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From logarithmic to subdiftfusive polynomial fluctuations
for internal DLA and related growth models*

Amine Asselah? Alexandre Gaudilliere?

Dedicated to Joel Lebowitz, for his 80th birthday.

Abstract

We consider a cluster growth model on Z¢, called internal diffusion limited aggre-
gation (internal DLA). In this model, random walks start at the origin, one at a time,
and stop moving when reaching a site not occupied by previous walks. It is known
that the asymptotic shape of the cluster is spherical. When dimension is 2 or more, we
prove that fluctuations with respect to a sphere are at most a power of the logarithm
of its radius in dimension d > 2. In so doing, we introduce a closely related cluster
growth model, that we call the flashing process, whose fluctuations are controlled easily
and accurately. This process is coupled to internal DLA to yield the desired bound.
Part of our proof adapts the approach of Lawler, Bramson and Griffeath, on another
space scale, and uses a sharp estimate (written by Blachere in our Appendix) on the
expected time spent by a random walk inside an annulus.

AMS 2010 subject classifications: 60K35, 82B24, 60J45.

Keywords and phrases: internal diffusion limited aggregation, cluster growth, ran-
dom walk, shape theorem, logarithmic fluctuations, subdiffusive fluctuations.

1 Introduction

The internal DLA cluster of volume N, say A(NN), is obtained inductively as follows. Initially,
we assume that the explored region is empty, that is A(0) = (). Then, consider N independent
discrete-time random walks Sy, ..., Sy starting from 0. Assume A(k — 1) is obtained, and
define

Te=inf{t>0: Su(t) ¢ Ak —1)}, and A(k) = A(k — 1) U {Si(m)}.
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In such a particle system, we call explorers the particles. We say that the k-th explorer is
settled on Si(7y) after time 74, and is unsettled before time 7. The cluster A(N) consists of
the positions of the IV settled explorers.

The mathematical model of internal DLA was introduced first in the chemical physics
literature by Meakin and Deutch [13]. There are many industrial processes that look like
internal DLA (see the nice review paper [7]). The most important seems to be electropol-
ishing, defined as the improvement of surface finish of a metal effected my making it anodic
in an appropriate solution. There are actually two distinct industrial processes (i) anodic
levelling or smoothing which corresponds to the elimination of surface roughness of height
larger than 1 micron, and (ii) anodic brightening which refers to elimination of surface defects
which are protruding by less than 1 micron. The latter phenomenon requires an understand-
ing of atom removal from a crystal lattice. It was noted in [13] that, at a qualitative level,
the model produces smooth clusters, and the authors wrote “it is also of some fundamental
significance to know just how smooth a surface formed by diffusion limited processes may
be”.

Diaconis and Fulton [2] introduced internal DLA in mathematics. They allowed explorers
to start on distinct sites, and showed that the law of the cluster was invariant under per-
mutation of the order in which explorers were launched. This invariance, named the abelian
property, was central in their motivation. They treat among other things, the special one
dimensional case.

In dimension two or more, Lawler, Bramson and Griffeath [10] prove that in order to
cover, without holes, a sphere of radius n, we need about the number of sites of Z¢ contained
in this sphere. In other words, the asymptotic shape of the cluster is a sphere. Then, Lawler
in [9] shows subdiffusive fluctuations. The latter result is formulated in terms of inner and
outer errors, which we now introduce with some notation. We denote with || - || the euclidean
norm on R?. For any x in R? and r in R, set

B(z,r)={yeR*: |y—=z| <r} and B(z,r)= B(z,r)NZ".
For A C Z¢, |A| denotes the number of sites in A. The inner error 6;(n) is such that
n—or(n) =sup{r>0: B(0,r) C A(|B(0,n)|)}.
Also, the outer error dp(n) is such that
n+do(n) =inf{r >0: A(|B(0,n)|) C B(0,r)}.
The main result of [9] reads as follows.
Theorem 1.1 [Lawler] Assume d > 2. Then,
P (3n(w) : Vn > n(w) d;(n) < n'/3 log(n)?) =1, (1.1)

and
P (3n(w) : ¥n > n(w) do(n) < n'/3 log(n)*) = 1. (1.2)
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Since Lawler’s paper, published 15 years ago, no improvement of these estimates was achi-
eved, but it is believed that fluctuations are on a much smaller scale than n'/?. Moreover,
(1.1) are almost sure upper bounds on errors, and no lower bound on the inner or outer
error has been established. Computer simulations [14, 3] suggest indeed that fluctuations
are logarithmic. In addition, Levine and Peres studied a deterministic analogue of internal
DLA, the rotor-router model, introduced by J.Propp [6]. They bound, in [12], the inner
error 6;(n) by log(n), and the outer error 6o(n) by n'=1/4,

We now introduce a family of cluster growth models for which a control of the fluctuations
of the cluster shape is easily obtained. These growth models are built so that the asymptotic
shape is spherical, but still they exhibit a large diversity of fluctuations parametrized by a
certain width ranging from a large constant to a power 1/3 of the radius of the asymptotic
sphere. Moreover, all these clusters are coupled to internal DLA, and, as a consequence, we
obtain logarithmic bounds on the fluctuations for internal DLA. We generalize internal DLA
by allowing explorers to settle only at some special times. Thus, each explorer ¢ is associated
with a collection of times {o;, k € N} and

77 =inf{oip : Si(oip) € A*(1—1)}, and A"(i)=A"(i—1) U{Sz(Tz*)}

The internal DLA is recovered as we choose 0, = k forall¢t =1,..., N and k € N. We call
{oix, k € N} the flashing times associated to the i-th explorer, and {S;(0;x), k € N} its
flashing positions.

In this paper, we consider stopping times of a special form, linked with the spherical

nature of the internal DLA cluster. An illustration with one flashing explorer’s trajectory is
made in Figure 1.

Figure 1: Cell decomposition, and flashing positions as stars.

The precise definition of the flashing times requires additional notation, which we post-
pone to Section 3. We describe here key features of flashing processes. We first choose a
sequence of widths, say H = {h,, n € N}, and then partition Z¢ into concentric shells
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{S,, n € N}, whose respective widths are {2h,,, n € N}. Each shell is in turn partitioned
into cells, which are brick-like domain, of side length equal to the width of the shell. The
flashing times are chosen such that (i) an explorer flashes at most once in each shell, (ii) the
flashing position, in a shell, is essentially uniform over the cell an explorer first hits upon
entering the shell, and (iii) when an explorer leaves a shell, it cannot afterward flash in it.

For a given sequence H, we call the process just described the H-flashing process. Note
that feature (ii) is the seed of a deep difference with internal DLA. The mechanism of covering
a cell, for the flashing process, is very much the same as completing an album in the classical
coupon-collector process. Thus, we need of the order of V'log(V') explorers to cover a cell
of volume V. For internal DLA, with explorers started at the origin, we need only of order
V' explorers to cover a sphere of volume V' as shown in [10], and we believe that we need
a number of explorers of order |C| to cover a cell C, even if they start on the boundary of
the cell. In addition, feature (ii) allows to localize the covering mechanism, in the sense that
a particle entering a shell cannot flash outside the cell by which it entered into that shell.
Finally, feature (iii) is essential for having a useful coupling between flashing and internal
DLA processes.

Lemma 1.2 Assume that N is an integer, and H is a sequence of positive integers. There
18 a coupling between the two processes, using the same trajectories S, ...,Sn such that

A(N) :U{Si(T(i>>}7 and A*(N)=U{S¢(T*(i))}7 (1.3)

and T*(i) > T(i) for alli=1,...,N.
As a corollary of Lemma 1.2, we have the following useful result.
Corollary 1.3 Under the hypotheses of the previous lemma, for k > 1,
o if A*(N) C UjS;, then A(N) C UjiS;,
o if Ui S; C A*(N), then U;S; C A(N).

An H-flashing process, with h; > hg for j > 0, and hg a large constant, produces a cluster
A*(N), for which we bound easily the inner error, 67(n). Then, to bound the outer error,
05 (n), we follow the approach of [9], though with a slightly simpler proof.

Proposition 1.4 Assume that for j > 1, hj < hjy; < (1+ %)h]‘, with a large hy. For a
positive constant A%, we have

P (In(w): ¥Yn >n(w) 67(n) < Ajh(n)log(n)) =1, (1.4)

and,
P (3n(w): Vn > n(w) §5(n) < Ajh(n)log’(n)) = 1, (1.5)

where h(n) = max{hy € R: r, <n}.
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Finally, we establish lower bound on the inner and outer error.

Proposition 1.5 Assume that hy is large enough. Then, there is a constant a}; such that
P (In(w) : Vn > n(w) §7(n) > ajh(n)log(h(n))) =1, (1.6)

and,

P (In(w) : ¥Yn > n(w) 65(n) > ajh(n)log(n)) = 1. (1.7)

Corollary 1.3 and Proposition 1.4, with the choice h; = hy for all 7 > 0, imply the
following result for internal DLA.

Theorem 1.6 Assume d > 2. There is a positive constant Ay such that,
P(3n(w): ¥n>n(w) 6;(n) < Aglog(n)) =1, (1.8)

and,
P (3In(w) : ¥n > n(w) do(n) < Aglog*(n)) =1, (1.9)

Our approach builds on the work of Lawler, Bramson and Griffeath [10], which we first
review. We then sketch our main ideas leading to logarithmic fluctuations for internal DLA.

On previous bounds for internal DLA. We describe the approach of [10], for estab-
lishing the upper bound for the inner error. It is convenient to consider explorers starting
outside the origin with initial configuration denoted 7. We denote also by A(A,n) the cluster
obtained from explorers initially on 7, with an explored region A C Z¢.

Now, for a site z € Z%, we call W(n, 2) (resp. M(n, z)) the number of explorers (resp. of
random walks) which visit z before settling. For an integer n, and 7 consisting of |B(0, n)|
explorers at the origin, the authors of [10] first write

{BO.r) Z A@myc |J W2 =0}

z€B(0,r)

Then, they look for the largest value of r,, (in terms of n) which guarantees that |B(0,r,)| x
SUDen(o,r,) (W (1, 2) = 0) be the term of a convergent series.

