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Spectral discretization of the Stokes problem

with mixed boundary conditions

by Karima Amoura'!, Christine Bernardi?, Nejmeddine Chorfi®, and Samira Saadi'

Abstract: The variational formulation of the Stokes problem with three independent
unknowns, the vorticity, the velocity and the pressure, was born to handle non standard
boundary conditions which involve the normal component of the velocity and the tangential
components of the vorticity. We propose an extension of this formulation to the case of
mixed boundary conditions in a three-dimensional domain. Next we consider a spectral
discretization of this problem. A detailed numerical analysis leads to error estimates for
the three unknowns and numerical experiments confirm the interest of the discretization.

Résumé: La formulation variationnelle du probleme de Stokes avec trois inconnues
indépendantes, le tourbillon, la vitesse et la pression, est née pour traiter des conditions
aux limites non usuelles portant sur la composante normale de la vitesse et les composantes
tangentielles du tourbillon. Nous proposons une extension de cette formulation au cas de
conditions aux limites mixtes dans un domaine tri-dimensionnel. Nous considérons ensuite
une discrétisation obtenue par méthode spectrale. Une analyse numérique détaillée permet
d’établir des majorations d’erreur pour les trois inconnues et des expériences numériques
confirment l'intérét de la discrétisation.
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1. Introduction.

Let € be a bounded connected domain in R3, with a Lipschitz—continuous boundary
09). We consider a partition without overlap of 02 into two connected parts I'),, and T’
and we introduce the unit outward normal vector n to 2 on 0{2. We are interested in the
discretization of the Stokes problem, for a positive constant viscosity v,

(—vAu+gradp=f in €,
divu =0 in €,

u=g on I (1.1)
u-n=~h onlI',,,

( (curlu) x n=k xn  onl,,

where the unknowns are the velocity w and the pressure p of the fluid. Indeed, this type of
mixed boundary conditions appears in a large number of physical situations, the simplest
one being a tank closed by a membrane on a part of its boundary (the index “m” in
I, means membrane). They are also needed for the coupling with other equations, for
instance with Darcy’s equations when the fluid domain is a crack in a porous medium, see
[9] and [10].

In order to handle the boundary conditions on the normal component of the velocity
and the tangential components of the vorticity curl w and even if the standard formulation
can be used (see [11] for instance), a new formulation was proposed in [16] and [24] (see also
[17]). It involves three unknowns, the vorticity, the velocity and the pressure, and seems
the more appropriate for the type of boundary conditions enforced on I',,,. However, in
the case of mixed boundary conditions, the lack of regularity of the solution, especially of
the vorticity, leads to work with a different variational formulation, first proposed in [1]
and [23] in the two-dimensional case and extended to the three-dimensional case in [2].
Relying on these results, we propose a variational problem and prove its well-posedness in
the case of the boundary conditions in (1.1).

In the specific case where 2 is a cube and I',,, one of its faces, we propose a discretiza-
tion of this problem by the spectral method: The discrete problem relies on high degree
polynomial approximation and is constructed by the Galerkin method with numerical in-
tegration. Note that the spectral and spectral element discretizations of this formulation
have been studied in [5] and [3] in the case of conditions on the normal component of the
velocity and the tangential components of the vorticity on the whole boundary. However
different arguments are needed here since the variational formulation is different. In partic-
ular, we have chosen to work with exactly divergence-free discrete velocities, which seems
necessary for the discrete problem to be well-posed. We perform the numerical analysis of
this discretization. We thus prove error estimates for the three unknowns. These estimates
are optimal for the vorticity and the velocity. But, as standard in spectral methods, the
optimality for the pressure depends on the choice of the discrete spaces, even for simpler
boundary conditions (see [12, §24-26] and [13]) and does not seem possible here.

We conclude with some numerical experiments both in dimensions 2 and 3. Indeed,
we have chosen to present the numerical analysis of the problem only in dimension 3 to
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keep the uniqueness of the notation (which is different in dimension 2) and also because
the analysis in dimension 3 is more complex, see [5] where the two cases are studied
simultaneously. However, since three-dimensional computations are much more expensive
than two-dimensional ones, we prefer to present both of them to illustrate the previous
study in a more complete way. All these experiments confirm the good properties of the
discretization.

An outline of the paper is as follows.
e In Section 2, we write the variational formulation of the problem in the case of homo-
geneous boundary conditions.
e Section 3 is devoted to the description of the spectral discrete problem. We also prove
its well-posedness.
e A priori error estimates are derived in Section 4.
e The extension of the previous results to nonhomogeneous boundary conditions is de-
scribed in Section 5.
e In Section 6, we present some numerical experiments which turn out to be in good
agreement with the analysis.
e Some technical results are proved in an Appendix.



2. The velocity, vorticity and pressure formulation.

From now on, we assume for simplicity that €2 is simply-connected and has a connected
boundary (we refer to [8, §2.5] for the extension to more general domains in the case where
I, is the whole boundary of 2, but we have no application for that in the case of mixed
boundary conditions). We also assume that OI',, is a Lipschitz—continuous submanifold of
09). In a first step we only consider the case where the data g, h and k are zero, indeed
we do not want to handle all difficulties together.

According to the approach proposed in [16] and [24], we introduce the vorticity w =
curlu as a new unknown and observe that system (1.1) is fully equivalent to

(vecurlw +gradp = f in €2,
divu =0 in €,
w =curlu in €,
(2.1)
u-n=>0 on 02,
uxn=0 on I,
\w X n=20 onl,,.

We now propose a variational formulation for system (2.1).

In what follows, we need the full scale of Sobolev spaces H*(f2), s > 0, provided with
the usual norm || - || s(o) and semi-norm | - | s (), together with their subspaces H(£2).
We introduce the domain H (div, ) of the divergence operator, namely

H(div,Q) = {v € L*(Q)*; dive € L*(Q)}. (2.2)

Since the normal trace operator: v — v - n can be defined from H (div, Q) onto H~2 (8Q),
see [18, Chap. I, Thm 2.5], we also consider its kernel

Hy(div,Q) = {v € H(div,Q); v - n =0 on 0Q}. (2.3)
Similarly, we introduce the domain of the curl operator
H(curl,Q) = {v e L*(9)*; curlv € L*(Q)*}. (2.4)

The tangential trace operator: v +— v X mn is defined on H(curl,{2) with values in
H~z(9Q)3, see [18, Chap. I, Thm 2.11]. It can also be checked that its restriction to

I’ maps H(curl, Q) into the dual space HO%O(F)’ of HO%O(I‘) (see [20, Chap. 1, Th. 11.7] for
the definition of this last space). So, in view of the fifth line in (2.1), i.e., the last boundary
condition on the velocity, we define the space

H,(curl,Q) = {v € H(curl,Q); v x n=0o0nT}. (2.5)

We set:
X(2) = Hy(div, Q) N H,(curl, Q). (2.6)
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From now on, this space is equipped with the semi-norm

S

1vllx0) = (IldivollZ2(q) + leurlv]7zq) . (2.7)

Indeed, we recall from [4, Cor. 3.16] that, since  is simply-connected, this quantity is a
norm, equivalent to the graph norm of H(div,Q) N H(curl, ), more precisely that there
exists a constant ¢ only depending on €2 such that

Vo € X(Q), [lvllr2@)z < clvlx@)- (2.8)

Note moreover [4, Thm 2.17] that, when € is convex, X(Q) is contained in H*(2)2. Finally,
L2(Q) stands for the space of functions in L?(2) with a null integral on .

