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ALGEBRAS OF ACYCLIC CLUSTER TYPE:
TREE TYPE AND TYPE A

CLAIRE AMIOT AND STEFFEN OPPERMANN

ABSTRACT. In this paper, we study algebras of global dimension at most 2 whose gen-
eralized cluster category is equivalent to the cluster category of an acyclic quiver which
is either a tree or of type A. We are particularly interested in their derived equivalence
classification. We prove that each algebra which is cluster equivalent to a tree quiver
is derived equivalent to the path algebra of this tree. Then we describe explicitly the
algebras of cluster type A for each possible orientation of A We give an explicit
way to read off in which derived equivalence class such an algebra lies, and describe the
Auslander-Reiten quiver of its derived category. Together, these results in particular
provide a complete classification of algebras which are cluster equivalent to tame acyclic
quivers.
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1. INTRODUCTION

The classification of finite dimensional algebras over an algebraically closed field & up to
derived equivalence is a crucial problem in representation theory. It has a complete answer
for algebras of global dimension 1 (see [Ha87, Corollary 4.8]): Two finite dimensional k-
algebras A = kQ and A’ = kQ' are derived equivalent if and only if one can pass from
the quiver @ to the quiver @' by a sequence of reflections (as introduced in [BGP73]).
Therefore it is possible to decide when two hereditary algebras are derived equivalent by
simple combinatorial means. The aim of this paper is to apply results of [AO10] in order
to generalize this result to certain algebras of global dimension 2.

The notion of reflection of an acyclic quiver has been generalized by Fomin and Zelevin-
sky [FZ02] to the notion of mutation in their definition of cluster algebras. Since then,
categorical interpretations of the mutation have been discovered via 2-Calabi-Yau triangu-
lated categories. These created a link between cluster algebras and representation theory.
First, in [BMRT06], cluster categories Cq associated to acyclic quivers @ were defined as
the orbit categories D°(kQ)/S,, where Sy = S[—2] is the second desuspension of the Serre
functor S of the bounded derived category D’(kQ). This notion has been generalized in
[Ami09] to algebras of global dimension two. In this case the generalized cluster category
is defined to be the triangulated hull in the sense of [Kel05] of the orbit category D°A/S,.

In this paper, we study more explicitly the derived equivalence classes of algebras of
global dimension 2 which are of acyclic cluster type, that is algebras whose generalized
cluster category is equivalent to some cluster category Cqo where @) is an acyclic quiver.
We strongly use the results and the techniques of [AO1(]. In particular we use the notion
of graded mutation of a graded quiver with potential which is a refinement of the notion
of mutation of a quiver with potential introduced in [DWZ08]: Associated to an algebra
A there is a graded Jacobian algebra A [Kel09] whose degree zero subalgebra is A. Graded
mutation explains how to mutate such graded Jacobian algebras. Then from [AO10] we
deduce an analogue of the result for algebras of global dimension 1.

Theorem 1.1 (see Theorem B.I0). Let Ay and Ay be two finite dimensional algebras of
global dimension 2. Assume that Ay is of acyclic cluster type. Then the algebras Ay and
Ay are derived equivalent if and only if one can pass from Ay to Ay using a sequence of
graded mutations.

The setup is especially nice when the algebras are of tree cluster type.

Theorem 1.2 (Corollary B.I6)). Let @ be an acyclic quiver whose underlying graph is a

tree. If A is an algebra of global dimension 2 of cluster type Q), then it is derived equivalent
to kQ.

To get a complete understanding of algebras of tame acyclic cluster type, in the rest
of the paper, we focus on the algebras of cluster type A,,. To such an algebra, using
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graded mutation, we associate an integer that we call weight, which is zero when A is
hereditary. We prove that two algebras of cluster type A, , are derived equivalent if and
only if they have the same weight (Theorem [£3]). Then a result of [AOT0] which shows
that two cluster equivalent algebras are graded derived equivalent permits us to compute
explicitly the shape of the Auslander-Reiten quiver of the derived category.

Theorem 1.3 (Corollary [B.5). Let A be an algebra of cluster type Zm and of weight
w # 0. Then the algebra A is representation finite and not piecewise hereditary. The
Auslander-Reiten quiver of D°(A) has exactly 3|w| connected components:

o |w| components of type ZAL;

e 2|w| components of type ZA.

Finally we use the explicit description of the cluster-tilted algebras of type zzlvp,q of

[Bas09] to deduce a description of all algebras of cluster type A, , in term of quivers with
relations.

The paper is organized as follows: Section 2lis devoted to recalling results on generalized
cluster categories, on Jacobian algebras, and on 2-Calabi-Yau categories. In Section [3] we
apply the results of [AO10] to algebras of acyclic cluster type. The special case of algebras
of cluster type Avp,q is treated in the last three sections. We introduce the notion of weight
and prove that it is an invariant of the derived equivalence class of the algebra in Section
4l We compute the shape of the AR-quiver of the derived category in Section Al and we
finally describe these algebras explicitly in Section [l We end the paper by giving (as an

example) the complete classification for As .

Acknowledgment. The authors would like to thank an anonymous referee for his valu-
able comments and for pointing us out a mistake in a previous version of this paper.

2. BACKGROUND

Throughout this paper, k denotes an algebraically closed field. All categories ap-
pearing are k-categories, and all functors are k-linear. By an algebra we mean an
associative unitary basic k-algebra. For an algebra A we denote by modA the cate-
gory of finitely generated right modules over A. We denote by D the standard duality
Homy(—, k): (modk)°® — modk.

2.1. Cluster-tilting objects and mutation in 2-Calabi-Yau categories.

Definition 2.1 (Iyama). Let 7 be a Krull-Schmidt triangulated category, with finite
dimensional Hom-spaces (Hom-finite for short) and 2-Calabi-Yau, that is there is a func-
torial isomorphism Homs(X,Y[2]) & DHom#(Y, X) for all objects X and Y in 7. An
object T is called cluster-tilting if

add(T) ={X € T | Hom(X, T[1]) = 0},
where add (T') C T is the additive closure of T

The endomorphism algebra of a cluster-tilting object T € T is called a 2-Calabi- Yau-
tilted algebra.



4 CLAIRE AMIOT AND STEFFEN OPPERMANN

Theorem 2.2 ([IY0S, Theorem 5.3]). Let T' be a basic cluster-tilting object in a 2-Calabi-
Yau triangulated category T. Let T; be an indecomposable summand of T = T; ® T".
Then there exists a unique (up to isomorphism) object T} not isomorphic to T;, such that
pr,(T) =T @ TF is a basic cluster-tilting object in T. Moreover T} is indecomposable,

and there exist triangles in T

!

T, U Ty T[1] and T; U T, T#[1]

K3 3

where u (resp. u') is a minimal left (resp. right) add (T")-approzimation.

2.2. Generalized cluster categories. Let A be a finite dimensional k-algebra of global
dimension at most 2. We denote by D°(A) the bounded derived category of finitely
generated A-modules. It has a Serre functor that we denote S. We denote by S, the
composition S[—2].

The generalized cluster category Cy of A has been defined in [Ami09] as the triangulated
hull of the orbit category D(A)/S, (see [Kel05] or [AO10, Section 7] for more details on
triangulated hulls). We will denote by 7, the triangle functor

7a: DP(A) —= DU(N) /Sy, Cy

We set A := End¢(7A) = @D,z Homp(A,S;7A). By definition this algebra is naturally
endowed with a Z-grading.

If A = kQ is the path algebra of an acyclic quiver, then the cluster category Cy, = Cq
has been introduced in [BMRT06]. We call it acyclic cluster category in this paper.

Definition 2.3. A finite dimensional k-algebra A of global dimension < 2 is said to be
To-finite if the algebra Ende(wA) = @, ., Homp (A, S;”A) is finite dimensional.

PEL

Theorem 2.4 ([Ami09, Theorem 4.10]). Let A be a finite dimensional algebra of global
dimension < 2 which is 7o-finite. Then Cy is a Hom-finite, 2-Calabi- Yau category and the
object m(A) € Cy is a cluster-tilting object.

2.3. Jacobian algebras and 2-Calabi-Yau-tilted algebras. Quivers with potentials
and the associated Jacobian algebras have been studied in [DWZ08|. Let @) be a finite
quiver. For each arrow a in @, the cyclic derivative 0, with respect to a is the unique
linear map

0,: kQ — kQ
which sends a path p to the sum Zp:ww vu taken over all decompositions of the path p
(where u and v are possibly idempotent elements e; associated to a vertex 7). A potential

on () is any (possibly infinite) linear combination W of cycles in . The associated
Jacobian algebra is

Jac(Q, W) := kQ/(9,W | a € Q1),

where k:Q is the completed path algebra (that is the completion of the path algebra kQ
at the ideal generated by the arrows of Q) and (0,W | a € )1) is the closure of the ideal
generated by J,W for a € Q.

Associated with any quiver with potential (Q, W), a cluster category C(Q, W) is con-
structed in [Ami09]. This construction uses the notion of Ginzburg dg algebras. We refer
the reader to [Ami09] for explicit details. When the associated Jacobian algebra is finite



ALGEBRAS OF ACYCLIC CLUSTER TYPE 5

dimensional, the category C(Q, W) is 2-Calabi-Yau and endowed with a canonical cluster-
tilting object T(g,w) whose endomorphism algebra is isomorphic to Jac(Q), W). The next
result gives a link between cluster categories associated with algebra of global dimension
< 2 and cluster categories associated with quiver with potential.

Theorem 2.5 ([Kel09, Theorem 6.12 a)]). Let A = kQ/I be a o-finite algebra of global
dimension < 2, such that I is generated by a finite minimal set of relations {r;}. (By
this we mean that the set {r;} is the disjoint union of sets representing a basis of the
Ext} -space between any two simple A-modules.) The relation r; starts at the vertex s(r;)
and ends at the vertex t(r;). Then there is a triangle equivalence:

Cr =C(Q,W),

where the quiver Q is the quiver Q with additional arrows a;: t(r;) — s(r;), and the po-
tential W is Y . a;r;. This equivalence sends the cluster-tilting object w(A) on the cluster-
tulting object Tiq -

As a consequence we have an isomorphism of algebras:

Ende(mA) = Jac(Q, W).