The approach of [10] is based on the following observations. (i) If explorers would not
settle, they would just be independent random walks; (ii) exactly one explorer occupies each
site of the cluster. Thus, the following equality holds in law.

W(n,z) + M(A0,n),z) = M(n, 2).

Now, an observation of Diaconis and Fulton [2] is that we can realize the cluster by sending
many ezploration waves. Let us illustrate this observation with two waves. We first stop
the explorers on the external boundary of a ball of radius R, say 0B(0, R). We denote
with Ag((),n) the cluster consisting of the positions of settled explorers, so that Ag((),n) C
B(0, R). We denote by (g(n) the configuration with stopped explorers on dB(0, R). Then,
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the second wave consists in launching the explorers of (g(n), with explored region Ag(0,7).
In other words, we have an equality in law

A(D,n) = Ar(D,n) U A(Ar(D,7),Cr(n)) -

Moreover, if the index R refers only to explorers (or walks) of the first wave, then for
z € B(0, R)
WR(T],Z) +MR(AR<Q)777)7Z) > MR(77; Z). (11())

The authors of [10] consider R = n and z € B(0,n). Since W(n,z) > W,(n, z), we have
using (1.10), for any a > 0

P(W(n,z)=0) < P(M,(n,2) <a)+ P (M,(B(0,n),z) > a). (1.11)

We then look for sites z such that E[M,(n,z)] > a > E[M,(B(0,n),z)] (and n = Ndy).
Note that M, (n, z) and M, (B(0,n), z) are sums of independent Bernoulli variables with well
known large deviation estimates. If we set

2a = E[My(n, 2)] + E[My(B(0,n), 2)], and  fin(2) = E[M,(n, 2)] — E[Mn(B(0, n), 2)],

then,

Pon() <o) <o (TS ) < oo (g ) 009

Lawler in [9] establishes that for z € B(0,n)
E[My(n,2)] ~n(n—||2l), and  fin(2) ~ (n = ||2])*.

Replacing these values in (1.12), the bound n—||z|| > n'/3log(n) is such that P(W,(n, z) = 0)
is the term of a convergent series.

On logarithmic fluctuations. Our approach is inspired by Lawler, Bramson and Grif-
feath’s work [10]. We develop three original ideas: (i) we propose a cluster growth model, the
flashing processes, whose covering mechanism is simpler than internal DLA, (ii) we look at
an intermediary scale, the scale of cells, since the deviations of the number of visits decrease
with the cell-length, (iii) we build a coupling between internal DLA and flashing processes
which allows to transport bounds from one model to the other.

Let us describe how the idea of an intermediary scale is used in the context of flashing
processes. Recall that we first partition Z¢ into a sequence of concentric shells. Each shell is
partitioned into cells whose side length equals the width of the shell. Now, we observe that
a site has good chances to lie inside the cluster if some cell, say C about this site, is crossed
by many explorers. The notation W (n,C) refers to the number of explorers visiting C, when
their initial configuration is 7. We drop the index n appearing in W, (n, z) since there are no
more constraint on not escaping the ball B(0,n). Now, the coupon-collector nature of the
covering mechanism suggests that for some positive constant oy,

W(n,C) > aq|C| x log(|C|]) == C C A(N) with a large probability. (1.13)
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We neglect in these heuristics the log(|C|) term in (1.13).

Note that in [10], all the explorers start from the origin, whereas here, we only know
that they cross C. For internal DLA, estimating the probability that C is not covered, when
C is large and W (n,C) > ay4|C| raises a difficulty which is absent when considering flashing
processes.

We now make our argument more precise. For a scale h and an integer K > 1, to be
determined, assume that B(0,n — Kh) is covered by settled explorers. Partition the shell
S = B(0,n — (K — 1)h)\B(0,n — Kh) into about (n/h)¢"1 cells, each of volume h%. Tt is
also convenient to stop the explorers as they reach the boundary of B(0,n — Kh). Thus,
with such a stopped process, explorers are either settled inside B(0,n — Kh) or unsettled
but stopped on its boundary, that we denote by 0B(0,n — K'h). What we have called earlier
the number of explorers crossing C is taken here to be the unsettled explorers stopped on
CNoB(0,n — Kh).

Assuming (1.13) holds, it remains to show that the probability of the event {3C € S :
W(n,C) < «ag4|C|} is small. We improve (1.11) by first using the independence between
W(n,C) and M (B(0,n — Kh),C), and then by replacing Ag(0,n) by B(0,n — Kh) in (1.10)
with R =n — Kh and n = |B(0,n)| Ty,

W(n,C) + M(B(0,n — Kh),C) > M(n,C). (1.14)

Also, we define

u(C) = E[M(n,C)] — E[M(B(0,n — Kh),C)].

Now, using that M (n, z) and M (B(0,n — Kh), z)) are sums of independent Bernoulli, we
show that (1.14) implies a gaussian type lower tail

P(W(n,C) < aqlC]) < exp <—<“(C)C;(§‘)d’c|) ) : (1.15)

for a positive constant ¢, and where v(C)
v(C) = var (M(n,C)) — var (M(B(0,n — Kh),C)).

We then show that both ©(C) and v(C) are of order K|C|. Then, P(W(n,C) < aq4|C|) is
summable as soon as K|C| > Alog(n).

Recent works on internal DLA. After this paper was submitted, Jerison, Levine and
Sheffield [4] improved our bound on the outer error in d = 2, by following a different approach.
Then, by refining our approach, we obtained in [1] a bound of order \/log(n) for both internal
and external errors in dimension three or more. Finally, Jerison, Levine and Sheffield [5] by
using their approach proved similar bounds in dimension three or more.

Outline of the paper The rest of the paper is organized as follows. Section 2 introduces
the main notation, and recall well known useful facts. In Section 3, we build the flashing
process, give an alternative construction through exploration waves, and sketch the proof of
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Lemma 1.2. In Section 4, we prove Propositions 1.4 and 1.5 using the construction in terms
of exploration waves. In Section 5, we obtain a sharp estimate on the expected number of
explorers crossing a given cell, and prove feature (ii) of the flashing times. Both proofs are
based on classical potential theory estimates. Finally, in the Appendix, we give a proof of
Lemma 1.2, and recall a result of Sébastien Blachere.

2 Notation and useful tools

2.1 Notation

We say that 2,2’ € Z¢ are nearest neighbors when ||z — 2| = 1, and we write z ~ 2. For
any subset A C Z?, we define
ON={z€ZN\A: 3 e\, 2 ~z}.

For any » < R we define the annulus

A(r,R) = B(0,R)\ B(0,r) and A(r,R) = A(r,R)NZ" (2.1)
A trajectory S is a discrete nearest-neighbor path on Z¢. That is S : N — Z<¢ with S(t) ~
S(t+1) for all t. For a subset A in Z¢, and a trajectory S, we define the hitting time of A as

H(A;S) =min{t >0: S(t) € A}.
We often omit S in the notation when no confusion is possible. We use the shorthand
notation
B, =B(0,n), B,=B(0,n), Hr=H(B}), and H,= H({z}).

For any a,b in R we write a A b = min{a, b}, and a Vb = max{a,b}. Let I' be a finite
collection of trajectories on Z2. For R > 0, z in Z¢ and A a subset of Z4, we call M (T, R, 2)
(resp. M(T', R,A)) the number of trajectories which exit B(0, R) on z (resp. in A):

M(T,R,z) =Y Lsg=-zy, and M(T,RA) =) M(T,R,z)
Ser z€EA
When we deal with a collection of independent random trajectories, we rather specify its
initial configuration n € NZd, so that M(n, R, z) is the number of random walks starting
from 7 and hitting B(0, R)¢ on z. Two types of initial configurations are important here: (i)
the configuration n1,- formed by n walkers starting on a given site 2*, (ii) for A C Z?, the
configuration 1, that we simply identify with A. For any configuration n € NZ* we write

nl = n(z).

For any A C Z%, we define Green’s function restricted to A, Gy, as follows. For x,y € A,
the expectation with respect to the law of the simple random walk started at x, is denoted
with E,, (the law is denoted P,) and

Galw,y) =Ba | D sy

0<n<H(A®)
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In dimension 3 or more, Green’s function on the whole space is well defined and denoted G.
That is, for any z,y € Z¢
> 1{s<n>y}] :

n>0

In dimension 2, the potential kernel plays the role of Green’s function

a(x,y) = lim E,

n—oo

S (1{SW0) =2}~ 1{5() =} )] .

=0

2.2 Some useful tools

We recall here some well known facts. Some of them are proved for the reader’s convenience.
This section can be skipped at a first reading.

In [10], the authors emphasized the fact that the spherical limiting shape of internal
DLA was intimately linked to strong isotropy properties of Green’s function. This isotropy
is expressed by the following asymptotics (Theorem 4.3.1 of [11]). In d > 3, there is a
constant K, such that for any z # 0,

Cy K 2
< =% with Cyj=———
e = e M T a2y

G(0,2) — (2.2)

where v, stands for the volume of the euclidean unit ball in R?. The first order expansion
(2.2) is proved in [11] for general symmetric walks with finite d + 3 moments and vanishing
third moment. All the estimates we use are eventually based on (2.2) and we emphasize
the fact that the estimate is uniform in ||z||. There is a similar expansion for the potential
kernel. Theorem 4.4.4. of [11] establishes that for z # 0, (with  the Euler constant)

27y + log(8) < K,
0 I Ed

(0, 2) ~ = log (|21} - (2.3

We recall a rough but useful result about the exit site distribution from a sphere. This is
Lemma 1.7.4 of [8].

Lemma 2.1 There are two positive constants c1,ce such that for any z € 9dB(0,n), and

n >0 ¢ c
1 2

We now state an elementary lemma.

