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Abstract. We estimate the rate of decay of the difference between a solution and its limiting
equilibrium for the following abstract second order problem

u(t) + g(a(t)) + M(u(t)) =0, teRy,

where M is the gradient operator of a non-negative functional and ¢ is a nonlinear damping
operator, under some conditions relating the Lojasiewicz exponent of the functional and the
growth of the damping around the origin.



1 Introduction

The convergence problem for bounded solutions of semilinear dissipative wave equation has
been the object of many specialized works in the last 30 years. Assuming €2 to be a bounded
open connected domain of RY | a convergence result has been shown in [6] for the problem

(1.1)

Uy + cup — Au+ f(u) =0 in Ry x Q,
u(t,z) =0 on Ry x 00

when the function s — f(s) + Ais is non-decreasing, relying on the fact that the set of
equilibria is then one-dimensional. This result was established under a growth assumption
on f and assuming precompactness of the solution curve (u(t,.), u;(t,.)in the energy space.
A first generalization allowing some types of nonlinear dampings was done by E. Zuazua
in [15]. A much more general theory dealing with one-dimensional sets of equilibria was
developped later by J. Hale and G. Raugel [5]. The hypothesis on the dimension of the
equilibrium set can be relaxed if f is analytic, and general convergence results as well as
rates of convergencence were proved in this direction by M.A. Jendoubi and the second
author, c.f. [12, 9, 10] by using the Lojasiewiz gradient inequality , cf. [13, 14]. The case of a
genuinely nonlinear damping seems to be more delicate. As a basic example, a convergence
result for bounded solutions of the problem
g + Jug|*uy — Au+ f(u) =0, in Ry x Q,
u(t) =0, on Ry x 09, (1.2)

u(0,) = ug € H}(Q),u:(0,-) = uy € L*(Q),
has been proved by L. Chergui in [4] assuming 0 < a < 1 and the following conditions
f : R — R is analytic, (1.3)
there exists C' > 0 and 1 > 0 whith (N — 2)n < 2 such that :
if N > 2 then we have |f'(s)| < C(1+ |s|") on R. (1.4)
There exists 6 € }QLH, %} and C > 0 such that for all ¢ in the equilibrium set
S = [ € H(Q) 0 HY(Q) and A = f(4)}
there is o, such that for every u € Hg(§2) one has
lu = llmye) < o0 = 1A+ f(W)l-10) = CIE() — E(p)|'" (1.5)

However L. Chergui did not obtain any estimate of the rate of convergence.



In this paper we shall obtain such an estimate for a class of equations which contains
(1.2) when f satisfies some additional assumptions. The plan of the paper is as follows:
In Section 2 we state and prove our main result. In Section 3 we give simple applications
of this result. In Section 4 we show how to check the hypotheses for a more general class
of nonlinear operators. Section 5 contains the convergence and decay results in the more
elaborate examples related to the results of Section 4. Section 6 is devoted to the case where
a rapidly decaying source term appears in the right-hand side of the equation.

2 Main result

2.1 Functional setting

Throughout this article we let H and V be two Hilbert spaces. We assume that V is
densely and continuously embedded into H. Identifying H with its dual H’, we obtain
V — H = H' — V'. We denote by (-, -) scalar products and duality relations; the spaces in
question will be specified by subscripts. The notation (f,u) without any subscript will be
used sometimes to denote (f,u)ysy. Throughout the text , we let C; > 0 be such that

lWllv: < Cillolla < Cilvllv, veV. (2.1)
Other constants in the calculations will be denoted by C; (i > 2).

Let £ € C*(V,R), and denote by M € C'(V, V") the first derivative of £. Throughout
the text we shall assume that £ and M are bounded on bounded sets of V' with values to V'
and V' respectively. We study the following abstract Cauchy problem :

i(t) + g(u(t)) + M(u(t)) =0, t>0,
u(0) = uy, ug €V, (2.2)
U(O) = U, u; € H,

under the following assumptions on g and M :
1) g : H — V" is such that there exists a €]0,1[, p; > 0 and py > 0 for which

\V/U & V, <g<v)7U>V’,V 2 leUH?I—FQ? (23)

Vo € H, [lg(v)lv: < pallvllg™. (2.4)

2) There exists a real number 6 such that

ee} o 1}, (2.5)

a+1"2




and some constants ¢; > 0, ¢ > 0 and a bounded subset B of Vsuch that the function & is
nonnegative on B and satisfies the following assumption

Vue B, a&(u)’ = [|M()|v = e (u)' ™ (2.6)

where v > 0 is such that :

1
i—a(l—é)gvgl—ﬁ. (2.7)

2.2 The result

The main result of this paper is

Theorem 2.1 Letu € WU (R, V)W2H(RY, H) be a solution of (2.2) such that u(t) € B

loc loc

for t large where B denotes a closed subset of V. Assume that the hypotheses (2.3), (2.4)
and (2.6) are satisfied. Assume in addition that there exists a constant C > 0 such that for
u € B, the following inequality holds :

Yo eV, [(M(u)v, v <ClvlF. (2.8)
Let 0 be as in (2.5) and (2.6). Let us introduce

1 (a+D)1-0) 1
S P T s Al o

Then there exist a € B and a constant C > 0 such that
Vt>T, |u(t)—al|g <Cts (2.9)

Moreover there are positive constants My, My such that
> T, [la(t)|a < Myt (2.10)

VE>T, E(u(t)) < Myt™ (2.11)

Finally, if either u has precompact range in' V., or M : B — V' is weakly continuous for the
topology of V', we have
a €l :={yeV,M(y) =0}

Remarks 2.2 1) Let us observe that in the case V = H =R, g(v) = ||0]|*0 and M (u(t)) =
VF(u(t)), L. Chergui [3] studied the differential system

i(t) + a()||“a(t) + VF(u(t)) =0, t € R,. (2.12)



He proved a convergence result for bounded solutions of (2.12) and he obtained the rate of
decay given in Theorem 2.1.