Definition 2.6. A potential W on a quiver @ is said to be rigid if any cycle p of @ is
cyclically equivalent to an element in the Jacobian ideal (0,W | a € @Q4).

By [DWZ0S] rigidity is stable under mutation, and it implies that the Gabriel quiver
of the Jacobian algebra has no loops nor 2-cycles.

We end this section with two results linking the mutation of quivers with potential and
mutation of cluster-tilting objects in cluster categories.

The first result links the mutation of cluster-tilting objects in the acyclic cluster category
and the mutation of rigid quivers with potential defined in [DWZ08]. Acyclic cluster
categories are equivalent to stable categories of some Frobenius categories associated to a
certain reduced expression in the corresponding Coxeter group [BIRS09, Theorem I1.3.4].
By [BIRS1I, Corollary 6.7] these categories are all liftable (see [BIRS11, Section 5] for
definition). Therefore [BIRS11 Corollary 5.4(b)] implies the following,.

Theorem 2.7 (Buan-Iyama-Reiten-Smith). Let A be an acyclic quiver, and T' be a basic
cluster-tilting object in the cluster category Ca. Assume that there exists a quiver with
rigid potential (Q, W) with an isomorphism

Ende, (T') = Jac(Q, W).
Let i be a vertex of @ and denote by T; the indecomposable summand of T = T; ® T’
corresponding to 1. Then there is an isomorphism

Ende, (p2,(T)) = Jac(u(Q, W)),
where pg, (T) is defined in Theorem[2.2 and where p;(Q, W) is the mutation at i of (Q, W)
as defined in [DWZO08| (see also Subsection[3.2 for definition,).

The second result [KY11, Theorem 3.2] gives, for two quivers with potential linked by
a mutation, an equivalence between the associated cluster categories.

Theorem 2.8 (Keller-Yang). Let (Q, W) be a quiver with rigid potential whose Jacobian
algebra is finite dimensional, and i € Qy a vertex. Then there exists a triangle equivalence

Clui(Q,W)) = C(Q, W)



6 CLAIRE AMIOT AND STEFFEN OPPERMANN

sending the cluster-tilting object T, 0wy € C(1:(Q,W)) onto the cluster-tilting object
pr,(Tiowy) € C(Q, W), where T; is the indecomposable summand of Tiqw) associated
with the vertex v of Q.

As a consequence we get an isomorphism of algebras

Ende(qw) (1, (Tigw)) = Jac(us(Q, W)).

For a sequence s = (iy,...,1,) of vertices of @), we denote by pus the composition
i, © fi,_y ©+ -+ © pii; and by pg- the composition p;, 0 piz, 0 -+ - 0 fu;,.

For a bijection between {1, ..., n} and the indecomposable summands of a basic cluster-
tilting object T, we obtain a natural bijection between {1,...,n} and the indecomposable
summands of 1;(T"). Therefore, once such bijection is fixed, we will also use the notations
1s and pg— for mutating cluster-tilting objects.

2.4. Classical results on acyclic cluster categories. In this paper we are interested
in algebras of global dimension < 2 whose generalized cluster category is equivalent to
the cluster category associated to an acyclic quiver. Since we will strongly make use of
them, we now recall some results for acyclic cluster categories.

The following theorem follows from a result by Happel and Unger [HUO3].

Theorem 2.9 ([BMR06, Prop. 3.5] — see also [Hub08]). Let @ be an acyclic quiver, and
let T' be a cluster-tilting object of Cq. Then there exists a sequence of mutations linking
the cluster-tilting object T' to the canonical cluster-tilting object mo(kQ). In other words,
the cluster-tilting graph of the acyclic cluster category is connected.

A consequence of this theorem together with Theorem [2.7] is that the endomorphism
algebra of a cluster-tilting object in an acyclic cluster category is always a Jacobian algebra
of a rigid QP.

Another special feature of acyclic cluster categories is that they can be recognized by
the quivers of their cluster-tilting objects.

Theorem 2.10 ([KROS8]). Let C be an algebraic triangulated category, which is Hom-finite
and 2-Calabi- Yau. If there exists a cluster-tilting object T' € C such that Ende(T) = kQ,
where Q) is an acyclic quiver, then there exists a triangle equivalence C = Cq sending T

onto o (kQ).
As a consequence there is a triangle equivalence C(Q,0) — Cq sending T(g) onto

TQ(kQ).

Note that an analogue of these results is not known for generalized cluster categories.
An algebra of the form Endc, (T"), where T" is a cluster-tilting object in Cg, is called a
cluster-tilted algebra of type Q.

3. DERIVED EQUIVALENT ALGEBRAS OF TREE CLUSTER TYPE

In this section we investigate algebras of global dimension at most 2 whose generalized
cluster category is a cluster category associated to a tree. We will strongly use results
from [AOT0].

We start with a definition.

Definition 3.1. (JAO10, Def. 5.1]) Two algebras A; and A, of global dimension < 2
which are m-finite are said to be cluster equivalent if there exists a triangle equivalence
Ca, — Cyp, between their generalized cluster categories.
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If A is cluster equivalent to k@) where @) is an acyclic quiver, we will say that A is of
cluster type Q).

Two derived equivalent algebras of global dimension < 2 are cluster equivalent ([AOT0,
Cor. 7.16]). Hence, if the underlying graph of @ is a tree, then the class of algebras of
cluster type @) does not depend on the orientation of Q).

From the results of Section 2] we deduce the following characterization of algebras of
acyclic cluster type.

Corollary 3.2. Let A = kQ/I be a 1o-finite algebra of global dimension < 2. Let (Q, W)
the associated quiver with potential defined in Theorem [2.8. Then A is of acyclic cluster
type A if and only if there exisls a sequence of mutation s =1y, ...,4 such that (A)0) =
11s(Q, W).

In this case, (Q, W) is a rigid quiver with potential, and there ewists a triangle equiva-
lence f:Cn — Ca sending ma(A) to ps-(ma(kA)).
Proof. By Theorems 2.5 2.8, and 210, if (A,0) = us(Q, W), then we have equivalences

Ca = C(Q, W) = C(A,0) = Ca

sending 7 (A) to ps- (ma(kA)).

Conversely assume that there exists an equivalence f : Cy = Ca. Then by Theorem 2.9
there exists a sequence of mutations s such that ma (kA) & i, f(wa(A)). So by Theorem 2.7
we have Jac(us(Q,W)) = Jac(A,0) = kKA. Since the quiver with potential ug(Q, W) is

reduced, we necessarily have u,(Q, W) = (A, 0).
0

3.1. Graded equivalence and derived equivalence. Cluster equivalence is strongly
related with graded equivalence. In this subsection, we will recall some results shown in
[AO10].

Let A = @pEZ AP be Z-graded algebra. We denote by d the degree map sending any

homogeneous element of A to its degree, and by grA the category of finite generated
graded modules over A. For a graded module M = @pez MP, we denote by M(q) the

graded module ., MP™ (that is, the degree p part of M(q) is MP*9). The locally
bounded subcategory

Cov(A,d) :=add{A(p) |[pe Z} CgrA
is called the Z-covering of A.

Definition 3.3. Let A; and Ay be two Z-graded algebras. Assume that A; and A, are
isomorphic as algebras. We will say that A; and Ay are graded equivalent (and write
Ay ~ Ay) if there exist 7; € Z and an isomorphism of Z-graded algebras

gr

As — = B, Homeov(a, 2 (Bi, Fi(ri), Bi=y Filri + p))

where A; = @), P is a decomposition of A; into indecomposable graded projective
modules. This is equivalent to the fact that the coverings Cov(Aj,d;) and Cov(Asg,ds)
are equivalent as categories with Z-action.

The link between cluster equivalent algebras and graded equivalent algebras is given by
the following result.
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Theorem 3.4 ([AO10, Thm 5.8]). Let Ay and Ay be two mo-finite algebras of global di-
mension < 2. For i = 1,2, denote by D; the bounded derived category of A;, by C; its
cluster category, and by m; the natural functor D; — C;. Assume there is T € Dy such
that (T is basic cluster-tilting in Cy, and

(1) there is an isomorphism Ende, (mT) —— Endc, (ma/s)
(2) this isomorphism can be chosen in such a way that the two Z-gradings defined on
Ao, given respectively by

D Homp, (A2, S,"As) and (P Homp, (T S,"T),

q€Z PEZL
are equivalent.

Then the algebras Ay and Ay are derived equivalent, and hence cluster equivalent.

Note that the functor S;! acts on the subcategory m; ‘7 (T) = add{S,T,q € Z} C
D(A;). As a category with Z-action, it is equivalent to the Z-covering of the graded
algebra Ende, (mT). Therefore, by the above remark, the graded algebras Ende, (mT')
and Endg, (mAs) are graded equivalent if and only if there is an equivalence between the
additive categories m; ‘71 (T') and 7, 'mo(Ag) as categories with S,-action.

3.2. Mutation of a graded quiver with potential. In order to apply Theorem 3.4 we
make use of a tool: the left (or right) mutation of a graded quiver with potential which
extends the Derksen-Weyman-Zelevinsky mutation of a quiver with potential [DWZ0S].
All definitions and results described in this subsection are proved in [AO10l Section 6].

Definition 3.5 (JAO1Q]). Let (Q, W, d) be a Z-graded quiver with potential homogeneous
of degree 1 (graded QP for short). Let i € (g be a vertex, such that there are neither loops
nor 2-cycles incident to i. We define ul(Q, W, d), the left graded mutation of (Q,W,d) at
vertex i, as the reduction of the graded QP (Q', W’ d’). The quiver @)’ is defined as in
[DWZ08] as follows:

e for any subquiver u —— i LY , with 7, u, and v pairwise distinct vertices, we
add an arrow [ba]: u — v;
e we replace all arrows a incident with ¢ by an arrow a* in the opposite direction.
The potential W’ is also defined as in [DWZ08] by the sum [W] + W* where [W] is
formed from the potential W replacing all compositions ba through the vertex i by [bal,
where W* is the sum ) a*b*[bal.
The new degree d’ is defined as follows:
e d'(a) =d(a) if a is an arrow of ) and Q';
e d'([ba)) = d(b) + d(a) if ba is a composition passing through i;
e d'(a*) = —d(a) + 1 if the target of a is i;
o d'(b*) = —d(b) if the source of b is i.
One can check that this operation is compatible with the reduction of a QP (see [AO10]).