Let us also introduce the bilinear forms
a(lw,u;v) =v /Qw(a:) - (curlw)(x) dx,
b(v,q) = —/Q(divv)(a:)q(a:) dz, (2.9)
c(w,u;p) = /Qw(:n) - p(x)dx — /Q(curlu)(m) - p(x) dx.

For any data f in L?(2)2, we now consider the variational problem

Find (w,w,p) in L?(Q)3 x X(Q) x L2(Q) such that

Vo € X(©2), a(w,u;v)+b(v,p) = /Qf(a:) - v(x)d,

Vg € L2(Q), b(u,q) =0,
Vo € L*(Q)°,  c(w,u;) = 0.

(2.10)

As standard for mixed boundary conditions, see [8, §2.3], proving the equivalence between
the initial system of partial differential equations (2.1) and the variational problem (2.10)
is rather complex. For instance, in our case, the density of spaces of smooth vector fields
in X(Q) seems unknown. So, we only state a partial result.

Proposition 2.1. For any data f in L?(Q)3, any solution (w,w,p) in L*(2)? x X(Q2) x
L?(Q) of problem (2.10) is a solution of problem (2.1) in the sense of distributions.

Proof: Let (w,u,p) be a solution of (2.10). This solution satisfies the fourth and fifth
lines of (2.1) owing to the definition of X(€2). The second and third equations in (2.10)
imply the second and third lines in (2.1), respectively. To go further, we let v in the
first equation of (2.10) run through the space Z(£2)3, where 2(f2) stands for the space of
infinitely differentiable functions with a compact support in 2. This yields the first line
of (2.1). Finally, for any smooth function g on 992 with compact support in I';, such that
i - m is zero on 99, we introduce a lifting of p in H'(2)3 and note that it belongs to
X(£2). Taking v equal to this lifting and using the previous result yield the sixth line in
(2.1).

Remark 2.2. It is readily checked from the previous arguments that any solution (w, u, p)
of (2.1) in the sense of distributions which belongs to L?(Q)? x (H (div, Q) N H (curl, 2)) x

4



L?(Q) satisfies the second and third equations in (2.10). So only the first equation requires
an unknown density result.

We now intend to prove the well-posedness of problem (2.10). The forms a(-,-;-) and
c(+,+;+) are obviously continuous on L?()3 x X(Q2) x X(Q) and L?(Q)3 x X(Q) x L?(Q)3,
respectively. Moreover the form b(-,-) is continuous on X(Q) x L2(€). As a consequence,
the kernel

V = {v eX(Q); Vg € L(Q), b(v,q) = 0}, (2.11)

is a closed subspace of X(2) and obviously coincides with
V ={veX(Q); dive =0in Q}. (2.12)
Similarly, the kernel
W = {(9,w) € L*(Q)® x V; Vo € L*(Q)?, c(d,w; ) =0}, (2.13)

coincides with the space of pairs (¢, w) in L?(Q)3 x V such that 9 = curlw in Q.

We then observe that, for any solution (w,u,p) of problem (2.10), the pair (w,u) is
a solution of the following reduced problem

Find (w,w) in W such that
YoeV, a(w,u;v) :/ f(x) - v(x)dex. (2.14)
Q

So we now prove some properties of the form af(-, ;).
Lemma 2.3. The following positivity property holds

Vv e V' \ {0}, sup  a(w,u;v) > 0. (2.15)
(w,u)ew

Proof: Let v be an element of V' such that a(w,u;v) is zero for all (w,w) in W. Taking
(w,u) equal to (curlwv, v) (which obviously belongs to W) yields that curlv is zero. Thus,
it follows from (2.8) and (2.12) that v is zero. This concludes the proof.

Lemma 2.4. There exists a positive constant « such that the following inf-sup condition

holds
V(w,u) €W, sup M

2« (||w||L2(Q)3 + ||u||X(Q))~ (2.16)
vev vl

Proof: For any (w,w) in W, taking v equal to u gives
alw,u;v) = v / w(x) - (curlu)(x) de,
Q
whence, owing to the definition of W,

v 14
a(w,u;v) =v ||w||%2(9)3 =3 ||w||%2(9)3 Ty ||curl'u,||i2(m3.
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Since w is divergence-free, this leads to
v v
a(w,u;v) = 5 ||w||%2(9)3 + 5 ||U||§g(ﬂ)-
This yields the desired inf-sup condition with a = 2.

When combining these properties with [8, Thm 1.3.7], we derive that problem (2.14)
has a unique solution (w,u) in W. We also recall the standard inf-sup condition on the
form b(-,-).

Lemma 2.5. There exists a positive constant 3 such that

b
Vq € L2(Q), sup (v, 9)

204 > 8llal 20 (217)
veX(Q) H’UHX(Q) @)

Proof: For each ¢ in L%(€), there exists (see [18, Chap. I, Cor. 2.4] for instance) a
function v in H} ()3 such that

divv=—¢ inQ and V|1 ) < cllgllz2 )

Thus, the desired inf-sup condition follows thanks to the imbedding of H}(2)? in X(Q) and
the equality (which is derived by integration by parts for smooth functions and extended
to H}(Q)3 by density)

Vo € Hy(Q)?, [vlx@) = [v[E1 @)

The well-posedness of problem (2.10) is a direct consequence of Lemmas 2.3 to 2.5.

Theorem 2.6. For any data f in L*(2)3, problem (2.10) has a unique solution (w,u, p)
in L?(Q)® x X(Q2) x L2(Q). Moreover this solution satisfies

|wllz2)3 + l|ullx@) + Ipllz2@) < cllFllz2 ) (2.18)

Proof: As already hinted, the existence of a solution (w,u) of problem (2.14) follows from
Lemmas 2.3 and 2.4. Moreover, when combining (2.14) and (2.16), we obtain

lwllzz@ys + ullx@) < ca™ [I£llz2 (e

where c is the constant in (2.8). We also derive from (2.14) that the linear form

v - /f(:c) - v(x)de — a(w, u;v),
Q

vanishes on V. So the inf-sup condition (2.17) yields (see [18, Chap. I, Lemma 4.1] for
instance) that there exists a p in L2(2) such that the first line in (2.10) is satisfied. Thus,
the triple (w,u,p) is obviously a solution of (2.10) owing to the definitions of V' and W.
Moreover, the pressure p also satisfies

I1Pll22) < B7 (IIF L2 + v lwllr2i0)2)-

By combining all this, we derive (2.18). Finally, since problem (2.10) is linear, the unique-
ness of its solution is derived from the fact that any solution of this problem with right-hand
side equal to zero is zero, which is a direct consequence of (2.18).