Lemma 2.2 Fach z* in Z%\ {0} has a nearest-neighbor z (i.e. z* ~ z) such that

Izl < 11="1 = (2:5)

1
2/d
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Proof. Without loss of generality we can assume that all the coordinates of z* are non-
negative. Let us denote by b the maximum of these coordinates and note that

|25 < db?, and b > 1. (2.6)

Denote by z the nearest-neighbor obtained from z* by decreasing by one unit a maximum
coordinate. Using (2.6)

|

Iz
N R

Note that (2.5) follows from 2||2*||(||z*]| — ||z]|) > [|z*]|* — ||z]|?, and (2.7). |

122 =|lzP=0>— (b—1)2=2b—1>b>

(2.7)

We state now a handy estimate dealing with sums of independent Bernoulli variables.

Lemma 2.3 Let {X,,Y,, n € N} be independent 0-1 Bernoulli variables. For integers n,m
let S=X1+--+X, and S"=Y1+---+Y,,. Define fort € R

ft)y=¢—-1—1t, and g(t)= (¢ — 1)2.
If 0 <t <log(2), then

Elexp (¢ (S — E[5]))]
Elexp (1 (5" — E[S']))]

< oxp (f(t)E S =5+ g(t) ZEW) @)

=1

Assume now that for k > 1, sup, E[Y,] < =L Ift <0, then

Elexp (t (S = E[5]))]
E[exp (¢ (5" — E[S"))]

< exp (f(t)E (S =951+ gg(t) Z E[Yi]2> : (2.9)

Proof. Let X be a Bernoulli variable, and p = E[X]|. Using the inequality e* > 1 + x for
r € R, we have

Bexp (H(X — BIX]))] = pe'@ 4 (1 = p)e™ = e (14 ple’ — 1)) < exp (f() E[X]).
(2.10)
For a lower bound, we distinguish two cases.

First, assume ¢t > 0. We claim that exp(x — 1'2) <14z for 0 <z <1. Indeed, we use
three obvious inequalities: € > 1+ z for z € R, (i) for x < 1, 1 + 2 + 2% > ¢, and (ii)
(1+2?)(1+x)>1+z+ 2 Thus,

(14z)>1+2)1+z)>1+z+2°> e

This yields the claim. Now, set = p(e’ — 1), so that 2 < 1 when e’ < 2. The last inequality
in (2.10) yields

E[exp (t(X — E[X]))] > exp (—tp +ple! — 1) — p*(e! — 1)?) = &/ Or=9®0”, (2.11)
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Assume now that ¢t <0, and for k > 1, p < %1 We claim that for 0 < x < £=

exp (—x - gﬁ) <1-z. (2.12)

Indeed, we have an additional inequality (iii) 1 — z + %2 > exp(—z) when z > 0. Note also

that
2

-1
<1+gx2>(1—x)21—m+%<:>x§/i

K

Thus
2

e%x2(1—x)2 (1—{—;3:2) (1—3:)21—:54—%26_9”.

Now, set = —p(e’ — 1) > 0, so that z < %1 We obtain

Blexp (X — BIX])] = exp (~tp+ple’ = 1) = Sp*(e" = 1)) = SO5000"  (2.13)

The inequalities (2.8) and (2.9) follow (2.11) and (2.13). n

3 The flashing process

In this section, we construct the flashing process, and state the crucial “Uniform hitting
property”. We then present a useful equivalent construction in terms of exploration waves.
Finally, we explain the coupling of Lemma 1.2 and postpone its proof to the Appendix.

3.1 Construction of the process

Partitioning the lattice. We are given a sequence H = {h,,, n € N}. We partition the
lattice into shells (S; : j > 0). For an illustration, see Figure 1. For a given parameter
ho > 0 the first shell Sy is the ball B(0, ho). For j > 1, shell j is the annulus (see its definition

(2.1))
Sj = A(rj = hj,rj + hy),

where {r;, j > 1} is defined inductively by ry = hg + hy, and for j > 1
rjt1 — hjor =715+ hy.

In Section 4, we need that (o) H is increasing, (i) j +— h;/r; is decreasing, and (ii) h; =
O(rjl-/ 3). These properties are a straightforward consequence of our hypothesis h; < hjyq <
(1+ 2ij)hj. Actually we will only need these properties and our hypothesis is no more than

a sufficient condition.

We also define
E[) = {0} and Z]‘ = 8]B(O,rj), j Z 1.
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Flashing times. The key feature we expect from the flashing process is that its covering
mechanism be simple. More precisely, our construction is guided by property (ii) of the
Introduction which states that the flashing position, in a shell, is essentially uniform over
the cell an explorer first hits upon entering the shell. Thus, we need to define together cells
and flashing times to realize property (ii). It is important that all sites of a shell can be
chosen as flashing sites with about the same frequency. In this respect, let us remark that
a cell in shell §; cannot be a ball of radius h; centered on ;. Indeed, if this were the case,
sites at a distance about h; would be in much fewer cells, than sites of >J;, and this would
fail to make the covering of a shell uniform. We find it convenient to build a cell with a
mizture of balls and annuli. A (random) flag Y; tells the explorers whether it flashes upon
exiting either a sphere or the boundary of an annulus, whose distance from >, is governed
with a random radius R; of appropriate density. Also, to allow for the possibility of flashing
on its hitting position on ¥;, we introduce an additional flag Xj.

More precisely, consider {X;,Y;,7 > 0} a sequence of independent Bernoulli variables
such that

and,

1 ifj=0,
P =n=1-roy=0={ 1 100
Consider also a sequence of continuous independent variables {R;, j > 0} each of which has
density g; : [0, h;] = R* with
dhdfl
—
hj
For 7 > 0, and z; in ¥;, let S be a random walk starting in z;, an define a stopping time o
as follows. If R; = h for some h < h; then

gi(h) = (3.1)

g = H(B(Zj,h/\(?”j—i—hj— HZJH>>C) if Xj:()andY}:l,
H(A(rj — h,r; + h)°) if X;=0andY; =0.

We set H; = H(%;), and we define the stopping times (o, : j > 0) as
0j = Hj+0(500n,),

where 6 stands for the usual time-shift operator. For j > 0 we note that, by construction,
S(t) € S; for all ¢t such that H; <t < 0, and we say that o, is a flashing time when S(c;)
is contained in the intersection between S; and the cone with base B(S(H,), h;/2). We call
such an intersection a cell centered at S(H;), that we denote C(S(H,)). In other words, for
any z € X

Clz)=8;N{zeR?: IX>0,3y € B(z,h;/2),z = \y} . (3.2)

The uniform hitting property The main property of the hitting time o constructed
above is the following proposition, which yields property (ii) of the flashing process to be
defined soon.
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Proposition 3.1 There are two positive constants oy < aw, such that, for hg large enough,
J >0,z €X%;, and z* € C(z;).

— <P, (S(o) =2") < . (3.3)
The proof of Proposition 3.1 is given in Section 5.

The flashing process. Consider a family of N independent random walks (5; : 1 <i < N)
with their stopping times (H,;,0;; : j > 0). Let also z;; = S;(H,;) be the first hitting
position of S; on ;.

We define the cluster inductively. Set A*(0) = (. For ¢ > 1, we define 7;* as the first
flashing time associated with S; when the explorer stands outside A*(i — 1). In other words,

Ti* = min {Ui,j : j 2 O, Si(o—i,j) c C<zi,j) N A*(Z — 1)6},
and
A*(i) = A"(i — ) U{Si()}-
3.2 Exploration Waves

Rather than building A*(N) following the whole journey of one explorer after another, we
can build A*(N) as an increasing union of clusters formed by stopping explorers on successive
shells. Similar wave constructions are introduced in [10] and [9]. We use this alternative
construction in the proof of Propositions 1.4 and 1.5.

We denote by & € (Z4)"N the explorers positions after the k-th wave. We denote by A% (N)
the set of sites where settled explorers are after the k-th wave. Our inductive construction
will be such that

() € B & &(i) € UjarS; & &(1) € A(N).

For k = 0 we set (i) = 0, and A%(i) = 0, for 1 <i < N. Assume that for k > 0, Aj(7) is
built for i =0,...,N. We set A;_ (0) = A;(N). Foriin {1,---, N}, we set the following.

o I (i) & S, then
er1(1) = &) € UjanS;,  and - Ay, (i) = Apy, (6= 1),
o T (i) € T4 and Si(05x) € Clzx) N AZ(i — 1), then
er1(2) = Si(oip) € Sk, and - Ap (1) = Apy (0 — 1) U{Si(oir)}-
o T£ €4(3) € S and Si(0sx) & C(zi) NAL( — 1)°, then

Eri1(i) = Si(Higs1) € Xpyr,  and - Apy, (1) = Ay (0 — 1).



Fluctuations for internal DLA 14

In words, for each k > 1, during the k-th wave of exploration, the unsettled explorers move
one after the other in the order of their labels until either settling in S;_1, or reaching
where they stop. We then define A*(NV) by

A*(N) = AL(N).
k>1
We explain now why this construction yields the same cluster as our previous definition.
An explorer cannot settle inside a shell it has left, and thus cannot settle in any shell &;
with j < k if it reaches Y. Now, since each wave of exploration is organized according to
the label ordering, the fact that an explorer has to wait for the following explorers before
proceeding its journey beyond ¥, does not interfere with the site where it eventually settles.

3.3 Coupling internal DLA and flashing processes

Proof of Lemma 1.2. For each positive integer N, we build a coupling between A(N) and
A*(N). We first describe the main features of our coupling in words. Its precise definition
is postponed to the Appendix.

