z) = élog(x), x € [1,+00).

And for the third part of the theorem, the function g will be defined as follows

o) = (S 106(2))

The proofs of the second and the third part of the theorems can be found in [E] d
With the method used above, we can derived results for functions depending on
X at a given time.
PropPOSITION 4.8. Let X be an infinite activity Lévy process with generating
triplet (v,02,v), t >0, € € (0,1] and f be a Lipschitz function. Then

Ef (X.) - Ef (X{)

S C/Bl (6)00 (6)5

where C' is a positive constante. If we replace condition f/ bounded by f/ Lipschitz,
then using a Richardson-like extrapolation method, we get the following result.

PROPOSITION 4.9. Let X be a Lévy process with generating triplet (vy,02,v), f
be a continuously differentiable function satisfying f/ is Lipschitz. Then

Ef (X))~ E (2 (X0) - £ (£5))| < CBa(e)or(e)?

where C' is a positive constant.

For exotic payoffs, we have the following results.

PROPOSITION 4.10. Let X be an infinite activity Lévy process with generating
triplet (v, 02,v), € € (0,1], ¢ > 0 and f be a function from RT xR in R K - Lipschitzwith
respect to its second variable. We assume that % is bounded. Then

sup Ef (r,X;)~ sup Ef(7,%;)
T€T(0,4) T€T(0,¢

< Coo(e)r(e),
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where Tjo 4 is the set of stopping times with values in [0,t], and C' is a positive constant
independent of €.

PROPOSITION 4.11. Let X be a Lévy process with generating triplet (v,o2%,v),
p>1,e€ (0,1 and t > 0. We assume that EePMt < oo, then for any x € R and for
any 0 € (0,1)

1—1

B = a) B (e = 0) 7] < Coon(0) (Ber000))

where Cp, ¢ is a positive constant independent of €.
To prove the above propositions, we will use the same notations as in the proof
of theorem @

Proof of proposition @ We have

R =4 B,
U(E)Wt :d BTS .

So, if f is K-Lipschitz, we have
Ef (X,) ~Ef (X; +0—(6)Wt)‘ - ‘Ef (xi+Br,) - 1 (x +BT;)}

<KE ’BTn — Br|.

We conclude with theorem @ 0

Proof of proposition @ We have

A

R¢ =4 B,

n

U(E)Wt = BT;.
We have showed in the proof of proposition @ that
1 ’
Bf (X0) ~ B (X7) = | Bf (X{ +0R) Rids
0
Because R€ is independent of X€¢ and W, we have
1 ’ ’ s~
BF (X0~ Bf (X)) = [ B (£ (X7 +0R) - 1 (X; + 00(0W01) ) Rid.
0
By the same way, we will get
1
Ef (X;) - Ef(X{) = / Ef (X; +00(e)W:) o(e)Widd
01 ’ A ’ A
_ / E (f (X5 + 00 (e)W2) — £ (Xi + aRg)) o (&) Weds.
0
Set

1 =Ef (X))~ E (27 (X7) - / (%))
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Hence
I°=E(f (X) - f (X)) +E(f (%) - £ (x7)
1

- /0 E (f’ (X§+0RS) — f (X; + QU(G)Wt)) (R; - U(G)Wt) do

= (R (s (ki o) - (i +08r,)) (Br, — Brs) a0
Therefore, if f is K-Lipschitz, we get

’Ef (X,)—E (2f (X5)— f (Xt))‘ < /OlKHIE (BTn —BT;)QdG

_ gE (Br, - BTTSL)Q .