Remark 2.7. It follows from the previous arguments that problem (2.10) is still well-
posed for data f in the dual space of X(€2). However we have no applications for this
extension.



3. The discrete problem.

We are now interested in the discretization of problem (2.10) in the case where
Q=]-1,17, L =] — 1,12 x{1}. (3.1)

For reasons which appear later on, the discrete spaces are contructed from the finite ele-
ments proposed by Nédélec on cubic three-dimensional meshes, see [21, §2]. In order to
describe them and for any triple (¢,m,n) of nonnegative integers, we introduce the space
Py 1mn(€2) of restrictions to €2 of polynomials with degree < ¢ with respect to x, < m with
respect to y and < n with respect to z. When ¢ and m are equal to n, this space is simply
denoted by P, ().

Let N be an integer > 2. The space X which approximates X(€2) is defined by

Xy =X(Q) N (Py,v—1,8-1(Q) x Pn_1,n,v-1(2) x Py_1,n—1,5()). (3.2)

The discrete space of vorticities is the space

Yn =Pn_1,nn(Q) x Py nv_1,8(Q2) X Py, v v—1(22). (3.3)

Finally, for the approximation of L2(€2), we choose a subspace My of L2(Q2) NPy_1(Q)
which is made precise later on.

Setting {o = —1 and {x = 1, we introduce the N — 1 nodes &;, 1 < j < N —1, and
the N + 1 weights p;, 0 < j < N, of the Gauss-Lobatto quadrature formula. Denoting
by P, (—1,1) the space of restrictions to [—1, 1] of polynomials with degree < n, we recall
that the following equality holds

1 N

Vo e Paa(-LD, [ @)= 8(6) (3.4)

-1 =0

We also recall [12, form. (13.20)] the following property, which is useful in what follows
N
Von €Pn(=1,1), llonlZain <Y ex (&) pi < 3llenlTa1y. (3.5)
§=0

Relying on this formula, we introduce the discrete product, defined on continuous
functions v and v by

N N N
(’LL, U)N - ZZZU flagjagk fwfpfk)ﬂzpyﬂk (36)

i=0 j=0 k=0

It follows from (3.5) that it is a scalar product on Px(Q2). Let finally Zn denote the
Lagrange interpolation operator at the nodes (&;,&;,&,), 0 < 4,7,k < N, with values in
Py (€2).

We now assume that the function f is continuous on Q. Thus the discrete prob-
lem is constructed from (2.10) by using the Galerkin method combined with numerical
integration. It reads



Find (wN,uN,pN) in YN X XN X MN such that

Voy € Xy, an(wn,un;vn)+bn(vn,pN) = (f,on)N,
Vgnv € My, bn(un,qn) =0, (3.7)
Vin € YN, en(wn,un;Pn) =0,

where the bilinear forms an (-, -;-), by (+,-) and ey (-, ;) are defined by

an(wn,un;vN) = v (wn,curlvy)n, by (vn,qn) = —(divon, qn) N,

(3.8)
en(wWrsun;en) = (Wn, en)v — (curluy, on)N.

It follows from (3.5) combined with Cauchy—Schwarz inequalities that the forms an(-,;-),
Z)N(-7 ) and CN(-, ‘S ) are continuous on YN X XN X XN, XN X MN and YN X XN X YN,
respectively, with norms bounded independently of N. Moreover, as a consequence of
(3.4), the forms b(-,-) and by (-,-) coincide on Xy x My.

In order to investigate the well-posedness of problem (3.7), we first identify the spu-
rious modes on the pressure, namely the set

Zn = {qn € L3(Q) NPn_1(); Yoy € Xy, by (v, qn) = 0}. (3.9)

The rather technical proof of the next lemma is given in an Appendix.

Lemma 3.1. The space Zy has dimension 8(N — 1) and is spanned by the orthogonal
projections onto L2(Q) of the polynomials

(Ly + Ly 1)(@) (Ly £ Ly 1)) en(2), Ly Ly 1)(@) en(y) xy(2)

/ / A (3.10)
and N (z)(Ly + Ly_1)() xx(2),

where ¢y runs through Py_1(—1,1) and the polynomial x y is defined by

Xn(2) = ]LV/NJ(FZl) — L]]\Vf‘_l(f ) (3.11)

In view of this result, from now on, we choose My such that
LEQ)NPy_1(Q) =My @ Zy. (3.12)

Proving that problem (3.7) is well-posed now relies on exactly the same arguments as for
the continuous problem. We first introduce the kernel

VN = {’UN € XN; VqN € MN, bN(’UN,qN) = 0} (313)

We have the following property.

Lemma 3.2. The kernel Vi is the space of divergence-free polynomials in Xy, i.e.,
coincides with Xy N'V.



Proof: Let vy be any element of V. Its divergence belongs to L2(2) NPy _1(12), so that,
owing to (3.12), we have
divoy = q}v + q]2\7,

with ¢k in My and ¢% in Zy. We have by (vn,qy) = 0 thanks to the definition of Vy
and by (vy,q%) = 0 thanks to the definition of Zy, so that

0= bN(’UN,diV’UN) = —(diV’UN,diV’UN)N = —/(diva)z(a:) dx.
Q

Then, div vy is zero, which concludes the proof.

Similarly, we introduce the kernel Wy of the form en(-, -;-):

Wy = {(On,vn) € Yy X Vi; Vo € Y, en(In,vn;on) = 0}. (3.14)

It is readily checked that, for any solution of problem (3.7), the pair (wy,uy) is a solution
of the reduced problem

Find (wy,uy) in Wy such that
Voy € Vy, an(wn,un;vn) = (f,vn)nN. (3.15)

In analogy with Section 2, we now prove some properties of the form ay (-, ;) on Wy x V.

Lemma 3.3. The following positivity property holds

Yoy € Vi \ {0}, sup aN(wN,'u,N;'vN) > 0. (3.16)
(wn, un)EWN

Proof: For any vy in Vi, curlvy belongs to Y, so that (curlwvy,vy) belongs to Wy
Then, taking (wy,uy) equal to (curlvy,vy) gives

CLN(UJN,’U,N;’UN) = I/(CUI‘I’UN,CUI'I’UN)N.
It thus follows from (3.5) that
an(wn, un; o) > v |curloy |72 gy

Then, if ay(wxn,un;vN) is zero, so is curlvy. Since Lemma 3.2 implies that vy is also
divergence-free and X is contained in X((2), applying (2.8) yields that vy is zero. This
concludes the proof.