It is possible to define the right graded mutation plt by interchanging target and source
in the last two items in the definition. We have the following.

Lemma 3.6 ([AO10]). Let (Q,W,d) be a graded quiver with potential. Then we have an
isomorphism of Z-graded algebras

Jac(Q, W, d) = Jac(uii*pii (Q, W, d)).
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Moreover, this mutation preserves graded equivalence. More precisely, we have the
following.

Proposition 3.7 (J[AOLQ]). Let (Q,W,dy) and (Q, W, dy) be two Z-graded QP such that
the graded Jacobian algebras Jac(Q,W,dy) and Jac(Q, W, dy) are graded equivalent. Then
the graded Jacobian algebras Jac(ur(Q, W, dy)) and Jac(uk(Q, W, dy)) are graded equiva-

lent.

Definition 3.8 ([AO10]). Let A be a 7-finite algebra of global dimension < 2. Let
T=T & -®T, be an object in D*(A) such that 7(T) is a (basic) cluster-tilting object
in Cy. Let T; be an indecomposable summand of T'= T" & T;. Define T} as the cone in
Db(A) of the minimal left add {Sy7”,p € Z}-approximation u: T; — B of T;. We denote
by u(T) the object T @ T and call it the left mutation of T at T;.

It is immediate to check that we have w(uX(T)) = p;(7(T)), thus 7(uX(T)) is a cluster-
tilting object in Cy.

This (left) mutation in the derived category is reflected by the graded (left) mutation
of graded QP in the following sense.

Theorem 3.9. Let A be an algebra of acyclic cluster type and T € D°(A) as above.
Assume that there exist a Z-graded QP (Q,W,d) with rigid potential homogeneous of
degree 1 such that we have an isomorphism of graded algebras

D,ez Homp(T,S,"T) —— Jac(Q, W, d).

Leti € Qg and T; be the associated indecomposable summand of T = T; ®T" . Then there
18 an isomorphism of Z-graded algebras

D, cz Homo(T" & T}%, 8, (T" & T}F)) — = Jac(p(Q, W, d)).
Proof. By Theorem [2.7] we already have an isomorphism between the algebras
€D Homp(T" & T}, S;7(T' @ T})) = Ende, (jun(ry (vT))
PEZL
and Jac(ur(Q, W)) forgetting the grading. The only thing to check is that it is compatible

with the grading. The proof of this fact is the same as the one of Theorem 6.10 in
[AO10]. O

Definition 3.10. Let (Q, W) be a reduced quiver with potential. A grading d on @ will
be said to be a W-grading if

e for all arrows a in @1, d(a) € {0,1};

e the potential W is homogeneous of degree 1;

e the set of relations {0,W | d(a) = 1} is linearly independent (in particular for all
a € @)1 such that d(a) = 1, we have 9,W # 0).

Theorem is particularly useful with the following result.

Proposition 3.11 ([AOI10]). Let A = kQu /I be an algebra of global dimension < 2 which
is Ty-finite and of acyclic cluster type. Then there exists a rigid quiver with potential
(Q, W) and a W-grading d such that we have an isomorphism of graded algebras

A %’ Jac(Q, W, d).
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The quiver with potential is given by Theorem 2.5 the arrows of (), have degree zero
and the arrows a; corresponding to the relations have degree 1. The rigidity comes from
Corollary 3.2

3.3. Application to acyclic cluster type. Let A be an algebra of cluster type ), where
@ is an acyclic quiver. By Corollary there exists a sequence of mutations s such that
ws(Qr, W) = (Q,0), where (Qy, W) is the quiver with potential associated with A in
Theorem 2.5

Definition 3.12. The map d,: ) — Z is called a grading induced by A if it satisfies
#E(va w, d) = (Qa 0, ds)a
where s is a sequence of mutations as in Corollary [3.21

Proposition 3.13. Let ds and d; be two gradings induced by A on Q. If us(ma(A)) =
we(ma(AN)) then dy and d; are equivalent up to automorphism of Q.

Proof. Let u“A = T\ ®- - -@®T, be a decomposition of uA into indecomposable summands.
Then we have

urA =SSP @ - @ ST,
for certain r; € Z, since mpAulA = pmaA = pyma A = mapl AL Tt follows that the algebras
P Hompeay (A, S, pkA)  and @D Hompna) (A, S5 1y A)
PEZL PEZ

are graded equivalent. Since, by Theorem [3.9) these graded algebras are isomorphic to
Jac(Q,0,ds) and Jac(Q,0,d;), respectively, it follows that the gradings ds and d; are
equivalent up to automorphisms of Q). O

Remark 3.14. The induced grading depends in general on the choice of a cluster-tilting
object in Cy with hereditary endomorphism ring, as shown in the following example. Let
A be the algebra presented by the quiver

2 4
Q= V \5 / \ with relation Sa = 0.
1 3 )

Adding an arrow of degree 1 for the relation, one obtains a graded quiver with potential
(Q,W,d). Then it is easy to check that u5(Q,W,d) is given by the graded quiver

2 4
VRN VRN
A ENE EN
1 0 3 0 5

These gradings are not equivalent.

Using the previous results we can prove the following.
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Theorem 3.15. Let Ay and A be two algebras of cluster type @, where Q) is an acyclic
quiver. Then the following are equivalent.

(1) There exist equivalent gradings ds, induced by \; on Q fori € {1,2}.
(2) There exists a derived equivalence D°(Ay) — DP(Ay).

Proof. For i = 1,2 denote by (Q;, W;, 0;) the graded QP associated to A;.
(1) = (2) By assumption, we have a graded equivalence

Jac(ugl (Qh le 61)) ; Jac(,ugg (Q% W27 82))
Then by Proposition B.7] and Lemma [3.6], we immediately get that
JaC(#i—N; (le Wh 81)) g: JaC(Q27 W27 62)

Now denote by T € D°(A;) the object p* pl (A;). By Theorem B9 we have an isomor-
S2
phism of Z-graded algebras
EB Hompe(a,y (T, S, 7T) % Jac(u%ni(@l, Wi, 01))

PEZ

Therefore, we get the result by Theorem [3.4l

(2) = (1) Assume that A; and A, are derived equivalent. Then there exists a tilting
complex T in D’(Az) with Endpe(s,)(T) = Ay. The derived equivalence induced by T
gives rise to a commutative diagram

*LAlT
Db(Ay) — L Db(A,)
Ca, - Ca,

Since the cluster category Cy, is acyclic, there exists a sequence of mutations s such that
ps(moy) = mo(T) = f(mAy). Denote by T" € D(A,) the object T" := ul(As). Then we
have mo(T") = m(T1"), thus we have an equivalence of categories commuting with S,

add {SET | p € Z} = add{SET" | p € Z}.

This exactly means that there is a graded equivalence

&B Hompe (T, S;°T) ~ @5 Hompea,y (T7,S,7T").
gr

PEL PEZ

L
Since — ®j, 1" is an equivalence, the left term is isomorphic as Z-graded algebra to
Jac(@1, W1, 01) and by Theorem B.9] the right term is isomorphic to the Z-graded algebra
Jac(ul(Qq, Wy, 35)). Therefore we have

(331) JaC(M£<Q2,WQ,62)) ng Jac(Ql,Wl,ﬁl).

Now let s’ be a sequence such that the cluster-tilting object 7" := py(fm1 A1) has endo-
morphism algebra isomorphic to k(). Then we have

M#(Qlu Wl) = (Qu O) and /~Ls/,us<Q27 W2) = (Q7 O)
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Now let d; and ds be the gradings on () such that we have

1 (Q1, Wi, 01) = (Q,0,dy) and plpl (Qa, Wa, 85) = (Q, 0, dy).
By (331)) and Proposition B.7, we get
Jac(Q,0,dy) ~ Jac(Q,0,d>),
gr

that is the gradings d; and d, are equivalent. O

Corollary 3.16. If Q is a tree, and if A is of cluster type Q, then A is derived equivalent
to kQ.

Proof. By Theorem [B.15 it is enough to observe that all gradings on k(@) are equivalent.
We consider the map
7Q0 _ 71
(ri)iege = (Tt(@) = Ts(@)acqr
Then the grading on ) which are equivalent to the trivial grading are the image of
this map. Moreover, using the fact that () is a tree, one easily sees that the map is
surjective. 0

4. DERIVED EQUIVALENCE CLASSES OF ALGEBRAS OF CLUSTER TYPE Ap’q

In this section we study the algebras of cluster type Zp,q, i.e. all algebras which are
cluster equivalent to the path algebra H of the acyclic quiver Qg:

as asz Ap—1
%2,

2 3 s P
7 AN
1 p+1
k o
p+q pT p+2
q—1 2

Since Q is not a tree, these algebras need not be derived equivalent. In this section
we introduce an invariant of an algebra of cluster type Qg which determines its class of
derived equivalence.

4.1. The weight of an algebra of cluster type Zp,q.
Definition 4.1. Let d be a Z-grading on QQ. We define the weight of the grading d by

w(H,d) = Z d(a;) — Z d(b;)

Lemma 4.2. Let dy and dy be two Z-gradings on H. Then the following are equivalent:
(1) (H,dy) and (H,ds) are graded equivalent;
(2) w(H,dy) = w(H,dy).
Proof. We consider the map
o 7@u)o  _y 7(Qu)
(ridie@mo = (Ti@) = "s(@)act@m):
The gradings d; and dy are equivalent if and only if d; — ds is in the image of ¢.
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It is straight-forward to check that the sequence of Z-modules

7,Qm)o g 7@ X 7

is exact (using the fact that @ is of type A). Now the claim of the lemma follows. O

This result allows us to define the following.