We launch N independent random walks, and build inductively the associated clusters
A(1), A(2), ..., A(N). In doing so, we use the increments of these random walks to define,
step by step, N flashing trajectories ST, ..., Sk up to some times ¢y, ..., ty. Let us describe
informally step ¢ + 1 of the induction. Assume that S, ..., S/ are defined up to some
times t; < ty, ..., t; < t;, and that each site of A(i) is covered by exactly one S;(tx) with
1 <k <i. We can think of S;(t1),...,5;(t;) as the positions of stopped flashing explorers,
some of them stopped at one of their flashing times — say on blue sites — some of them
not — say on red sites. Then, we add the ¢ + 1-th explorer and flashing explorer. We set

*1(0) = Si41(0) = 0. We add new increments both to S;;; and to the trajectory of one
flashing explorer, say with label j in {1;...;i+ 1}, in such a way that the current position of
the walker 141 and that of the flashing explorer j coincide. The label j is defined inductively
as follows. Initially, j = ¢ + 1. Assume that the walker ¢ + 1 flashes on a red or blue site
inside A(7). This site is occupied by exactly two stopped flashing explorers, j and j' (and all
other red and blue sites of A(7) are occupied by exactly one flashing explorer). Since flashing
explorers can settle at their flashing times, it makes sense, when j is flashing, to add the
next increment to the trajectory of flashing explorer j’ rather than j. We do so in two cases.
First, when this happens on a red site. In this case, we turn blue that site since j is stopped
at a flashing time. Second, when this happens on a blue site, say z, and j° > j. Note that in
this case, both explorers flash on z but explorer j reaches z before explorer j* when launched
in their label order. Our choice is such that the eventual cluster A*(N) has the correct law.
In all other cases, we keep adding the increments of S;,; to the same flashing trajectory. It
is important to note that the value of the increment does not depend on the index of the
trajectory we choose to extend. Walker ¢ 4+ 1 eventually steps outside A(7). When the last
walker steps outside A(N — 1) we have

AN) ={57(tr); -+ Sy (Ew)} with  [A(N)[ = N. (3.4)

To define A*(IN) we launch again, in their labels order, our flashing explorers from their
current positions (possibly some or none of them since some or all of them can already have
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reached their settling position). We then get

A*(N) ={S7(ry);---; Sy(th)} with |A*(N)| =N and 77 >, forall k.  (3.5)

Proof of Corollary 1.3. Since a flashing explorer that visited some site beyond a given
shell cannot settle in that shell, the one-to-one map

Un o Si(t) € A(N) = Si(ri) € A*(N), k=1,....,N (3.6)

satisfies, for all k£ and [,

Sit) € S = Si(m) = un(Si(@) & | San (3.7)

m<l m<l

Thus, for all N > 0 there is a coupling and a one-to-one map vy between A(N) and
A*(N) such that for all £ > 1

The inclusion has two important consequences.

a. If A*(N) C B, +n,, then A(N) C B,,;p,. Indeed, any site in A(N) outside B, i,
produces, through ¢y, a site in A*(V) outside B,, 1, .

b. If B, 45, C A*(N), then B,, 15, C A(N). Indeed, those sites in A(N) that are mapped
through ¥ on A*(N) N B,, s, = B, 1n, are necessarily contained in B,, ;.. Since
their number is |B,, 1, | and ¥y is one-to-one, they completely cover B,, 1, .

4 Fluctuations

In this section we prove Propositions 1.4 and 1.5. To do so we use the construction in
terms of exploration waves of Section 3.2. Thus, we think of the growing cluster as evolving
in discrete time, where time counts the number of exploration waves. The proofs in this
section rely on potential theory estimates which we have gathered in Section 5, for the ease
of reading.

4.1 Tiles

We recall that we have defined a cell of S; in (3.2), as the intersection of a cone with S;. We
need also a smaller shape. We define, for any z; in 3;, and for a small ¢ to be defined later,

C(z) =8, N {zeR?: IXN>0,3y € B(zj,e0h;),x = \y}. (4.1)
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As in Lemma 12 in [9], concerning locally finite coverings, we claim that, for g large enough,
there exist a positive constant K, and, for each j > 0, a subset X; of 3J; such that

vy € S, Hzeij:yeé@ﬁ‘gk% and ;= | Clz). (4.2)

Zjéij

For any z; € ij, we call tile centered at z;, the intersections of C (z;) with ¥;. We denote by
T (%;) a tile centered at z;, and by 7; the set of tiles associated with the shell S;:

T={T(): 5%}, (4.3)
We choose € to satisfy two properties. First, for any z € S, there is z; € ZNIJ- such that

z € ﬂ C(y). (4.4)

This is ensured by the choice of a small enough €. Indeed, let z; € 3J; be a site realizing the
minimum of {||z —y|| : y € ¥;}. There is A > 0 and u € B(z;, 1), such that z = A\u. Now,
there is Z; € ¥; such that ||Z; — 2| < eoh;, and for any y € T(Z;), we have |ly — z;|| < 2€0h;.
Thus, for € small enough so that 1+ 2eph; < h;/2

- h.
Yy € T(Z), Nu—yll < llu==zl+z -yl <1+ 260k < 2,

which implies (4.4). Secondly, the size of a tile should be such that for some x > 1, for any
j > 1, and any tile T € 7T;

k—1

sup P, (S(HX;)eT)<

ZG]B(O,Tj—hj) R

(4.5)

The inequality (4.5) follows from Lemma 5(b) of [10] (or Lemma 5.1 below) which for a
constant J; yields

7]

d—1°
hj

sup P, (S(H(X;)eT)<Jy

ZEB(O,Tj*hj)

The choice of € is such that Jq|7] < =24,

4.2 Bounding inner fluctuations

For n > 0, we take N = |B,,|, we recall that A;(N) C A; (N) for k € N, and A*(N) =
Uk>1A45 (N). We consider

T*:min{kzl: UsngA;(N)}. (4.6)

j<k

Note that Aj(N) C U;<xS;, so that T* is the first time k& when the k™ wave does not cover
all its allowed space. We recall that time is intended as counting the number of exploration
waves.
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For the flashing process if U;;S; ¢ Aj(N), then for any k' > k, we have U;;S; &
A (N), so that T* is also the shell label where the first hole of A*(N) appear. We have, for
[ with r; <n,

P(T* <1) =P (B(O0,r+ ) ¢ A(N)) <Y P(I"=k+1). (4.7)
k<l

In this section, we estimate from above the probability P(T* = k + 1) assuming r < n.

For £k > 1 and A C %, we call Wy (A) the number of unsettled explorers that stand in A
after the k-th wave, that is

Wi(A) = Z 1a (&(7)). (4.8)

We now look at the crossings of tiles of T;. On the one hand, we will use that if W (7) is
large, then it is unlikely that a hole appears in the cell containing 7~ during the k + 1*"-wave.
We use for this purpose the fact that covering for the flashing process is similar to filling
an album for a coupon-collector model. On the other hand, if r; is small it is unlikely that
Wi(T) be small. We now make precise what we intend by small and large. For any positive
constant &, we write

P(T*=k+1)=P(T* =k+ 1,YT € Tp,, Wi(T) > &)
+P(T* =k +1,3T € Tr, Wi(T) <€) (4.9)

§
<P (T" =k + 1T € T, Wi(T) 2 ¢) + P(3T € T, Wi(T) < €).

A coupon-collector estimate. The first term in the right hand side of (4.9) is bounded
using a simple coupon-collector argument. Indeed, the event {T* = k+ 1} implies that there
is an uncovered site in Sk, say z, when explorers stopped in Y, are released. By (4.4), there
is 2z, € 3y, such that z is a possible settling position of all explorers stopped in 7 (2x). Now,
knowing that {Wy (T (zx)) > &}, Proposition 3.1 tells us that the probability of not covering
this site is less than (1 — ay/h¢) to the power . In other words,

P (T* =k+ 1‘V7' € T, Wi(T) > 5) < | Skl (1 — z—%)f < |Sk| exp (—a1h£z> :
Henceforth, we set
¢ = Ah%log(n) with h =sup{hy: rp <n} (4.10)
and A large enough so that
Sp (T* —k+ 1‘v¢ € Tr, Wi(T) > 5) < |B,| exp (—anAlogn) < % (4.11)

kirp<n
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Estimating {W,(7) < ¢}. For any T € T, we consider the counting variable L;(7) =
M(B(0, 7y — hg), 7%, T ), and define

Mi(T) = Wi(T) + M(A%,r, T), so that My(T) = M (N1, 7, T). (4.12)

The idea of defining M}, and Lj, (for the internal DLA process), and bounding W, by My — Ly,
is introduced in [10]. Our main observation is that L(7) is independent of Wy (7T ), and

Wi(T) 4+ Lip(T) > Mg(T).
As a consequence, for any positive constants ¢ and ¢ (and with the notation X = X — E[X]),

P (Wi(T) < &) <e' x E [exp (—tWi(T))]
_ e Elexp (=t Wi(T) + Li(T)))]
E [exp (—tLg(T))]

<exp (=t (E [My(T) = Li(T)] = €)) x E [exp (—ti k(T)))}.

Using Lemma 2.3 with condition (4.5), we obtain
log P(Wi(T) < &) <=t (E[Mu(T) = Le(T)] = §) + f(=1) E[M(T) — Li(T)]
t30(-0 Y. BSHE)ET).

2
yeB(07rk_h’k)
We now proceed in two steps. We show in Step 1 that for some constant x’

d—1
E[My(T) = L(T)] = &/ (n® — (re — he))

T
Since {hy /7, k > 0} is non increasing, it follows that there is a constant x; > 0 such that,
for all a > 0, and k, :=sup{j € N: r; < n— ahlogn}, where h is defined in (4.10), we

have
d—1

> kiah? log n.

inf B [My(T) — Li(T)] > #'(n — (n — h)?)

k<ka nd—1

Now, if we choose £ as in (4.10), with o = 2A/k; and k* = k,, i.e.,

2A
k* = sup{j eN:r; <n-— —hlog(n)},

R1

then, we get, for all k£ < k*,
E[M(T) — Li(T)] = 2€. (4.13)

We show in Step 2, that for a constant C' depending on the dimension only

S B (S(H(S) € T) < C EM(T) — Li(T)]. (4.14)

yG]B(O,rk 7hk)
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Suppose for a moment that Step 1 and Step 2 hold. Since, for some ¢ > 0, max(f(—t), g(—t)) <
ct? when t < 1, there is ¢ > 0 such that for k < k*

log P (Wk(T> < Ah? log(n)) < infl <—t + C(l + %)t2> E [Mk<T> - Lk(T)] (415)

< —E[Mu(T) — Lp(T)] < —2¢ A% log(n).
Now, using (4.9), (4.11) and (4.15) for A large enough, we have

Borel-Cantelli’s lemma yields then the inner control of Proposition 1.4.