Lemma 3.4. There exists a positive constant o, independent of N such that the following
inf-sup condition holds

WN, UN:V
V(wn,uy) € Wi, sup an (W, UN; UN)
vNEVN HUNHX(Q)

Z Oy (HwNHL2(Q)3 + HUNHX(Q)) (317)
Proof: Taking vy equal to uy yields

any(wn,un;vN) =V (wy,curluy)y,
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whence, thanks to the definition (3.14) of Wy and (3.5),
an(wN,un;vN) =V (WN,WN)N >V ||‘-"N||%2(Q)3-
On the other hand, taking ¢y equal to curluy in the definition of Wy gives
(curluy,curluy)y = (wy, curluy)y,
whence, by combining (3.5) with the Cauchy—Schwarz inequality,
[eurlup||r2(0): < 3[lwnl|r2(0):-

Since wy is divergence-free, see Lemma 3.2, this yields
v v
an(wn,un;vN) > §||WN||2L2(Q)3 uET lun %)

which leads to the desired inf-sup condition.
We are now in a position to prove the main result of this Section.

Theorem 3.5. For any data f continuous on Q, problem (3.7) has a unique solution
(wn,un,pn) in Yy x Xy x M. Moreover this solution satisfies

lwnllLz)s + [lunllx@) < cllZnfllr2)s- (3.18)

Proof: We prove successively the existence and uniqueness of the solution.
1) Tt follows from Lemmas 3.3 and 3.4, see [18, Chap. I, Lemma 4.1], that problem (3.15)
has a unique solution (wy,uy). Moreover, applying the inf-sup condition (3.17) yields

that (f )
_ yUN )N
HWNHH(Q)S + HUNHX(Q) < a, ! sup o
vNEVN HUNHX(Q)

We also derive from (3.5) and (2.8) that

(f,on)v = (InF,on)v <3 InFllzzellvnlizzs < cllInfllzz@ellvnlixe)s

which yields (3.18). Next, a direct consequence of the choice (3.12) of My is that, for each
N > 0, the quantity

b
BN = inf sup v (N, qn) (3.19)

qN EMN,GNF0 yyeXy ||UNHX(Q) ||QN||L2(Q) ’

is positive. Thus, since the linear form:

vy — (f,on)N —an(wn, un;vN),

vanishes on Vy, see (3.15), applying [18, Chap. I, Lemma 4.1] yields that there exists a
pn in My such that

Voy € Xy, bn(vn,pn) = (f.on)v —an(wn, un;vnN).
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Thus, the triple (wy,un,pn) is a solution of problem (3.7).

2) Since problem (3.7) is linear, the uniqueness of its solution follows from the fact that
any solution of this problem with data f equal to 0 is zero. So, let (wxn,un,pn) be a
solution of (3.7) with f = 0. Thus, (wy,un) be a solution of (3.15) with f = 0 and it
follows from the inf-sup condition (3.17) that it is zero. Finally, py satisfies

Voy € Xy, by(vn,pn) =0,

and, since the constant Oy introduced in (3.19) is positive, it is zero. This concludes the
proof.

Remark 3.6. A stability property analogous to (3.18) can also be established for the
discrete pressure py. However, it involves the constant [y introduced in (3.19) and, since
this constant is likely not bounded independently of N (see the Appendix), we have rather
skip this estimate.
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4. Error estimates.

In a first step, we derive an a priori error estimate between the solutions (w,u) of
problem (2.14) and (wx,un) of problem (3.15). We use the obvious notation for Xy_;
defined as in (3.2) with N replaced by N — 1 and Vy_; = Xy_1 N V. Thus, we have the
following version of the second Strang’s lemma.

Lemma 4.1. The following error estimate holds between the solutions (w,w) of problem
(2.14) and (wy,uy) of problem (3.15):

|w —wnllz2()3 + [[u — unllx@)

. Jo F(@) - on(z)de — (f,on)ny  (41)
< f — .
<e(, inf wnllx@ + sup HanX(m *)

Proof: For any wy in Vy_1, when setting (ny = curlwy, it is readily checked that the
pair ({n,wy) belongs to Wy . Thus, we obtain, for all vy in Vi, first by using (3.15) and
the exactness property (3.4), second by using (2.14),
an(wy = Cn,uny —w;on) = (F,on)v — a(ln, ws o)

=(f,vn N—/f . x)dr + a(w — (N, u —wy;VN).

Thus, we derive from the inf-sup condition (3.17)

lwn —Cn |23 + lun — wn|lx@)

: dx — .fva N
<c (||w CNHLQ(Q)S + sup fQ ) ( ) )
vn EXN HUN“X(Q)

We conclude by using the triangle inequalities

|w —wn|lL2@)3 < [|lw = CnllL2@)s + [lwy — Cnllz2Q)s,

v —unllx@) < llu—wnlx@) + [luv —wn|x@),
and finally

|w —Cnlz2)3 = |lcurl (u — wy)||22(0)3 = [|lu — W |x@)-

Estimating the last term in the right-hand side of (4.1) relies on standard arguments.
Indeed, it follows from the exactness property (3.4) that, for all fy_; in Py_1(02)3,

Von € Xy, /Qle(CB) -on(x)de = (fn—1,vN)N.

Using this equality and the definition of the interpolation operator Zy together with (3.5)
and (2.8) gives

sup Jo F(x) - vn(x) de — (f,on)N

<c(IIf = fv=1llezes + |F = Infllez@2)-
vy EXN HUNHX(Q)
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Thus, standard arguments [12, Thms 7.1 & 14.2] yield that, if the function f belongs to
H?(Q)3, 0 > %,

sup Jo (@) - vy (z) de — (f,vN)

N e
vNEXN ||UN||X(Q)

A further lemma is needed to estimate the approximation error infyycvy_, [[u—wn|xq)-

Lemma 4.2. There exists an operator D

(i) such that, for any function g in L?(Q), div(Dg) is equal to g on €,

(i) which is continuous from H*~1(Q) N L2(Q) into X(Q) N H*(Q)? for each real number
5,1 <s<3.5.

Proof: We only give an abridged proof of this result since the main arguments can be
found in [6, Thms 3.5 and 4.11].

1) Let O be an open ball such that Q is contained in O. For any function g in H*~1(2) N
L2(€), we denote by g the extension of g into a function of H*~1(0) N L2(0O) (by a fixed
extension operator, see [19, §1.4.3]). Thus, the Stokes problem

divu; =g in O,

{ —Au; +gradp; =0 in O,
u; =0 on 00,

has a unique solution (u1,p;) in H}(O)? x L2(0) and the part u; of this solution belongs
to H*(0)3. In what follows, we consider the restriction of u; to  and we observe that

w1 )2 < |willm=(0ys < cllgllaa-10) < € 9llm-1(0)-

2) A divergence-free lifting us of the normal trace of u; on 02 is constructed in the first
part of the proof of [6, Thm 4.11]. Moreover it belongs to H*()3 when s < 3.5, and its
norm in this space is bounded by a constant times that of ;.

3) Similarly, a divergence-free vector field ug on H*(2)? which has zero normal trace on
0f) and lifts the tangential traces of u; — us on the five faces of 2 contained in I' can be
constructed as in the second part of the proof of [6, Thm 4.11].

The function Dg = u; — us — ug satisfies all the properties of the lemma.

