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Abstract— This paper compares different inverted pendulum  different speeds using a pendulum model from the spatial
models to represent the stance phase of human normal walking. and temporal gait parameters [5], [8], [11].
We have developed a model which takes into account the |, this paper, we focused on the pendulum representation

mechanism of the foot during the single support phase, by f | IKi o . tivati 0 i
defining a pivot point under the ground level. Similarly to other~ OT NOrMal walking. LOur main motivation was to Improve

models, the pivot point as well as the rod length remain constant the existing models by getting closer to a more realistic
during the complete single support phase. Lowering the position 3D trajectory of the CoM while reducing the heaviness

of the pivot point allows reducing the vertical amplitude of the  of the experimental setting needed by multibody models.
center of mass (CoM) trajectory and therefore approaching  gy,qying the dynamics experimental data: the reference

the real CoM trajectory. Another big advantage of this model . - .
is that it can be easily adapted to pathological walking as CoM (calculated using multibody modeling) and the CoP

the walking symmetry hypothesis -needed to build classical (measured using force plates) trajectories during the gwin
inverted pendulum models, is not used. We have measured phase of normal walking, we have observed a convergence

the whole body kinematics of 5 healthy male subjects and set of the straight lines joining these two points. We could then
a reference CoM trajectory based on multibody modeling of ayiract a pivot point for the pendulum representation based

the human body (16 segments). Then, we have determined a | hani f | i Still. it i
common mathematical definition of three inverted pendulum on a real mechanism or normal walking. Stil, ItS position

models: the classical IP-3D, the EIP-3D and our GIP-3D model. 1S not on the ground level as assumed by all the existing
To insure continuity of the approached trajectories, a double pendulum approaches, but about 38 cm below. This situation

support phase is represented by a simple pendulum which is a was already suggested by some authors, assuming that if
homothgtic transformation of the inverted pendulum defining the motion of the center of pressure is taken into account,
the previous single support phase, except for our GIP-3D model ., . . S . - )
which may include asymmetric walking parameters. it is equivalent to considering the pivot point of walking
under the ground level [1], [2], [9]. To our knowledge, no

further studies were realized to actually put this assessme
in evidence. We have set a three dimensional pendulum
model based on the observed pivot point and compared our

The calculation of the mechanical energy used for normaésults to the reference CoM trajectory and two approximate
walking is based on the 3D trajectory and velocity charCoM trajectories using Zijlstra’s IP-3D and Hayot's EIP-
acteristics of the center of mass (CoM) displacements. 8D models. We first define the three pendulum models in
looked then natural to propose evaluation models of normakction 2 using a common mathematical representation based
walking focusing on the estimation of these trajectory andn homogeneous transformation matrices. Then we expose
velocity characteristics, avoiding the use of heavy experbur results in section 3 and discuss them in section 4.
mental setting needed by a multibody modeling of the human Il PROTOCOL AND POSTTREATMENT OF THE DATA
body. Two main approaches emerged: the inverted pendulum "
models and the major determinants of walking. A. Subjects, materials and experimental protocol

Indeed, locomotion can be approximate from the external The experimentations were realized with 5 healthy male
forces point of view as the displacement of the center cfubjects aged XXXX who gave their oral agreement
mass (CoM) in 3D space. During normal walking, the CoMo participate in this study. Their instructions consisted
trajectory follows a cyclic sinusoidal pattern, and it seeim in walking at their comfortable speed (1,30 0,22 m/s)
natural representing it with pendulum models: an invertetbllowing a 10-meter walk way. Average step length was
pendulum for the single support phases of the walking cycld,322+ 0,041 m.
and a simple pendulum for the double support ones [4],
[15]. When not pathological, walking is assumed perfectly Each subject was equipped with 58 markers and performed
regular and symmetric: one is able to predict the CoMhree walking trials. 3d trajectories of the markers were
trajectory knowing the characteristics of the subject@amgt captured at the frequency of 100 Hz using an optical motion
and gait comfortable speed. Then the approximation of theapture system (Vicon, Oxford, UK). The ground reaction
CoM trajectory is available for healthy subjects walking aforce and momentum were registered using two 3d force

