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RADON TRANSFORM ON SPHERES AND GENERALIZED
BESSEL FUNCTION ASSOCIATED WITH DIHEDRAL GROUPS

N. Demni’

ABSTRACT. Motivated by Dunkl operators theory, we consider a generating
series involving a modified Bessel function and a Gegenbauer polynomial, that
generalizes a known series already considered by L. Gegenbauer. We actually
use inversion formulas for Fourier and Radon transforms to derive a closed
formula for this series when the parameter of the Gegenbauer polynomial is a
strictly positive integer. As a by-product, we get a relatively simple integral
representation for the generalized Bessel function associated with even dihedral
groups D2(2p),p > 1 when both multiplicities sum to an integer. In particular,
we recover a previous result obtained for D2(4) and we give a special interest to
D5(6). The paper is closed with adapting our method to odd dihedral groups
thereby exhausting the list of Weyl dihedral groups.

1. INTRODUCTION

The dihedral group Ds(n) of order n > 2 is defined as the group of regular
n-gone preserving-symmetries ([8]). It figures among reflections groups associated
with root systems for which a spherical harmonics theory, generalizing the one of
Harish-Chandra on semisimple Lie groups from a discrete to a continuous range of
multiplicities, was introduced by C. F. Dunkl in the late eightees (see Ch.I in [3]).
Since then, a huge amount of research papers on this new topic and on its stochastic
side as well emerged yielding fascinating results (Ch. II, III in [3]). For instance,
probabilistic considerations allowed the author to derive the so-called generalized
Bessel function associated with dihedral groups ([4]). For even values n = 2p,p > 1,
this function depending on two real variables, say (x,y) € R?, is expressed in polar
coordinates = = pe'®,y = re'? p,r >0,¢,0 € [0,7/2p] as

2 vy
(1) DY (0, 6.7.0) = cpn (p) S Do (7)1 (cos(2p0)p1 " (cos(2p))

j=>0
where

o k = (ko, k1) is a positive-valued multiplicity function, I; = k; — 1/2,i €
{1,2}, v = p(ko + k1).

. Igjp+y,p?’l° are the modified Bessel function of index 2jp 4+ v and the
j-th orthonormal Jacobi polynomial of parameters l1,ly respectively (the
orthogonality (Beta) measure need not to be normalized here. In fact, the
normalization only alters the constant ¢, ; below).
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e The constant ¢, depends on p, k and is such that D}V (0,y) = 1 for all
y = (r,0) € 0,00) x [0,7/2p] (see [5])
oo+ L(P(RL + ko) + DU(ky + 1/2)D(ko +1/2)
(ko + k1 +1)
In a subsequent paper ([5]), the special case p = 2 corresponding to the group of
square-preserving symmetries was considered. The main ingredient used there was

the famous Dijksma-Koornwinder’s product formula for Jacobi polynomials ([7])
which may be written in the following way ([5]):

c(ov, B)pS” (cos 20)p " (cos 20) = (2j+a+B+1) / / C5T P (24,0 (u, ) ™ (du) p” ()

where a, 8 > —1/2,

Cpk =

gatB+1 Fla+1I'(B+1)
Ma+pB+1) 7

Zg,0(U,v) = ucosfcosd+ vsinfsin @,

C(a7 ﬁ) =

and pu® is the symmetric Beta probability measure whose density is given by

T(a+1) o
H ) = ey (= ) T My (wdu, - a> 172,
Inverting the order of integration, we were in front of the following series
2\" .
(2) <m> D (25 + ko + k1) Tajpy (pr)C5O T (26,0 (1, 0)
Jj=0

for (u,v) €] —1,1[?, which specializes for p = 2 to

1 .
5 2 G+ N ()O3 (22620 (u,0).
J=0[4]

Using the identity noticed by Y. Xu ([13]):

7 (cos () = /C (\/ 1+ cos¢ )u"_l/z(dz), v>-—1/2, ¢ €(0,7],

we were led to

> G+ DL (r)C] (226,20 (w,v)
J=0[4]
which we wrote as

4
ZZ J D (pr)CJ (220,20 (u, v))e' 7/
=120

»P\n—

after the use of the elementary identity

1 o= girs; 1 if j =0[m]
3 - 2imsj/m _ ) ’
) P2 {

0 otherwise,

valid for any integer m > 1. Accordingly (Corollary 1.2 in [5])