Lemma 4.3. The following approximation result holds for any function w in V N H*(w)3,
s> 1,

inf  [lu— wn|x@) < N lul g (4.3)
wnEVN_1

Proof: Let Iy denote the orthogonal projection operator from V onto Vy_; for the
scalar product associated with the norm of X(Q2). The next result is proved in [22, Thm

2.3] for functions in H}(€2)3 but can easily be extended to functions satisfying the boundary
conditions in X(2): For any real number s > 3 and any w in V N H*(w)3,

||u — HNU”X(Q) < cN'—* HuHHs(Q)3.

The same result obvious holds for s = 1 thanks to the definition of IIy. So, the desired
estimate is derived owing to the principal theorem of interpolation [20, Chap. 1, Th. 5.1]:
Indeed, by combining [20, Chap. 1, Th. 14.3] with Lemma 4.2, we observe that the spaces
V N H*(Q)3 for 1 < s < 3 satisfy the standard interpolation properties.
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Inserting (4.2) and (4.3) into (4.1) leads to the error estimate on the vorticity and the
velocity.

Theorem 4.4. Assume that the data f belong to H° (Q)3, o > %, and that the solution
(w,wu) of problem (2.14) is such that the velocity u belongs to H*(2)3, s > 1. Then, the
following error estimate holds between this solution and the solution (wy,uy) of problem

(3.15):

o = wnllzzyp + Il = wnlxo) < ¢ (N ullm@p + N7 Iflnm@p).  (44)

Estimate (4.4) is fully optimal and, moreover, it does not require any further regularity
of the solution (we recall that, since €2 is convex, X(2) is imbedded in H'()3). However,
as standard for the spectral discretization of the Stokes problem, the estimate on the
pressure is no longer optimal.

Before stating this estimate, we must make precise the space My we work with. In
view of (3.12), it seems natural to take My equal to the orthogonal of Zy in Py_1(£2) N
L2(€)). However, it is checked in [12, §24] that this space has poor approximation proper-
ties. To remedy this difficulty, we use the idea presented for instance in [12, Thm 24.9]:
For a fixed real number A, 0 < A < 1, denoting by 7] the orthogonal projection operator
from L?(—1,1) onto Py nj(—1,1), where [A N] stands for the integer part of AN, we set

Ay_1=Ly—mpn Ly, Av—2o=Ly i —mpnLy_i, Ey =Xy —TpnXn- (45)

Definition 4.5. The space My is the orthogonal in Py_1(€2) N L2(Q) of the space Zy
spanned by the polynomials

(An—1 £ AN_2)(x) (Anv—1 £ ANn_2)(y) pn(2), (An—1 £ ANx2)(z) pn(y) En(2)
and  on(z)(Anv—1 £ An—2)(y) Ex(2),
(4.6)
where ¢y runs through Py_1(—1,1).

It is readily checked that (3.12) holds for this space M. Moreover, the next inf-sup
condition for this choice is proved in the Appendix.

Lemma 4.6. For the space My introduced in Definition 4.5, there exists a constant 3, > 0
such that the following inf-sup condition holds

b
VYan € My, sup NONAN) o gy law |l z2co). (4.7)

vy €XN HUN HX(Q)

We are now in a position to establish the final error estimate. Note that the lack of
optimality is of the same order as for standard boundary conditions.

Theorem 4.7. Assume that the data f belong to H° (Q)3, o > %, and that the solution
(w,u,p) of problem (2.10) is such that (u,p) belongs to H*(2)3 x H*~1(Q), s > 1. Then,
for the space My introduced in Definition 4.5, the following error estimate holds between
this solution and the solution (wx,un,pn) of problem (3.7):

Ip = pllzzo) < ¢ (N2 (lullmep + Iplre-sp) + N Iflme@p).  (48)

14



Proof: By combining Lemma 4.6 with problems (2.10) and (3.7), we easily derive that,
for any gx in My,

IlpN —anllzz@) < cN (Hw — w2 + P — anllL2(o)

+ sup fo(w)UN(m)dm_(.favN)N>
N EXN lon %)

We conclude thanks to a triangle inequality, by using (4.2) and (4.4) and noting that the
space My contains Py n1(€2), hence has optimal approximation properties.
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5. Extension to nonhomogeneous boundary conditions.

We now intend to handle the case of non-homogeneous boundary conditions which
appear in problem (1.1). However, the new formulation (2.1) which is used in all this work
leads to write them in a slightly different way:

(veurlw +gradp = f in €,
divu =0 in €,
w =curlu in €,
(5.1)
uU-n=gy on 0f),
U X n=g on I',
\w Xn=kxmn onlI',,,

where the indices “n” and “¢” stand for normal and tangential, respectively. With this

new notation, the datum h in (1.1) is simply the restriction of g, to I',,, while the datum
g on I' is equal to g,m — g; X n.

We now set: _
X(Q) = H(div, ) N H(curl, ), (5.2)
and we consider the variational problem
Find (w,u,p) in L2(2)3 x X(Q) x L2(Q) such that
u-n=g, onod and wuxn=g; onl, (5.3)

and that

Vo € X(), a(w,u;v)+b(v,p) = /Q f(x) - v(x)de —v(k,v X n)r, ,

Vg € L3(Q), b(u,q) =0, (5.4)

Vo € L2 (Q)°,  c(w,u;p) =0,

where (-,-)r,, denotes the duality pairing between HZ (I',;,)? and its dual space. The
same arguments as for Proposition 2.1 yield that, for any data (f, gn,g:, k) in L?(Q)3 x
H2(8Q) x H 2(I')? x HZ(I,,)3, any solution (w,u,p) of problem (5.3) — (5.4) is a
solution of problem (5.1).

The range of X(Q2) by the tangential operator: v — (v x n)|r is rather difficult to
characterize, see [15] for instance. For these reasons, we now state a lifting result which
only holds for more regular data g,, and g;; this is not at all restrictive for the applications
that we have in mind. On the other hand, we observe that these two functions together
give rise to a vector field with components g, and g, defined on I' and g, defined on 9€.

Lemma 5.1. For any data (g, g:) in L*(0Q) x L*(T")? satisfying
/ gu(T) dr =0, (5.5)
o9
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and such that the components g,, g, and g, of the function g = g,n — g; X n satisfy
g € HZ(T), g, e H:T), g.c H?(00), (5.6)
there exists a divergence-free function w;, in X(Q) such that
u, - n=g, onofd and u, X n=g; onl, (5.7)
and which satisfies
Jeaslln < e (el 5 oy + 19003 oy + 192013 o) (5.8)
If moreover the data are such that
ge € HPY3(D), g, € HPT3(T),  g. € HT3(09Q), (5.9)
for some real number p, 0 < p < 1, the function u; belongs to HPT(2)? and satisfies

||ub||HP+1(Q)3 S c (”gCCHHp-‘r%(F) + ||gy||Hp+%(l—‘) + ||gz||Hp+%(aQ)) (5]‘0)

Proof: Let g, stand for an extension of g; to 0f2 such that the function g* = g,n —g, xn
belong to Hz(dQ)3. Thus, we observe that the part w, of the solution (wy,p,) of the
Stokes problem with Dirichlet boundary conditions

divu, =0 in €2,

{ —vAuy +gradp, =0 in €,
u, =g* on 0f),

satisfies all properties stated in the first part of the lemma. The second part of the lemma
follows from the regularity properties of the previous Stokes problem in a convex domain,
see [19, §7.3].