Definition 4.3. Let A be an algebra of global dimension at most 2 and of cluster type
A, ,. Let s be a sequence of mutations such that the endomorphism ring of ju(mx(A)) is

kQp (such a sequence exists by Corollary B.2)), and let ds be the corresponding grading
on Qg induced by A. Then define the weight of A by

p q
w(l, s) = w(d) =Y dy(a;) =Y _ dy(by).
i=1 i=1
If p > ¢, the weight w(A, s) is well defined since there is no automorphism of Q.

4.2. The case p > q. Before proving the main theorem, we prove the following technical
result.

Lemma 4.4. The weight w(A,s) does not depend on the choice of the sequence of muta-
tions s.

Proof. Let s and t be two sequences of mutations such that the endomorphism rings of
ts(ma(A)) and of py(ma(A)) are both isomorphic to Q. Then there is an automorphism
of the translation quiver ZQ g, which forms a component of the Auslander-Reiten quiver
of the common cluster category, mapping ps(ma(A)) to pe(ma(A)). Since p # ¢, one can
check that the automorphism group of the translation quiver ZQ) g is generated by 2
elements given by the slices

Ti=7 ' (etH® - De,H)Dep yHD - DepH, and
Ih=eH@ - -®e1HD e H @ eprgH D eprg1H @ - BepioH), respectively,

where e; is the primitive idempotent of H = k(@) associated to the vertex i for any ¢ =
1,...,p+ q. Then we have

Ty = ity -y (H) and To = 1045 - - gty (H).

It is enough to check that if d is a grading on )y, then the weights of the graded quivers
sy iy (Quy d) and pl oty s i iy (Q, d) are equal to w(d). We do this for
,LLZI;,u}I;_l ... ¥ (Qu, d), the other one is similar.

First note that in the sequence of mutations ull;,u;j_l ...k, we mutate at a source at each
step. Therefore the left graded mutation consists in reversing the arrows and assigning
the opposite of the degree. After the sequence of mutations, arrows ay, ..., a,_; have been
reversed twice, arrows a, and b, have been reversed once, and by, ...,b, have not been

reversed. Hence the graded quiver ull;,u;j_l 12 (Qp, d) is the following:
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Jdw) | de) o), -
d(ay) —d(ay,
1 p+1
_d(bq) /(bfl)
p+q d(bqil) ........................... W})+2

Hence the weight of this grading is (—d(b,)+> ", d(ai))—(zg: d(bj)—d(ap)) = w(d). O

This lemma together with Lemma shows that situation in Remark [3.14] does not
occur for a quiver of type A,,. Hence we may, in the sequel, refer to the weight w(A)
without specifying a sequence of mutations.

Theorem 4.5. Let Ay and Ay be two algebras of cluster type Zp,q with p > q. Then there
is a derived equivalence between Ay and Ao if and only if w(Ay) = w(Ag).

Proof. Let §; (resp. d2) be a grading on @ induced by A; (resp. Ag). By Lemma (4.2 0,
and 0y are equivalent if and only if the corresponding weights w(A;) and w(As) coincide.
Since, by Lemma [4.4], the weights are independent of the choice of a sequence of mutation,
it follows that also the gradings 0; and d, are independent of this choice up to graded
equivalence. Now the claim follows from Theorem [B.15l O

Corollary 4.6. Let A be an algebra of cluster type Zp,q. Then A is piecewise hereditary
if and only if w(A) = 0.

Proof. Let us treat the case where p > ¢g. The ‘if’-part of the assertion is a direct conse-
quence of Theorem applied for A; = A and Ay = H.

The algebra A is piecewise hereditary if and only if the derived category D°(A) is equiv-
alent to D°(H) for some hereditary category H. Therefore it implies that the generalized
cluster category Cy is equivalent to the cluster category Cy. Since A is of cluster type
Apg, we have C = C; . Hence we get Db(H) = Db(A,,). Therefore, by Theorem H.H]
we have w(A) = 0.

The case p = q is a direct consequence of the result below. O

4.3. The case p = ¢. In the case p = ¢ there is a unique non-trivial automorphism of
@y fixing the vertices 1 and p + 1 and interchanging the vertices 7 and 2p + 2 — i for
i =2,...,p. This automorphism induces a derived equivalence between algebras A; and
Ay of cluster type A, , such that w(A;) = —w(A3). Therefore we obtain the following
result, whose proof is the same as Theorem

Theorem 4.7. Let Ay and Ay be two algebras of cluster type Zp,p. Then there is a derived
equivalence between Ay and Ay if and only if |w(A;)| = |w(Ag)].

5. THE AUSLANDER-REITEN QUIVER OF THE DERIVED CATEGORY OF AN ALGEBRA
OF CLUSTER TYPE A, ,

Let A be an algebra of cluster type /TM and of weight w # 0. In this section we compute
the Auslander-Reiten quiver of the derived category D°(A). In order to do that, we use
some results of [AOL0, Section 8].
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5.1. Graded derived equivalence. Let A be an algebra of cluster type_ﬁm. Then,

by Proposition 3.1} there exists a graded quiver with reduced potential (Q, W, d) such

that we have an isomorphism of Z-graded algebras A = Jac(Q), W, d). Let 0 be a grading
Z

induced by A on H where 0y is the following quiver

D> G s - P

/ N

1 p+1
\ /
p_|_q4, ................. 4,])_1_2

That is, there exists a sequence of mutations such that p,(Q, W, d) = (Qg,0,9). Now
define the Z2-graded quiver with reduced potential (Q', W', (d',§)) by the following
)

(Q W' (d,9)) = - (Qm, 0, (9,0)).
By Lemma[3.6], we have an isomorphism of Z-graded algebras Jac(Q’, W', d') %’ Jac(Q, W, d).
Since the potentials W and W' are reduced, the quivers Q@ and Q' are isomorphic. By
definition of @ and d, the quiver Q4 of the algebra A is the subquiver of @ satisfying
(Qa)o = @y and (Qr)1 = {a € @, | d(a) = 0}. Moreover we have an isomorphism

A = kQn/(0.W,a € Q,,d(a) = 1). Since we have an isomorphism of Z-graded algebras
Jac(Q', W', d') % Jac(Q,W,d), we get an isomorphism A = kQ,/(0,W',a € Q,d (a) =

1). The grading §, which is a grading on Q' = Q, restricts on a grading on Q4. The
grading 0 makes W’ homogeneous of degree 1. Hence the relations 0,W' a € Q) with
d'(a) = 1 are homogeneous with respect to the degree §. Consequently § yields a grading
on the algebra A that we still denote by 4.

Then we have the following direct consequence of [AO10, Theorem 8.7].
Theorem 5.1 (JAO1Q]). In the setup above, there exists a triangle equivalence

Db(Cov(A, §)) —— D*(Cov(H, 9))
Moreover we have an isomorphism of triangle functors F o (1); = S; o (—1)g0 F.

Remark 5.2. Note that in this situation, the compatibility condition defined in [AOT10,
Definition 8.5] is automatically satisfied since @ is mutation acyclic and since W is rigid.
Indeed, two Z-gradings on a quiver induce a Z2?-grading on it. But in general two Z-
gradings on an algebra do not give rise to a Z2-grading on it.

Theorem L.l implies the following result which will be very useful to compute explicitly
the Auslander-Reiten quiver of D°(A).

Corollary 5.3. There exists a k-linear equivalence
D(A) = D*(Cov(H,d)))/S2(1)a

Proof. By Theorem [5.1] we deduce that there is a k-linear equivalence between the orbit
categories

DY (Cov(A, 8))/(1)s = D*(Cov(H, d))/Sa(1)s.

Now we can use the following result due to Keller
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Theorem 5.4 ([Kel05]). Let Qu be an acyclic quiver and 0 be a Z-grading on Q.

Let F = — Q%COV(H@ X be an auto-equivalence of D*(Cov(H,d)) for some object X €
D(Cov(H,D)). Assume that
(1) For each indecomposable U € mod Cov(H, d), the set{i € Z | F'U € modCov(H,d)}
s finite.
(2) There exists N > 0 such that for each indecomposable X € D*(Cov(H,d)), there
exists 0 <n < N and i € Z with F'X[—n] € mod Cov(H, d).

Then the orbit category D*(Cov(H,d))/F admits a natural triangulated structure such
that the projection functor D*(Cov(H,d)) — Db(Cov(H, d))/F is triangulated.

It is already shown in [BMRT06] that the functor S, satisfies conditions (1) and (2).
Since the functor (1)s is an auto-equivalence of mod Cov(H, ), then the functor Sy(1)s
clearly satisfies again conditions (1) and (2). Thus the orbit category (D*(Cov (A, d))/(1)s) =
Db(Cov(H,0))/Ss(1)g is triangulated and the natural functor

DY (Cov(A, §)) —= D¥(Cov(A, 6))/(1)s

is a triangle functor.
By [AO10, Corollary 7.14], the derived category D(A) is equivalent to the triangulated
hull (D?(Cov(A,§))/{1)s)a. Hence we have the following commutative diagram

D¥(Cov(A, §)) — D*(Cov(A, 8)) /(1) DY(A)
\—/
C

where A and C' are triangle functors. Therefore B commutes with the shift and sends
triangles to triangles. Hence the fully faithful functor B is a k-equivalence

DY (Cov(A, 8)/(1)s) = D*(Cov(H, d))/Sa(1)s. O

5.2. The shape of the Auslander-Reiten quiver of D’(A). In this subsection we
use Corollary to compute explicitly the shape of the Auslander-Reiten quiver of the
derived category of an algebra of cluster type A, ,.

Throughout this subsection A is an algebra of cluster type vaq and of weight w # 0.
Let O be a grading induced by A on Q. By Lemma we can assume that 0 is the
following grading.

2 704> 3 70% ............................

0

0 w
/ N\

1 p+1
N, 0/
\ /
p+q70*, .................................. 70*,1)4_2

By Corollary 5.3 we have a k-linear equivalence

DP(A) = D*(Cov(H, D)) /Sa(1)s.
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P+

Py (0

p<o>/mlu\/\.”"