Step 1. We invoke Corollary 5.4, with n = ry, and A,, = hy, (the hypotheses hy = O(r,i/g)
and hy large enough hold here, as seen in the first paragraph of Section 3.1). We have for
some positive constants /', K, and for n large enough

EM(T) — Li(T)] =E[M((|Bn| — [Br,—n,[) Lo, 7, T)]
+ E[M(|B7“k—hk|107 Tks T)] - E[M(Brk—hkﬂ Tk, T)]
> (Bu| = By —n, ) Po (S(Hy) € T) — Khi™*

ho—1 4.16
>2k' (n? — (ry, — hk)d)—fj_l — Khz_1 ( )
Tk
hd*l
>k (n? — (r, — b)) 2=,
Tk

for r, < n and hq large enough.

Step 2. By Lemma 5.1 below, there is a constant g such that, for y € B(0, 7, — hy), and

2 EY
' kel T(2)|

Therefore
BT ()
Y. BEUE)eTE) s 3 Y TSy (4
y€EB(0,r,—hy) Jhi<i<2ry y:j<|z—y|<j+1

For a constant Cy, we bound [{y : k < |z —y| < k+ 1} < Cyk%. Thus,

Z P2 (S(H(Zk)) € T(2)) < Z Carg| T(2)]*

jd—l
y€B(0,r,—hy) Jihe<j<2ry (418)

1
<CIT ()P ( L log(n) + Taso ) |

d—2
hk

Since |T(2)]| is of order h{~', (4.14) holds.
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4.3 Bounding outer fluctuations

This section follows closely [9]. The features of the flashing process allow for some simpli-
fication. We keep the notation of the previous subsection. There, we proved that for some
integer k£*, which depends on n,

P(T*>k*)=1—¢(n), with Z ) < +o0.

n>1

The integer k* is the largest such that g« < n — 2Ahlog(n)/k1, for a large constant A and
with h defined in (4.10). As a consequence, the following conditional law can be seen as a
slight modification of P.

P*(:)=P(|T" > k") (4.19)

We begin by proving that under P* the probability to find some k with n < r; < 2n and
some tile T in T with Wy (7)) larger than or equal to & = 2A’h%logn for a large enough A’
decreases faster than any given power of n. First, note that on {7 > k*}

Wi(T) + Li(T) < Mp(T), with Lj = M (B(0, rg — hy ), 75, T) . (4.20)

Our key observation is that the pair (Wi (7), Tyr+>+}) is independent of Lj. Thus, for any
t>0,

PWi(T) > ¢, T" > k") <e B [e™) s yey]
:6—t§'E [exp (t (Wi(T) + Ly)) ]I{T*>k*}]
E [etL’,;]
B[]
E [etL;]

=exp (=t (§' = E[My(T) — Li])) x

<e ¥
E [¢H7(D)]

By Lemma 2.3, we have

log P (Wi(T) > €, T" > k%) < = +(¢/ = B[My(T) = Li]) + [ (1) x B [My(T) = Lj]
oty x Y PE(SH(ZW)ET). (4.21)

yeJB(O,rk* _hk*)

The steps are now similar to the previous proof. We first estimate F [My(T)— L;]. By
Corollary 5.4, for some positive constant K’ and for n large enough,

BIMAT) = Li(T)) < K (1 = ()) S 4+ O
3 (4.22)

hd*l
< K'dn"'(n— 1) —2= + O(h{).
Tk
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Note that since rx < 2n, we have r{ ! = o(n?!(n — r4-)) so that O(h{ ') is small compared

to the first term in (4.22). Since k +— hy /1 is decreasing, we have for some constant K
E[M(T) — Lj(T)] < Kh*logn.

Secondly, we estimate the sum of P (S(H(X;)) € T) which appears on (4.21). We use (4.17)
again to obtain as in (4.18) and for a constant C'

ST B (S(H(SW) € T) < O ( Ty log(n) + Tuss 1 )

— (71e — Pu))d—2
YEB(0,7x —hyx) (1% — (& hi+))

Note that ry — (rg« — hi=) > hg, and, since k — hy /1y is decreasing, we have, for n large
enough, hy, < hgs (/1) < h x (2n)/(n/2). Thus, for a constant C,

> PB(S(H(Sw) € T) < C( Typh®log(n) + Tasph®) < Chélog(n).

yE]B(O,rk* 7hk*)
We choose A’ = K to obtain
log P (Wi(T) > €, T* > k*) < — (Kt — K f(t) — Cg(t)) h" log(n).

Since we have P(T* > k*) > 1/2 for A large enough and K can be taken as large as we
want, we have that P*(Wy(T) > £') decreases faster than any given power of n.

Now, let F}, denote the event that no tile 7 in Y, contains more than ¢ = 2A4'h%logn
unsettled explorers after the k-th exploration wave. We define, with the notation of Section
3, Gr = (&, ..., &), and note that F), and {T* > k*} are Gy-measurable.

For any tile T € T, let z, € &), be such that 7 = T (z) and denote by C = é(zk) We
are entitled, by Proposition 3.1, to use a coupon-collector estimate on the number of settled
explorers during the k + 1-th exploration wave. On Fj, N {T* > k*}, and for some positive

constant K
Wi (T)
~ ~ «
E (145, nCllg = 1€ (1 _ (1 _ h_;> )
k

> (1 e o D)
g (1o { o )

N h{ Wi(T) h{
> KOW(T)  inf
in
= TR x<2A’logn X
We now write for some positive constant Ky
1 — g7 1 1 — e—alx/ZA’ logn
inf > in
2<2A’logn T 2A"logn z<24’10gn  x/2A"logn
1 1 —e * K.
inf > 2

— 2A'logn =<1z “logn’
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We conclude that on Fy, N {T* > k*},
Wi (T)

logn

E [A;;H N é’gk] > KK, (4.23)

Recall now that property (4.2) implies that Kp|A; , NSkl > 7. s [Ap N C(z)|. Thus,
summing over z, € ¥, with C = C(z;) and T = T (2;) in (4.23), we obtain on F,, N {T* > k*}

Wi (Sk) K1 K
> e
[’AkJrl N Skl‘gk} K——= logn where K 7
Also, since Wy (Sk) < |B(0,n)|, we have, for n large enough,
Elipespy Wi (S
E [pnmesky Al NS > K Ler T’“ WilSol n’P(FY).
ogn
Since P(T* > k*) > 1/2,
E*[Wi(S
E* (|4 NS] > KM — 20t P(FY). (4.24)
logn
In other words, noting that A}, N S| = Wi(Sk) — Wis1(Skt1)
K
E* [Wis1(Sk41)] < <1 — logn) E* [Wi(Sp)] + 2nP(FY). (4.25)

By iterating (4.25), and using our previous estimate on P*(W(7) > ¢&'), we obtain that for a
large enough €, E*[W)  1052,,(S, 11062 )], is summable, when [, is the lowest index for which
i, > n. Also, the probability (under P !) of seeing at least one explorer reaching the shell
S, +elog? n 15 summable. Using Borel-Cantelli lemma, this yields the proof of Proposition 1.4.

4.4 Lower bound for the deviations
4.4.1 Proof of Proposition 1.5: the outer deviation

We denote by K, the largest index such that Sk, C B(0,n), and by E,, the event that all

explorers stopped on Y, , at time K, settle afterward in one of the shells {S; : K, <j <

K, +0blog(n)} for some positive constant b, and note that E,, = {A*(N) C Ujck, 1blog(n) S;}-
We want to find b such that > ., P(FE,) < oo. Using that the flashing times of the

different explorers are independent, we have

P(E,) SE[P(all explorers, stopped in X, , flash in Ujck, 1p10g(n) Sj ‘QKn }

))WKn(EKn)] .

§E[(Z2121p P(an explorer, started on z, flashes in U<k, 4b10g(n) Sj‘gKn
Kn

Also, there are at least |Sk, | explorers stopped on Y, , and there is a positive ¢, such that
the probability of crossing a given shell without flashing is larger than e;. Thus,

1Sk, |
P(E,) §E[<l — inf P(an explorer started on z is unsettled at time K, + blog(n ))> " ]

ZEEKn
[Sk, |
< <1 — eglog(n)> )

When choosing b small enough, we reach »_ -, P(FE,) < cc.
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4.4.2 Proof of Proposition 1.5: the inner deviation

We recall that K, is the largest index such that Sk, C B(0,7n). The rough idea here is that
when we stop explorers on Y, 1 there are necessarily tiles (of X, 1) containing of the
order of hfgnl_l sites and which receive hf, _; explorers. The number of explorers on these
tiles is not enough to cover the associated cells with the coupon collector mechanism. We
now make rigorous such an argument for shells with index of order K,, — log(K,).

To simplify the notation, let us first define three positive constants ¢, ¢co and c3 such that
for any k with n/2 < r; <n, we have

hd
|Sk| < crhen?™1, k

| 13k > en®thy, and inf |C(z)] > eshd.

sup,cs, |B(z,6h%) N Xk Z€x,
(4.26)
Using «s given in Proposition 3.1, we define
1 C9C3
n = — log(hgk, ), d A,=|—a,|. 4.27
o = g lonlh) a4, = |22, (1.27

Now we assume hg large enough to have A, a strictly positive integer.

We wish now to consider a peel of A, shells before 0B(0,n). Let I,, be the index of
the inner shell in this peel, that is 77,44, < n < 77,44,+1. Since T" < [, + 1 implies
that U;<;, S; ¢ A*(N), it is enough to show that P(T™* > I, + 1) decays faster than any
polynomial in n.

Note that the monotonicity of k — hy/r, and r;, > n/2, imply that 2h;, > hy for
I, < k < 1I,+ A,, and n large enough. Also, on the event {7 > I, + 1}, we have
B(0,rs, — hr,) = A} (N) after the I,-th wave. Thus,

Wi, (21,) = [B(0,n)| — |B(0, 77, — k)| < 2c14,n" x hy, .