Remark 5.2. Assumption (5.9) with p > 0 means that the functions g,, g, and g.

belong to HPtz (v), for each face  contained either in I' or in dQ and moreover that the
restrictions of these functions to v and 7’ have the same trace on ¥ N7’ for two such faces
~ and 4’ sharing an edge. However the case p = 0 is a limit case and these continuity
conditions are only enforced in a weaker sense, see [7, Chap. I, Cor. 6.11].

By writing the problem satisfied by (wq, ug, p), with wg = w—curlu, and ug = u—uy,
we easily derive the analogue of Theorem 2.6.

Theorem 5.3. For any data (f,gn,g:,k) in L*(2)% x L?(0Q) x L*(T')? x HO%O(I‘m)3
satistying (5.5) and (5.6), problem (5.3) — (5.4) has a unique solution (w,w, p) in L*(Q2)* x
X(Q) x L2(Q).

We now define the new discrete space

Xy =Py n_1nv-1(2) xPy_1 nv—1(Q) x Px_1.nv_1.5(Q). (5.11)

We assume that the data g, and g; are continuous on 9 and T, respectively. Next, we
fix an interger j*, 1 < j* < N — 1, and set: J* = {0,1,..., N} \ {j*}. We denote by
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i N , the interpolation operator defined as follows: For any continuous function ¢ on 02

and for each face  contained in 9, (%2 ,¢), belongs to Py_1(y) (with obvious notation
for this space) and is equal to ¢ at all Gauss-Lobatto nodes (£1,&;,&;) or (&,=+1,§;) or
(&,&5,£1), (i,5) € J* x J*, which are contained in 7. Thus, the operator ik, _; is defined
in an obvious way and the discrete product on I';, is defined on continuous functions u
and v on I, by

N N
ZZU 5“53 517£J)pzp] (5.12)
=0 5=0

Finally, let ¢ be the polynomial

1+2
5

Y(,0,2) = 161 =21~ ) (5.13)

It is readily checked that the trace of ¥ on I';, belongs to Po(T',,), vanishes on 0T, and
satisfies [ ¥(7)dT = 1.

We are thus in a position to write the discrete problem

Find (wN,uN,pN) in YN X XN X MN such that

uy 1= i 1gn — ( /8 g, (r)dr) v on 00

(5.14)
and uy x n=ix_,g onT,
and that
Von € Xy, an(wn,un;vn) +bn(on,pn) = (F,o8)8 — v (k,on x n)y",
Vgn € My, bn(un,qn) =0, (5.15)

VN EYN, CN(L«JN,'U,N;’I?N) =0.

Let Z3;_, denote the Lagrange interpolation operator at all nodes (&;,&;,&x), (4,4, k) €
T x T* x J*, with values in Py _1(£2). When the data g,, and g; satisfy (5.9) with p > %,
the function wu; exhibited in Lemma 5.1 is continuous on €. It is thus readily checked that
the function

Z‘(Za\lﬂ—lgn (T) dT) ¢> ;

uNo = <uNw — TN 1Uba, UNy — Iy _qUby, UNz — Iy _q Uz + (/

oQ
belongs to Xx(€2) but is no longer divergence-free. However, by combining the inf-sup
condition (4.7) with the same arguments as for Theorem 5.3, we easily derive the next
result.

Theorem 5.4. For any data f continuous on Q, g, and g; satisfying (5.9) with p > %,

and k continuous on T,n, problem (5.14) — (5.15) has a unique solution (wx,un,pyN) in
YN X XN X MN.

The same arguments as previously lead to error estimates. However we prefer to treat
separately the error related to u;, and that related to ug since the boundary conditions
are most often more regular than the solution (other liftings than u; can be considered for
this, in order to avoid the restriction p < 1).
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Theorem 5.5. Assume that

(i) the data f belong to H% ()%, o > 3,

(ii) the data g,, and g, satisty (5.5) and (5.9) with p > 1,

(iii) the data k belong to H™ (T',,)3, 7 > 1,

(iv) the solution (w,w,p) of problem (5.3) — (5.4) is such that (u,p) belongs to H*(w)> x
H1(Q),1<s<p+1.

Then, for the space My introduced in Definition 4.5, the following error estimate holds
between this solution and the solution (wx,uy) of problem (5.14) — (5.15):

lw — wnllp2)ps + lu —unlx@) + N7 lp— palle@
< o (N7 (Jlulls o + Ipllm-1 @)
- . (5.16)
+ N7 fllzeo s + N277 [|E| g7 1)
+ NP (HgIHHM%(F) + Hgy||Hp+%(F) + |Igz||Hp+%(aQ))>.

As in Section 4, this estimate is fully optimal for both the vorticity and the velocity,
but is not for the pressure. However the lack of optimality is the same in the simpler case
of homogeneous Dirichlet conditions on the velocity.
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6. Some numerical experiments.

We present successively the two-dimensional and the three-dimensional experiments.

In all cases, problem (3.7) results into a square linear system. Its size is the sum of
the dimensions of Xy, Yy and My, i.e., approximatively 4N? in dimension d = 2 and
7N? in dimension d = 3. For this reason, the numerical experiments are performed with
N =50 in dimension d = 2 but only with N = 30 in dimension d = 3. The global system
is not symmetric and is solved by the GMRES method.

TWO-DIMENSIONAL COMPUTATIONS

08
- 06
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’ 02

0

§ 02
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o, -06

0. -08
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o, -0.1
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Figure 1: Isovalues of the vorticity, velocity and pressure
for the data in (6.5) and &k =0

Just for this section, we work with
Q=]-1,17, e =] —1,1[x{1}. (6.1)
We recall the main modifications with respect to the three-dimensional case:
1) The vorticity w is now a scalar function in L?(2), and the sixth line of (1.1) reads

w=k onl,,. (6.2)
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This yields that the last term in the first line of problems (5.4) and (5.15) must be replaced
by v (k,v - T)r, and v (k,v - T)y", respectively, where T denotes the tangential vector
to I';,, which is directly normal to n.
2) According to the approach in [5], the discrete space of vorticities is the space Yy =
Py (€2). The space Zy is now of dimension 2, spanned by the orthogonal projections onto
L2(Q) of the polynomials

(Liy + Ly 1)(x) Xy ()- (6.3)
The space My is then defined thanks to an obvious analogue of Definition 4.5, and the
inf-sup condition (4.7) remains valid in this case.
With these choices, the results of Theorems 4.4, 4.7 and 5.5 still hold.

