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Abstract

We give some necessary or sufficient conditions for a function to be strictly positive definite on R.
This problem is intimately linked with the repartition of the zeros of trigonometric polynomials.
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1. Introduction and notations

1.1. Introduction

In the theory of scattered data interpolation with linear combinations of translates of a basis
function, we have to deal with strictly positive definite functions rather than positive definite ones,
or more generally with conditionally strictly positive definite functions [2, 4, 16]. This ensures
that the interpolation problem is always solvable. Using Bochner’s characterization of continuous
positive definite functions as Fourier transforms of nonnegative finite measures, it is straightfor-
ward to see that verifying strict positive definiteness reduces to checking whether the exponen-
tials are linearly independent on a certain subset of real numbers. Some years ago, K-F. Chang
published a paper on this subject [3] but unfortunately his main result is erroneous. In fact, the
author asserts in [3, theorem 3.5] that any nonzero complex polynomial #(z) = Z,{il e with
& € Ris of sine type that is there are positive constants a, b, o and 7 such that

ae™ < |t(x + iy)| < be” for all x,y € R, |yl > 7.

Taking for instance #(z) = e, we see easily that the first inequality can not be satisfied. As
a consequence, the author concludes at the end of his paper that there does not exist nonzero
trigonometric polynomial vanishing at the points x, = n + %sgn (n) where n € Z, but trivially
t(x) = sin(8mrx) does.
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1.2. Notations

Let us fix some usual notations for subspaces of complex valued functions defined on the
real line. We denote by C the set of continuous functions and Cj its subspace of functions van-
ishing at infinity, C* the set of functions with k continuous derivatives, S the Schwartz space of
infinitely differentiable and rapidly decreasing functions, D the space of infinitely differentiable
functions with compact support, L? the set of p-power integrable functions with respect to the
Lebesgue measure A, 7 the set of trigonometric polynomials that is the functions of the form
t(x) = Z,’le cre’®* where ¢ are complex numbers and & real numbers, AP(R) the set of Bohr
almost periodic functions.

We will use also the notation AP(Z) for the set of complex valued Bohr almost periodic functions
on Z. The set of real valued Bohr almost periodic functions on R, resp. Z, is denoted by APr(R),
resp. APr(Z).

For a function ¢ € C, we note ¢, resp. @, the function defined by (&) = ¢(=&), resp.
P& = ¢(=£).

The symbol M* stands for the set of nonnegative finite Borel measure on R. The support
of a measure u € M* defined as the smallest closed subset of R whose complement has u-
measure 0 is denoted by suppu. The Fourier transform of a measure y € M™ is defined by

&) = [ e du(x).

2. Formulation of the interpolation problem, an analogue for Bochner’s theorem

Given a function ¢ € C, an arbitrary set of distinct real numbers & = {£), . .., £k} and complex
numbers zj, . .., 2k, the scattered data interpolation problem consists in finding a function
K
u@) = ) cplé - &)
k=1

such that u(¢;) = z;, j = 1... K. Although this problem is equivalent to the nonsingularity of the
K x K matrix A with entries A . = ¢(£; — &), one wishes to know when the interpolation matrix
A is positive definite for any set E. For this purpose, let us recall the following definition.

Definition 2.1. A complex valued continuous function ¢ is said positive definite (resp. strictly
positive definite) on R if for every finite set of distinct real numbers Z = {£],..., &k} and every
vector (cy, . ..,cx) € CK\ {0}, the inequality

K
Z Z cjcrp(é; — &) = 0 (resp. > 0) 1

K
=1 k=1

holds true.
We denote by P (resp. $°) the class of such functions. Clearly P° C P.

The class of positive definite functions is fully characterized by the Bochner’s theorem [1].

Theorem 2.1. A function ¢ € P if and only if ¢ = i where u € M™*, ¢ and u being biuniquely
determined.

Therefore we can ask for an equivalent characterization of a strictly positive definite function
in terms of its Fourier transform. We state before a basic lemma.
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Lemma 2.1. Let u € M* and f € C a nonnegative function. We have

ffdu=0®f=00nsuppp.
R

Proor. Let us set X = suppu. Since R \ X is the largest open subset of R with y-measure 0 and
the set {f > 0} is open, we have

ffd,u:O@,u({f>0})=O<:>{f>0}c]R\X(:>Xc{f=0}@f:OonX.
R

O

Proposition 2.1. Let ¢ = i € P. Then ¢ € P’ if and only if there does not exist t € T \ {0}
vanishing on supp u.

Proor. Letr € 7\ {0}. Remark first that ¢ can be written in the form #(x) = Z,{il cre'¥* where x;
are pairwise distinct real numbers and c; are complex numbers, not all zero. We have

K K K K
Z Z Cienp(E) = &) = Z Z ¢k fR €8x gy (x)

j=1 k=1 j=1 k=1

[Yaeey,
_ = —iéix &g x
= cje " cre™ " du(x)
RS54 k=1
K
:fZCkeika
R
= [ 0P duto.
R

k=1
From lemma 2.1 the last integral is 0, i.e. ¢ ¢ #°, if and only if 7 vanishes on supp u. (I

2
dp(x)

3. Elementary properties of strictly positive definite functions

The next result shows in particular that the class #° is a convex cone, closed under multipli-
cation.

Theorem 3.1. Let ¢ € P* and y € P. Then

1) p+y e,
(i) @y € P° provided that  # 0.

Prook. Let? € 7 and write ¢ = 1, ¥ = P so that o + ¢ = i + v and ¢ = i » v. It is clear that
u+vand y % vare in M*. We have from proposition 2.1

f|t|2d(,u+v)=0 = f|t|2d,u=0 = t=0.
R R

For the second assertion, we remark by Fubini’s theorem that

f P du % v) = f x + V)P dua(x) dv(y) = f dv(y) f 1Gr -+ )P da()
R R2 3 R R



and if we suppose ¢ # 0, then supp v # 0. From lemma 2.1 and proposition 2.1, it follows that

fltldeJ*v)=O = f|t(x+y)|2d,u(x)=0fory€suppv = 1=0.
R R

Theorem 3.2. Let ¢ be a function in P°. Then

(1) ¢ is hermitian i.e. = @,
(ii) ¢(0) > 0 and |p&)| < ¢(0) for all & + 0,
(iii) ¢(a-) € P? provided that a # 0,
(iv) the functions ¢, R ¢ and |ng|2 are in P*,
(V) hop e PP if (z) = X, and" is a nonconstant power series with nonnegative coefficients,
converging for z = ¢(0).