2) The hypothesis (2.6) implies that any equilibrium point a € B satisfies £(a) = 0.
Hence the minimum of £ on B is achieved on equilibrium points. In particular, if either u
has precompact range in V', or M : B — V' is weakly continuous for the topology of V|
the existence of a region B with the above mentioned properties implies the not so trivial
conclusion that the minimum of £ on B is achieved and equal to 0 .

2.3 Proof of Theorem 2.1

Let u be a solution of equation (2.2) such that u € W,2H (R, V) W2HRY, H) and let T > 0

be such that u(t) € B for t > T . Let us define the nonnegative function

B(t) = g (t) [ + Eul)).

Then we have
E'(t) = —{alt), g it)) by < 0

Therefore E, being nonicreasing and nonnegative, remains bounded. In particular «(t) is
bounded in H. Now let 0 < € < 1 be a real constant. We define the function

H(t) = E(t) + eB(t)"(M(u(t)), u(t)) v,

where 3 = a(1l — 0), 0 is the Lojasiewicz exponent defined in (2.6).
Our bounded solution u being fixed, we can choose € small enough in order to achieve

B()

5 < H(t) <2E(t), forallt>T. (2.13)

In fact thanks to the definition of H together with assumption (2.6) we have for all t > T

H(t) = E(t)+eB(t) (M(u(t)), u(t))v:
< E(t) + B M(u®) v llat) v
< E(t) +eCieV2E() -0+t

Now, since E is bounded, it follows thanks to (2.7) that E(t)*(-9+t7t2 < KE(t), for all
t > T, where K is a positive constant. Then by choosing ¢ small enough we get H(t) < 2E(t).
The reverse inequality follows similarly .

We now compute
H'(t) = E'(t) + eBE' () E()" (M(u(t), alt))v + eB() (M (u(t))a(t), a(t))v:
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—eB(t) (M(u(t), g(a(t))v: — eE)°| M(u(t))][3.

Then we get
H'(t) = —(alt), g(a(t))vvr — eB(a(t), g(a(t))) v E()°~ (M (u(t)), a(t))y

+eB(t) (M (u(t))i(t), a(t))v — eE@) (M(ut)), g(a(t)v: — eB(E)° | M(u(®)]}-.

By using (2.3), (u(t), g(4(t)))v,y is nonnegative and then we get thanks to the definition of
E together with assumption (2.6)

=(i(t), g(a(t) v B M(u() i)y < Coilt), g(i(t)va B0 Ew) B(1)>
() v B(1)

() B0,

I IA A
S
< S
—~
= =
@ =
S 2
=

Thanks to the last inequality together with assumption (2.7) and since E is bounded we
obtain

—(a(t), g(a(t))va B HM(u(t)), a(t))v: < Caalt), g(a(t)))v,v- (2.14)
Thanks to assumption (2.8) and since £ > 0, by applying Young’s inequality we get for all
t > T large enough

eB(t)* (M (u(t))a(t), a(t)v < eCaB(8)°|a(t)]7 < 4E( = o8 [105] e

Now by using the definition of ¥ and ( we obtain

eB(t) (M (u(t))i(t), i(t))y

IN

€ - e «
TEOIET 4 eCsllu(t)|5

(@3 + ()= 4 eCla(t) 5.

IN

£
4
Since % is bounded we get

B M (b)), i) < Coll D)7 + SE () 8 ()1

Thanks to assumption (2.6) we get

eB () (M (u(t))a(t), u(t))v

IN

eColla(t)]5™ + i (W) M (u(®)) |
eCsllu(t)||5" + i (&) NM(u(®)]

N



Therefore we have for all ¢t > T
eB(t) (M (u(t))a(t), a(t))v < eColla(t)|| 5 + (t)ﬁHM(u@))H%/" (2.15)
We have thanks to Cauchy Schwarz inequality together with assumption (2.4)

eB(t) (M(u(t)), g(a(®)))v < epa B() | M(u(®)) [l Ila(t)l|5.

Let C7 =1+ sup || M (u(t))]|v/, by using Young’s inequality there exists Cg > 0 such that
Ry

ﬁ” (u(®)||5F? + eCslla(t) || 4.

Then since E is bounded we obtain for all ¢t > T

e M(u())llv Il 15 <

eE() (M(u(t)), g(a(®))v < ZE®) M (u(®)} + eColla(t)]|5. (2.16)

B~ ™

Thanks to assumptions (2.3), (2.14), (2.15
follows that for all ¢t > T

~—

and (2.16) and by choosing € small enough it

H'(t) < =Cho ([la(@)[15" + E@)°[M(u®)|I) - (2.17)

Now by using the last inequality together with assumption (2.6) and the definition of £ we
get

—H'() > Chol]|a(t)]|%2 + &(u)@+D0-0)
2 C105( )(a+2)(1 0)
> omw(t)——uumu e+ =0
> CpE()20°9 _ Oy lla(t)| 320
> OBt 00 — Cyglla(t) |4+
> CpE@)0 4 CyuH'(t).

Then we obtain
—CysH'(t) > B(t)ler20-6), (2.18)

By combining (2.18) and (2.13) we obtain the next differential inequality for all ¢ > T
H(t)er =0 4 1 () < 0.
It follows by applying Lemma 2.8 from [1] that for all t > T

H(t) < Ciat™, (2.19)

7



where A = By using (2.17) together with (2.19) we obtain for all ¢ > T

1
a+2)(1-0)—1°

2t 1 2t 1
W(s)||5 2 ds < ——— H'(s)ds < —H(t) < Cy5t .
¢ " C

10 Jt 10

Since we have )

2t il 2t at2
[ lilnds < i ( [ il ds) .
t t

Therefore we get for all t > T

2t
/ () |1 ds < Chgt~ 7455 — Oyt
t

1—(a+1)(1-6)

where & = D1

Then we obtain for all ¢t > T

[e’) oo ok+1¢
/ lis)lmds < 3 / i)l ds
t o v 2*t
< Cig ) (2")7°
k=0
< Ottt

In particular, u € L'(T, 00, H). Hence, u(t) has a limit a in H as t — oo and

|u(t) — allg < Ct¢.