2 0.8
‘ 0.6
: 0.4
’ 02

’ o
. -0.2
0. 04
0. -0.6
0. ‘ -0.8

-08 -06 -04 -02 0 02 04 06 08

-08 06 -04 -02 0 02 04 06 08 -08 -06 -04 02 0 02 04 06 08

-

-08 -06 -04 -02 0 02 04 06 08

Figure 2: Isovalues of the vorticity, velocity and pressure
for the data in (6.5) — (6.6)

We take the coefficient v given by
v =102, (6.4)

which corresponds to the viscosity of the water. The data f are fixed equal to zero, which
means that the effects of gravity are neglected.
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We first work with £ = 0 and the boundary velocity g = (g, 9y) given by

2
9z(—1,y) = 5(1+y), gy(—1,y) =0,
gx(x7 _1) = gy(wa _1) = 07
9:(1,y) = gy4(1,y) = 0,

0 it -1 <z<0,
4022(1 — x)? if0<zx<1.

(6.5)

hskip6truecmg,(x,1) = {

Note that these data satisfy the compatibility condition (5.5). Figure 1 presents from top
to bottom and from left to right the isovalues of the vorticity, the isovalues of the two
components of the velocity and the isovalues of the pressure, computed with N = 50.

In a second step we still work with the data g given in (6.5) but now with the boundary
vorticity k given by
k(xz,1) = sin(rz). (6.6)

Figure 2 presents the same quantities as previously but now for these new data.

THREE-DIMENSIONAL COMPUTATIONS

The two numerical experiments that we present in this Section are performed on the
domain  and for the partition of its boundary given in (3.1). In both cases, we still take
the coefficient v defined by (6.4). The data f and k are fixed equal to zero, which means
in particular that the effects of gravity are neglected.

In view of Section 5, we must now define the data g,, and g;.

i) In the first experiment, we take g, equal to 0 on I' and g, equal to 0 on 0€2. The
Y
function g, is given by

1—y2)23(1—22) if0<z<1
=1y =4 -y szs 4 —1<y<1,
92(=1,9:2) {0 if —1<2<0, ==
3 2
9oLy, 2) = 51 =-y)1—2), -1<yz<l,
(6.7)
go(x,—1,2) = gz (2,1,2) =0, —1<xz,2<1,

sri(l1—y?) if0<z <1,

s -1 <y <.
ga(z,y, —1) {0 if -1 <z <0, pevst

It can be noted that g, is not zero on the faces contained in the planes x = +1 while g;
is not zero on the face contained in the plane z = —1. Moreover the function g, satisfies
condition (5.5).

Figure 3 presents from top to bottom and from left to right the isovalue curves of the
three components of the vorticity, the three components of the velocity and the pressure
in the plane y = 3, for the boundary conditions given in (6.7).
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Figure 3: Isovalues of the vorticity, velocity and pressure
for the data in (6.7)

(ii) In the second experiment, we work in the case where g; is equal to zero on I' and g, is
equal to zero on the faces contained in the planes x = —1, y = +1 and z = —1. Otherwise,
the function g, is given by

251 -2t +2)(1+2) if —-1<z< -1
— 5 2 -7 = 2 —
gx(17y7z)_{0 1f—%<z§1, 1§y§17
(6.8)
gz(xaya 1) = (1 - ‘732)2(1 - y2)27 1< x,y < 1.

Thus, it still satisfies condition (5.5).

Figure 4 presents the same quantities as in Figure 3 but now for the boundary condi-
tions given in (6.8).
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Appendix

The aim of this appendix is to present the rather technical proofs of Lemmas 3.1 and
4.6. So, in a first step, we identify the space

Zn = {qn € LZ(Q) NPn_1(); Yoy € Xy, by (vn, qn) = 0}. (a.1)

We introduce the polynomials

:E(Z) _ L/N(Z) + L?\f—l('z)

_ _ 2
N+1  N-1 (a.2)

Lemma a.1. The space Zy is spanned by the orthogonal projections onto L?(2) of the
polynomials

(Ly £ Ly 1)(@) (Ly £ Ly_ )W) en(z),  (Ly£Lyv_1)(@)eony) xy(2)
and  on(x)(Ly £ Liv_1)(y) xn(2),

(a.3)

where ¢y runs through Py_q(—1,1).

Proof: We first observe from the boundary conditions in the definition of Xy that, for
all vy in Xy and gy in Py_1(Q2), by (vn, gn) cancels if and only if by (v, ¢%) cancels,
where ¢3; denotes the orthogonal projection of gx onto L2(£2); so, only for this proof, we
omit to enforce that gqx belongs to L2(2). Owing to the definition of Zy, any polynomial
gN in Zy satisfies

Yoy € (HY(Q) NPy_1()°, bluw,qn) =0.

So it follows from [12, Remark 24.1] for instance that Zx is contained in the sum of the
space Z3 spanned by the polynomials in (a.3) and of the space Z% spanned by

Ly-i(x), Ln-1(y), Ln-1(2),
Ly-1(x)Ly-1(y), Ln-1(z)Ly-1(2), Ln-1(y)Ln-1(2),
Ly-1(z)Ln-1(y)Ln-1(2

(a.4)
)
(Ly £ Ly (@) en@) x§(z)  and  on(x)(Ly £ Liy_ 1)) x5 (2),

where o runs through the subspace PQ;_;(—1,1) of Py_1(—1,1) made of polynomials
vanishing in +1. So, it remains to check that Z3; is contained in Zy and that the inter-
section of Zy and Z% is reduced to {0}.

1) To prove that Z3, is contained in Zy, we observe that any vy = (Vnz, Uny, ) in Xy
admits the expansion

—2

ona(,9,2) = Y am(,2) (1 - y*) L, (y),

=1

UNy(xayaz) - Z 6m(y7z) (1 - x2)L;n(x)a
" N-—-2
sz('xvy?Z) - Z fym(yvz) (1 - $2)L;n(x)7
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for polynomials «,,, (,, and ~,, with appropriate degree and satisfying appropriate nullity
conditions on the edges of the square | — 1,1[2. As a consequence, we have

N-2 N-2

(divon)(@,y,2) = Y (Fzom)(@,2) (1=y*) Ly () + D (9yBm+0:7m) (v, 2) (1=2%) Ly, ().
m=1 m=1

We recall from [12, Remark 3.2] the orthogonality properties

| BN O == [ DO - ac=o

1<m< N -2,

(a.5)

so that b(vy,qn) is equal to zero for all vy in Xy and gy defined in (a.3). Thus, all
polynomials in Z} belong to Zy.
2) Let now ¢, ... and ¢ denote the first seven polynomials in (a.4). Setting vy =
(v%,,0,0), with

vy = (Ln — Lv—2)(z)(L2 — Lo)(y)(L2 — Lo)(z),

we observe that v} belongs to Xy and that, see [12, Thm 3.3],
(divor)(z,y,2) = (2N = 1) Ly 1(x)(L2 — Lo)(y) (L2 — Lo)(2)-

Thus, b(v7, ¢f) is negative and ¢ does not belong to Zy. The same result for ¢; and ¢j is
obtained by exchanging the variables z, y and z and the components of the function v7.
Similarly, by taking v} = (vj,,0,0), with

iy = (Ln = Lv—2)(#)(Ln-1 = Ln-3)(y) (L2 = Lo)(2),

we obtain that ¢; does not belong to Zy and the same result holds for ¢ and ¢f. Finally,
taking v = (v3,,0,0), with

V7, = (Ln — Ln—2)(z)(Ln-1 — Ln-3)(y)(Ln-1 — Ln-3)(2),

yields that ¢4 does not belong to Zy. On the other hand, taking v* = (v%,0,0), with (note
that x; vanishes in z = —1)

vi(z,y) = (Ln — Ly—2)(2)on () X4
gives
(dive?)(z,y, 2) = (2N — 1) Ly_1(z)en (y)X4-

Owing to the formula L’y = (2N —1)Ly_1+ L'y _,, we derive that none of the polynomials
in the first family in the last line of (a.4) belongs to Zx. The same property for the second
family is derived by exchanging the variables x and y.