Proor. By theorem 2.1 we have ¢ = i where u € M* so that ¢(—¢) = fR e du(x) = @

In the definition 1, let n = 1 to obtain ¢(0) > O and then letn = 2,&; = &,6 =0,¢1 = 1,¢5 = -1
which shows that ¢(0) — ¢(€)p(=&) = ¢(0)? — (&) > 0 whenever & # 0.

The third assertion follows immediately from the definition 1.

Taking a = —1 shows that § = ¢ € P* and so are the functions Re = %((p + @) and |p]> = @ by
the preceding theorem.

Since |a,¢"(€)| < a,¢"(0) forall ¢ e Rand alln > 0 and )7, a,¢"(0) < oo, the series )7 an¢"
converges uniformly on R by the Weierstrass M-test and so its sum /o ¢ is continuous. Since % is
nonconstant, there exists a coefficient a,,, > 0 with np > 1 and hence by theorem 3.1, a,,¢™ € P*
and each partial sum YV, a,¢" is either 0 or in P*. It follows that its pointwise limit is in ? and

n#ng

thenhoy =37, @@ + a,@™ is in P°. O

4. Reproducing kernel Hilbert space

Given a strictly positive definite function ¢ on R, the construction of the associated repro-
ducing kernel Hilbert space is standard. We denote by Hj the complex linear space spanned by
the functions ¢;, & € R where () = ¢(n — &). If u = Zszl Ckpg, and v = Z]J-:1 djpy, belong to
Hy, then we define a sesquilinear form (i, v) on Hy by the formula

J
@)= > dicwp(n; - &) @)

K
j=1 k=1

Since (u,v) = Zle cv(ér) = Zle d iu(n;), the definition of (u, v) does not depend on the chosen
representations of u and v. We have (u,u) = Zf: ] Z,’((:l cicrp(é; — &) = 0 by assumption and

(u,v) = (v, u) since ¢ is hermitian. An immediate consequence of (2) is the reproducing property
(u, ¢z) = u(€) forallu € Hyand ¢ € R 3)
which implies in particular (¢,, ¢¢) = ¢(£ — n). From the Cauchy-Schwartz inequality, we have

(@) = [(u, pe)* < (u, u)(@g, pe) = (u, u)p(0) @)
4



so that (u,u) = 0 if and only if ¥ = 0, hence the form (:,-) is an inner product on Hy. In the
pre-Hilbert space Hy, we see from (4) that norm convergence implies uniform convergence on
R, thus we can adjoin all limits of Cauchy sequences to obtain a Hilbert space H of continuous
functions usually called the reproducing kernel Hilbert space associated with ¢. As Hy is a dense
subspace of H, equations (3) and (4) remain valid in H.

Remark 4.1. Conversely, for each Hilbert space H of complex valued continuous functions on
R, norm invariant under translations and such that point evaluation functionals are continuous and
linearly independent, we can associate a unique function ¢ € P verifying (u, ¢(- — £)) = u(é).
Let us give the proof. Since every point evaluation 6 : u + u(£) is continuous, by the Riesz
theorem, there exists uniquely K¢ € H such that

(u, Kg) = u(¢) foru € H.

Denote by e; : u +— u(- — &) the translation operator on H. For every u € H, the function
e_gu = u(- + &) belongs to H and hence we have also (e_zu, Ky) = u(£). Since |le_zu|| = ||u|| for
u € H, we see by the formula

Aduv)y=w+v,u+v)—(u—v,u—v)+i(u+iv,u+iv) —i(u — iv,u — iv)
that (e_gu, e_¢v) = (u,v) for u,v € H. We have therefore
(u, eKo) = (e—¢u, Ko) = u(§) = (u, K¢)
which shows that K¢ = e;Kj. Let us write ¢ = K so that K; = ez = ¢(- — £). We have
(u, (- — &) = (u, K¢) = u(é) foru € H.

Next the function ¢ is positive definite because ¢(& — 1) = Ko(& — 1) = Ky(é) = (K, K¢)
which gives

K K K K
Z cicrp(&— &) = (Z ciKe,, Z cjKe;) > 0.
=1 k=1 k=1 j=1
Suppose that ¢ is not strictly positive definite. Then there exist distinct points &,...,&k and
coeflicients ¢y, ..., cg not all zero such that
K K K
D) EapE—E)=0e > ke =0inH
j=1 k=1 k=1

K
= Z Cx(u,Kg) =0 foreveryu € H
k=1

K
S Z cu(éy) =0foreveryu € H
k=1

K
& ) Gy =0in H'.
k=1
which shows that point evaluation functionals ¢; are linearly dependent in H’ the dual space of
H.
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Let 2 = {£1,...,&k} be a set of distinct real numbers and z = (z;,...,2x) € CX. We define
is positive definite, the function u = Zle ckpg, is uniquely determined in /7'({z}) in solving
the linear system Ac = z where ¢ = (cy,...,ck). The next theorem shows that this function
minimizes the norm in A under interpolation constraints.

Theorem 4.1. The function u is the unique solution of min{||v||, I(v) = z}.

Proor. From the reproducing property, the linear map / is continuous since each coordinate func-
tion is continuous. We have furthermore I-!({z}) = u + I~'({0}), hence the set I~'({z}) is a closed
affine hyperplane in H. By the projection theorem, there exists an unique solution minimiz-
ing the norm on [~'({z}). This solution is simply given by u since for all v € [~'({z}), we have
v —uu) = ¥, &(v - u)(&) = 0 and hence [MI* = v — u+ul® = v — ul® + [[ul® = ul*. O

5. Some inequalities

We prove some inequalities which are consequences of definition 2.1. We recall that for
¢ € Pand E = {£&1,...,&k} a set of distinct real numbers, there exists a function w € Hy such
that w(é;) = 1 and w(&) = O for any k # 1. Equivalently, if E = {£1,...,&k} is a set of (not
necessarily distinct) real numbers and & ¢ E, there exists a function w € Hj vanishing on Z and
such that w(¢) = 1.

Theorem 5.1. Let ¢ be a function in P°. Let us consider {£; < ... < &yand {m < ... < ny}
two sets of pairwise distinct real numbers, (cy,...,cx) and (dy,...,dy) two complex vectors with
nonzero entries. Then

@ 1@ — emI* < 20(0)[¢(0) — Rep(& — n)] unless & =,
(i) le(0)p(€ + 1) — eEpI* < [©(0)* = lp@)P1[¢(0)* — lm)] unless & = 0 orn = 0 or
§+1=0,
(i) | Zf) cep(=€0P < @(0) T8, Ejerp(Ej — &) unless K = 1 and & = 0,
(V) |20, S dicrp—€0P < (ZK2) 2jeeE—£0)(Ehie) didupni—m)) unless T = K, & =
Nk and ¢, = ady, for a number a € C \ {0}.