The other estimates follow rather easily from (2.19) and (2.13). Then by (2.6), we see that

M(u(t)) tends to 0 as t — oo and the last conclusion follows immediately.

3 Direct applications

In this section we apply our main result to various simple example in order to test the

sharpness of the estimates given by that theorem.

3.1 A second order ODE

As a first application of the abstract theorem 2.1 let us consider the following second order

ODE :
u' + ||+ f(u) =0,



where o € (0,1) and f is such that for some reals a,b with a <b

fls) =m(s)[(s =b)" = (s —a)7]

where
m € W,o*(R), and inﬂgm(s) > 0 (3.2)
s€

loc
For this example it suffices to choose V' = R, then conditions (2.6) and (2.7) are verified with
1
0=~= 5 for any compact interval B of R. The assumptions (2.3) and (2.4) are clearly true

for equation (3.1). As a consequence of (3.2) it is easy to see that all solutions of (3.1) are
bounded and globally Lipschitz on R, . By applying theorem 2.1 we prove that there exists

¢ € R such that |u(t) — ¢|] < Ct~at!, where C is a positive constant. Clearly ¢ € [a,b]. This
result is optimal.

3.2 A critical semilinear wave equation

In what follows, €2 is a bounded connected open subset of RY. As a second application of
the abstract theorem 2.1, we let V = H}(Q), H := L*(Q), M(u) = —Au — \u + |[ul’ " u,
where A; is the first eigenvalue of —A and p > 1 satisfies (N —2)p < N + 2,

1 1
E(u) = 3 /Q(\Vu|2 — \i|ul?) dz + P} /Q lulP*! dx

and we consider the following system

{ uy + g(ug) — Au— Mju+ |ufPlu =0, in Ry x Q, (3.3)

u(t,x) =0, on R, x 09,

where g : H — V' satisfies (2.3)-(2.4) with 0 < o < % . It has been established in [9] that

under the above conditions, £ € C*(V,V’) and (2.8) is fulfilled. In order to apply our main
result to this example the main assumption remaining to be checked is therefore assumption

(2.6). Now it has been proved in [11] that for u small enough in V'
1

M) =1 > 1 (E(w))?, where § = ——.

M)+ = er(E(w) ™", w |

This result suffices to study the asymptotics of solutions knowing in advance that they
converge to 0 in V. Actually a refinement of the method of [11] allows to verify that for any
R >0, there is ¢;(R) > 0 for which

VueV, uly <R= [M@)|u > e(R)(E ()7

For the proof, see Section 4, Corollary 4.2 and Remark 4.3, 2). On the other hand it is not
difficult to check that (2.6) holds true on any bounded subset of V' with v = % Indeed

M)l < | = Au = Ayufl s + [ [ulP ull -1

9



We infer )
| = Au— Al < 26(u)}

Indeed

YoeV, (—Au— \u,v) = /(VU.VU — Muv)dx
0

By Cauchy-Schwarz inequality we deduce

VeV, (—du— o) < ([ (Il = MfuP)dz) (| (190l = Aol o)’
Q Q

< (/Q(HVUII2 = Mful’)d)2||o]lv

And the result follows. Now, if N < 2 the estimate of the nonlinear part is obvious, while if

. [ 1 1 1
N > 2 < th h <=4 == —.
since p N3 en we have bl S 2 + N~ @Y
So we obtain ,
[P~ ull pey < CzHIUIp’luHL%l < c3(E(u)) .

Then we get ,
el ull -1 < ca(E(w))7er.

In order to apply Theorem 2.1 we first observe that

1 1 1
VueV, E(u)= 5/ﬂ(|Vu]2—Al\u]2)dx+m/g|u|p+ldx2 §/QIVU|2d:U—M

for some positive constant M (the proof for p = 1 is just slightly more delicate), and as a
consequence of the fact that F(t) is non-increasing we deduce that any solution w is such
that u(t) remains bounded in V.

Then we compute

5_1—(04—1—1)(1—6)_ l—ap )= 1 . pt1
C(a+2)1-0) -1 (a+1l)p—1' C(a+2)1-0) -1 (a+1l)p—1

Applying (2.9) we obtain
(u(t) = a)| < CoTTT
for some a which will turn out to be 0 by the last part of the Theorem. On the other hand,

since (cf. Proposition 4.1, formula (4.6)) for some 7 > 0 we have &(u) > n|ul[%", applying
(2.11) we find

lu(t)|ly < Mt~ @7

which is always sharper. This shows that it is sometimes preferable to apply directly the
energy estimate rather than (2.9).

10



3.3 A semilinear wave equation with Neumann boundary condi-

tions
As a third application of the abstract theorem 2.1, we let V. = HY(Q), H = L*(Q),
1 1
M(u) = =Au+ |[ufP"lu, where 1 < p < T2 E(u) = —/ |Vul® dz + —/ lulPt dx
2 Ja p+1Jg
and we consider the following system

{ ug + g(u) — Au+ [uP~lu =0, in Ry x Q, (3.4

9u—0 onRy x 09,

where g : H — V' satisfies (2.3)-(2.4) with 0 < a < 1—17. As in the previous example the

results of [9] show that under the above conditions, £ € C*(V, V') and (2.8) is fulfilled. The
main assumption to be checked is again assumption (2.6). It is rather easy to verify that for
any R > 0, there is ¢;(R) > 0 for which

VueV, uly <R= [M@)|u > ei(R)(E ()7

For the proof, see Section 4, Corollary 4.4 and Remark 4.5, 2). Moreover it is not difficult
to check that (2.6) holds true on any bounded subset of V' with v = % Indeed

IM@@)llv < || = Aully + [[[uf ullv.