D]IC/V(p7 ¢7T7 9) — //7;(,}/_1)/2 <pr\/W) /'Lll (du),ulo(d’l))
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where

in(z) =3 m (g)m

m=0
is the normalized modified Bessel function ([8]) and v = 2(ko+k1) > 2 is even. This
is a relatively simple integral representation of D}V since the latter function may be
expressed as a bivariate hypergeometric function of Bessel-type. Recall also that it
follows essentially from closed formulas due to L. Gegenbauer (equations (4), (5),
p.369 in [12]):

2)' 'y (oM (cos o L Epreosc
(2) S0+ eosC)41) = et

In this paper, we shall see that a relatively simple integral representation of D,ZV
still exists for general integer p > 2 and integer v := ko + k; > 12. In fact, with
regard to (2), one has to derive closed formulas for both series below

pv
W fReosO) = (5) T 0+ e (RIC cosC) (1)
j=0

with R = pr and cos{ := cos((u, v) = zpe po(u,v). The obtained formulas reduce
to Gegenbauer’s results when p = 1, v > 1 is an integer, and do not exist up to our
knowledge. Moreover, our approach is somewhat geometric since we shall interpret
the sequence:

(:I:l)le(j+V) (R),j>0
for fixed R as the Gegenbauer-Fourier coefficients of ¢ — j’[p(R7 cos (), and since
spherical functions on the sphere viewed as a homogeneous space are expressed by
means of Gegenbauer polynomials ([1]). Then, following [1], solving the problem
when v is a strictly positive integer amounts to appropriately use inversion formulas
for Fourier and Radon transforms. Our main result is stated as

Proposition 1. Assume v > 1 is a strictly positive integer, then

R\™ + 1 1 d]"1 - +Rcos[(¢+27s)/p]
(3) a0 =z i) 52 |

A first glance at the main result may be ambiguous for the reader since the LHS
depends on cos¢ while the RHS depends on cos({/p),p > 1. But cos({/p),p >
1 may be expressed, though in a very complicated way (inverses of linearization
formulas), as a function of cos (. For instance, when p = 2,

cos((/2) = \/LEOSC, ¢ €[0,m].

One then recovers Corollary 1.2. in [5] after using appropriate formulas for modified
Bessel functions. When p = 3, one has to solve a special cubic equation. To
proceed, we rely on results from analytic function theory and the required solution is
expressed by means of Gauss hypergeometric functions ([10]) in contrast to Cardan’s
solution. Therefore, we get a somewhat explicit formula for the series (2), though
much more complicated than the one derived for p = 2. The paper is closed
with adapting our method to odd dihedral groups, in particular to Ds(3) thereby

2When p = 2, this condition is equivalent to v is even as stated in [5].
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exhausting the list of dihedral groups that are Weyl groups (p = 1 corresponds to
the product group Z32).

2. PROOF OF THE MAIN RESULT

Recall the orthogonality relation for Gegenbauer polynomials ([8]):

(5 + 2v)21 =2
2()(j + 0)J]

. m2TT(2p) v(1)

G (v)

Val(v +1/2) C¥(1)

'v+1) (G+v)
where we used I'(v + 1) = vI'(v), the Gauss duplication’s formula ([8])
Val(2v) = 2270 ()T (v + 1/2),
and the special value ([8])

/” C7 (cos ¢)Cy,(cos () (sin OXd¢ = 8jm
0

= 5ij

4!
Equivalently, if ;”(d cos () is the image of p”(d¢) under the map ¢ — cos(, then
(j+ V)/Cj’-j(cos Q)Cy, (cos ()" (dcos() = I/le»/(l)(Sjm

so that (4) yields

O v (§) D () = [ W cosQ) i (Reos O (deos)

where

WY (cos () := C}(cos()/C} (1)
is the j-th normalized Gegenbauer polynomial. Thus, the j-th Gegenbauer-Fourier
coefficients of  — ,fp(R, cos () are given by

2\
v (3) boso(®, p22
Following [1] p.356, the Mehler’s integral representation of W} ([9], p.177)

LD(v+1/2)
L(v)vm

valid for real v > 0, transforms (5) to

WY (cos¢) =2

¢
; (sin¢)! > /0 [cos(j + v)t](cost — cos ()" dt

2 - J 2¥ " + : ¢ . v—1
(R> (£1Y I+ (R) = ?/0 fop(R,cos()sin( ; [cos(j + v)t](cost — cos ()" dtd(

21/ T T
(6) =— [ [cos(j + v)i] / fyip(R, cos () sin{(cost — cos ()" d(dt.