Proor. Letu =}, le kg, and v = ij':l d;py, be two functions in the reproducing kernel Hilbert
space H associated with ¢. Then we have by the Cauchy-Schwartz inequality

J K J
P < PV =1 diegn; - £0P < (D gjapé; - &0)( D didpn; = m)
Jj=1 k=1 k=1 k=1

and equality holds if and only u and v are linearly dependent that is, u = av for a complex number
a # 0 since u and v are different from 0. But this is equivalent to say that

K

J
Z cw(&y) = Z(adj)W(T]j) for w € Hy.

k=1 j=1

Suppose there exists &, in {£1,...,&x} but not in {ry,...,n,} and pick up a function w € Hy

vanishing on {£1,...,€k,n1,...,ns} \ {é,} and such that w(é,,) = 1. This leads us to the con-

tradiction ¢, = 0. Similarly, if there exists n;, in {,...,n,} but not in {£y, ..., &k}, we would
6



obtain ad;, = 0 and hence d;, = 0. We thus have {§; < ... < &k} = {n < ... <n,} which shows
that

K K
Z cw(ér) = Z adiw(&y) for w € Hp.
k=1 k=1
Choosing w € Hj vanishing on {£,...,&k} \ {&} and such that w(&;) = 1, we conclude that

cy =adyforanyk=1,...,K.

Setting J = 1,7, = 0,d; = 1 in (iv), we get (iii). The inequality (i) follows from (iii) by
setting K =2,&, = -¢§,& = -n,¢1 = 1,¢5 = —1.

To prove (ii) we first remark that if a matrix of the form

|

is positive definite then its determinant is positive. Computing this determinant we obtain 1 +
abc + abe > |a)* + |b|> + |c|? or, equivalently |c — ab|> < (1 — |a*)(1 — |b|*). Assume first that
©(0) = 1. Applying this last inequality to the matrix

b
c
1

S QN =
= Q

1 o(=&) @(m)
(@& = & ey = | (&) 1 @€ +1m)
o(-n) @(=&-n) 1

where & = 0,&, = £ and & = —n are pairwise distinct, we obtain (ii). The case ¢(0) # 1 can be
reduced to the case ¢(0) = 1 by considering ¢/¢(0).

O

6. Sufficient conditions

6.1. Fourier transform of a nonnegative finite continuous measure

Proposition 6.1. If ¢ = i € P and supp u is not a discrete set then ¢ € P°.

Proor. If ¢ € 7~ vanishes on supp ¢ which contains an accumulation point, it must vanish identi-
cally as an analytic function on R. (]

We recall that a measure u € M* is called atomic if 4 = } a,dy, (a, > 0and } a, < +o0) and
continuous if u(X) = 0 for every countable set X C R. Every measure u € M* can be uniquely
decomposed to a sum u = . + p,, Where . is continuous and g, is atomic.

Corollary 6.1. If u € M* is not atomic then i € P°.

Proor. It is enough to show that X = supp u is not a discrete set. Let u. # 0 be the continuous
part and suppose on the contrary that X is discrete. Since X is countable we have u(X) = 0 and
therefore u.(R) = u.(X) + u.(R\ X) =0 i.e. u. = 0, a contradiction. O

Theorem 6.1. Let ¢ = fi € P. Then ¢ € AP(R) if and only if u is atomic.



Proor. If 4 = Y a,0,,, then a(¢) = Y a,e™™ is almost periodic. Conversely, suppose that ¢ €
AP(R) is almost periodic and let use the decomposition u = y, + pg,. It results that i, = ¢ — fiy,
is also almost periodic. From the inversion formula, we have

T

1 .
1 —_— *l)Cé:’\ = . =
ThrP T ), e "h(é)dé = u({x}) =0forxeR

which shows that fi. = 0 and hence u,. = 0. [

Corollary 6.2. If ¢ = fi € P is not almost periodic, in particular if limsupy_, . le(&)| < ¢(0),
then ¢ € P°.

6.2. Derivatives

Theorem 6.2. Let ¢ = ji and y = V with u,v € M. Suppose there exists a point xy such that
supp u\ {xo} C suppv. Then p € P°* — € P°.

Proor. For ¢ € 7, we have also #(-) sin(- — x9) € 7 and therefore

t=0onsuppy = t=0onsuppu\{xg} = #(-)sin(- — xp) = 0 on supp u
= t(-)sin(- —xp) =0 = r=0.

Corollary 6.3. Let o =1 € P.

(1) If suppu C [0, +00) and xu € M*, then ¢ € P° — iy’ € P°.
(i) If X*u € M*, thenp € P* — —¢" € P*

Proor. By the hypothesis on the moment of the measure , it follows that ¢ € C' with i¢’ = X

in the first case and ¢ € C? with —¢"’ = ;2; in the second case. It suffices now to apply theorem
6.2 firstly with v = xu and secondly with v = x?u since in both cases, we have suppu \ {0} C
supp v C supp u. (|

Remark 6.1. In fact, it is well known that x’u € M* is equivalent to ¢ € C2 [11, p. 21-22].
For a function ¢ € C", n > 1, its Maclaurin series of degree n — 1 with integral remainder is
given by

n=l . n
£+ £

ﬂa=kﬂk! n—1)!

1

f ¢"(Ex(1 - 0" dx.
0

We can therefore define the continuous function 7,¢ by the formula

$(&) - T1b £.o®(0)

T, = &"
@(&) S90)

n!

if & #0,

if&=0.

Corollary 6.4. Let ¢ = j1 be a nonconstant function in P and n a positive integer.

() If suppu C [0, +0c0) and x> ' € M*, then (=1)""'iTs,_1¢ € P°.
8



(i) If x> € M*, then (—1)'Tanp € P~

Proor. Let us prove the first iteﬂt\he same reasoning is valid for the second one. We have
¢ € C? 1 and ¢~V = (—i)>=1x2-1y, hence the function (—1)""!ip?"~V is in P. Furthermore
this function is noncontant otherwise ¢ should be a polynomial and hence a constant function
since it is bounded. With the help of corollary 6.6, the proof is done.

d
The same proof with ¢’ in place of ¢ gives the next result.

Corollary 6.5. Let ¢ = [i be a nonconstant function in P and n a positive integer.