This concludes the proof.

It can be checked [12, Thm 24.1] that, up to the polynomials

(Ly £ Liy_1) (@) (Ly £ Ly 1) (y) xn(2),
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that appear thrice in (a.3), all the polynomials in (a.3) are linearly independent. This
leads to the following statement.

Corollary a.2. The space Zy has dimension 8( N — 1).

From now on, for any function ¢ in L?(), we agree to denote by [¢]° its orthogonal
projection on L2(£2), namely [p]° = ¢ — g [, ¢(x) dx. We now intend to prove an inf-sup
condition on the form b(-,-) between Xy and the space My introduced in Definition 4.5.
In order to do this, we observe that each ¢qn in My admits the expansion

an = qn + % + ¥, (a.6)

where

(i) g belongs to the orthogonal space M}, of the space Zy introduced in Definition 4.5
and of the polynomials introduced in (a.4) in L2(Q) NPy_1();

(ii) g% belongs to the space M4 spanned by the seven polynomials

Ly-1(z), Ln-1(y), Ln-1(2), Ln-1(z)Ln-1(y), Ln-1(x)Lyn-1(2),

Ly-1(y)Ln-1(2), and Ly_1(z)Ln-1(y)Ln-1(2); (@.7)

(iii) g3, belongs to the space M3, spanned by the polynomials

(Ly =Ly )@ en@)xy(2)]°  and  [on(@)(Ly = Ly )@ xy ()] (a8)

where ¢y runs through P, (—1,1).
Indeed, the main idea for proving the inf-sup condition relies on the Boland and Nicolaides
argument [14].

We first recall from [12, Thms 24.7 & 24.9] the following result.

Lemma a.3. For any q) in MY, there exists a function vy in Py_1(Q)% N Hg ()3 such
that div vl = ¢ and

lonllm@s < eN llaxllz@)- (a.9)
A further property, see [12, Remark 24.1], is that

Vg% € My, bloy,¢k) =0 and Vg € MY, b(vy,qy) =0 (a.10)
Lemma a.4. For any g% in M%, there exists a function v%, in Xy N H}(Q)? such that

div va = ¢4 and
[oX e @2 < eN gk llz2@)- (a.11)

Proof: With the same notation as in the proof of Lemma a.1, we observe that each ¢%; in
M3 can be written as

7
1=1
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and that the ¢f are orthogonal in L?(Q2). Moreover, the same arguments as in the proof
of Lemma a.l yield that there exist functions v; in Xy such that

b(v;.q;) = g lli2)  and Vil < eNllg[l220)-

Thus, taking v%, equal to 21'721 i v yields the desired result.

There also, since all functions v} belong to HJ ()3, we have

vy € MY b(vd.qd) = 0. (a.12)

Lemma a.5. For any ¢3; in M3;, there exists a function v3; in Xy such that divv3, = ¢3
and

o3 1 ) < eN g |lr2@)- (a.13)

Proof: It is performed in two steps.
1) Each function ¢3; in M3, can be written as

g = [Ln(@) o5 (y) x& (2)]° + [Lv_1 () 0p () x5 (2)]°
+ [ty (@) Ly () x5 (2)]° + [ (@) Ly 1 (y) X & (2)]°,

where the polynomials ¢y, ¢, ¥4 and v, belong to P%;_;(—1,1). Moreover, it follows from
(a.5) and the fact that the polynomial L’y L’ _; is odd that the four terms in the previous
expansion are mutually orthogonal. So it suffices to prove the lemma with ¢3; replaced by
each of these terms.

2) Let us set

gz = [Ly(7) ¢s(y) XX (2)]°,
and take v* = (vf,0,0), with

vi(2,y) = —(Lyv — L) (@)@ (y) X4

and L, equal to Ly if N is even, to Ly if N is odd. The same arguments as in the proof
of Lemma a.l lead to

lggllzz@) < VNN + 1) llegllze -1, Ixa l2-1,0);

and
b(vﬁ, %) > N? HSOﬁ H2L2(—1,1) HXJJQH%%—LU-

Finally, applying a standard inverse inequality [12, Thm 5.1] to ¢y and x} gives
1% 1. < e N2 logllpz—1,0 IXE L2 (-1,1)-
Combining all this yields
b(v*, qp) = e N7 d |l 2oy 0]
V%, q4) 2 e N7 lan [l @) 10" )3,
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which is the desired result for ¢3; = g4. Similar arguments applied to the three other terms
in ¢3 yield the inf-sup condition

by (vN,qN _
Vgn € My, sup NCAELL)) > N~ gnll L2 o)-

vNEXN ||UN||X(Q)

The desired property is then a direct consequence of this condition, see [18, Chap. I,
Lemma 4.1].

We can now conclude thanks to the Boland and Nicolaides argument [14].

Lemma a.6. For the space My introduced in Definition 4.5, there exists a constant (3, > 0
such that the following inf-sup condition holds

b
Vo €My, sup NN g ot (a.14)

wvexy  UN]Ix@)

Proof: Relying on the expansion (a.6), we take for some positive constant A
vy = —UN — AVE — vy,

where the functions v}, v% and v3; are exhibited in Lemmas a.3 to a.5. Indeed, it follows
from these lemmas, (a.10) and (a.12) that

bn(vw,qn) = ||QJ1vH2L2(Q) + A ”q]2\f||2L2(Q) + A ||CI§’v||QL2(Q)
— Ab(vFr, an) — Ab(vR, an) — Ab(v, a%)-

Since each div vy is equal to ¢}y, it follows from the definition of b(-,-) that

by (on,an) > llanll72i) + AlaklZz0) + Allan 122
= Mlanllrz lax Lz = Man 2@ lad L2y — AMlax 2@ llai ] r2 @),
whence

1 1 1
by (vn,qn) 2 §||€111v||2L2(Q) + )\(5 — N llax 720 + >\(§ - N g 172 (-

When taking A = i, we derive

1
bn(vn,qN) > 6 (lax 720y + gk llZ20) + larlZ20))-

On the other hand, we derive from Lemmas a.3 to a.5 that
1
lvnlx@) < ecN (HQle|\2L2(Q) + HQszH%%Q) + HQ?VHQLz(Q)) i
We also have
1
lan |22y < \/g(HQ}VHQL?(Q) + lax Iz + lan 72 ) *-

Combining the last three lines leads to the desired condition.
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