We infer 1
| — Aully < (2E(u))?

Indeed
Yo eV, (=Au,v) = / Vu.Vudz
Q

By Cauchy-Schwarz inequality we deduce

WeV, (—Au,o) g(/ ||vu\|2dx)é(/ IVo|2dz)?
(9] 0

1
< ([ IvulPdz)éiolly
And the result follows. Then by the same method as in the Dirichlet case we obtain easily
P~ ully: < ca(€(u))7H.

In order to apply Theorem 2.1 we first observe that

1 1
VueV, &)=< [ |[VulPde+—— [ [uft'de>6 [ |Vul> +u*de — M
2 Ja p+1Jg Q

11



for some constants M > 0,9 > 0, and as a consequence of the fact that E(¢) is non-increasing
we deduce that any solution u is such that u(¢) remains bounded in V.

By applying Theorem 2.1 and using Proposition 4.1, formula (4.6), we obtain exactly the
same estimates as in the previous example. In particular we find

lu(t)|ly < Mt~ @

The degree of sharpness of this estimate is not clear, cf. remark 3.4 .

3.4 Examples of damping operators and convergence of weak so-
lutions

In the examples of both paragraphs 3.2 and 3.3, the initial value problem can be solved for
any initial state in V' x H under relevant conditions on the damping term. In this paragraph
we shall consider 2 basic examples

Example 3.1 Let v be a locally Lipschitz function such that
K >0, ~'(s)>—K, ae. onR

Assume that v satisfies the following conditions

VsER, y(s)s 2 pifs|"? (@)
Vs ER, [y(s)| < pals|™ (Cs)
The typical case is
Y(s) = ()™ —ya(s7)*

By setting

g(v)(z) =v(v(z)) a.e. on Q
we define an operator g : H — V'’ with V. = H*(Q) (resp V = H}(Q)) for any « € [0,1] if
N < 2 and for any « € [0, %] if N > 3. In addition in such a case g satisfies automatically
(2.3)-(2.4).

Example 3.2 Let m be a locally Lipschitz function such that
Vs e Ry,  015* <m(s) < o9s” (M)

and

dK >0, m'(s) > —K, ae. on R
By setting

9(v)(x) = m(|Jv|g)(v(z)) a.e. on 2

we define an operator g : H — H C V' with V.= H'(Q) (resp V = H}(Q)) for any o > 0.
In addition in such a case g satisfies automatically (2.3)-(2.4).

12



By applying the results of [10], It is rather straightforward to see that for any ¢ satis-
fying the conditions of Example 3.1,the initial value problems associated to both equations
(3.3) and (3.4) are well-posed for any initial state in V' x H. In addition, for initial data
in D(A) x V, the solution has the regularity required for the applicability of Theorem 2.1.
In addition the solution depends continuously on the initial state as a map from V x H
to C([0,T,V] N CY([0,T, H] for any T > 0. A careful inspection of the results from [10]
shows that exactly the same property can be deduced for the same quation when g has the
non-local form described in Example 3.2.

By combining these properties with the results previously obtained, we obtain

Corollary 3.3 For any g satisfying the conditions of Example 3.1 or Example 3.2 , for any
(ug,u1) € V- x H there is a unique weak global solution u of (3.3) (resp (3.4)) in the sense
of [7] which satisfies u(0,.) = up and uy(0,.) = wy. In addition if we assume o < % and in
the case of Example 3.1, for N > 2, the additional condition o < %, then we have, for some
constants M, M' > 0

Ve> 1, fu(t,.)|ly < Mt @
and

1
VE> 1, et ) ||lg < Mt T

Proof. For a strong solution, the result is a direct consequence of the fact that g satisfies
(2.3)-(2.4). Moreover it follows obviously from our method of proof that the estimates on u
and wu; are uniform when the initial data (ug, u1) remain bounded in V' x H. Then the result
in the general case follows by density. 0

Remark 3.4 The Neumann case contains in particular the case of the ODE
u’ +g(u) + [ufPlu =0
which was studied in [8]. It is not difficult to see that the rate of decay given by Corollary

3.3 for g(s) :=|s|*s is optimal for space-independant solutions only if p = 1.

4 A gradient inequality for some non analytic func-
tionals.
In this section we shall find the optimal Lojasiewicz exponent for a class of nonnegative po-

tentials associated to semi-linear PDE problems. In what follows, €2 is a bounded connected
open subset of R¥.

13



4.1 A general class of possibly non-analytic functionals. Applica-
tion to various operators and boundary conditions

In this paragraph, V is a Hilbert space continuously imbedded in H = L?(Q), A € L(V, V)
is symmetric, such that
VueV, (Au,u) >0 (4.1)

and we set

M(u) = Au+ f(u)
where f:V — V' is the gradient of a functional F € C*(V). The energy functional is

E(u) = %(Au, u) + F(u)

We assume that N = ker A is finite dimensional and we denote by P : H — N the orthogonal
projection on N in H.