() If x¥*"u € M*, then (=1)"Ty,_1¢" € P°.
(i) If supp pt € [0, +00) and x*"'yu € M*, then (1) 'iTy, ¢’ € P*.

6.3. Integration against a nonnegative measure
Theorem 6.3. Let yy € P* and u € M* such that u(R \ {0}) > 0. Then the function ¢ given by

¢®=LM&MM)
is in P5.

Proor. We remark that the integral is well defined since the function y is bounded. For an

arbitrary vector ¢ = (cy,...,ck) € CX and arbitrary real numbers &1, ..., &k, we have
K K K K
Zmeg@hfZZWM@@mmn
=1 k=1 R5=1 k=

This integral is nonnegative since ¢ is positive definite. If it vanishes, the integrand equals O on
supp ¢ by lemma 2.1 and hence there exists an a # 0 such that Zle Zszl cicry((€5—&a) = 0
which implies ¢ = 0 since the function ¥/(a-) is in $° by theorem 3.2. (|

As an application we give two important classes of strictly positive definite functions. Let
1 € M* be a measure not concentrated at 0.

(i) The function ¥(&) = ¢¢" is in P* since

1 24 i
-£ _ f -x°/4 —iéx
et =—— | e e “tdx,
2+vr Jr

hence the function .
o= [ e dutn
0

is strictly positive definite. By Bernstein—Widder theorem [17, Th. 12a, p. 160], a function
admits such an integral representation if and only if ¢(+/) is not constant and completely
monotone on [0, +c0) meaning that ¢ € C[0, c0) N C*(0, o) and (—1)*¢® (/&) > 0 for all
k € Ny and all £ > 0.

9



(i) We consider now the function ¥/(¢) = (1 —|£|); where x, denotes the greater of x and 0. As
before the function

@) = j; (1 = |&x0)+ du(x)

is strictly positive definite since we have

(1=, = 5 [ sinea/2e .
2r Jr

In this case, we describe the class of even continuous functions which are nonconstant,
nonnegative, bounded and convex on (0, +c0) (see [11, p. 87]).

Corollary 6.6. Let Y be a nonconstant function in P and u € M* such that i € P°. Then the
function

o(&) = fR W(ED du(x)
is in P5.

Proor. By assumption on y there exists v € M* such that ¢y = ¥ and v(R \ {0}) > 0. The Fubini’s
theorem gives next

(&) = f $(Ex) du(x) = f f Y dy(y)du(x) = f f O duady(y) = f @) dvy),
R R JR R JR R

hence the proof is done by theorem 6.3. (]

Corollary 6.7. Let  be a nonconstant function in P° and @ > 0 a real number. The function

a _
o6 = < f W0 dx
& Jo
is in P°.
Proor. The corollary follows by putting du(x) = ax® 'y.1)(x)dx in corollary 6.6. O

6.4. Limit at infinity

Theorem 6.4. Let ¢ = i € P. Iflimyg100 (¢) = ain C, then a > 0 and p—a € P. Furthermore,
we have a < ¢(0) & peP® & p—-acP’

Proor. From the inversion formula [11, p. 35], we have for every real x

1 ;
wllel) = lim o | (e d

From the hypothesis limg_, 1 ¢(£€) = a, we obtain

a ifx=0,

M”Dz{o ifx#0.

10



Hence we have a > 0 and u = ady + p. where i, is a continuous measure in M*. This shows that
@ — a = fi. is positive definite. In particular, we have |¢ — a| < ¢(0) — a, hence

0 =a = ¢p=a &< u.=0

or equivalently
a<¢90) = p.#0.

This is clearly equivalent to ¢ € P° or ¢ — a € P°. (]
6.5. Integrable positive definite functions

Theorem 6.5. If o € PN LP \ {0} with 0 < p < +oo then ¢ € P°.

Proor. It is sufficient to show that ¢ € Cy. Let @ > 0 and consider the closed set F, = {£ €
R; |¢(€)| = 2a}. Since ¢ is uniformly continuous, there exists a neighbourhood V,, of 0 such that
lp(é)] = a for every & € F, + V,. If ¢ € L?, the Chebyshev’s inequality

A€ € R; lp@)] > a)) < a”llgll,

ensures that the set F, + V,, has a finite Lebesgue measure. Hence F,, is bounded otherwise there
would exist a sequence (£,) € F, such that {£, + V,} N {&,41 + V,} # and we would have the
contradiction

AF o +Va) 2 D A+ V) = D AVy) = +o0,

Finally we have proved that for any @ > 0, there is a compact set such that |[¢| < 2a on its
complement which means that ¢ € Cj. (]

Theorem 6.6. Let o € CNL'. Thenp € P* & ¢ >0and ¢ # 0.

Proor. Suppose that ¢ = 1 € P°. We have evidently ¢ # 0 and the Riemann—-Lebesgue lemma
tells us that $ € Cy. For every test function u in the Schwartz space S, we have

f ¢(=x)u(x) dx = f p(=&)iu(¢) dé
R R

=ffﬁmm@&
R JR
=fj?%mmmmm
R JR

=27rfu(x)d/1(x).
R

Since p is nonnegative, the last integral is nonnegative for every u > 0 in S which permits to
conclude that ¢ > 0. As u is nonnegative, we conclude that $ > 0. Inversely, if ¢ is integrable
and continuous with a nonnegative Fourier transform, then ¢ € L' and we have the inversion
formula [14, p. 15]

1 ~ iXi
wm=7f¢&f%
T IR
This shows that ¢ € P. From the hypothesis ¢ € L', we conclude that ¢ € P* provided that

¢ #0. |
11



Remark 6.2. In the necessary part of the proof, we have also ¢ € L' and the equality

f P(—x)u(x)dx =2r f u(x) du(x)
R R

remains valid for every function u € Cy by a density argument. It follows by the Riesz uniqueness
theorem that du(x) = (2r)~'@(—x)dx, hence y is absolutely continuous.

Before stating a result about convolution of positive definite functions, we give some lemma.
Lemma6.1. IfpePandp € DthenpxpxpecPnNC™.

Proor. The regularity of the convolution product is standart. Moreover it is known that a con-
tinuous function ¢ is positive definite if and only if (¢, u = &t) > O for every u € D. For such a
function u, we have

(pxpxp),uxit) =(p,p*p*uxit)=(p,p*ux(p*uy)=0.
(]

Lemma 6.2. Let o € PNLP, 1 < p < +0co. There exists a sequence (g,) in P NS which tends to
pinLP.