I. INTRODUCTION



plates (Kistler 5233A and 9287B, Winterthur, Switzerland) 5. =z

(single support)

at the frequency 900 Hz. The efforts data were synchronized
with the kinematics data and the measurements were realize
for a complete walking cycle. (Yvé =

B. Use and post treatment of the data

The human body was modeled by 16 rigid segments
representing the feet, legs, thighs, hands, forearms,,arms
pelvis, abdomen, thorax and head (including neck). Local
frames were defined for each segment in agreement with — Co o]

. . A . (TTO) Pavoy /FPaws) (THS) (LTO) \ / (LHS) T
the recommendations of the International Society of Biome- \i/ \ /
chanics [12], [13], and bodies masses, CoM trajectory and 'Ry N
moment of inertia were calculated using predictive equistio rig. 1. pendulum representation of normal walking, progectin the
and data from Zatsiorsky [14]. the reference kinematics chygittal plane. The amplitude of the CoM trajectory is ovemeated using
the movement could be calculated based on the homogé®?!'s approach, underestimated using [4]'s approach.
neous matrix formulation of the equations of motion [7].
The reference trajectory of the CoM was obtained from

the weighted mean of the bodies CoM trajectories and the . o I .
respective masses: of the CoM trajectory assimilating its oscillations in slga

state to the ones of a vibratory system. In this model, the
ocC 1 & e NeA amplitude of the vibrations relies on the walking subject’s
[ 1 :|R0 M Z;miTO { 1 L{_ @) morphological characteristics and the frequency is set
= ' according to the walking speed and the length of the steps.
OC denotes the absolute position of the CoM, is the  The pivot point of the pendulun®, is set in the middle of
mass of thei"* body andM = 7,2, m; is the total mass the trajectory of the center of pressure (CoP) under the foot
of the subject7 denotes the homogeneous transformatiogs jllustrated by the blue lines in Fi@. This model insures
matrix fromR; to Ry, Ro being the reference frame. the continuity of the CoM trajectory over the gait cycle,
but shows the main disadvantage to widely overestimate
Force and torque data were used to determine the C@fe amplitude of its trajectory. Dealing with this major
trajectory as well as to detect temporal characteristidh®f grawback and under the assumption that the determinants of
walking cycle: contact instants at heal strike of the legdinyalking had to be taken into account in a realistic pendulum
(LHS) and trailing (THS) limb, and at toe off (LTO and representation of normal walking, Hayett al. [4] extended
LTO, respectively). the model by introducing the mechanism of the foot during
single support phase. The resulting model is represented in
The data extracted from all the trials were averaged aftjack lines in Fig.1: similarly to Zijlstra, the length of the
normalization with time and the reference static CoM heighbendumm rod is measured at TTO (trailing toes off) instant
and remains constant all over the single support phase,
but the pivot point on the ground moves during the phase
A. Pendulum models and is superposed with the CoP at each instant. Hatot
Inverted pendulum models usually describe the singlal. showed that the amplitude of the CoM trajectory got
support phase of normal walking under the assumption thatoser to the actual one by comparing their model with a
e The gait is in steady state: there is no variation ofeference traje_ctory extracted from multibody modeling of
CoM walking speed or trajectory amplitude duringthe tested subjects. Nevertheless, the approached tmgject

Ill. PENDULUM MODELS OF HUMAN WALKING

observation: underestimates, this time, the trajectory amplitude. Aapt
e The walking is symmetric: similar motion is performeddifficulty of using this model is the motion of the pivot
by the left and the right leg; point on the ground, which requires the computation of the

e The system is conservative; Painlevé first integral ig0sition of the CoP under the foot at each instant of the

valid (conservation of the mechanical energy duringingle support phase.
walking)