A key feature of the flashing process is that explorers stopped, at time [,,, outside B(z, 3hz, )N
;. cannot settle in C(z). In other words, knowing Gy, the covering of a family of cells
{C(%),j=1,...,N'} are independent events if ||z; — z;]| > 6h;, for i # j. Now, there is an
integer N and sites {z;, j =1,..., N} with

Vi#j |z — zll > 6hr,, and Y [B(z,6h1,) N Ep,| > [S,].
J<N
We then get using (4.26)
1
NGB > §c2h,nnd*1. (4.28)

Let
I'={je[l,N]: Wy, (B(z,3h,) N2;,) < czan,hf }, and I°=[L,N]\T.

On {T* > I, + 1},

2c; Agn®™" X hy, > W, (S1,) = Y Wi, (B(z,3hs,) N 31,) > [T x (csanh,) .

jere
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Thus, using the definition of A, in (4.27), and the bound (4.28) on N, we obtain

T < 2¢y Aphy,n?t < 610203%.& B .l/’
T csanhf T 2c3c1 ay 2

In other words, we have that |T'| > N/2. Now, as already noticed, knowing Gy, , for any
subset I C [1,N], the events {C(z;) C A} ,,(N), j € I} are independent. By conditioning
on Gy , we obtain for hy large enough

PUT* > I, + 1}) =E ST T x P (Vi€ 1,C(z) C A (N)[Gr,)
| ICILAT, 12N/

=B Y I x[[P(C) c A a(N)]a,)

| IC[LN], [T1>N/2 i€l

- N/2
< sup P (Aj 1 (N) 5 C(z), Wi, (B(2,3h,) N 34,) < eshf an)

ZjGE[n

(4.29)

Considering the probability appearing on the right hand side of (4.29), we can think of a
coupon-collector problem, where an album of size |C(z)| has to be filled when we collect no
more than ¢sh§ a, coupons. Using inequality (4.31) of Lemma 4.1 below, we show that

Z%H”>Q+thm%—%ﬁgﬂfﬂ*)

This concludes the proof.
The result about filling an album, that we just mentioned, is based on the following

simple coupon-collector lemma (together with Proposition 3.1), which we did not find in the
vast literature on such problems.

Lemma 4.1 Consider an album of L items for which are bought independent random cou-
pons, each of them covering one (or possibly none) of the possible L items. IfY; is the item
associated with the i-th coupons, we assume that for positive constants oy, s, such that for
any 7 =1,...,L,

aq . %)
L <Py, =5 <=2, 4.30
L SPYi=<T (4:30)

Let 11, be the number of coupons needed to complete the album. Then, for any 0 < A <
Tag 10g(L), we have

2 A2,—2a2A 2 A2
}%np<AL)§em)<—gﬁ£%———¢E>ggmp<—az4). (4.31)

Proof. We denote by o; the time needed to collect the i-th distinct item after having
collected i — 1 distinct items. The sequence {0y, 09,...,0r} is not independent, but if
Vi=0c({Y1,...,Ys}), and 7(k) =01+ ---+0p, thenfor i =1,..., L

(1—9i£%ii9>szwn>kmeU)z(1—34£%ii9>k. (4.32)
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Indeed, calling £(i — 1) the set of the first ¢ — 1 collected items,

yr(iﬂ)) =P ({Yr(ifl)Jrla oo Yook} CE(GE—1) yT(i*l))

yT(i—l))>k (4.33)
- (1 _p <Y ¢ E(i— 1) yT(,-_l)))k.

Using (4.30) we deduce (4.32) from (4.33). Formula (4.32) gives that

L L
> Eloi|Vri—1)] >

P(0i>k‘

:(P(Yee(z'—n

ozl(L—z—l—l) OéQ(L—Z—i—l)’
as well as
2 <2 L7 (4.34)
E[ i T(i— i| . . .
7i | Yr-n| < a?(L—i+1)2
Now, we look for B < v/L such that
BVL
> Eloy-i] > 2AL. (4.35)
i=VL
Note that i "
BVL BVL
L 1 L
Elo_;| > — > —log(B).
Z [O-L]_(IQZ’i—Fl_agog()
i=VL i=VL

Thus, condition (4.35) holds for B > exp(2a,A), but recall that B < v/L also, and this gives
a bound on A. Finally, note that

L
max {E |:O-L—i yT(L—i—l)] , 1= \/Z; cee B\/z} < £>
aq
and set
E [Usz' yT(L—i—l)] — 0L
<\/Z/CY1>
For x < 1, note that e® < 1+ x + 22 to obtain for 0 < A < 1, by successive conditioning
BVL BVL
P opi<AL| <P Y Xi>mAVL
i=VL i=VL

yT(L—i—l):| > (4.36)

yT(L—i—l)]) :

BVL
<eTAnmAVE H <1 + M sup E [Xf
i=vVL

<exp <—)\a1A\/Z + A2 Z sup £ [Xf
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Finally, we have, using (4.34),

BVL BVL E [U%,i yT(Lfifl)}
Z sup K [Xf yT(H,l)] < Z oz% sup 7 < 2BVL.
i=VL i=VL
The results follows as we optimize on A < 1 in the upper bound in (4.36). |

5 Potential theory estimates

We collect in this section three technical results. In Corollary 5.4, we estimate the differ-
ence between the expected number of independent random walks exiting a ball B(0,7n) at a
distinguished site, whether the random walks are initially on the origin or are spread over
a sphere B(0,7,) with r, < n. Corollary 5.4 is used to bound the mean number of explor-
ers exiting some large ball from a given site, and its proof relies on a discrete mean value
property Theorem 5.2, which in turns relies on Blachere’s Proposition B.1 written in the
Appendix. Then, Lemma 5.1 improves an estimate of Lawler, Bramson and Griffeath in
[10] dealing with the exit site distribution from a sphere when the initial position is not the
origin. Indeed, Lemma 5(b) of [10], states that when d > 2, there is a positive constant J,
such that for any r» > 0, z € B(0,r), and z* € dB(0,r), we have

Ja
(1=l = 1l=I)*=*
Thus, when ||2*|| — || 2| is small, (5.1) is useless. Since we need bounds on the sum of squares

of P.(S(H,) = z*) over z € B(0,r — h) of order log(r) in d = 2, and of order 1/h%"2 when
d > 2, we establish the following.

P,(S(H,) = 2*) < (5.1)

Lemma 5.1 There is a positive constant kg such that, for all v > 0, if z € B,, z* € IB,,
then p
P.(S(H,) =2") < — % ___ (5.2)

S Te -

Finally, we prove the uniform hitting property, Proposition 3.1, for the boundary of a cell.
Though the property is natural, the non-spherical nature of a cell, makes its proof tedious.

5.1 A discrete mean value theorem

The following result has interest on its own.

Theorem 5.2 There are positive constants Ko and K, such that for any sequence {A,,n €
N} with Ky < A, <n'/3, for any z € B,, with n — ||z|| < 1, we have, setting r, =n — A,

| By, | % Gu(0,2) = Y Guly,2) | < K. (5.3)

yeBTn



Fluctuations for internal DLA 27

Remark 5.3 Note that a related (but distinct) property was also at the heart of [10].
Namely, for € > 0, and n large enough, if z € B,,, and n — ||z|| > en,

B.| x Gu(0,2) > Y Guly. 2). (5.4)

We start with proving the following useful corollary of Theorem 5.2.

Corollary 5.4 In the setting of Theorem 5.2, and for any A C 0B,
‘E (IB,, |10, 7, A)] — E[M (B, ,n, A)] \ < KA. (5.5)
Proof. Note that (5.5) holds if for any z* € 0B,

“Brn’XPO( ZP )

yEB,,

< K,. (5.6)

By a classical decomposition (Lemma 6.3.6 of [11]), we have for a finite subset B C Z¢,
y € B, and z* € 0B

. 1
Py (S(H(9B) = 2") = o > Gy 2). (5.7)
For B = B(0,n), we replace in (5.6) the value of P,(S(H(0B)) = z*) by the right hand side
n (5.7), and are left with proving that for any z € B,, with n — ||z]| < 1, we have (5.3). =

Proof of Theorem 5.2. When d > 3, we express G,(0,z) in term of Green’s function
(Proposition 4.6.2(a) of [11]),

G(0,2) = G(0, 2) — E.[G(0, S(H,))].

Now, using Green’s function asymptotics (2.2), there is a constant K; (independent on n)
such that

d—1

oz K
0Gu(0.9) 22 < KL e o) =ELISGR) - 12 (59)
In d =2, G, is expressed in terms of the potential kernel (Proposition 4.6.2(b) of [11])

Gn(0,2) = —a(0, 2) + E.[a(0, S(H,))].

Using (2.3), we have
7Gn(0,2) = 2a(2)/n + O(1/n?).

Now, rd = nd — dA,n%t + O(AZn??), so that using (5.8), and the hypothesis A, =
On'/3),and 0 <n — ||z|| < 1

o |G (0, 2) = (TfL + O(rﬁ‘l)) (2% + O(%))

— (n = dAu® + O(AZn2) 4+ O(n* 1)) (20‘(2) T 0(1)) (5:9)

nd—1 nd

= 2a(z)(n — dA,) + O(1)
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Since {[|S,||*> — n, n € N} is a martingale (with the natural filtration),

E.[IS(Ha) ") = 1l2]°] =Y Galy, =

yEB,

Using n — ||z|| < 1, this yields for a constant K;

Z Gn(y, z) —2a(z)n

yEB,

<K, (5.10)

We now invoke Proposition B.1 of the Appendix. There is K; such that for z € B,, with
n—|lz <1

Z Gn(y,2) —209(2)dA,| < Kp, where ap(z) = [HS( )| = 2| Hn < H(B,,) |-
YyeA(rn,n)
(5.11)
From (5.10) and (5.11), we obtain

Z Gn(y,z) — 2na(z) 4+ 2a0(2)dA, | < K+ Ky, (5.12)

yeB"n

Now, from (5.9) and (5.12) we obtain for a constant Ks,

1B, |G (0, 2) Z Gn(y,2) | —2(ao(2) —a(z))dA,| < Ks.
Now, from
la0(2) = al2)| S P (H(By,) < Hy) x (ao(2) + B [[IS(H) | = |20\, > H(B,,)] ).

and the gambler’s ruin estimate, for Ky > 0 and z € A(n — 1,n),

K,
P.(H(B,,) < H,) < A—O,

we deduce that
Aylag(z) — az)] < 2A,P, (H(B,,) < H,) < 2K,.