Proor. Suppose before that ¢ € C*. Then the function ¢, (x) = go(x)e"“z/ " is in P as the product
of two positive definite functions and belongs to S since ¢ is bounded and infinitely differentiable.
By the dominated convergence theorem, the conclusion holds.
In the general case, let us prove that the function ¢ is the limit in L? of a sequence belonging to
P NLPNC™. Let u a function in D such that u > 0 and fR u = 1. Then p = u = ii shares the same
properties as u and the sequence (p,) defined by p,(x) = np(nx) is then an approximate identity.
By the preceding lemma, we have ¢, = ¢ = p, € PN C™ and it is well known that ¢,, — ¢ in L”.
O

Theorem 6.7. Let ¢ € PN LP and y € PN LI with 1 < p,q < +o0 and % + -~ = 1. Then

exkYyePifoxy #0.

Proor. It is known that ¢ x ¢ € Cp and we have the Young’s inequality |l¢ * ¥lle < [0l W0l
From theorem 6.4 it is enough to prove that ¢ * i € P.

Suppose first that ¢, € S. Then ¢ x € S and it is clearly in # since go/*\t,b =@ >0.
Nowifgp € L and y € L9, 1 < p,q < 400, lemma 6.2 tells us that there exists some sequences
(¢n) and (¥,) in P N S such that ¢, — @ in L? and ¢, — ¢ in L?. But we know from above that
@n *x Y, € PN S. The Young’s inequality says that the bilinear application (¢, ¥) — ¢ * ¢ from
LP x L1 — L™ is continuous and so ¢, * ¢, — ¢ % ¢ uniformly. From definition 2.1, we see
easily that the uniform limit belongs to . O

1
q

Recall that a function ¢ € LP N L9, 1 < p < g < +oo, belongs to L" for p < r < g. This
elementary fact permits to give a more general result.

Corollary 6.8. Let ¢ € PN L7 and y € PN LI with | < p,q < +co and  + ¢ = 1. Then
exYyePiifoxy #0.

Proor. We know that a positive definite function is bounded then ¢ € L”" and ¢ € LY with p’ > p
and ¢’ > g. Itis easy to verify that we can take in particular - = %(1 +5- Ll]) and ; = %(1 +o %)
so that the two exponents are conjugate and we can therefore apply the preceding theorem. [

12



7. Unicity sets

From corollary 6.1 we can restrict the problem of strict positive definiteness on atomic mea-
sures (., € M* and we obtain by proposition 2.1 that ji,, € P* if and only if every trigonometric
polynomial vanishing on the countable set X = supp u,, vanishes identically on R.

In the following we call such a set X a unicity set and we denote by U the class of all unicity
sets.

Proposition 7.1. Let X € U and Y be a countable set. We have then

(1) aX +B €U fora,p € R such that a # 0,
(i) X c Y implies Y € U (hence XU Y € U),
(i) X+YeU.

Proor.
(i) Let ¢t € 7 and consider the transformation ¥(x) = ax + 8 from R to itself. It is clear that
toy €7 .Sowehavetoy(X)={0} = toy =0andhence t = 0 since ¥ is onto.
(i1) Forr € 7 we have #(X) c «(Y) and hence 1(Y) = {0} = t(X)={0} = t=0.
(iii)) We can suppose Y nonempty otherwise the result is trivial. Fory € ¥ we have X +y € U
by (i) and since X + y is a subset of the countable set X + Y then X + Y € U by (ii).

Proposition 7.2. XU Y € U implies X € U orY € U.

Proor. If XUY is countable so are X and Y. Suppose that X and Y are not in U/. Then there exists
11,1 € P\{0} such that 1;(X) = 1,(Y) = 0. Hence t = 11, € P\ {0} and «(XUY) = t(X)ut(Y) = {0}
which leadto X U Y ¢ U. O

Since the ring of trigonometric polynomials is an integral domain, we can easily construct
unicity sets from knowing one.

Proposition 7.3. Let X = {x,,n € N} € U and a,B € R such that « # 0. Then the set
Y = {y,,n € N} where y, € {x,,ax, + B} is also of unicity.

Proor. Let t € 7 such that #(Y) = {0} ie. #(x,) = O or t(ax, + B) = 0. The trigonometric
polynomial ¢ - oy where ¥/(x) = ax + 3 vanishes on X € U and hence on R. We have then7 = 0
or t oYy = 0 which means that r = 0. [

We give now trivial sets which are not of unicity for 7.

Proposition 7.4.
(1) If Xy = axZ + By where ay,Br € R then U, Xk € U,
(ii) Any finite set F is not in U.

Proor.

(i) Since sin(z7Z) = 0 then Z ¢ U and hence a1 Z + 31 ¢ U by proposition 7.1. The conclusion
follows inductively by proposition 7.2.
13



(i1) Any finite set F is a subset of | J,cr @Z which is not in U, therefore F ¢ U.

Corollary 7.1. X\ F € U whenever X € U and F is finite.
Proor. Write X = X \ F U F and use propositions 7.2 and 7.4. (I

If X is a set of reals numbers, we denote by {X} the subset {{x}, x € X} of [0, 1) where {x} is
the fractional part of x.

Corollary 7.2. If X € U then for every a # O the set {aX} has an accumulation point in [0, 1].

Proor. It is enough to consider @ = 1 since X € U — aX € U for every a # 0. If it is not the
case, ({X}) is a finite set /" and we have then X C [Uger Z + B which is not in U by proposition
7.4. d

Remark 7.1. The set X = N U 7N is such that {aX} is dense in [0, 1] for every @ # O but is
manifestly not in U.

8. Thick set, syndetic set, Hartman sequences

Definition 8.1. Let E be a setin N.

(i) E is called thick if it contains arbitrarily long intervals i.e. for every k € N, there exists
n € E such that [n,n+ k] C E,

(ii) E is called syndetic if it has bounded gaps i.e. there exists k € N such that EN[n,n+k] # 0
for every n e N

Let us now define the notion of Hartman sequences.

Definition 8.2. A sequence (x,) in R is Hartman-uniformly distributed (H-u.d.) in R if

1<,
lim DM = 0 for every 1 # 0.

N—ooo
n=1

A sequence (x,) in Z is Hartman-uniformly distributed (H-u.d.) in Z if

N
1 .
lim 5 ; e = ( for every t € R\ Z.

Similarly, we can define the notion of Hartman-well distributed (H-w.d.) sequence by requiring

that the limit in the summation ZnN:ff s uniform in M € N.