We conclude with theorem @ a

Proof of proposition . Set ¢, = £ and

n

p(t)= sup Ef(1,X;)

T€T(0,4)
()= sw Ef(r.Xr)
T€T(0,4)
pn(t) = sup Ef (r,X;)
TGT[&t]
) = suwp Ef (r,X7),
7'67—[&75]
where 7'[3 1 is the set of stopping times with values in {t;, k=1,...,n}. We know
that
Jim pa(t) = p(t)
: € — €
Jm pf (6) = p*(2)-

Let 6 € ’7&’)’ i e have

Ef (6, Xo) =Ef (6,X5) +E (£ (6,X0) — f (6, %5))

<p,(t)+E sup (f(tk,th)*f(tk,Xtek))
1<k<n
=pu(0) +E sup (f (b X5, + Br) - f (. X5, + Bry ) )

Br, — Br

So

pn(t) <pi(t) + KE sup
1<k<n

Br, — Br
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By the same reasoning, we get

p5(t) < pn(t)+ KE sup |Brp, — BT; .
1<k<n
Therefore
Ipn(t) — pr(t)] < KE sup |Br, — Bre|.
1<k<n

We conclude by theorem @
Proof of proposition . Define

M = sup (X;L +R;L)
0<k<n n n

M" = sup (X;i +o(e) A;i).
0<k<n n n

We know that

lim M=M,; a.s.

n——+o0o
lim M" = M{ a.s.
n——+o00

Set
Utn = Ssup (X;L +ETK)
0<k<n n
Ut@" = sup (X;i —i—BT;).
0<k<n n
So

My ="Up
Sren _d fren
M," ="U,

By mean value theorem, we have
n ‘re,n A FTe,n
Ve — el = (Ut” - Uf") el
where U™ is between UJ* and U;™. Set

n + e +
Ig:‘E(eUt—x) —E(eUt —:I:) .

27
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Thus
I <E }eUfn — el
<E ’Utn - el
<E sup BTk — ETe er"
0<k<n k
2 \1-% N
< (E sup BTk 7BTE P > (Ee;UUtY )p
0<k<n k
2 1-1 N 1
< (IE sup |Br, — Bre|” > (IE (eth' + ePMy ))p
0<k<n k
2 \1-% X 1
< (IE sup |Br, — Bre|” ) (IE (eth + epr)) ?
0<k<n k
But

E (eth + epr) <E (eth + ePo(€) supgc,<p Ws epr)
< EePMr 4 Qeéa(E)ZtIEepr
< Qeéa(e)%E (e”M‘ + e;DMf) ]
So using dominated convergence, theorem [.q and lemma B.9, we get
re + n + rESM +
‘E (eMt — x)+ —E (er - :v) ‘ = lim ‘E (er — x) —E (eMt — x)
n—-+oo
n + €T +
E (eUf — :v) —E (eUt — :v)

P

< Cpaoo(e) (g a0) "

1

= lim sup
n——+oo

0

4.3. Estimates for cumulative distribution functions. The bounds ob-
tained in this section are better than those obtained by truncation, provided that
condition ([.9) is satisfied.

PROPOSITION 4.12. Let X be an infinite activity Lévy process with generating
triplet (v,02,v), > 0 and € € (0,1]. Set

Boo(€) = B1_1(€)
1. If 0 > 0, then

sup |[P[X; > z] - P [Xf > :L'H < Cop(€)P1(e).
z€R

2. If X; has a locally bounded probability density function, then for any pair of
reals 0, p € (0,1)

PLX, > 2]~ B X > 2] < Coou(@) 7 (Byo(e)”.
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3. If My has a locally bounded probability density function on (0,+00), then for
any pair of reals 6, p € (0,1)

(B0, > o] ~P [0} > 2] | < Cpoo0(©) 7 (Bro())"

The positive constants C' and C), ¢ independent of e.
Proof. We will use the same notations as in the proofs of theorem @ and propo-

sition . Recall that

R =4 By,

U(G)Wt = BTTeL .
Set

Y, = X{ + Br,

Y/f =X{ + BT;
Thus

{x - (ETn — ETZ) <oB;+ (Yf - aBt) < x} .
By construction, o B; is independent of (Yf - aBt) and of (BTn - BT;L). We know

that a\/lzﬁ is an upper bound of the probability density function of o By, so

1
27t

P[}QZZE,}A@E<$:|S E’ETnféT; .