The double support phase is rarely represented, or moreBoth Zijlstra’s and Hayot's models rebuilt the double sup-
precisely is widely approached either by a straight lin@ort phase using an homothetic transformation of the single
linking two single support phases in the case of the inverteslipport phase. The center of the homothety is the position of
pendulum representation [6], [15], or just ignored if usinghe approached CoMX) at the transition instants between
the compass gait representation [10]. A direct consequenaesingle support phase and the next double support phase
is that the CoM velocity is not continuous at the transitio{THS: Trailing Heal Strike). The homothety ratig is the
instants between single and double support phases. In 19¢guptient of the distance performed by the CoM during double
Zijlstra et al. [15] introduced a continuous representatiorsupport phased;) over the distance performed during the



single support phases() (Fig. 1): Figure 2 shows the three dimensional evolution with time
Sy of the segment linesPC] during single support, and the
=5 (2)  three associated views in the X-Z (sagittal view), Y-Z (fian
. s o ) view) and X-Y (top or horizontal view) planes. In this figure,
Therefore knowing the characteristics of the inverteghe reference CoM and CoP trajectories are also represented
pendulum at TTO (the positions of the CoM and CoPjrhege segments are callsdpport lines in what follows,
allows completely rebuilding the normal gait cycle of the;g they join the two points characterizing the dynamics of
subject. the walking motion (the CoM and the CoP) from a global
point of view. The extension of these support lines in space
show that they are converging in an area located around mid
stance and 34 centimeters under the ground level. Using
this observation, we have defined a generalized pendulum
model represented in the sagittal plane in Figusing red
lines. Observing the three projections in the X-Y, Y-Z and
X-Z planes, it is very difficult to extract a regular patterh o
the pivot area which would allow determining a single pivot
point for our inverted pendulum representation. We willrthe
focus on this particular area in order to precisely define the
pivot point P} represented in Fig.

ko

B. Mathematical formulation

Let Ry = (O, x0,Yyo0,20) be the reference fram& p, =
(P, xp,,yP,,2zp,) the frame attached to the considered
inverted pendulum model during single support &g, =
(Ek, XE,, YE,, 2E, ) the frame attached to the linear pendu-
lum during the double support phase. Hel, (respectively
Ey) may be replaced by the pivot point matching the
considered model as summarized in Tabeither Zijlstra’'s
continuous model (IP-3D)P, = P, (respectivelyE), = Ejp),
Hayot’s extended model (EIP-3DP;, = P(t) (respectively
Ey, = E(t)) or our generalized model (GIP-3DF;, = P}
(respectivelyEy, = E{)) according to the notations described
in Fig. 1. C denotes the actual CoM of the observed subject,
and C" is the approached CoM calculated by one of the
pendulum models. At =TTO, C’ and C are considered
identical which allows setting the length of the pendulurh.ro
Then the trajectory of2” in the reference frame is defined
during the complete walking cycle as follows.

Z[m]

0.0

/
T { PiC } te [TTO, THS]
Rp,

el 1
= /
LTS T { E“lc } t e [THS, LTO]
R,

®3)
The matricesl¢ are the homogeneous transformation matri-
ces from the framér; to the reference framg&,.

cosa; sinojsinB; sinajcos B w;

Ti 0 cos 3; — sin g Yi @)
0 —sina; cosajsinf; cosajcosfB; 2
0 0 0 1
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L with i = { Py, B} andj = {s,d}. The indexes andd refer
to the single and double support phases, respectivuly.
time step of the single support phase. The black line repteseatrajectory and 3(t) are the sweep angles, around the lateral and the
of the CoM and the red line the trajectory of the CoP. frontal axis, respectively. The two vectoPsC’ and E,C’

Fig. 2. Views of the support lines (joining the CoM and the CaPeach
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GIP-3D Pé E(/) /5 /y Fig. 3. Reference trajectory of the CoM (black line) and itpraximation

using IP-3D (red line), EIP-3D (blue line) and GIP-3D (grdame). The
straight lines represent the respective pendulum rods.

Concerning the EIP-3D model, the horizontal variations of

the pivot pointE during the double support phase are relative _ . ! .
to the horizontal variations of the CoP during the singlé"@t the pivot point of the GIP could be defined using the
support phase: oundary support lines at TTO and THS and detecting the
middle point of the shortest distance in space between these
4(OE) = ko 6(OP) (6) two lines. For this affirmation, we have closely observed the
The three models we have described are 3D models aF%atNe moyements of the support lines .W'th tlm_e during the
: . complete single support phase, extracting the instanteneo
may represent the complete walking cycle of a subject bly . . )
; i . : tation vector from one time step to the next one, which
only measuring kinematics and dynamics of the normar

walking during a sinale support phase. Still . the fact that illustrated in Fig.6, as well as the minimal distances
9 9 9 pport p ' ' etween the support lines (Fig.and5). We have calculated

the length of the pendulum rods remain constant all over tf}ﬁ . : . . .
- weighted mean of the instantaneous pivot points which
phases does not guaranty the continuity of the approacheue