Remark 8.1. By using the Weyl criterion [8, Theorem 2.1, p. 7], we observe that a sequence
(x,) is H-u.d. in R if and only if the sequence (zx;,) is uniformly distributed modulo 1 for every
real r # 0.

14



Let G denote the group R or Z. If f is an almost periodic (a.p.) function on G, it admits a
mean value denoted by M(f). For G = R, we have

a+T

M(f) = Tlg1o1o T f(x)dx uniformly ina € R,

whereas for G = Z, the following identity holds

n+N

M(f) = 1\1/1_1}1; v Z f(k) uniformly in n € Z.

k=n+1
The following result gives rise to an interesting relation between H-u.d. sequences and almost

periodic functions on G [8, p. 298].

Theorem 8.1. A sequence (x,) is H-u.d. in G if and only if for every a.p. function f on G, we
have

R
dim, 2. /w0 = MU,

Similarly, a sequence (x,) is H-w.d. in G if and only if for every a.p. function f on G, we have

N+M

1
Jim Z f(xy) = M(f) uniformly in M € N.
n=1+M

Corollary 8.1. Let f be an a.p. function on G and E a thick set in N which contains intervals
Iy with card Iy — +oco. Then f vanishes identically on G whenever one of the two following
conditions is satisfied

N
. . . 1 ~
(i) () is Hud. in G and Jim — Z:; If ()] = 0,
1

(i) () s Howd. in G and Jim — o ;}N |f ()l = 0.

Proor. It is enough to use the fact that M(|f]) = 0 implies f = 0. [l

Example 8.1. The following sequences are Hartman-u.d. in R [8] :
(i) (n® log? n),=» with @ € R, \ Ny and 3 € R; (ii) (n* log® n),s» with k € N and 8 # 0; (iii)
(log? n) with 8 > 1; (iv) (n* loglog n),s» with k > 1.

The following theorem provides many examples of H-u.d. sequences in Z [12, Theorem 1].
Theorem 8.2. If (x,) is H-u.d. in R then the sequence ([x,]) of integral parts is H-u.d. in Z.

Example 8.2. Let p(x) = ap + a;x + - - - + a;x* be a polynomial over R of degree at least 2 and
suppose that ap, - - - a; do not lie in a singly generated additive subgroup of the reals. Then the
sequence (p(n)) is H-w.d. in R [8, Ch. 4, Example 5.4] and the sequence ([p(n)]) is H-w.d. in Z
[15]

Let us notice that the sequence (p(n)) is proved to be H-u.d. in [8] but it is even H-w.d. as a
consequence of a result of Lawton [9].
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9. Some unicity sets
We will use a primarily result in the sequel.

Lemma 9.1. Let a be a real number, f € AP(R) and € APr(R). Then the function g defined
by g(y) = f(ay + ¢(y)) belongs to AP(R).

Proor. The function ¢ is a.p. since e” is uniformly continuous on every compact subset of C
and ¢ is bounded [5, Th. 1.7]. Hence the function ¢ ®@*¥0) is a.p. as a product of two a.p.
functions. If #(y) = Y, cxe™ € T then t(ay + ¥(y)) = S| cxe™@*H0) is ap. as a finite sum
of a.p. functions. But f being a.p. is the uniform limit of trigonometric polynomials (#,). Hence
g is also a.p. as the uniform limit of the sequences of a.p. functions (f,(a@y + ¥(y)). (Il

We give first some results for H-u.d. sequences in R.

Theorem 9.1. Let @ € R\{0}, ¥ € APR(R), (y,) a H-u.d. sequence in R and (g,) a real sequence
such that limpy _ ﬁ ZnNzl leal = 0. Then X = {x,, = ay, + ¥(y,) + €n,n € N}isin U.

Proor. We assume @ > 0 without loss of generality. Let + € 7 such that #(X) = 0 and set
Zn = ay, + ¥(y,). We have

0 = 1t(x,) = t(z, + &) = H(z) + ' (6,)e, with 8, € R.

Since ¢’ is bounded, we get
N

.1
Jim > Il =0,

n=1

N
je. Jim Zl 1| = 0 where g(y) = ey + Y ().

Since the function g(y) = #(ay + Y¥(y)) is a.p. we deduce from corollary 8.1 that g vanishes
identically on R. As the function h(y) = ay + Y¥(y) is continuous on R, h(—oc0) = —oco and
h(4+00) = +00, we have A(R) = R and hence r = 0 ([l

Remark 9.1. We can take 7 in a thick set E provided that (y,) is H-w.d. and lim,,_,c neg &, = 0.
We now give results for H-u.d. sequences in G = Z or R.

Theorem 9.2. Let a € R, € APR(G), (v,) a Hartman sequence in G and (g,) a real sequence
such that g, # 0 and limy_, % Z,,N:1 lea| = 0. Then X = {x,, = ay, + ¥(y,) + €,,n € N} is in U.

Proor. Let ¢ € 7 such that #(X) = 0 and set z, = @y, + ¥(y,). We have
0 = 1(x,) = 12y + &) = 1(zn) + ' (6y)&, With 6, € R.

Since ¢’ is bounded, we get
N

.1
Jim > i) = 0,

n=1

16



1 N
ie. lim — Z; g0l = 0 where g(y) = t(ay + ¥ (). € G.

Since the function g is a.p. on G, we deduce from corollary 8.1 that #(ay + ¥(y)) = 0 for any
y € G. In particular, we have #(z,) = 0 for any n € N. Let us now suppose that O (ay + y(y)) = 0
fory e Gand 0 <[ < L. The Taylor formula gives

t(LJrl)(Zn) il . I(L+2)(9n) Lo

0=1x) = e o

with 6, € R and dividing by eL! # 0, we get

() 12,)
VR T TR

Since the function #**? is bounded, it follows that

1 N
: (L+1) —
]311)130 v n; £ (z0)l = 0,

N
1

. . _ _ (L+1)

ie. 1\1,1_r>r°10 v E lg(y)l = 0 where g(y) =t (ay +y(),y €G.

n=1

The function g being a.p. on G, we obtain from corollary 8.1 that #“*D(ay + y(y)) = 0 for any
y € G. We conclude that 1(ay + ¢(y)) = 0 for any y € G and [ € N, hence ¢ = 0 as ¢ is analytic.
(]

Remark 9.2. We have the same remark as before.

It is easy to show that the sequence (1n?) is not H-u.d. in Z. In the following, we will give a
result for polynomials.
The following result is classic in diophantine approximation [6, p. 31].