™ Jo t
The second integral displayed in the RHS of the second equality is known as the
Radon transform of ¢ — ,fp(R, cos () and inversion formulas already exist ([1]).
As a matter of fact, we firstly need to express (:l:l)jJ”’Ip(j_H,), when v > 1 is an
integer, as the Fourier-cosine coefficient of order j + v of some function. This is a
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consequence of the Lemma below. Secondly, we shall use the appropriate inversion
formula for the Radon transform.

Lemma. For any integer p > 1 and any t € [0, |:

. 1E
2 Z(il)] L;(R) cos(jt) = I(R) + — Z pER cos[(t+2ms) /p]

>0 P =

Proof of the Lemma: we will prove the (4) part, the proof of the (—) part follows
the same lines with minor modifications. Write

2 Z 1,j(R) cos(jt) = Z L;j(R) et +e71]
Jj=20 Jj=0
=DI(R)+ > _ Ij(R)e"
JEL
where used the fact that I;(r) = I_;(r),j > 0. Using the identity (3), one obviously
gets

P
> Lj(R)e" = % SN LRy,

JEL s=1 j€Z

The (+) part of the Lemma then follows from the generating series for modified
Bessel functions ([12]):

eCH/2R/2 Z I;(R)2, z € C.
JEZ
The Lemma yields

1 " y 1 S COs s
I (R) = IO(R)5j0 + g / COS(jt);7 Z e TR cos[(t+2ms)/p] 11
0 s=1
for any integer j > 0. Assuming that v is a stricltly positive integer, one has

1 /™ 12 ‘
(7) Ip(j+y)(R) = ;/O COS((j + l/)t)g ZeiRCOS[(t+2W6)/p]dt.

s=1

Note that -
t— / f(R,cos¢)sin(cost —cos )’ tdc¢
t
as well as
1 S +R [(t+27s)/p]

t— = e cos Ts)/p

are even functions. This is true since
¢ — f(R,cos()sin((cost — cos () *

is an odd function so that
t
/ f(R,cos¢)sin(cost —cos )’ 1d¢ =0,
—t

and since
cos[(—t + 2sm)/p] = cos[(t + 2(p — s)7)/p]
so that one performs the index change s — p — s and notes that the terms corre-
sponding to s = 0 and s = p are equal. Similar arguments yield the 2m-periodicity
5



of these functions, therefore, the Fourier-cosine transforms of their restrictions on
(—m, ) coincide with their Fourier transforms on that interval. By injectivity of
the Fourier transform and 27-periodicity,

pv pem P
(g) /t fup(R,cos¢)sin((cost — cos ()" td¢ = % Z et fcosl(t+2ms)/p)

s=1
for all ¢ since both functions are continuous. Finally, the Proposition follows from
Theorem 3.1. p.363 in [1]. |

Remark. When v = (d — 1)/2 for some integer d > 1, the Gegenbauer-Fourier
transform is interpreted as the Fourier Transform on the sphere S%t1 considered
as a homogenous space SO(d + 1)/SO(d). More precisely, the spherical functions
of this space are given by ([1] p.356):

v d
Wy ((z,N)), z € §4,

where N = (0,---,0,1) € St is the north pole and (-,-) denotes the Euclidian
inner product on R*+1,

Corollary 1. For any integer v > 1

‘ , 1 1 d]"1g
;0(23 + ) pan) (B)C3 (005 €) = s { = Cdc] > gh (R cos|(¢ + 2ms)/p))
3. WEYL GROUP SETTINGS p = 2,3: EXPLICIT FORMULAS

3.1. p=2. Letting p = 2 and using the fact that u +— coshu is an even function,
our main result yields

() (2549 o (R e5C) = i | R ] coh (Reos(/2) (0

Noting that

4 d 1 d
_7R2 Siné_dic cosh (RCOS(/Q)) (C) = RTst/Q% (’U, — Coshu)lu:RCOS(C/Z) s

after the use of the identity sin ¢ = 2sin (/2 cos(/2, it follows that

|:_.R2:IDCddC:| cosh (Rcos(-/2)) (¢) = ELCZJ (u + cosh ) ju=R cos(¢/2)
1d1"! sinh u
= {u chJ (u— )lu=R cos(¢/2)
 [m[dt I o (u)
B \/; [du] <u - v )Iu—RCOS(C/2)
T 1