Proposition 4.1 Under the following hypotheses
In >0, YweVnNL (Av,v) > v} (4.2)
>0, YueV, (f(u),u)> puF(u) (4.3)
For any R > 0 there is a constant M(R) such that
VueV, [lully < R=|lul" < M(R)F(u) (4.4)

Then for any R > 0
1) there is a constant C(R) such that

T

Vu eV |ully < R = (E(u))™1 < C(R)[|M(u)]lyv (4.5)

2) there is a constant P(R) such that
Yu € V,|jully < R < R= ||u|[j' < P(R)E(u) (4.6)
Proof. We have
Vu eV, (Mu,u) = (A(u — Pu),u — Pu) + {f(u),u)

> nllu — Pullf, + pF (u)
On the other hand

VueV, |ullv < llu—Pully +[[Pully <lu— Pully + Cif|Pulla

1

VueV, [lully < R = lully <llu— Pully + Co(R)F(u)m

14



Hence )
2 1
Vu eV, [[ully < R= [Jully < C3(R)([lu— Pully™ + F(u)=1)

which implies by using the inequality a + b < 2(a? + b?)'/? applied with ¢ = r + 1
Yu eV, |ulv <R = |ullv < 2C5(R)(|lu— Pull} + F(u)7
Therefore (4.6) is proved and moreover
VueV, |lully < R= nlu— Pull} + pF(u) < (Mu, u)
< 205(R)([lu — Pull? + F(u)) = | Maul|y-
Then (4.5) becomes an immediate consequence of the simple inequality

(Au,u) = (A(u — Pu),u — Pu) < || Al vy llu — PUH%/

We now state 3 simple applications of Proposition 4.1

1) The Dirichlet case. Let V = H}(Q), H := L*(Q). We consider
M(u) = —Au — Mu+ e (uh)P — ep(u™)?

where A; is the first eigenvalue of —A and ¢;,¢o > 0, 1 < inf{p, ¢} and either N < 2, or
N+2

sup{p,q} < 5. The energy is given by

1 C1

_ 1 2 _ 2 +yp+1 2 —ya+l g
£(u) Q/QUVu] Al\u|)dx—|—p+1/g(u) dx+q+1/g(u) .

Corollary 4.2 Under the above conditions, we have (4.5) with r = sup{p, ¢}.
Proof. We set

Au=—Au—Nu;  f(u) =ci(u)? — co(u™)?

and

Flu): -4 /Q (P de =22 /Q (™)™ do

p+1 qg+1

Then under the assumptions on p, ¢, f is a continuous map from V to V’/ and it is in fact
the gradient of F. In addition (4.3) is fulfilled with u = 1 + inf{p, ¢} > 2 and we also have
clearly, using the positive character of both ¢; and ¢,

lt |1 < K1 F(u)

15



and
a1 < Ko F (u)

By addition we find
lu I+ e 1 < K Fu)llully® + K (u)|ully* < KFu)(lullz® + lull )

and (4.4) follows easily. Finally we observe that since 2 is connected, N is one dimensional
and to check (4.2), introducing the second eigenvalue Ay of —A on V' we find

Vo e VAN®,  (Av,v) > o]l
In addition by definition of the norm in V' we have

Yo eV, ulli = (Av,v) + M loll

Hence A A
Vo e VONY,  ol? < (Av,v) + Z(Av,v) = (1 + Z2)(Av, v)
A2 A2
A
which gives (4.2) with n = 3 +2 o Therefore all conditions of Proposition 4.1 are fulfilled
and the result follows e O

Remarks 4.3 1) If p # q or ¢; # ¢o , the functional is not analytic since even its restriction
to the subspace of multiples of the first eigenfunction is not analytic.
2) If p = g and ¢; = ¢ we recover the example of Section 3.2.

2) The Neuman case. Let V = H'(Q), H := L*(Q2) . We consider

M(u) = —Au+ ¢y (u™)? — cy(u™)?

N+2

where and cj,c; > 0, 1 < inf{p,q} and either N < 2, or sup{p,q} < 375.

given by

The energy is

(u_)qJrl dx

()

Q C]+1

1 C1
E(u) == [ (|Vul?
() =5 | (VuPd+ -2
Corollary 4.4 Under the above conditions, we have (4.5) with r = sup{p, ¢}.
Proof. We set

and

16



The properties of f and F are similar to the previous example. Since €2 is connected, N is
one dimensional, being reduced to constant functions and and to check (4.2), introducing
the second eigenvalue Ay of —A on V' we find

Yo € VAN (Av,v) > \|v||%
In addition by definition of the norm in V' we have here
Vo eV, |[vlly = (Av,v) + v}
Hence
Yo e VAN v]|Z < (Av,v) + )\%(Av,w =(1+ %)(Av,w

which gives (4.2) with n =

] +2)\ . Therefore all conditions of Proposition 4.1 are fulfilled
2
and the result follows O

Remarks 4.5 1) If p # q or ¢; # ¢5 , the functional is not analytic since even its restriction
to the subspace of multiples of the first eigenfunction is not analytic.
2) If p = q and ¢; = c» we recover the example of Section 3.3.

3) A fourth order operator. Let V = H3(Q) , H = L*(Q) and let \; denote here the
first eigenvalue of A? on HZ(Q).We assume ¢; > 0,¢, > 0 and p,q > 1 with

(N —4)sup{p,q} <N +4
We consider
M(u) = A%u — M+ e (uh)P — cp(u™)?
The energy is given by

1

_ _/(|Au\2 o fuf?)de + -2 /(u+)P+1 d + —22 /(u—)q“ dx
2 Q Q Q

E
(u) p+1 qg+1

Corollary 4.6 Under the above conditions, we have (4.5) with r = sup{p, ¢}.
Proof. We set

Au= N%u— Mu;  f(u) = cy(u™)P — cp(u™)?

and
C1 Co _
F(u) : uw )P da + /u 1y
) S5 [ ytae s 2 [ )
Then under the assumptions on p, g, f is a continuous map from V to V' and it is in fact
the gradient of F. The rest of the proof is identical to the proof of Corollary 4.4 OJ

17



4.2 Multiple equilibria under Neumann boundary conditions
In this paragraph we let V = H'(Q), H = L*(f), and we set
(u) = —Au+ f(u)

/rwr?m/ Flu(2)) da

The hypotheses that we shall make on f will imply that the energy functional is bounded
from below since it will be the case for any primitive of f. We shall choose for F' the primitive
with minimum equal to 0.