Lemma 9.2. Let py,..., px be real polynomials. For every € > 0, the set of positive integers n
such that

max [P — PO < g
1<k<K

is syndetic.

Lemma 9.3. Lete > 0, f € AP(R) and p a real polynomial. For every ng € N, the set of positive
integers n such that

lf(p(n) = f(p(no))l < &

is syndetic.

Proor. Letng € Nand ¢ > 0.
(i) By lemma 9.2 the set

E={neN: 1131(22;(|eipk(n+’10) _ eipk(n0)| <&

is syndetic and so is the set

E+ng={neN: max [¢P? — (P < g}
1<k<K

17



(ii) Let#(x) = Y5, cxe™™ € T. Setting C = &, |exl, we have

Ckei/lkp(no)| < C max |ei/lkp(n) — ei/lkp(no)L
4 T I<k<K

K K
lt(p(n)) = 1(p(no))| = | Z cpe ) _

=1 =
Hence the set {n € N : |[#(p(n)) — t(p(ng))| < &} contains the syndetic set

(neN:C lrilkeg}(k“”’(”) — WP < g},

(iii) Letz € 7 such that |f(x) — #(x)| < § for every x € R. We have
If(p(n)) = f(p(ro))l < |f(p(n) — t(p(m)| + [t(p(n)) — t(p(no))l + 11(p(no)) — f(p(no))l
< 5+ lip(m) = Hplno))] + 5.
Hence the set {n € N : |f(p(n))—f(p(no))| < €} contains the set {n € N : [t(p(n))—t(p(no))| <
£} which is syndetic.
O

Lemma 9.4. Let f € AP(R) and p a real polynomial such that lim,_, g f(p(n)) = 0 where E
is a thick set of N. Then f o p vanishes on N.

Proor. Let £ > 0 and ny € N. There exists N € N such that
lf(p(n))| < g foreveryne E' ={n € E : n > N}

and a syndetic set E” such that

lf(p(n) = f(p(no))l < g for every n € E”.

Since E’ is thick, the set E’ N E” is nonempty i.e. there exists an integer n which verifies
lf(p(no)l < 1f(pm)] + |f(p(m)) — f(p(no))l < &. Hence f(p(ng)) = 0 since ¢ is arbitrary.
O

Theorem 9.3. Let « € R, y € APr(R), p a real polynomial and (&,) a real sequence such
that €, # 0,n € E and lim,_,ycp &, = 0 where E is a thick set of N. Then X = {x, =
apn) +¥(p(n) + e,,n e E}isin U.

Proor. Let ¢ € 7 such that #(X) = 0 and set z, = ap(n) + ¥(p(n)),n € E. We have forn € E,
0 = t(x,) = H(z, + &,) = 1(z,) + ' (By)e, With 8, € R.
Since ¢’ is bounded, we get
lim Et(z,,) =0,
n—oo,ne

ie. lim_g(p(n) = 0 where g) = r(ay + y(),y € R.

18



Since the function g is a.p. on R, we have from lemma 9.4 that go p = O on N i.e. #(ap(n) +
Y(p(n)) = 0 for any n € N and in particular #(z,) = O for any n € E.
Let us now suppose that #(z,) = 0 for n € Nand 0 < [ < L. The Taylor formula gives

t(L+1)(Zn) S £L+2) (6,) e
L+ L+2) ™"

0 =1(x,) =

with 6, € R and dividing by eL*! # 0, we get

t(L+l)(Zn) t(L+2)(0n)
= + »
L+ L+ ”

Since the function £*? is bounded, it follows that

lim [V, =0,
n—oo,nek

ie. lim_g(p(n) =0 where g(y) = LDy + y(y)),y € R.
n—oo,ne

The function g being a.p. on R, we have from lemma 9.4 that go p = 0 on N i.e. 1" D(ap(n) +
W(p(n)) = 0 for any n € N and in particular #*D(z,) = 0 for any n € E. We conclude that
1D(z,) = 0 for any n € E and [ € Ny, hence ¢ = 0 as ¢ is analytic. O

Krein and Levin [10] gave a nice result about the repartition of the real part of the zeros of a
trigonometric polynomial.

Theorem 9.4. Consider a nonzero trigonometric polynomial with at least one zero in C. Then
the real part of its complex zeros forms a nondecreasing sequence (a,)%,, given by

a, = An + ¥(n)
where A > 0 and € APR(Z).
From this theorem we obtain the following corollary.

Corollary 9.1. Ift € P\ {0} then its number of zeros N(x) occurring in the interval [x — 1, x + 1]
is bounded by some constant not depending on x.

Proor. Let (a,)”,, denote the sequence of the real part of its complex zeros as given in theorem
9.4. Since y is a almost periodic, there exists some constant M such that |y| < M — 1 and we
have therefore

Nx)<cardfneZ :x-1<a,<x+1}
<card{n e Z :x—M<%n<x+M}

2AM
S —_—
b

O

Corollary 9.2. Let X be a countable subset of reals such that sup,., card (X N [k, k + 1]) = +oo.
Then X € U.
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In the following, we will prove that the gap between two consecutive distinct zeros of a
nonzero trigonometric polynomial can not goes to 0 along certain subsets of R.

Proposition 9.1. Let L be a natural number and (my), (ny) two sequences of integers verifying
me + 1 < ng <my + L forany k € N.

Suppose that for any y € AP(Z) such that lim;_.W(my) = 0, we have y(my) = 0 for every k € N.
Then there exists k € N such that ¢(n;) = 0 whenever ¢ € AP(Z) and limy_c@(ni) = 0.

Proor. Suppose on the contrary that ¢(n;) # 0 for any k € N. Without loss of generality we can
also suppose that |¢| < 1. Let us set Ay = [my + 1, my + L], k € N. The function

L
) = [ e+ )
J=1

is in AP(Z) as the product of almost periodic functions. We have furthermore

yr(m )| < lep(mp)

and so limy_, (my) = 0 which implies that ¥(m;) = O for any k£ € N. Hence there exists at
least one point ny; € Ag such that ¢(n;) = 0. Suppose now that we have found / distinct points