§WL’_1/2(U)|U:RCOS(C/2)
VT
T 2T +1/2)"
6

v—1/2(R cos((/2))



where the fourth equality is a consequence of the differentiation formula (6) p.79
n [12]. With the help of Gauss duplication’s formula, one easily gets:

4\" ) v I
(RQ) 2(2] + V) Ia(2544) (R)C3;(cos () = qu_l/g(Rcos((/Q))
Jj=20

and finally recovers Corollary 1.2 in [5] since 2 /c(k1—1/2,ko—1/2) = T'(2v+1) /v.
3.2. p=3. The corresponding dihedral group D5 (6) is isomorphic to the Weyl group
of type G2 ([2]). Let ¢ €]0, 7] and start with the linearization formula:
4cos®(¢/3) = cos ¢ + 3cos(¢/3).

Thus, we are led to find a root lying in [—1, 1] of the cubic equation

7% — (3/4)Z — (cos()/4 =0
for |Z] < 1. Set Z = (v/—1/2)T,|T| < 2, the above cubic equation transforms to

T3 + 3T —2y/—1cos¢ = 0.

The obtained cubic equation already showed up in analytic function theory in re-
lation to the local inversion Theorem ([10] p.265-266). Amazingly (compared to
Cardan’s formulas), its real and both complex roots are expressed through the
Gauss Hypergeometric function o Fy. Since we are looking for real Z = (v/—1/2)T,
we shall only consider the complex roots (see the bottom of p. 266 in [10]):

Tizi\/jl[ﬁzFl( 11 1'COS2C>—1COS(2F1 (1 2 3'COS2€>:|

67672 3 3732
so that
V3 111 1 123
Zi:i 72F1 _6’6’5;(3082( —ECOSCQFl 3,3,2;(3082() .

Since for ¢ = 7/2, cos(/3 = cos7/6 = \/3/2, it follows that

V3 111 1 123
COS(</3) = TQFl <_67672;COS2 <> - ECOSCQFI (7 777;0082 C)

for all ¢ € (0,7). Now, write Z = Z(cos() so that
cos[(¢ + 2sm) /3] = cos(2s7/3) cos(¢/3) — sin(2s7/3)+/1 — cos?((/3)
= cos(2sm/3)Z(cos () — sin(2s7/3)/1 — Z2(cos ()
for any 1 < s < 3. It follows that

v 3
fu,s(R,cosc):3F1(V) [— 4 d] > 9:(RZ(cos())

where
gs(u) = cosh [(cos(st/?;)u —sin(2s7/3)V R? — u2>] ,u€ (—=1,1).

Finally,

1 4 d1”
fustoeos0) = 500 | s )

7

»
-
i
>
w
—
<
~
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Il
(e}
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where hg(u) := gs(RZ(u)),1 < s < 3. For instance, let v = 1, then it is not difficult
to see that

ih (u) __ft 4z sin &+ 2ms sinh [sin &+ 2ms
du °® lu=cos¢ = sin §/3 du |u=cos ¢ 3 3

for any s € {1,2,3} and the derivative of u — Z(u) is computed using the differen-
tiation formula for o Fy:

d b
%gFl(a,b,c;u) = %gFl(a—i— 1,b+1,¢+ L;u), Jul < 1,c¢#£0.

As the reader may conclude, formulas are cumbersome compared to the ones derived
for p = 2.

4. OpD DIHEDRAL GROUPS

Let n > 3 be an odd integer. For odd dihedral groups Ds(n), the generalized
Bessel function reads ([4] p.157):

nk
2 _ _
DY (p6vrs) = ns (2] X Dtaron (ol " cos(2n0))p; > cos(200)
Jj=20

where k > 0,p,7 > 0,0, ¢ € [0,7/n], and

ek = 28T (nk + I)M

k+1)
In order to adapt our method to those groups, we need to write down the product
formula for orthonormal Jacobi polynomials in the limiting case « = —1/2 or

equivalently k1 = 0. But note that, from an analytic point of view, this generalized
Bessel function is obtained from the one associated with even dihedral groups via the
substitutions k1 = 0, p = n. Hence one expects the product formula for orthonormal
Jacobi polynomials still holds in the limiting case. Indeed, the required limiting
formula was derived in [7] p.194 using implicitely the fact that the Beta distribution
n® converges weakly to the dirac mass d;. In order to fit it into our normalizations,
we proceed as follows: use the well-known quadratic transformation ([8]):