The desired result follows.

5.2 Proof of Lemma 5.1.

We follow the proof of Lemma 5(b) of [10]. Set D := ||z — z*||. Let O’ be a closest point to
(14 2)z* in B(z*, £). We define B} :=B(0’, £), B, :=B(0', %), and we note that

lz= =" < ]2 = O]
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and, for all z in 0B}, the triangle inequality ||z — 2*|| < ||z — z|| + ||# — 2*|| implies that

D
R

Now, define
T:=inf{t>0: St)e{z}uUuBS}, and 7 :=inf{t>0: S(t) € BiUIB,}.
By a last exit decomposition together with the strong Markov property

Pz(S(Hr) = Z*) :GT(Z, Z)Pz* (S(T) = Z)
<G, (z,2)P,«(S(7') € B)) max P,(S(7) = 2)

z€0B)

=P..(S(r') € By) max G,(z, 2) (5.13)

x€0B;

<P.-(S(7") € By) max G, p(z, 2).
z€0B)

A gambler’s ruin estimate yields, for some positive constant ¢

c
P..(S(r") € By) < —.

(Sr)eBy) <+

The desired result follows from (5.13) and the previous bound after we show that for a

constant ¢, such that for all z satisfying ||z — z|| > 2

C
Dd—2

Grip(z,z) < (5.14)
On the set V' := B(z, %), the map y — G(z,y) is harmonic. By Harnack’s inequality, we

have
c

c
Grip(z,2) < ZGr+D(33>?/) =i

Di 2 E,[Y], (5.15)

where ¢ is a positive constant and Y is the number of visits of V' before time H,.p. By
taking the supremum over the entering site of V in (5.15)

c
Gryip(x,z) < —supE,|Y].
o(.2) € FyupE, V]

It remains to show that sup,¢, E,[Y] < J D? | for some positive constant J. This is identical
to (2.10) of [10], and we omit this last step.

5.3 Proof of Proposition 3.1

For j > 0, consider z; in ¥;. We show that for positive constants o, s, and for all 2* in
C(z;) we have (3.3). The random walk has initial condition S(0) = z;.

First, when 2* = z;, S(0;) = z; if and only if X; = 1. This happens with probability
1/ h?, and gives the result in this case.
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Assume z* € C(z;)\{z;}. We recall that the unbiased Bernoulli variable Y; decides
whether the explorer can flash upon exiting either a sphere or an annulus. More precisely,
we draw R; with density g; given in (3.1), and if ¥; = 1 (resp. Y; = 0) the walk flashes
upon exiting the ball of center z; and radius R; A (rj + h; — ||2;]|) (resp. A(r; — R;j,rj + R;))
provided S(o;) € C(z;).

Step 1: Flashing when exiting a sphere (Y; = 1). We first prove the upper bound
when Y; =1 and X; = 0. It is obvious that

20 € 0B(z, [|z" — zll), but 2" € OB(z, ||z — 2]l - 1).

Thus, R; €]]|z* — z;|| — 1, ||z* — #;||], and there is a constant C' such that

P(X;=0,Y; =1 R elllz" =zl = 1, lIz" = zl]) < 3 (5.16)
J
On the other hand, by (2.4) of Section 2.2
* * * C2
J

The upper bound in the case {X; =0, Y; = 1} follows from (5.16) and (5.17).

We turn now to the lower bound when Y; = 1 and X; = 0. Since we want a lower bound,
we consider the event that the walk flashes on z* when exiting a sphere only in the case
where ’Hz*H — rj} < h;/2. Note that by Lemma 2.2, z* has a nearest neighbor, say z, which

satisfies
1

4vd
This means that if h € V := [||2* — z;|| — 1/(4V/d), ||2* — %]|[, then z* € OB(2;, h). Thus,

Iz =zl < [l2" = 2l -

P, (S(5;) = =) > P(X; =0, ¥; =1, Ry € V) x inf B., (S(H(ZB(z,, 1)) = )
chd-1
> G P, (U, 1) = =)
j

(using (2.4)).

The lower bound in the case Y; = 1, X; = 0, and |||2*|| — r;| < h;/2 is obtained.

Step 2: Flashing when exiting an annulus (Y; = 0). The upper bound for this case is
close to the case Y; = 1. It is obvious that

2 € OA(ry— |1z ([ =rsl, ry+ 12"l =75]),  but 2" € OA(r;—|||2"|| =+ 1, my+[[[" | —r;|—1).
Thus, necessarily R; €]||z*|| — r;| — 1, |||z*]| — 4], and

Al =l

P (Y; =0, Ry €llll2*| =il = LI[IZ7]] = r5l]) < X
J
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For h > 0, define D;, = A(r; — h,r; + h). It is enough to prove that for some constant ¢, and
for any h such that z* € 9Dy, (and h €]|||z*|| — ;] — L, [||z*|| — 751])

c
= pd-1
Note the following fact. If ||2*| > ||2;||, and the walk exits D), at z*, then the walk exits
B(0,7; + h) at z*, whereas if ||2*|| < ||2;||, and the walk exits Dj, at z*, then the walk enters

B(0,7; — h) at z*. In both cases, Lemma 5(b) of [10] yields then (5.18). (Actually, Lemma
5(b) of [10] is formulated to cover only the case ||z*|| > ||z;||, but its proof covers both cases).

P., (S(H(D)) = =)

(5.18)

We turn now to the lower bound. By Lemma 2.2, z* has a nearest neighbor, say z,
1

4vd

This means that if b € V := [|||2*]| — r;| — 1/(4V/d), |||*|| — r}|[, then z* € 0D,

We only need to consider the case |||z*|| — r;| > h;/2. It is enough to prove, for h € V,
z* € C(z;) N 0Dy, and for some constant ¢ (that depends on d)

[zl =] < Il =] =

(5.19)

C

Rd—1°
Let y* be the closest site of IB(0,r;) to the segment [0, 2*], and let z* be in R? given by

B, (S(H(D})) = =*) > (5.20)

h, z*
=) —.
27 []2*|l

= (r;+

Note that if Z ~ z and Z satisfies (5.19), then ||z* — Z|| < inf,cop, ||z — 2|, and we define

* 1 * = : *
Rt (nx Sl it e zu) .
Define " "
Dy, = A(r; — 5T + 5), and set ' = B(z*, R*) N (D).

Thus, if ||2*|| > ||2;]|, then I is the boundary of the lower hemisphere of the ball B(z*, R*).
We need also the time 77 = inf{n > 1: S(n) € D; U{z;}}. By a last exit decomposition,
and the strong Markov property, we have
sz (S(H(@Dh)) = Z*) = Gph (Zj, Zj>Pz* (
> Gp,(2j,7))P (H(L) < 77) minP, (S(7) = z;) (5.21)
>P.. (H) <717) I;lellzl Gp, (z, 2;).
Since z* € C(z;), we have ||y* — z;|| < h;/2, so that y* and z; can be connected by 10
overlapping balls of radius h;/10 in such a way that, applying Harnack’s inequality 10 times

(see Theorem 6.3.9 in [11]) to the harmonic map y — Gp, (z,y), we can estimate from below
the last factor in (5.21). For any z € I'

GD}L (.CE, ZJ') > C}?Gph (.CE, y*)'
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We use again Harnack’s inequality on the harmonic functions x — Gp, (x, y*), to obtain

I;lel%l GDh (SL’, y*) > CHGDh (xlv y*)7
where 2/ € B(z*, R*/2) and ||z’ — y*|| € [2 — 1,2]. The purpose of choosing z’ is to have
y* € B(a', h/4), and B(2', h/2) C Dy so that Gp, (2',y*) > Gra n/2)(2’, y*).
When dimension is 2, the classical expansion of Gy, p/2)(2', ) (see Proposition 6.3.5 of
[11]) gives with a constant K,

2 h/2 K, 2 ALK,
Grw (@, y7) = = log (—) _ P2 s Tgeg - 22 (5.22)
o N VA Pl h
When £ is large enough, Gg(yr p/2) (2, y*) > log(2)/m.
When dimension is larger than 2, by using (2.2), there is a constant K such that, when
h is large enough

G, (z',y") =G(2',y") — B [G(S(H(D})), y")]

_ K, K (5.23)
d—2 g d
Zhd—2 (4 - 1) - h_;l hd—2"

>

As a consequence of (5.23), we just need to prove that the first factor in (5.21) is of order
1/h at least. We realize the event { H(I') < 77} in two moves: the walk first hits the sphere
B(z*, R*/2), and then exits from the cap dB(z*, R*) N D,.

P.. (H(T) < 7*) z%lpg (H(B(z", " /2)) < H(B (2", R")))

8 yef)]B(ig?*f,R*/g) Py (S<H (B (2", R*))> € Dh> )

(5.24)

The first factor in the right hand side of (5.24) is of order 1/R*, that is of order 1/h. To
deal with the second factor, we invoke Harnack’s inequality to have for y € 0B(z*, R*/2),
and for 2” the closest point of Z? to z*,

P, (S(H (B(x", R))) € ﬁh) > cpPys (S(H (B*(z*, R"))) € @h) . (5.25)
We invoke now (2.4) to obtain for some constant K3

|0B(x*, R*) N Dy
|OB(z*, R*)|

P, <S(H (B(z*, R"))) € TDh> > ¢ > K. (5.26)

We gather (5.24), (5.25) and (5.26) to obtain the desired lower bound.

APPENDIX
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A Coupling and proof of Lemma 1.2

We give a precise definition of our coupling. To avoid heavy notation we write the coupling
algorithm as a pseudo-code.