Pg(())/ \ / \ / \

Pz(())/ \/\/\/

no \/\/\/\

~, <0>/\/\/\/
/

\ / i

/'

=

FIGURE 5.1. Shape of the component P, of the Auslander-Reiten quiver
of mod (Cov(H, 0)).

The quiver of the subcategory Cov(H,0) = add{H (p)o,p € Z} C gr H consists of |w|
connected components of type AY with the following orientation.

Then it is not hard to compute the Auslander-Reiten quiver of the module category
mod Cov(H, d). Tt has 4|w| connected components: P;, RY | RI, and Z; with i € Z/wZ
satisfying P; = Po(i), RY = RE(i), R} = R{(i) and Z; = IO( > for any ¢ € Z/wZ.

The component Py is of type NAY and contains the indecomposable projective modules
P;(0) for j =1,...,p+ q. Its shape is described in Figure 5.1l

The component Z; is of type (—N)AZ and contains the indecomposable injective mod-
ules 1;(0) for j =1,...,p+ q. Its shape is described in Figure

The components R and R{ are of type ZA, and contain the regular modules. The
shape of the connected components Rf and R{ are described in Figures and 0.4l In
these figures, S;(m) is the m-degree-shift of the simple module associated with the vertex
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2

\/\/\1«»/
<\h<o>/l”
0>/?

~
3
=

=~
L

JAKKXX
AVAVAYAVAYAVA

VAV

N/
A
o/

FIGURE 5.2. Shape of the component Z, of the Auslander-Reiten quiver of
mod (Cov(H, 9)).

.......... / \ / \ / \ / \ BRI
iq(0)  Spig—1(0) \ ................... / S,12(0) NO)  Spyg(—w)

FIGURE 5.4. Shape of the connected component R{.

i, the object M(0) is defined by the exact sequence
Py(~w) —= Bp41 (0) — M{0) —= 0,

and the object N(0) is defined by the exact sequence

Py (0) — Ppy1(0) —= N(0) —=0 .

Under the forgetful functor mod Cov(H,d) — mod H, the components P; are sent to
P the preprojective component of mod H, the components Z; are sent to the preinjective
component Z, the components R? are sent to the exceptional tube of rank p and the
components R? are sent to the exceptional tube of rank q. The indecomposable H-modules

lying in the homogeneous tubes are not gradable if w # 0, therefore the description above
is complete.
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,i:::./\/\/\[})m)[il}/ \Pp<0>/ \
”'"‘\/izmwu/imm/\/\/'::::'
fﬁiv\/\uon—u/ S \/\/\,::::-

11<0>[—1]/ :P,(u) i > < \ < \ / i
/ La0-1] Py (0) " /\
..:::'\/\/\1“<u>[—1]/...\Pp+l<u>}\/\'"
':II:'/\/\L«—M-H S \/\.::::.

FIGURE 5.5. Shape of the component P(o ) of the Auslander-Reiten quiver
of Db(Cov(H, d)).

FIGURE 5.6. Auslander-Reiten quiver of D*(Cov(H, d))

Since mod Cov(H, 0) is a hereditary category, one can easily deduce the shape of the
Auslander-Reiten quiver of D*(Cov(H, d)). It has three kinds of components Py; ), Reliny»
and Rq , with 4 € Z/wZ and n € Z. The component P contains Py and Zy[—1] and
is descrlbed in Figure[5.5l The component R o (resp. R(o o)) 18 R (resp. Rg). Moreover
we have Py = Poo)()[n], Ri;,y = Ripg(0)n], and Rf, ) = Ry (i)[n] for i € Z/wZ
and n € Z.

The morphisms satisfy the following:

Hom(P(m (j,m)) #0 ifand only if i=jand m € {n,n+ 1}

Hom(P(m p’q ) #0 ifandonlyif i=jand m=n
Hom(R{;", P(Jm)sé() if and only if i =jand m=n+1
Hom(R{; n)’Rqum)) #0 ifand only if i=jand m € {n,n+ 1}

Now we can compute the Auslander-Reiten quiver of the orbit category D?(Cov(H, 9))/S2(1).
We look at the action of the functor S3(1) on the connected components of the AR-quiver
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7)(130) Rt(]i,l)) R((Zi,())

FIGURE 5.7. Auslander-Reiten quiver of the category DA, where A is of
cluster type A, , and of weight w > 0.

of D*(Cov(H,d)). The functor Sy(1) acts on the set {P; ), i € Z/wZ,n € Z} by
S2(Pim) ) (1) = 7(Pim) [=11(1) = P [=11(1) = Pliy1.n-1)
Then there are exactly |w| orbits which are (Sy(1))% - P o) for i € Z/wZ. Similarly Sy(1)
acts on the sets {R’(’m),i € Z/wZ,n € Z} and {R'(Ji’n),i € Z/wZ,n € Z} by
SQ(RI()Z7n))<1> = Rp ) and 82(R?Z,n))<1> = R?i—l—l,n—l)

(i+1,n—1
Therefore we get 2|w| orbits which are (Sy(1))% - R0 and (Syp(1))% - R ) for i € ZjwZ.
Finally the shape of the AR-quiver of D°(Cov(H, d))/S(1) is described in Figure (.11
This description can be summarized in the following.

Corollary 5.5. Let A be an algebra of cluster type Zp,q and of weight w # 0. Then the
Auslander-Reiten quiver of D°(A) has exactly 3|w| connected components:

o |w| components of type ZAL;

e 2|w| components of type ZAx.

5.3. Consequences of the description of the AR-quiver. From this description we
also get the following consequences.

Corollary 5.6. Let A be an algebra of cluster type Zp,q and of weight w # 0. Then A is
representation-finite.

Proof. The algebra A is derived discrete in the sense of [VosO1]. Hence it is representation-
finite. U

Remark 5.7. Let A be an algebra of cluster type Avp,q and of weight w # 0. Then the
category D°(A) is locally fractionally Calabi- Yau of dimensions ’;__—2;” and qtr—%f: in the sense

that there exists objects X and Y such that there are isomorphisms SP™*X =~ X [p — 2uw]
and STTY = Y[q + 2w]. Such algebras are studied in [AO12, Section 6].

From the previous section, we also deduce a result for the image of the derived category
in the cluster category.

Corollary 5.8. Let A be an algebra of cluster type /Nlp,q and of weight w # 0. Then the
quiver of the orbit category D°(AN)/Sy has 3 connected components which are of the forms
ZA, ., ZA/(TP) and ZA/(T?).
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Proof. From Corollary [5.3] we have the following diagram

Db (Cov(A, b)) ~ Db (Cov(H, D))
Dbl(A) = Db(COV<hI 0))/S2(1)
Db(A)/82 ................................. (Db(COV(H 9))/S2{1))/S,

The upper functor is a triangle functor, hence it commutes with S;. Therefore, the k-
equivalence of Corollary 0.3 commutes with S,. Using this we deduce that we have a
k-equivalence

D*(A)/S, (D*(Cov(H, 0))/S2(1))/S2
Therefore the AR quiver of D°(A)/S, is the same as the AR quiver of the orbit category
(Db(Cov(H,d))/Sy(1))/Ss. Note that since Sy = (—1) in (D(Cov(H, d))/Sy(1)), we just
have to understand the action of (1) in the category (D°(Cov(H,3d))/Ss(1)). We know
that the category (D°(Cov(H,0))/S2(1)) has 3|w| components which are

Pioy Ry (i,0) and RY 0),for i € ZJwZ

Moreover we have the equality

Py (1) = P(HLO)vR(zo (1) = sz+10 and R((Izo (1) =R,

(i+1,0)

Thus for each connected component I" of the AR quiver of (D°(Cov(H, 9))/Sz(1)) we have
I'(w) =T". Now it is easy to check that for X € R; o) we have X (w) = 77PX. The action

of (w) on the component Py makes Py /(w) isomorphic to ngvq- Therefore we get
the result. O]

6. EXPLICIT DESCRIPTION OF ALGEBRAS OF CLUSTER TYPE A, ,

In this section, we explicitly describe (in terms of quivers with relations) the algebras of
cluster type zzlvp,q, and give an easy method for computing the weight of such an algebra.
The strategy consists in describing first the cluster-tilted algebras of type gpm following
[Bas09], and then showing that all algebras of cluster type A,pvq can been seen as the

degree zero part of a cluster-tilted algebra of type A, , with an appropriate grading. We
first start by describing the algebras of cluster type A,, using a similar approach.

6.1. Algebras of cluster type A,. The aim of this section is to describe all algebras of
global dimension < 2 which are of cluster type A,,. By Corollary B.16], we already know
that they are the algebras of global dimension < 2 derived equivalent to k@), where () is a
quiver of type A,. A description of iterated-tilted algebras of type A, was done by Assem
[Ass82]. Here we use other techniques, based on further developments in cluster-tilting
theory.

We start with some definitions.

Definition 6.1. Let @ be a quiver. A cycle a;...a, in Q is called irreducible if for all
1 < i # 5 <r we have s(a;) # s(aj). All cycles which are not irreducible are called
reducible.
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Definition 6.2. For n > 1, we define the class M of quivers () that satisfy the following:

they have n vertices;

all non-trivial irreducible cycles are oriented and of length 3;

a vertex has valency at most 4;

if a vertex has valency 4, then two of its adjacent arrows belong to one 3-cycle,
and the other two belong to another 3-cycle;

e if a vertex has valency 3, then two of its adjacent arrows belong to a 3-cycle, and
the third arrow does not belong to any 3-cycle.

The set M# denotes the union of all M. For a quiver @ in M4 we denote by Wg the
sum of all oriented 3-cycles. This is a potential in the sense of [DWZ0S].

Theorem 6.3 ([BV0S]). Let I" be a basic finite dimensional algebra. Then T is a cluster-
tilted algebra of type A, if and only if there exists a quiver Q in MZ such that we have
an isomorphism I' = Jac(Q, Wy).

The main result of this subsection is the following.

Theorem 6.4. Let Q be a quiver in M2, and let d be a Wg-grading (cf Definition[310).
It yields a grading on the Jacobian algebra B := Jac(Q, W). Denote by A := By its degree
zero part. Then A is an algebra of global dimension < 2 and of cluster type A,,. Moreover

each basic algebra of global dimension < 2 and of cluster type A, is isomorphic to such a
A.