More specifically, let us define for some reals a,b with a < b
VseR, p(s)=(s—b"—(s—a)”

Let p > 1 be such that
(N—-2)p< N+2

in order that
vV C LPTHQ)

We assume that f € W,o°(R) with f =0 on [a, b] and for some ¢ > 0

Vs €R, f(s)p(s) > clp(s)"* (4.7)

= /as f(u)du

In particular F' = 0 on [a, b] and it follows clearly from (4.7) that F' satisfies

We define then

Vs eR, F(s)>—— pHl
s (5) 2 = lo(s)

We assume that F satisfies for some C' > 0 the upper bound
Vs €R, F(s) < Clp(s)P™ (4.8)

Proposition 4.7 Under the conditions (4.7), (4.8), for any R > 0 there is a constant C(R)
such that )
Vu eV, |lully £ R = (E(u))T < C(R)||M(u)llv (4.9)

1
Pv::—/vxdx
o] Jo ')

Yu € H*(Q), (Mu,u— Pu)= /Q |Vul? + f(u)(u — Pu)dx

Proof. Setting

we have since f is nondecreasing

18



> / IVul? + f(Pu)(u — Pu)dx = / |Vul?dz
Q Q
similarly

Yu € H*(Q),  (Mu,p(u)) = /Q(p’(U)\Vu\Z + f(uw)p(u))dx

> e / () P = cl|p(u)|!

hence by addition

Vue H*(Q), (Mu,u— Pu+p(u)) > [ Vull3 + ¢l p(u)llpi

As a consequence of Poincaré’s inequality , we have
lu = Pully < Kq1|[Vull

In addition
Ip(u)llv < [[V(p(u))ll2 + llp(u)]l2 < [Vullz + K p(u)]]p

hence
lu = Pu+ pw)lly < Ks([Vaull2 + [[9(w) 1)

As a consequence we find for some fixed § > 0

IVull3 + o)l

Mull, > 6
Ml = o o e

by writing
-5 P -5 =
IVullz < [[Vully, " IVulls™ < flully, 7 [[Vull3

we deduce .
IVullz + [l p(u) |5

1——2_ _2
(L flully ") UVull3™ + lp(u)[pe1)
By using the inequality a + b < 2(a? + b9)'/7 applied with ¢ = p + 1 we find

[Mul, >0

_Db_
(IV7ull3 + o)) =

||Mu”* 2 5 1——2_
21+ [lully ™)

and finally
p_ 1-—2-
E(u)r < M(1+ [[ully, ")l Mull.
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5 More elaborate convergence results.

In this section we state and prove the convergence results corresponding to the specific cases
of Section 4. These convergence results will contain as special cases all the examples given
in Section 3.

5.1 Preliminary results

In order to apply Theorem 2.1 , we shall need among other things to verify the left hand
side of (2.6). For this we shall rely in all cases on the following simple preliminary result

Proposition 5.1 Let Q is a bounded open subset of RN, V a Hilbert space continuously
imbedded in H = L*(Q), and A € L(V,V') symmetric, satisfying (4.1) and (4.2) . Let
f:V — V' be the gradient of a nonnegative functional F € CY (V). Assume that for any
R > 0 there is a constant K(R) such that

VueV, flully < R = [If(w)llv < K(R)(F(u))? (5.1)

Then for any R > 0, there is a constant M(R) such that

VueV, |ully <R=||Au+ f(u)|y < M(R)({Au,u) + 2.7-"(u))% (5.2)
Proof. For any u € V we have
A 1
4wl = 140 = Prole < A = Pl < 50 3
The result follows by combining this inequality with (5.1). O

In practice, to treat the nonlinear part f(u), we shall use repeatedly the following simple
Lemma

Lemma 5.2 Let Q , V, H be as above and p > 1 be such that V C LPT(Q) with continuous
and dense imbedding. Then for any ¢ € R and any R > 0, there is a constant P(R) such
that

ptl
VueV, ully <R=[[{(u—c)"}lv < P(R)(u—c)"|l, 1 (5.3)

Proof. By duality we have LP#(Q) C V' with continuous imbedding. Therefore for any
u € V we have

{(w =)} llv < Kall{(u = )"}l ear | = Kall{(u =€) Hlpia

v c LrY(Q). 0

Finally, boundedness of the solutions in V' will follow in all examples as a consequence of
the following lemmas
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Lemma 5.3 Let V, H be as above and A € L(V, V') symmetric, satisfying (4.1). Assume
that there are Ao > 0,79 > 0 such that

Vu eV, (Au,u) + Nolullz; = vollulli
In addition, assume that there are og > 0, Ky > 0 such that
YueV, Flu)> oollull? — Ko (5.4)
Then there exists o > 0 such that
YueV, E(u)>olul? — Ko (5.5)

Proof. If oy > %, the result is obvious since then
1 1 9 1 9 1 9
£(u) = 5 (Au, u) + F(u) 2 Srollulld + (o0 = Shollully — Ko > Sollully — Ko

If 0g < %, we write

1
E(u) = 5{Au,u) + Flu) = T (Au,u) + Flu) = S |ulf - Ko
0 0

Lemma 5.4 Let f € VV;;COO(R) satisfy for somep>1,¢>0,A>0
Vs €R,|s| > A= f(s)s > c|s[P™!
Then for any primitive F' of f there is § > 0 and C > 0 for which
Vs eR, F(s)>d|s|*—C

In particular in this case, the functional

satisfies (5.4).

Proof. The first inequality is an obvious consequence of a trivial lower estimate on F
and the second one follows by integration since €2 is bounded. Of course without additional
conditions on f the functional F is not necessarily defined on all v € V | it may take
infinite values. In the examples we always assume that the functional is defined on V' as a
consequence of growth conditions on F. ([l
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5.2 Convergence to 0 and rate of decay

Again, in what follows,  is a bounded connected open subset of RY. We consider the
following problems

w + g(ug) — Au— Mu+c(ut)? —eo(u™)? =0, in R, x Q, (56)
u(t,z) =0, on R, x 09, '
and
g + g(ug) — Au+ ¢ (um)P — cp(u™)?=0, in Ry xQ, 57)
du—0 onRy x 09, ‘

The main result of this paragraph is the following :

Theorem 5.5 Define V, H as in Section 4.1. Assuming that p, q, c1, co fulfill the conditions
of Section 4.1 and g satisfies (2.3)-(2.4), any solution u € W,oX(RT, V)W (RT, H) of

oc
one of these systems converges to 0 in V ast — oo and we have
Jut, Yy < ME @ Jult, ) < M=

where r = sup{p, q} and M, M’ are some positive constants depending on the solution.