CoM trajectories at Leading Toe Off (LTO, Fig) instant repre_sent the crossing pomt_s between two support lines
) nsidered at two adjacent time steps. We have observed
unless the measured support distance at TTO and L

L . o i

are exactly equal. In what follows, we will consider thist at.'t IS Very f:lose to the GIP pivot poirf, presented in
. section II-A (Fig.1).

hypothesis true.

IV. EXPERIMENTAL RESULTS 0307

We have compared the different inverted pendulum models
to the reference in terms of CoM approached trajectories. Fo
instance, Fig.3 shows the average CoM trajectories in the 3
sagittal, frontal and horizontal planes for the IP-3D, BIP- i
and GIP described in Fidl, as well as the reference CoM
trajectory obtained using multibody representation of the
human body (the black line). The main differences between ]
these four cases are described in the following section. 1

To introduce the GIP approximation, we have used the B e B
observation that the support lines joining the CoM and the o swpon st

CoP were converging to a Sma“_area located 38 (_:m undﬁ@. 4. The minimal distance between two adjacent suppors lidftes not
the ground level, as shown in Fig. We have considered exceed 0.3 mm.
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E 7 T Fig. 6. Evolution of the instantaneous rotation vector & support lines
_-31& - - from a time step to the next one.
N - .
2
5 L ,
3407 T the CoP position at each time step. We have then proposed a
-350190 T N 7w generalized pendulum model after having observed that the
support lines joining the CoM and the CoP would converge
. Y [mm) on a small area located 38 cm underground @igFrom
g;; - these models, we have rebuilt the CoM trajectory using the
3] - boundary conditions of the single support phase, at TTO
- I and THS.
§-384t e
;ggg B The resulting trajectories are given in Fig and
:3%‘ compared to the reference trajectory in the frontal, salgitt
30 and horizontal planes, respectively. In Fig, while the
-394 left figures isolate the CoM trajectories for a more precise
T A R observa'_upn, the right ones sh_ow a general view including
the positions of the pivot points and the boundary rods
X ] (TTO and THS) for each model. One can notice wide

differences around the vertical axis, as show the sagittal

Fig. 5. Position of the pivot points with time. The black linepresent n he frontal views. whil he r iv ition f
the minimal distance between two adjacent support lines dt &ae step; and the frontal EWs, e the respective positions o

the red line is the weighted mean and the blue line is the miniriséante  the PIVOt poin_ts allow t_he_ horizontal trajecmrie_s (in the
between the first (TTO) and last (THS) support line of the lsirmupport  X-Y plane) being very similar. Another observation shows

phase. The distance between the pivot points calculated uise weighted  that while the reference trajectory is not as circular than
mean and the first and last support mean is represented by the lgre. . . . L.
the approached ones in the sagittal plane, oppositely it is
much more circular in the frontal plane. This is directly
V. DiscussIoN related to the fixed length of the pendulum rods in our
We have presented different inverted pendulum modeftepresentations. Indeed, implementing the referenceostipp
adapted to normal walking under the hypotheses thdistance measured between the CoP and the CoM in each
walking is symmetrical and regular on flat floor. Themodels would lead to much more precise approximations:
classical continuous 3D inverted pendulum model (IP-3D}he EIP model would be naturally identical to the reference
such as the one proposed by Zijlsaal. [15], presents by definition, while the IP and GIP models would get much
the main drawback to overestimate the amplitude of theloser than when using fixed-length pendulum rods.
CoM trajectory by representing it as an arc of circle which
center is fixed on the ground level. An intermediary model Let us focus on the GIP model, more particularly on
between theinverted pendulum and the six determinants the convergence area of the support lines joining the
of gait representations of human walking was propose@oP and the CoM. These two points may be considered
by Hayot et al. [4]. The approached CoM trajectory getsas representative parameters of the motion dynamics of
closer to the real one as it is flattened compared to thhe subjects. We have observed that the support lines do
IP-3D with the known consequences on energy and wonkot cross in the three dimensional space. We have then
estimations [6]. Still, this model slightly underestimdtee  calculated the minimal distances between two support lines
CoM amplitude over the gait cycle [4]. Moreover, it is basedbserved at two consecutive time steps, all over the single
on a moving pivot point which requires the measurement cfupport phase. Let us define thestantaneous pivot point