Proof. We divide the proof into several steps for the convenience of the reader.

Step 1: The global dimension of the algebra A is at most 2.
Denote by Q© the subquiver of @ which is defined by ng) = Qo and ng) = {a €
Q1,d(a) = 0}. Then we have
A= kQY /(0,Wq, d(a) = 1).

Note that since W is a sum of 3-cycles, the ideal of relations (0,W¢, d(a) = 1) is contained

in k:QéO), that is every relation is of length 2. Let i € )y be a vertex and e; be the
associated primitive idempotent of A. Then the projective resolution of the simple A-
module associated to ¢ is given by

(fa,b)

®a,t(a):i,d(a):0 es(a)A e\ S; 0

Let b: 7 — | be an arrow of degree 1, and a: j — ¢ such that f,;, # 0. Then there exists
a 3-cycle:

@b,s(b):i,d(b):l e A

c ] a
/N
[ <——1

b

and the map f,;,: A — ;A is induced by c. The arrow ¢ does not belong to another
3-cycle, therefore there is no relation between some predecessor of [ and j. Hence the map
Jap: A — e;A is a monomorphism.

Let a be an arrow with ¢(a) = ¢ and of degree 0. Then a belongs to at most one cycle.
Therefore there exists at most one arrow b of degree 1 with s(b) = i such that f,, does
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not vanish. Therefore the map

(fa,b)

@b,s(b):i,d(b):l e A @a,t(a):i,d(a):o esa)\

is injective, and the projective dimension of S; is at most 2.

Step 2: We have an isomorphism Jac(Q, W) = Ende, (TA).
Since d is a Wy-grading the set {9,W¢,d(a) = 1} is a set of minimal relations for A.
Therefore by Theorem 2.5 we have @(0) = (@ and W) = Wy and hence Step 2.

Step 3: There is a triangle equivalence Cy = Cy,

By Theorems[6.3] [2.9] and[Z.7]there exists a sequence of mutation s such that p,(Q, Wg) =
(Qm,0). Therefore we are done by Corollary 3.2

Step 4: Each algebra of cluster type A, and of global dimension < 2 is isomorphic to
the degree zero part of a graded Jacobian algebra Jac(Q, Wq,d) where Q € M? and d is
a Wo-grading.

Let A = kQx/I be an algebra of global dimension < 2 and of cluster type A,. Denote
by f:Cyx — Cq the triangle equivalence. By Proposition [3.11] there exists a graded QP
(Qx, W, d), where W is rigid and d is a W-grading, such that we have

A % JaC(QK7 W, d)

Now the object f(ma(A)) is a cluster-tilting object in C4,. Thus by Theorem [6.3] there
exists @Q € M such that we have an isomorphism

A = Jac(Q, Wo).
It is clear that we have ) = Q5. We then conclude using the following lemma. U

Lemma 6.5. Let (Q, W, d) be a graded QP where Q € M# and W is rigid. Then d makes

Wq homogeneous of degree 1 and we have an isomorphism of Z-graded algebras

Jac(Q, Wg,d) ’\7“ Jac(Q, W, d).

Proof. Denote by C4, ..., C) the oriented 3-cycles of @, so that we have Wy = >""_, C..
One easily checks that the irreducible oriented cycles of the quiver () are exactly the C;’s
(up to cyclic equivalence). Therefore we can assume that

W = Z A C; + extra terms

i=1

where the extra terms are reducible. If there exists ¢ with A\; = 0 then the cycle C; and
all the cycles cyclically equivalent to it are not in the Jacobian ideal since there are no
cycle of length < 2 in the quiver ). Therefore since W is rigid, we have \; # 0 for all
i=1,...,7. Now the existence of the grading d implies that d(C;) =1 foralli =1,...,r,
so any reducible cycle is of degree at least 2. Hence the extra terms in the potential have
to be zero and we have W = 22:1 A C; with \; # 0. [



24 CLAIRE AMIOT AND STEFFEN OPPERMANN

Remark 6.6. Note that Theorem is not true for the other Dynkin types. Let (Q,d) be
the following graded quiver
2 ;
e N\
AN
l<—0—4
N v
a’ 1\ /Obl
3

and W := cba + cb'a’. The Jacobian algebra Jac(Q,W) is a cluster-tilted algebra of
type D4. The grading d is a W-grading but the degree zero part of the graded algebra
Jac(@, W, d) is an iterated-tilted algebra of type A4 and of global dimension 3, so it cannot
be of cluster type Djy.

6.2. Cluster-tilted algebras of type AJM.

Definition 6.7 ([Bas09]). For p > ¢ > 1, we define the class M of quivers @ that
satisfy the following conditions:

e () has p + q vertices;

e there exist integers 1 < p; < po < ...<p, <pand 1 <@g << ...<q¢ <gq
such that () contains precisely one full subquiver C' which is a non-oriented cycle
of type (p1,q1,02—P1,%2— @1y« - -, Pr —DPr—1, ¢ — ¢r—1) (that is C'is the composition
of p; arrows going in one direction with ¢; arrows going in the other direction, with
p2—p1 arrows going the first direction, etc...). We denote by a4, ..., a,, the arrows
of C' going in one direction and we call them the p-arrows. We denote by by, ..., b,,
the arrows going in the opposite direction and we call them the g-arrows.

e cach arrow connecting C' to a vertex not in C'is in exactly one 3-cycle of () of the
form

u(a)
t(a) s(a)

where « is in C. We denote by u(«) the connecting vertex. It has valency at most
4. When its valency is 4, the adjacent arrows which are not o/ and «” belong to
exactly one 3-cycle, and when it has valency 3, the third arrow does not belong to
any 3-cycle. Moreover, the subquiver containing C, o/ and «” is a full subquiver
of Q. Hence we cannot have u(a) = u(8) for a # 5.

e the full subquiver of ) whose vertices are not in C' is a disjoint union of quivers
Q® € M where « is an arrow of the non-oriented cycle. The quiver Q¢ is empty
if there is no 3-cycle containing «, and the quiver Q contains the vertex u(«) if
there is a 3-cycle

u(a)
t(a) =—— s(a)

e We have the equalities

Pr qr
p=> Qi +p and q=> 1Q¢ +q.-
=1 =1
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Q= u(as) 7 \\* u(by,) o
\\ 5] bqn /

FIGURE 6.1. Shape of a quiver in ng.

For a quiver @ in Méq we denote by Wg the sum of all oriented 3-cycles. More precisely
we define

Wq = Z(o/’o/a + Woa)
acC
where C'is the non-oriented cycle of (). This is a rigid potential in the sense of [DWZ0S].

Theorem 6.8 ([Bas09]). Let I' be a finite dimensional algebra. Then T is a cluster-tilted

algebra of type A, , if and only if there exists a quiver Q) in M;;‘:q such that we have an
1somorphism

I' = Jac(Q, Wo).
6.3. Algebras of cluster type KM. We have the same kind of result as for the A,, case.

Theorem 6.9. Let () be a quiver in Méq, and let d be Wg-grading. It yields a grading
on the Jacobian algebra B := Jac(Q,Wy). Denote by A := By its degree zero part. Then

A is an algebra of global dimension < 2 and of cluster type A, ,. Moreover each basic
algebra of global dimension < 2 and of cluster type A, , is isomorphic to such a A.

The proof of the first assertion is exactly the same as in the proof of Theorem
(Steps 1, 2, and 3). For the proof of the second assertion, we will need the following.
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Lemma 6.10. Let (Q, W, d) be a graded quiver with reduced potential such that:
e the quiver Q) is in MA

p,q’
e the potential W 1is rigid,
e the grading d is a W -grading.
Then there exists an algebra isomorphism ¢: k@ — k@ (where k@ is the completion of
the path algebra kQ) such that ¢ is the identity on the vertices, and such that o(Wg)
is cyclically equivalent to W. Moreover there exists a Wg-grading d' on @ such that

P: (kQ, d) — (kQ, d) is an isomorphism of graded algebras.

Remark 6.11. This means that the graded QP (Q, W, d) and (Q, Wq,d') are graded right
equivalent in the sense of [AO1(, Def. 6.3].

Proof. We denote by C1, ..., C; the oriented cycles such that W = 22:1 Ci, by ay, ..., ap,
the p-arrows, and by by, . ..,b,, the g-arrows of ). The C; are irreducible cycles of @), but
contrary to the A,-case, there might be other irreducible cycles in the quiver ). We treat
here the most complicated case.

Assume that for alli=1,....p,, and all j = 1,...,q, we have Q% # & and Q% # @.

Denote by C, a cycle containing exactly once the arrows a;,i = 1,...,p, and 0, b}, j =
1,...,¢, and by C, a cycle containing exactly once the arrows b;,7 = 1,...,¢, and
ai,a’,i = 1,...,p,. Then one can check that the irreducible cycles of @ are C,, C}

and the C;’s up to cyclic equivalence. Therefore we can write

l
W = Z ACi + aCy + BCy + extra terms,
i=1

where \;, a, 8 € k and the extra terms are linear combinations of reducible cycles.

First we show that we can assume \; # 0 for all i =1,... 1.
If p. + q, > 3, then we have immediately \; # 0 for : = 1,...,[ by the rigidity of W.
Assume p, = ¢, = 1. Then @ is of this form:

/\
\/

We can assume (up to renumbering) that C} is cyclically equivalent to aja)ja] and
Cy is cyclically equivalent to byb}b], and we have C, = a,0}b] and C, = bja}a]. Then
it is easy to see that the rigidity of W implies that \; # 0 for ¢ = 3,...,l and that
My — aff # 0. Therefore, up to the automorphism of @) exchanging a; and b; we can
assume that A\ Ay # 0.
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Since the potential W is homogeneous of degree 1 we have
(6.3.1) d(a;)+d(a;)+d(ai) = d(b;)+d(V)+d(d]) =1 foralli=1,....p, j=1,...,q

By definition we have

(6.3.2) d(Co) =) _d(a;)+y (d(bf)+d(t])) and d(Cy) =) d(b;)+) _(d(a})+d(a]))
i=1 j=1 j=1 i=1
Hence combining (6.3.1) and (6.3.2) we get
(6.3.3) d(Ca) + d(Cy) = pr + Gr-

Using (6.3.3) and the fact that d(C,) and d(C,) are non-negative (since d is a map ) —
{0,1}), we divide the proof into 4 subcases.