Proof. The main assumptions to be checked are (2.6) and boundedness of u(t) in V. The
relevant Lojasiewicz inequality is uniform on any bounded subset of V' and has been proved
in Corollary 4.2 as a consequence of Proposition 4.1. We now check that the left-handside of
(2.6) holds true on any bounded subset of V with v = 3. This is in fact a simple consequence
of Lemma 5.2 applied with ¢ = 0. Indeed under the hypothesis of Theorem 5.5, we have

p+1
2

VueV, |lully < R=>[{u"}|lv: < P(R)||u" |2, < p? P(R)(F(u))

N[

Changing u to —u and replacing p by ¢ we find

NI

VueV, |ully <R=[[{u"}"v < ¢ Q(R)(F(u))

Then by an obvious combination we find than f(u) = ci(u™)? — co(u™)? satisfies (5.1).
By applying Proposition 5.1 we conclude that the left-handside of (2.6) holds true on any
bounded subset of V' with v = % Now(2.6) holds true on any bounded subset of V. A simple
application of Theorem 2.1 will conclude the proof as soon as boundedness of u(t) in V' is
established. But is is clear that f satisfies (5.4) with A = 0. Then Lemma 5.5 and Lemma
5.3 applied with Ay = A; in the Dirichlet case, A\j = 1 in the Neumann case conclude the
proof, since the non-increasing character of the energy provides the required V— bound. [
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5.3 Multiple equilibria under Neumann boundary conditions

We consider the system

{ uy + g(up) — Au+ f(u) =0, in Ry x €, (5.8)

9u—0 onRy x 09,
The main result of this paragraph is the following :

Theorem 5.6 Define V, H as in Section 4.2. Assume that in addition to the conditions of
Proposition 4.6 , f € CY(R) satisfies (4.7)and

Vs ER, [f(s)] < Clp(s)I

with (N — 2)p < N + 2. Assume that g satisfies (2.3)-(2.4). Then any solution u €
WEHRT, VYO W2HRT, H) of one of these systems converges in V as t — oo to a con-

loc loc
stant ¢ € [a,b] and we have

lu(t, ) = cllv < ME@DT; Jluy(t, w + [Vult, g < Mt @5

Proof. The main assumption to be checked are again (2.6) and boundedness of ()
in V. Boundedness in V is similar to the previous case since f satisfies (5.4) with A =
2max{|a|, |b|}+1 for instance. The relevant Lojasiewicz inequality is uniform on any bounded
subset of V' and has been proved in Proposition4.9. We now check that the left-handside of
(2.6) holds true on any bounded subset of V with v = 1. This is in fact a simple consequence
of Lemma 5.2. Indeed under the hypothesis of Theorem 5.5, we have

VueV, fuly <R = [{(u-b"Vv < PR)|(u—b)"]%, < KP(R)F(u))

Similarly we find

N

VueV, |lully < BR=>|{(u—a)"}|v < K'Q(R)(F(u))

Then we find that f satisfies (5.1). By applying Proposition 5.1 we conclude that the left-
handside of (2.6) holds true on any bounded subset of V' with v = . Since(2.6) holds true
on any bounded subset of V', a simple application of Theorem 2.1 concludes the proof. [

5.4 An example with a fourth order operator in space

Again, in what follows,  is a bounded connected open subset of RY. We consider the
following problem

{ u — ¢, \Vut|2dx%Aut + A%u — Mu+c(uh)P —ep(u™) =0, in Ry x (5.9)

u(t,z) = |Vul =0, on R, x 09,
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where )\; denotes here the first eigenvalue of A? on HZ(Q). We define V. = HZ(Q) and
H = L*(Q). We assume ¢; > 0,cy > 0 and p,q > 1 with

(N —4)sup{p,q} < N +4

The main result of this paragraph is the following :

Theorem 5.7 Assuming that p,q,ci,co fulfill the conditions above and 0 < o < %, with

r = supq{p, q}, any solution u € I/Vllocl (R, V)N W'licl (R, H) of (5.9) converges to 0 in'V as
t — oo and we have

1

lutt, v < MEET5 gt ) |n < Mt T
where M, M'" are some positive constants depending on the solution.

Proof. The proof of the V— bound of u(t) and (2.6) are quite similar to the analogous
steps in the proof of Theorem 5.5. The relevant Lojasiewicz inequality is uniform on any
bounded subset of V' and has been proved in Proposition 4.6 . The proof that the left-
handside of (2.6) holds true on any bounded subset of V with v = 1 is already done in
proof of Theorem 5.5 . Hence (2.6) holds true on any bounded subset of V. However here
Theorem 2.1 cannot be applied as it stands because g is not defined on H, but from H} to
H~!. A thorough inspection of the proof of Theorem 2.1 allows, mutatis mutandis, to obtain
the necessary extension, and this concludes the proof. 0

6 Convergence and rate of convergence in the non au-
tonomous case

In this section we assume that the hypothesis of Theorem 2.1 are satisfied and we consider
the following abstract system

W(t) + g(u(t)) + M(u(t)) = h(t), t>0,

u(0) = ug uy €V, (6.1)
0(0) = uq, w € H,
where h : RT — H is such that
c
de > O, 36 > 0, Hh(t)HH < W, for all t € R+. (62)

The main result of this section is the following :
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Theorem 6.1 Letu € WU (RT, V) W2 (R, H) be a solution of (6.1) such that u(t) € B

for t large where B denotes a closed subset of V. Assume that hypothesis (2.3), (2.4) (2.6),
(2.8) and (6.2) are satisfied. Let 6 be as in (2.5) and (2.6). Let us introduce
1 a+2

o fl=(e+)a-0) 0 . .
M—lnf{(a+2)(1_0)_1,&+1}7 V—lnf{(a+2)(1_9>_1,Oé+1+(5(a+1)}.