We get the first part of the proposition by using theorem @ Consider now the second

part of the proposition. By proposition , we know that there exists K, > 0 such

that

A |P

) E|Y, - ¥

P> Y) =PV > a]| < Koo b ——p—-

. Lp

E |Br, — Bre

By theorem [£.§, we know that there exists C, ¢ > 0 such that

1 2 Y] B [5i 2 ]| < K 4. AL o0l

1)
< 2max (K, Cpo) o0(€)' ™77 B() 741

< max (K,;,Cpy) (5 + M)
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The last inequality is obtained by choosing § = gq (e)kﬁﬁpﬂ(e)ﬁ. We set
I(e) = ’P[Mt > P [M; Zsc”
I'(e) = ‘P[Mt” > a] - P [NI7" > 2] ‘ ,
Note that lim, o I"(¢) = I(€). So (see the proof of proposition [£.11])
I"(e) = ‘P[Uﬁ >q]— P [Uf” > :c} ] .
Using the proof of proposition , we get
enlP
E }Ut” —Up
or

Esup1gk§n

I'e) <Pla<Ul<z+d]+

A A p
BTk — BT;

<P <Ul<z+d+

opr
But
lim Ple<U <z+0]= lim Pla <M <z+ /]
n—-4o0o n—-4o0o
=Pz < M; < x+ 0]
< Cy9,

where C, is a positive constant given by proposition . Thus by theorem @

Cpo
I(e) < Cad + =500 ()" Bp,o (€)
< 2max(Cy, prg)oo(e)l_p_ilﬁp,e(e)ﬁ'

The last inequality is obtained by choosing § = og (6)1_ﬁ52(6)ﬁ. O
REMARK 4.13. Suppose that 0 > 0 or o = 0 and there exists a« > 0 such that
(B.3) is true, then for any 6, p € (0,1)

ap
’I[D [Mt Z JE] P |:Mtf Z :C:H S Cp,OUO(e) (1+pc;a+1 (ﬂlyp(e)) a(l+p)+1
The constant C, g is independent of €. The proof can be found in /ﬂ/

REFERENCES

[1] S. Asmussen, J. Rosinski, Approximations of small jumps of Lévy processes with a view towards
simulation, J. Appl. Probab., 38 (2001) 482-493.

[2] 0.E. Barndorff-Nielsen, Normal Inverse Gaussian Processes and the Modelling of Stock Returns,
Scand. J. Statistics, 24 (1996) 1-13.

[3] M. Broadie, Y. Yamamoto, A double-exponential fast Gauss transform algorithm for pricing
discrete path-dependent options, Operations Research, 53 (2005) 764-779.

[4] P. Carr, H. Geman, D. B. Madan, M. Yor, The fine structure of asset returns: An empirical
investigation. Journal of Business, 75 (2002) 305-332.

[5] R. Cont, P. Tankov, Financial modelling with jump processes, Chapman & Hall/CRC Financial
Mathematics Series, Boca Raton, 2004.

[6] E. H. A. Dia, Exotic Options under Exponential Lévy Model, Doctoral thesis, Université Paris-
Est, 2010.



APPROXIMATION ERRORS OF SMALL JUMPS 31

[7] E. Eberlein, Application of generalized hyperbolic Lévy motions to finance, In Lévy Processes:
Theory and Applications, O.E. Barndorff-Nielsen, T. Mikosch, and S. Resnick (Eds.),
Birkhduser Verlag (2001) 319-337.

[8] L. Feng, V. Linetsky, Computing Exponential Moments of the Discrete Maximum of a Lévy
process and Lookback Options, Finance and Stochastics 13(4) (2009) 501-529.

[9] L. Feng, V. Linetsky, Pricing Discretely Monitored Barrier Options and Defaultable Bonds in
Lévy Process Models: a Fast Hilbert Transform Approach. Mathematical Finance, 18(3)
(2008) 337-384.

[10] S.G. Kou, G. Petrella, Numerical Pricing of Discrete Barrier and Lookback Options via Laplace
Transforms, Journal of Computational Finance, 8 (2004) 1-37.

[11] K. Sato, Lévy processes and infinitely divisible distributions. Cambridge university press, cop.,
vol. 1, XII, 2005.

[12] A. V. Skorokhod, Studies in the Theory of Random Processes, Reading, Mass., Addison-Wesley
— cop, 1965.