Case 1: d(Cy) > 2 and d(Cy) > 2.

In this case, since W is homogeneous of degree 1, we have o = § = 0, and there is
no extra term in the potential W. For ¢+ = 1,...,[ we denote by ¢; the arrow such that
C; = d/cic;. Then we define ¢ on Q1 by

)\ici if x = C;
ola) = {

x  otherwise

It is then clear that ¢ is an isomorphism of the graded algebra (kQ, d) sending Wy, onto
Ww.

Case 2: d(C,) =1 and d(Cy) > 2.

In this case, since W is homogeneous of degree 1, we have § = 0 and there is no extra
term in the potential W. Up to cyclic equivalence and renumbering we can assume that
Cy = bibiby and C, = b/V)C!. For ¢ = 2,...,1 we denote by ¢; the arrow such that
C; = d/cic;. Now we define ¢ on )1 by

)\1b1 + OéCC,l if z = bl
o(x) = i€ if v =¢;, and i > 2
T otherwise

Since C, = b/V,C’, and C; = bbb, are oriented cycles, the path C! has the same source
and the same target as by, thus ¢ is an algebra morphism. Moreover, since \; # 0, ¢ is
an isomorphism of the completion k(). Now, we have

d(C7) = d(Cq) — d(by) — d(by) = 1 — d(by) — d(by) = d(by).
Therefore ¢ is an isomorphism of the graded algebra (l{;@, d) sending Wg onto W.

Case 3: d(C,) =1 and d(Cy) = 1.

From (63.3]) we automatically have p, = ¢, = 1. All the cycles Cy = afaja;, Cy =
bbby, Cy = daiby, C, = bb)ay, Cs, ..., C; are homogeneous of degree 1. Fori =3,...,1
191 107 191 L &

we denote by ¢; the arrow such that C; = ¢/c,c;. Since W is rigid we have Ay — a8 # 0.
And since the grading d makes W homogeneous of degree 1, there is no extra term in the
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potential W and we have d(a;) = d(b;). Then we can define:

Ataq + ﬁbl if v = a4
. )\le “+ aay ifz = bl

pla) = AiCi ifx =¢, andi >3
x otherwise

Since A\ A — a8 = 0, this algebra morphism is an isomorphism. Moreover, since d(a;) =
d(by), ¢: (kQ,d) — (kQ,d) is an isomorphism of graded algebras. By construction it
sends Wy onto W.

Case 4: d(C,) = 0.

From (6.3.3), we have d(C}) > 2. Hence, since W is homogeneous of degree 1, we have
a = [ = 0. In this case, since the degree of C, is 0, the oriented cycles of the quiver
() which are homogeneous of degree 1 are cyclically equivalent to something of the form
C;C where n € N. Thus we can write up to cyclic equivalence:

l
W — Z CiPi(Ca)7
i=1

where P, € k[X] is a power series with constant term \; # 0. For each i = 1,...,] we

write C; = ¢/cic; and we define

o(z) = { ¢Pi(C,) ifz=c

T otherwise

Then ¢ is an automorphism of the completion kQ since \; #0foralli=1,...,1. Since
d(C,) = 0, this automorphism is an automorphism of the graded algebra (kQ,d).

The other cases, namely when there exists 1 < i < p, and 1 < j < q, such that Q% = &
and Q% = @, and for all i = 1,...p,, we have Q% # @ and there exists j such that
Q% = @ are simpler since in these cases there are less irreducible cycles. The proof is left
to the reader. 0J

Remark 6.12. (1) Note that the first part of this lemma can be deduced directly from
[DWZ08]. Indeed since W is rigid the quiver with potential (Q, W) is right equiv-
alent in the sense of [DWZ0S8] to (Q, W) (there exists a sequence s such that
1s(Q) is acyclic, therefore p,(Q, W) is right equivalent to pus(Q, Wg)). By defini-
tion, this implies that there exists an automorphism of completed path algebras
Q: k:@ — kQ which is the identity on the vertices, and such that p(Wy) is cycli-
cally equivalent to W. However, we have proved this lemma constructing explicitly
the isomorphism ¢.

(2) In the case p, = ¢, = 1, it might happen that A; Ay = 0. Then the automorphism
¢ constructed above will exchange the arrows a; and b;. The degree map d’ will
satisfy d'(a1) = d(by) and d’(by) = d(ay). This is the only case where d and d' are
not the same.

From Lemma [6.10] we deduce the following result, which is a restatement of the second
part of Theorem and finishes the proof of Theorem
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Corollary 6.13. Let A be an algebra of global dimension at most 2 and of cluster type
Ay 4. Then there exists a quiver ) € M;q and a Wg-grading d' such that A is isomorphic
to the degree zero part of Jac(Q, Wq,d).

Proof. By Proposition 3.1} there exists a reduced graded quiver with potential (Q,W,d),
such that A > Jac(Q, W, d). Moreover, W is rigid and d is a W-grading. By Theorem [6.8]

the quiver @ is in Méq. By Lemma [6.10] there exists a Wg-grading d’ such that we
have Jac(Q, W, d) > Jac(Q, Wq, d'). Therefore A is isomorphic to the degree zero part of

Jac(Q, Wq, d'). O

Remark 6.14. (1) This corollary implies that an algebra A of cluster type vaq is always
isomorphic to an algebra of the form kQ,/I, where the relations are paths of
length 2.

(2) This corollary gives a description of the iterated tilted algebras of global dimension
< 2 of type gp,q. A description of all iterated tilted algebras (not distinguishing

with respect to their global dimension) of type gp,q has been given in [AS8T].

Corollary 6.15. There are only finitely many algebras (up to Morita equivalence) of
global dimension < 2 and of cluster type A, ,.

Proof. There are only finitely many quivers in the set Méq. And given Q) € M;;‘:q there
are finitely many Wy-gradings. U

6.4. An alternative description of the weight. In this subsection, we give an explicit
way to compute the weight of an algebra of cluster type A, ,.

Definition 6.16. Let () be a quiver in MAq and d be a Z-grading on () such that
the potentlal W¢ is homogeneous of degree 1. Then let a4,...,a, be the p-arrows and
bi, ..., b, be the g-arrows of (). The weight of the graded quiver (@, d) is defined to be

w(Q, Wo, d) Zd ar) id(bl).
=1

The aim of the subsection is to show the followmg

Proposition 6.17. Let () € MAq and d be a Wq grading. Let A be the degree zero part
of the graded algebm Jac(Q, Wg.,d). Then A is an algebra of global dimension at most 2

and of cluster type AM and we have
w(A) =w(Q, Wg, d).
Proof. The first part of the statement follows from Theorem
Let s be a a sequence of mutation such that ps(Q, Wg) = (H,0) where Qg is an acyclic
quiver of type A, ,. Define a grading d on Qg by uk(Q, Wy, d) = (H,0,0). By definition
we have w(A) = w(H,0,0). Hence the proof of the proposition comes directly from the
following technical lemma. O

Lemma 6.18. Let () be a quiver in ./\/lAq and d be a Z-grading on ) such that Wg is
homogeneous of degree 1. Let i be a verter of Q. Then we have

w(p (@, Wo, d)) = w(@, Wq,d) .
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Proof. We define the grading d’ on the quiver y;(Q) by ur(Q,W,d) = (1;(Q, W), d'). We
distinguish the following different cases.
Case 1: There exists o in the non-oriented cycle C' of Q such thati € Q% and i # u(«).

Then the vertices adjacent to ¢ are not in the non-oriented cycle. Therefore the mutation
of @ at i does not affect the non-oriented cycle, and so the weight clearly remains the
same.

Case 2: i = u(a) for some arrow a which is on the non-oriented cycle C.

Assume that « is a p-arrow. There exists a 3-cycle a”’a’a which is a summand of W.

QO.
i =u(x i i =u(a) <

(@)
/ N V ((Y”)* (a/)*
t(a) :

"
s@) ——

The new arrows (/)* and (a”)* become p-arrows in the non-oriented cycle. Therefore
we have

w(p (Q,W,d)) = w(Q,W.d) —d(er) + d'((a')") + d'((")")
= w(Q,W,d) —d(e) — d(a) — d(a”) +1
— w(Q.W,d)
The last equality holds since o’/«v is a summand in the potential W, and hence we have
d(a) +d(d) +d(a") = 1.
Case 3: 1 is on the non-oriented cycle C' between two p-arrows.

Then the quiver @ locally looks like

s(a) - i H(ar) s(ar)

The arrows a; and a;;; are replaced by the new p-arrow [asy1a;] in the non-oriented
cycle. Hence we have

wp (@ W,d)) = w(Q W,d) - d(ar) — d(ar1) + d'([ars1a4])
= w(Q,W.d) '

The case where ¢ is between two ¢ arrows is similar.

Case 4: 1 is a sink of the non-oriented cycle C'.
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Assume that 7 is the target of the p-arrow a; and the target of the g-arrow b,.

m T

,S‘(al)‘ - ; 5 A,s-(bt) s(ag) s(be)

Then the arrows a; and b; are replaced by the arrows a; and b; and we have

w(py(Q,W,d)) = w(Q W,d) —d(a)+db;) +d'(b;) — d(a))
= w(Q,W,d) — d(a)) + d(b;) + (—d(b;) + 1) — (—d(a;) + 1)
= w(Q,W,d).

The case where ¢ is the source of one p-arrow and of one g-arrow is similar. O
This alternative description of the weight gives us the following consequences.

Corollary 6.19. The number of derived equivalence classes of algebras of cluster type
Apgis Bl +[E]+1ifp#qand 5]+ 1 if p=gq.