as the middle of these calculated minimal distances, whicdupport lines of the single support phase, measured at TTO
are represented in Figl for the complete support phase.and LTO respectively. The position of the pivot point is
In this figure, we can see that the values of the minimalefined by the middle of the smallest distance between these
distances are bounded between -0.026 and +0.27 mmwo lines, and the rotation vector results from the cross
oriented positively in the direction obtained by the crosgroduct betweerP;Crro and P\Crps.
product between the two consecutive support lines. We
have represented the distribution in space of these minimal VI. CONCLUSION
distances and their respective orientation in EigWe have We have proposed an inverted pendulum model, denoted
observed for all the walking subjects that the distances a®@P-3D, to represent human normal walking. Similarly to
almost null up to mid stance, and become larger after migther existing models, it is based on the cyclic sinusoidal
stance, following a linear length growth as shown in Fig. motion of the center of mass during normal walking. Our
model also takes the mechanism of the foot into account by
The minimal distances are mainly supported along thgonsidering that the pivot point of the inverted pendulum
lateral axis, and their distribution (length and position i is located under the ground level. We have observed more
space) with time over the single support phase is illugirateprecisely the behavior of the convergence area of the stippor
in Fig. 5 using the black lines. Using these data, weines (i.e. the straight lines passing by the CoM and the
have located a mean pivot point of the stance phase IgoP at each time step) and could determine the position
calculating the weighted mean of the minimal distancesf the pivot point only by considering the support lines at
which is represented in the same Figusing the red line. TTO and at LTO. The double support phase is then modeled
The mean distance in very small: XX mm. The blue lineusing an homothetic transformation of the single support
represents the minimal distance between the first and thase, which center is the approached CéMat LTO and
last support lines of the stance phase (measured at TTO amgio %, defined in Eq.2
THS, respectively). We call it theinimal boundary distance
as it is based on the boundary support conditions. The This model presents several advantages: similarly to [3],
distance between the mean pivot point (middle of the meane mechanism of the foot is considered and allows reducing
minimal distance) and the middle of the minimal boundaryhe vertical amplitude of the CoM motion, in comparison
distance is represented by the green line: this distangg classical approaches which fix the pivot point at ground
remains smaller than 2 mm (maximum distance observagvel and located at the middle of the trajectory described
on the five subjects), which allowed us to consider thagy the CoP. But, in [3]'s approach, the pivot point is not
taking the boundary conditions of the support lines leadefilked and require precise measurement of the CoP position
to a good approximation of the position of the pivot pointduring the whole stance phase. In our approach, the pivot
Fy. Moreover, comparing the minimal boundary distancgoint position only requires knowing the state of the suppor
and the sum of all the instantaneous minimal distances léifles at the boundary instants of the stance phase, LTO and
to a difference of 0.012 mm which is negligible. THS, and is fixed for the whole single support phase. Another
important advantage is that this model does not rely on
The evolution of the instantaneous rotation vector betwe&Re symmetric characteristics of normal walking, moreover
two support lines is shown in Figs. It is mainly oriented it may be applied to pathological walking as long as the
along the sagittal axis, its orientation remaining within @oundary states of each stance phase are known. To realize
conic shape which center is the latetataxis. The norm such applications, the length of the pendulum rod should
of the rotation vector linearly decreases from 4.85%@  also be considered as variable with time. The next steps in
4 103 at 60% of the single support phase, stabilizes untthis study will be to extend and validate the GIP-3D model
90% and suddenly increases up to 4.4 10As mentioned to pathologic walking using variable-length pendulum rods
previously, its main orientation is along the sagittal axisand continuity equations at the transition instants betwee
Nevertheless, as can be observed in Eigts projection on the single and the double support phases.
the sagittal plane follows a triangular pattern first oréshin
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