PR (1 25in? () = (—1)7 P2V (25102 (n6) 1) = (-1)7 %i)ﬂ C%; (sin(n))

where Pja”@ is the (non orthonormal) j-th Jacobi polynomial, together with cos(2nf) =
1 — 2sin?(nf) to obtain

PR (cos(2n0)) Py ATV (cos(2n0)) = [(b/j)]r C%.(sin(n))C5; (sin(ng)).

Now, let k > 0 and recall that the squared L?-norm of ijl/Q’kfl/Z is given by ([8])
28 T+ 1/2)0(j+k+1/2)  28/70(k+1/2) (1/2); (k+1/2);
2j + k JIT(G+ k) I'(k) (k); (25 +k)j!

Recall also the special value

Chi(1) = (2k)2; 2% T(k+)T(k+7+1/2) Q(k)j(k—i— 1/2);

2j)) T(k)  T(+1/2)]! T 2),0
8



where we use Gauss duplication formula twice to derive both the second and the
third equalities. It follows that

(1/2); (25 + k)j!
(k); (k+1/2);
(2] + k)

=G @) Ch ) Ch inno)

— 2+ k) / CE, (2 mo (s 1)) 1 (du),

c(k)p; /212 (cos(2n0))p; /AP (cos(2n9)) =

J J

C’gj (sin(n@))ng (sin(ng))

according to [7] p.194, where

AT+ 1/2)
c(k) == T0k)

As a matter of fact, we are led again to series of the form

nk
<12-3> Z(2j + k)In(2j+k)(R)C§j(COS ()= %[f;jn + fren) (R, cos ().

Jj=0

5. Two REMARKS

The first remark is concerned with Dy (4) which coincides with the Bs-type Weyl
group ([8]). Recall from ([6]) that D}” may be expressed through a bivariate hy-
pergeometric function as

+1 2% 3?2
Dw — Wk (T i
k ($,y) 10 2 "9’ 9 )
where we set 2 := (23, 23) = (p? cos? ¢, p? sin? $) and similarly for . This series
is defined via Jack polynomials:

1/r 1/r
1/r) J: () I (y)
Fy' o (a,z,y) =) (a)r——77—
o 2 Tl

where 1 = (1,1), 7 = (71, 72) is a partition of length 2, |7| = 71 + 72 is its weight
and (a), is the generalized Pochhammer symbol (see [6] for definitions). But those
polynomials, known also as Jack polynomials of type A;, may be expressed through
Gegenbauer polynomials, a result due to M. Lassalle (see for instance formula 4.10
in [11]):

(71 — 72)!

_ ol r 1
= W, 200 <sin<2¢>>

where (), —r, is the (usual) Pochammer symbol. As a matter fact, one wonders
if it is possible to come from the hypergeometric series to Corollary 1.2 in [5] and
vice-versa.

T (2?)

The second remark comes in the same spirit of the first one. Consider the odd
dihedral system I5(3) = {£e™"™/2em/3 1 <1 < 3} ([8]). It is isomorphic to the
As-type root system defined by

{£(1,-1,0),£(1,0,-1),£(0,1,-1)} C R’
9



which spans the hyperplane (1,1,1)*. The isomorphism is given by

]_ _
(21,22,23) = —= \/52272321
V2 \ V2 V2

subject to z1 + 22 + 23 = 0 and for the As-type root system, the generalized Bessel

function is given by the trivariate hypergeometric series oFo(l/ k) (see [6] for the
definition). Is it possible to relate this function to

C3,k _ 3F(3/€) _
(k) /[flj,3+fk,3](pr» 23,30 (U, 1))Mk(du) =4 [fljs"‘fk,s}(/”? 23,30 (U, 1))Nk(du)
in the same way the oFll/ 1 is related to the integral representation derived for
p =27

Acknowledgment: the author is grateful to Professor C.F. Dunkl who made
him aware of the hypergeometric formulas for the roots of the cubic equation.
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