Proof. Let (Q be a quiver in MA It is clear from the definition that w is maximal when
the Wg-grading satisfies d(a;) = 1 forl=1,...,p, and d(b;) =0 for j =1,...,¢.. In this
case the weight is equal to p, = p — > 17, ﬂQ But since d is a Wy-grading, d(a;) = 1
implies that the quiver @ is non-empty. Then we have w = p, = p—>"7" Q" < p—p,.
Thus we have w < [£]. For the same reason, we have w > —[4]. Now it is easy to see that
all values —[2], —=[2] +1,...,[5] can occur. O

Corollary 6.20. Let A be an algebra of cluster type vaq, which is not piecewise hereditary.
Then there exists a tilting object T in D*(A) such that the quiver of Endpsa)(T) has an
oriented cycle.

Proof. Let — < w < £ be a non-zero integer. We construct an algebra B of cluster type

gp,q of weight w such that (Jp has an oriented cycle. Without loss of generality we can
assume w > 0. We define B as follows.

NN AT
N\ S/

It is clear that B is the degree 0 part of the Jacobian algebra Jac(Q, Wy, d) with the
graded quiver

2 4 QU ——0—> 70*,174'_1
/N /N RN
0
0 0\ /0 0\ 0 N
1 1 3 T —1—2w+1
Vd
O\ /0
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Then by Theorem this algebra B is the endomorphism algebra of some tilting complex
T € D*(A). O

Corollary 6.21. Let A be an algebra of cluster type Zp,q and of weight w, then the Cozeter
polynomial of A is
XPH— (—1)YXP~Y — (=1)Y X 4 1.

Proof. By definition the Coxeter matrix is the matrix of the automorphism 7 at the level
of the Grothendieck group Ko(D’(A)) in the basis {[S;] | 1 < i < p + ¢} consisting of
the representatives of the simples. The Coxeter polynomial C(X) is its characteristic
polynomial.

The result is already known for w = 0. Without loss of generality we can assume that
0 <w < £. By the above results we can assume that A is given by the following quiver
with relations:

2 4 2w — 2w + 2 p+1
1 3T ! 2w+ 1
\ /
PH G ——— p+2

Then for 0 < j < w — 1, the projective resolution of Sy;;4 is given by

0 —— Pajy3 Pajio Pyjy1 —— Szjp1 —0.
Thus one easily checks the following
(641) for 0 S] <w-— 1 T[SQ]'+1] = [52j+3[1]] = _[52j+3] in Ko(Db(A))

We also have the projective resolutions

0 Pp+2 P2w+1 _— Sgw+1 —0 and

forp+2<j<p+q O Pi P; S; 0,
where we use the convention p + ¢+ 1 = 1. Hence we have
(6.4.2)  T[Sowi1] = [Spra] andfor p+2<j<p+q 7I[S;]=[S1] in Ko(D"(A)).
Combining (€4.T]) and ([6.42) we get
T[S ] = (= 1)"7[S2u41] = (=1)"[S)]
Similarly we have
(6.4.3) for 2w +3<j<p+1 7[S;]=[S_1] in Ko(D"(A)).
Now we have to separate the case where w = 1. Assume w > 2 then we have

(644) T[Sgw+2] = [Pgw_g] in Ko(Db(A))

(6.4.5) for 2<j<w—1 7[Py]=—[l3] = —[Pyj_a] in Ko(D"(A)).
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Hence if p +1 > 2w + 2, then we have [, = P,,; and we get the following equalities in
Ko(D(M)):
U] = —r7 7 By] = 7S
= TP S] = T [Shuw] by (6.4.3)
= 7" [Pay—s] by (.4.4)
= (=1)"[P] by ([E.4.5)

If p4+1=2w+1, we have Iy = Py, and we also get 77~ *[Py] = (—1)"[P,].
Assume that w is odd. Then one can checks that the set

{[92j11],0 <j <wlU{[Sjl,2w+2<j<p+q} U{[P],1 <j<w—-1}U{[5]}

is a basis of Ko(D°(A)). Therefore the Coxeter matrix is diagonalizable and C(X) =
(X7 + 1)(XP~ + 1),
Assume that w is even. Then the set

{[S211),0 < j <wlU{[S)],20+2<j <p+ gt U{[Py],1 <j<w—1}

is linearly independent in K(D°(A) and we have the relation:

p+1 w—1 p+q w
L= D IS =D (1 [Py = Y (S + D> (—1)[S;4]
j=2w+2 j=1 J=p+2 =1

This element is an eigenvector of the eigenvalue 1. Hence

(Xt —1)(XP — 1)
(X —=1)

divides the Coxeter polynomial C'(X). Since the degree of C'(X) is p + ¢, and since we
know that both the leading coefficient and the absolut term of C'(X) are 1, it follows that

(X9t — 1)(XP — 1)
(X —=1)

C(X) = (X —1) = (X - 1)(XP - 1),

For the case w = 1, we introduce the notations for 4 < 57 < p:
M; = Ker(Iy = 111 ® ;1) = Coker(P, — P; & Pj);
M; = Ker(Iy » I, ® I4) = Py; and M,y := Coker(Py — P11 @ Ppi1) = Is.
Then we have
(6.4.6) ford <j<p+1 7[M;]=[M_]
Therefore we get the equalities in Kq(D°(A)) :
Py = 72 [L] = TP [ M) = —[M;] = —[P)]
Finally it is easy to see that the set
{[M;],3 <j <p+ 13 U{[S1], [Ss]} U{[Sil.p+2<j<p+4q}
is a basis of Q ®z Ko(D’(A)). This finishes the proof. O
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We end this subsection by giving a result linking the weight of an algebra of cluster
type A, , with the set of cluster-tilting objects of C A coming from tilting complexes in

Db(A). We start with some notation.
Let A be an algebra of global dimension at most 2 which is m»-finite. We define a subset
Ta of the set of tilting complexes of D?(A) by

Ta := {T € D*(A) tilting | gldim(Endpe ) (7)) < 2}

By Theorem 2.4] the set w5 (74) C Cy is a subset of the set of cluster-tilting objects of Cy.
Moreover, if A; and A, are derived equivalent, they are cluster equivalent and we clearly
have my, (Ta,) = ma,(Ta,). We prove here the converse in the case of algebras of cluster

type A, 4, and compare the sets ma, (7a,) and ma,(Ta,) when w(Ay) # w(As).

Proposition 6.22. Let Ay and Ay be two algebras of global dimension 2 and of cluster
type A, ,. Then we have

e 0 <w(A)) <w(Ay) = m(Ta,) € m(Ta,)
o w(Ay) <w(A) <0 = 7m(Ta,) € mi(Ta,)
o w(A)w(Ay) < 0= m(Ta,) \ ma(Ta,) # 0 # m2(Ta,) \ m1(Ta,)

Proof. We first show the inclusion in the first claim. Without loss of generality, we can as-

sume that w(Ag) = w(A;)+1 > 0. It is enough to show that mo(Ag) € m1(Ty,). We denote

by H some hereditary algebra of type gp,q and by my a triangle functor my: D(Ay) — Cyy.
Let (@Q,Wq,d) be a graded quiver with potential such that we have isomorphisms of

Z-graded algebras Endc,, (maAs) = Jac(Q, Wg, d). Since w(As) > 1, there exists a p-arrow

a; € @ such that d(a;) = 1. Since d is a Wy-grading, the subquiver (% is not empty.

More precisely, there exists arrows a; and a; such that a;a,a! is an oriented triangle in Q.
Define a new degree d’ on () by:

0 if  =aq
d(x) = 1 ifz=d
d(x) otherwise

It is immediate to see that d' is a W-grading. Define the algebra A; as the degree 0 part
of the graded Jacobian algebra Jac(Q), Wq,d'). By Theorem [6.9 it is an algebra of global

dimension 2 which is of cluster type A,,, and by Corollary 3.2 we can assume my(Ag) =
73(A3) where 73 is a triangle functor m3: D’(A3) — Cy,. Moreover by Proposition .17,
we have w(A3z) = w(As) —1 = w(Ay). Therefore by Theorem [£.5] the algebra Aj is derived
equivalent to A;. The image of A3 through this equivalence is clearly an object X in Ty,
which satisfies m1(X) = mo(Asg).

For any 0 < w < [5], one can easily construct a quiver () such that () admits a
Wg-grading of weight w but no Wy-grading of weight w + 1. Therefore the inclusion is
strict.

The second point holds by symmetry.

For the third point, it is enough to see that for any w > 0 the quiver ) constructed in
the proof of Corollary satisfies the following: there exists a Wy-grading of weight w
and for any w’ < 0 there is no Wy-grading of weight w’. The argument for w < 0 holds

by symmetry. O

We end this subsection by asking the following intriguing questions:
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Question 6.23. e Let A and As be 7»-finite algebras of global dimension < 2 which
are cluster equivalent. Do we have the implication

m(Ta,) = ma(Th,) = D°(A1) = D°(Ay) ?

e Let A be a mp-finite algebra of global dimension < 2. Does the following implication
hold?

mA(Ta) = {X € Cy | X cluster-tilting } = A piecewise hereditary

6.5. Example. In this subsection we compute explicitly all basic algebras (up to isomor-

phism) of global dimension < 2 and of cluster type Ay and organize them according to
their derived equivalence classes.
The strategy consists in first describing all quivers (up to isomorphism of quivers) which

are in the set M§2. In our case an easy computation or [Kel|] shows that there are only

4 different quivers in ./\/12;‘:2 which are:

NN AN AN
NN AN N

Note that since p = ¢ there is an isomorphism between the two quivers corresponding
top,=2,¢. =1 andpr =1,¢. =2

NSNS

Then one can easily check that there are 11 graded quivers (Q,d) with @ € Mﬁq and
d a Wy-grading up to isomorphism of graded quiver. Therefore there are exactly 11
non-isomorphic algebras of global dimension 2 and of cluster type ZQQ.

The only possible weights are |w| = 0 or |w| = 1. Therefore these eleven algebras are
divided into two derived equivalence classes.
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There are 8 algebras of global dimension < 2 which are derived equivalent to 112,2:

SN N AN AN
NSNS T X

There are 3 algebras of global dimension < 2 which are of cluster type Z2,2 and not

derived equivalent to Zg,g. They are all derived equivalent to each other and not piecewise

hereditary:
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