Nk1, ..., Nk € A where ¢ vanishes (0 </ < L — 1). We form all the products
L
Wi, (n) = ]_[ @(n+ jwhere 1 <ij<...<ij<L
J=Ljlin s}

which are again functions in AP(Z). We have

i,,...i; ()] < lp(n)|

since the set Ujﬁzl il l.[}{mk + j} contains L — [ points i.e. at least one point among the / + 1
distinct points 1k, iy 1, . . . , g We deduce that limy e ¥, ., (my) = 0 and so ¢, ;,(my) = O for
any k € N. In particular, we have
L
[T etm+p=0
J=Lmy+jE{ng 1 seon b
which implies that there exists ny ;41 € Ag \ {ng, 71, - - -, ni g} such that o(ng 1) = 0. We conclude

that ¢(n) = 0 for any n € A \ {n}. Let us consider now the almost periodic function
L
Yy = ) e+ j).
=1

We have y(my) = Z,L-=1 o(my + j) = p(n;) — 0 as k — co. Hence for any k € N, y(my) = 0 i.e.
¢(ng) = 0 which contradicts the hypothesis. O

The next result is proved in [7, Prop. 14°].
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Proposition 9.2. Let p be a real polynomial. There exists some real 6(p) € (0, 1) such that for
any € > 0, ng € Nand f € AP(Z), the set

{neN :|f([p(n) - 0D — f([p(no) — 6Dl < &
is syndetic.
As in lemma 9.4, we deduce the next result.

Corollary 9.3. Let p be a real polynomial, f € AP(Z) and E a thick set of N. With 6(p) €
(0, 1) chosen as in proposition 9.2, we have f([p(n) — 08]) = 0 for any n € N provided that
limn—m:,neE f(p(n)—-61) =0.

Theorem 9.5. Let (x,) and (g,) be two real sequences such that (x,) is increasing and €, > 0
foranyn € N, p a real polynomial and E a thick set in N. We suppose that

(1) 1imn—>+oo,nEE En = 0;
(1) there exists T > O such that p(n) < x, < p(n) + T for any n € E.

Then the set X = {x,,x, +&, :n€ E}isinU.

Proor. Let us assume there exists t € 7 \ {0} such that #(X) = 0. By theorem 9.4, (x,),cg is a
subsequence of a sequence (a,) of the form a,, = An + Y¥(n) where 4 > 0 and ¥ € APRr(Z) i.e.
Xk = ay for any k € E. We can clearly take n; = max{nla, = x}. We remark now that the gap
s(n) = apy1 — ay, = A+ Y(n + 1) — Y(n) is an almost periodic function on Z which verifies

0 < s(ny) = Ay +1 = Ay < Xi + & — x; forany k € E.
From assumption (i), we have then

lim s@#)=0
f—s-+ookeE (1)

and from (ii), we have for any k € E
pk) < xp = Ang, + y(ny) < plk) + T.

If M = sup, g W(x)|, we get
qly+1<n <qk)+L-2

p(k)T_M—lansz M+ T

Let 6 € (0, 1) and set m; (6) = [g(k) — 6]. We have

+4.

where q(k) =

ql)—6+1<n, <qk)—6+1+L-2,

and hence
m(0) + 1 < nj, < my(0) + L.

From corollary 9.3, we can choose 6 such that for any f € AP(Z)

lin; Ef(m}((@)) =0 = f(m(0))=0foranykeE.
—00,KE
21
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With such a 6 fixed, we write for simplicity m;_ instead of m, (f). Since E is countably infinite,
there exits an increasing bijection y : N — E. We define now the sequences (m;) and (1) by

— ’ — ’
my = m,, and ny = n, for any k € N.
These two sequences verify the assumption of proposition 9.1 and since
lim s(ng) = lim  s(n) =0
k—o0 ( k) k—+o00 keE ( k)

we conclude that s(7;) = 0 for some k € N i.e. s(n;) = 0 for some k € E.

10. Generalization to conditionally positive definite functions

In this section, we show that the problem of determining whether a conditionally positive
definite function is in fact strictly conditionally positive definite reduces to the problem of know-
ing whether the support of a measure is in the zero set of a nonzero trigonometric polynomial.
Therefore we can apply the preceding results.

Definition 10.1. A continuous function ¢ is said conditionally positive definite (resp. strictly

positive definite) of order m on R if for every set of distinct real numbers = = {£},...,&x} and
every vector (ci, ..., cx) € CK\ {0} satisfying
K
D cjx = 0 for all integer [ < m — 1, (5)
j=1
we have
K K
D7) Ejepé; — £ 2 0 (resp. > 0). (6)
J=1 k=1

We denote by #,, (resp. P;,) the class of such functions.

In [13], Sun gives a complete characterization of all conditionally positive definite functions
of a given order m. We state here his result.

Theorem 10.1. Let ¢ € C. In order for ¢ to be conditionally positive definite of order m it is
necessary and sufficient that ¢ has the following integral representation

2m—1

- —ufx _
() fR y K(x) Z

where u is a nonnegative Borel measure on R \ {0} satisfying

f ¥ du(x) < oo and f du(x) < 0.
0<lxl<1 =1

The function « is an analytic function in S such that k — 1 has a zero of order 2m + 1 at the origin
and the complex numbers a; are such that ay,, is nonnegative.
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Lemma 10.1. Let I < 2m — 1. For every set of real numbers E = {£,,...,Ex} and every vector
(ct,...,cx) € CK satisfying

K
chxi» = 0 for all integer | <m — 1,

=1

we have

K K
D2 e -0 =0, ()

J=1 k=1
Proor. From Leibniz formula, we have
K K I K
D e - & = Z(—l)"( )Z Z iy
J=1 k=1 n=0 =1 k=1

Since [ < 2m — 1, we have either / —n < m — 1 or n < m — 1 for every integer n < [, hence the
sum vanishes. O

Proposition 10.1. Let ¢ a function with the integral representation as in theorem 10.1. Then
@ € Ps, if and only if there does not exist t € T\ {0} vanishing on supp p.

Proor. Let &1,...,&k be distinct points in R and ¢y, ..., cx be complex numbers not all zero,
satisfying the condition 5. Then we have by lemma 10.1

K K K K
3 et - 0 = ZZ f e () + (~1)" 2
j=1 k= j=1 k=1
K
=ch e’f*x du(x) + n ,)ZZ €l
k=1

= f ()1 du(x) + —= (" (0)]%,
R

K K
= 2m
2m) Zl ; e — &)

—_

2

( ')2

where we set #(x) = Y& | creé*,

From lemma 2.1, we have ¢ ¢ #;, if and only if there exists a nonzero trigonometric polynomial
t vanishing on supp u and such that #™(0) = 0. But the last condition is vacuous. It suffices
to see that if 1 € 7~ vanishes on supp u then the trigonometric polynomial g(x) = sin™*!(x)r(x)
equals 0 on supp u and we have furthermore ¢ (0) = 0. (]
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