Then there exist T >0 , a € B and some constants C, M > 0 such that

VE>T, |ult)—alg < Ct (6.3)

Vi>T, E(ut)) < Mt™. (6.4)

6.1 Proof of Theorem 6.1
Let u be a solution of equation (6.1) such that u € W' (R, V) W2 (R, H) and u(t) € B

loc
for t large. Let us define the nonnegative function

B(t) = g (t) [} + Ew).

Now let 0 < € <1 be a real constant. We define the function
H(t) = E(t) + eE(t)" (M(u(t)), a(t)) v +/ (h(s),(s))n d8+/ E(s)’[|h(s)II% ds,
t t

where 3 = a(l — 0), 0 is the Lojasiewicz exponent defined in (2.6).

We have,
C9

T

where A = o + 14 0(252). In fact, we have

H(t) < csE(t) + forallt > T, (6.5)

H(t) < B(t) + B | M) |||l + / Vil ds + / B(s)?Ih(s)|1% ds.
t t
We have by (2.3)
E(t) = —{g(@), ayyry + (i < —pullallsy™ + llallil

Therefore we have by Young’s inequality

a+2

[Nl ds < o)+ e [ nli as
! t

Now, since F is bounded then we have

/t " B(s)h(s)|% ds < cs / (), ds.

t
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On the other hand, by the above inequalities together with (2.6) we get

a+2

H(t) < E(t) + 506E(t)a(1_9)+7+% + 03/ Rl + c2E(t) + 05/ |h(s)||F; ds.  (6.6)

t t
Since E(t)”“’mﬂ% < ¢7E(t), then by observing that 2 > 22 and using the assumption

a+1
(6.2) we get
Co

H(t) < csE(t) + EDR

where A = o+ 14 0(25).
We have

H'(t) = B'(t)—(h, a) m+eBa(t), h(t)—g(alt)))var B()"~ (M (u(t)), a(t))v+eB() (M (u(t))alt), a(t)
+eB()?(M(u(t)), h(t) — g(a(t))v — eE@)°[M(ut))[3 — E@)7[|h@)])F-
We have by Cauchy-schwarz inequality
eB(u(t), h(t))vyr B(t)"H(M(u(t)), a(t))v: < eberollal|F M) lv[hllaEE).
Then we obtain since ||||3, < 2E(t)
eB(a(t), h(t)va B (M(u(t), a(t))v < eBen B 7] | M(u®)) v
By Cauchy-Schwarz inequality together with the last inequality we get
eB(t)"(M(u(t)), h(t))vy+epa(t), h(t))v B (M(u(®)), a(t))v < eE)° Al M(u(t))llv
+efen B()°||hl]all M(u(t)) [y

Once again by applying Cauchy-Schwarz inequality we get

eB(t)"(M(u(t)), h(t))vayr + eBla(t), h(t)v B()" " (M(u(t), w(t))y < - B [Mu®)]}

£
4
+ecis E(8)7|h(t) |

On the other hand we have by the calculations of section 1

—(a(t), g(@(®)))var B {(M(u(t)), a(t))vr < cralalt), g(a(t)))viv. (6.7)
eB(t) (M (ul(t))a(t), a(t)v < crslla(t)]|F + ZE(t)ﬁIIM(U(t))Ilsz (6.8)
eB(t) (M(u()), g(a(t)))v < ZE(t)BIIM(U(t))IIQVI +ecygl|u(t) 5. (6.9)

Then by combining the last 4 inequalities we obtain for a fixed ¢ small enough
H'(t) < —erq (Ja@®)I5™ + E@) | Mu®)F) - (6.10)
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Then by following the steps of the proof of Theorem 2.1 and by using (6.5) we get the
following differential inequality

_ C
ClgH(t)(a+2)(1 4 croH'(t) < 1+ t))\(21070)(a+2)'

Therefore by applying Lemma 2.1 from [2] we obtain
H(t) < en(1+8)77, (6.11)
1

A}
(a+2)(1-6)-1 }
Now, by using (6.10) together with the last inequality we have for all t > T'

where v = inf{

2t
/ |]|%72 ds < con(1+ )77,
t

Since we have . )
/\mmmngﬁ%/\mm“wy;,
! t

we obtain

2t Co3
g ds < —28
[ s < 2

o (1-(a+D(1-0)
Wmm“_*ﬁ{gw+mu—ey—ra+1}‘

Then the conclusion follows as in the proof of Theorem 2.1 and we have u € L'(T, 00, H)
for ' > 0 large enough. Hence, u(t) has a limit a in H as t — oo and

[u(t) = allm < CT7H.

On the other hand we have by the calculation leading to (6.6)

0o at2 0o
mwzmw—w£@W%ﬂ%—@/ MM“—@ﬂw—%/|ww@w.

t t

Then by choosing € small enough we get

E(t) Coq
H(t) > — .
()= 2 (1+1t)>
Therefore we have Cos
E(t) <2H(t) + ———
(1) < 2H(0) + T2
and then thanks to (6.11) we obtain, since A > v
C25
Elt) < ———.
(1) < (1+1t)”

It follows that there exists a constant M such that
E(u(t)) <M1 +t)™.
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6.2 Applications

Theorem 6.1 is applicable to perturbations of any of the particular systems considered in
Sections 3 and 5 by a sufficiently fast decaying forcing term. To avoid heavy repetitions, the
details of application to those examples are left to the reader.
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