First of all, we draw N independent sequences of independent Bernoulli and continuous
random variables ((Xg;, Yis, Rky: [ >0): 1 <k < N) as in Section 3. In addition, we call
(U : k > 1) the sequence of the increments of a generic independent simple random walk
on Z%. From these two sources of randomness we extract our explorer and flashing explorer
trajectories with their associated clusters. The flashing times will be adapted to the flashing
explorer trajectories as in Section 3.

Our pseudo-code is made of two loops of size NV that make precise the previous description.
With the first loop we build our N random walk trajectories ((S;(t) : 0 <t <7;):1<i<N)
with their associated clusters A(1), ..., A(N). Step by step, within this first loop, we also
define pieces of the flashing explorers trajectories S}, ..., Sx. With the second loop we
complete the trajectories of the flashing explorers to build the associated cluster A*(N).
During the algorithm, ¢, € N stands for the time up to which the trajectory of flashing
explorer k has been defined (k € {1;---;N}). We use the same ¢ for the time governing
the evolution of each simple random walk S;. The index j is updated before adding each
random walk increment to the partial sum of S; and S7. The updating procedure uses the
index j" described in Section 3.3, and we denote by A = U the increment. Each encountered
U stands for the first unused random variable in the sequence (U : k > 1).

The main advantage of the pseudo-code formalism is that it allows, through the as-
signment operator ‘<—’, expressions of the kind j < max(j, j') or t; <= t; + 1 rather than
J(0+1) = max(j(0),7'(9)) and t(g41)(0+1) = t;(9)(#)+1 with 0 a discrete parameter ordering
the sequence of our elementary moves. It makes also implicit identities like 5 (6 + 1) = t(0)
for any quantity ¢, that does not need to be updated. Our following pseudo-code can be re-
written in a classical inductive way with 6 running through {(i,t) € {1;--- ; N} xN: t < 7;}
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according to lexicographic order. Marks () and ® refer to remarks (a) and (b) below.

A(0) < 0;
Fori=1to N
(]« i
t<0; t;<0;
Si(t) < 0;  Si(t;) + 0; (Note that S;(t) = S}(t;))
While S;(t) € A(i — 1)
( If t; is a flashing time for explorer j (@) then
, unique index® k € {1;---;i} \ {j}
such that Sj(tx) = S5 (t;) = Si(t);
If ¢;/ is not a flashing time for explorer 4@ then j < j';
Otherwise j < max(j, j');
(so that S;(t +1) = Si(t; +1))

( t—t+1; t;«t;+1;
Al) = A =1 U{S:(0)};
11+ 1;

A*(0) + 0;
Fork=1to N
While #;, is not a flashing time for explorer k@ or Sj(t) € A%,
Sty +1) < Si(ty) + U;
tp <t + 1,
(k) A°(K - 1) U {S;(t0)}:
k+—k+1;

Remarks:

a) Recall that for [ = j, j or k, S; is defined up to time ¢; as well as its associated flashing
l
times.

(b) One checks by induction on ¢ that just after the instruction “A(:) < A(i—1)U{S;(¢)}”
we have

Ai) = {Si(t);--- 5 Si(ti)y and  |A()] = 1. (A1)

To do so, one checks by induction on ¢ < 7;, that

A= 1) ={ST(t); -+ 5 S5 (t1); St )i -+ 5 S0 (8)} and [A(i = 1)| = Z(— 1~)
A2
Since we always have S7(t;) = S;(t) this proves by induction that j" is well defined.

The key observation is that for each increment U, the index of the explorer that follows
this increment depends on the whole previous construction, but the value of U does not
depend on it. As a consequence, we build independent random walks Sy, ..., Sy coupled
with independent flashing random walks ST, ..., Sy. Then, one simply checks by induction
on ¢ and k that

A(@) = {Si(m1);-- -5 8i(m)} and  A™(k) = {S7(7)); - 5 Si(7p)} (A.3)
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forall 1 <i,k<N.

Finally, define (¢1,...,fx) and (77,...,75) the values of (¢1,...,tx) at the end of the
first and last cycle respectively. Since tq, ..., ty can only increase during our loops, we have
T > 1, for all k. Then (3.4) and (3.5) follow from (A.1) and (A.3).

B Time spent in an annulus (By S.Blachére)

This section is devoted to an asymptotic expansion of the expected time spent in an annulus
A(rp,n) for r,, < n, when the random walk is started at some point z within the annulus,
and before it exits the outer shell.

Proposition B.1 There are positive constants Ky, Ky, such that for any sequence {A,,n €
N} with Ko < A, < n'/3, for any z € A(rn,n), we have setting r, =n — Ay,

Y. Galzy) = (2dAza0(2) —d(n = ||2])?)| < Ky ((n = [l2l) V1), (B.1)

yEA(T’mn)

with
a0(2) = E- [IS(H) | = 20| H (B*(0,n)) < H (B(0,7))]

Proof. Our strategy is to decompose a path into successive strands lying entirely in the
annulus. The first strand is special since the starting point is any z € A(r,,n). The other
strands, if any, start all on 0B(0,r,). We estimate the time spent inside the annulus for
each strand. Let us remark that we make use of three facts: (i) precise asymptotics for
Green’s function, (i) (G(0,S(n)), n € N) is a martingale, and (iii) (|[S(n)|* —n, n € N) is
a martingale.

Choose z € A(r,,n). We define the following stopping times (D;, U;, i > 0), correspond-
ing to the i*" downward and upward crossings of the sphere of radius 7,. Let #(n) act on
trajectories by time-translation of n-units. Let 7 = H(B,, ) A H,, Dy = Uy = 0, and

Dl - TlH(Brn)<Hn + OO]‘H7L<H(BT7L)'

If Dy < oo, then Uy = H,, o 0(D;) + Dy, whereas if D; = oo, then we set U; = co. We now
proceed by induction, and assume D;, U; are defined. If D; = oo, then D;;; = 0o, whereas
if D; < oo, (and necessarily U; < oo) then

Di+1 = UvZ + (TszH(Brn) + OO]—T:Hn) o) 0(U1)7 and Ui+1 = Di+1 + HTn e} Q(Dz—l—l)
With this notation, we can write

> Galzy) =E:[r]+ ) E:[ro0(U)1p.<es]

yeA(rn,n)

(B.2)
=E.[7] +P. (D) < o) x 1(z),
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where -
I(z) = ZEZ |:TO O(U;)|D; < oo] U (1 - P, (Dj+1 = oo’Dj < oo)) . (B.3)

Now, we compute each term of the right hand side of (B.2).
We have divided the proof in three steps.

Step 1: First, we show that there is a positive constant K, (independent of z and n) such
that when z € A(r,,n), then

K

(2| Az (=) v 1), (B.4)

A,

P, (Dl < OO) —

Note that when z € B(0,n), and n — ||z]| < 1, (B.4) yields

E. [IS() = 1I2ll| Dy = o] | i
P, (D; < 00) — X <A (B.5)
Secondly, we show that for z € A(r,,n), and i > 1
E. [(ISW)] = 1SDit) ) psosyeoe | Di < 00| ¢
(B.6)

Our starting point is the classical Gambler’s ruin estimate, which in dimension 2 reads with
the potential kernel instead of Green’s function,

G(0,2) — E. [G(0,5(7))| Dy = o0 (B.7)

PP <o) = E. [G(0,5(r))| D1 < 00| ~ E. [G(0,5(r))| Dy = 0]

We now expand Green’s function (resp. the potential kernel) using asymptotics (2.2) (resp.
(2.3)). For this purpose, it is convenient to define a random variable

X(2) = —— (IS@)2 - [2]) -

Ell
Note that for any z € A(r,,n), X(2)/| z| is small. Indeed,

X(z) _ (SOOI =1=D ASEI A+ lI=[D (B.8)

Il el

Since A, =n —r, = O(n'/3), we have for n large enough

« L (B.9)

n n?

3 3A3
X(2) < 2(n + 1)A2n < 8An7 and sup <|X(z)|) < 82 A7
Iz~ (0= Aa) n e \ 2]l
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More precisely, X (z) is of order 2(||S(7)|| — ||z||). Indeed, A3 < n, and (B.8) yields
(LS@I = Nl=1)*

1
X(:) = 20000 - el + ) = 1XG) =250l - 14| < 5.
(B.10)
When dimension d > 2, we set n(d) = %. In order to use Green’s function asymptotics
(2.2), we express S(7) in terms of X (z) as follows

1 1 & —n(d)
s = e O ) (B.11)

We have a constant K, such that

X(z)>—"<d> X(2) n(d) +1 (X(z))2 Ky
14+ — (1= (@) 4 y(d <4 B.12
‘( H D 1 (e e B
For d > 2 and any z # 0, (2.2), (B.11) and (B.12) yields
X(z)  nd)+1X(z)? Ky
- — — < —. B.1
60,500 -~ 6(0.9) - aca (- S+ TOHIEN) < B pay
In dimension 2, the potential kernel asymptotic yields for Ky > 0
1/ X(z) 1X(2)? K,
- - = — < —. B.14
0,500 = al0.9) = ()| <3 (514

In view of (B.14), we assume henceforth that (B.13) holds, but in d = 2 we think of (d)Cy =
1/m, and w =1/2.
Using (B.7) and (B.13), we obtain

E, [X(z)‘Dl - oo] —C(2) +0(%)

P, (D < o0) = ; . (B.15)
E. [X(z)‘Dl — oo] _E, [X(z)’Dl < oo] +C(2) = C(2) + O(L)
where
_ (d) 2(2) (d) ’(2)
o) = T4k, mn b= OO} - 0() = TR, mzn Preeef.

Using (B.9), we have some rough estimates on C' and C. For any z € A(r,,n),

C(z) = 0 <%i) _0 (Ain) S and C(x) =0 (%%) _0 (Ain) | (B.17)

Using (B.10), we have better estimates for C' and C.

Ci(z) = gl ((n— HZII)Vl), C(z) = gzl =r)® <(HZH —rm) V1

1] n Iz n
(B.18)
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The rough estimates (B.17) together with (B.10) allow us to derive from (B.15) an estimate
for P,(Dy < o0), for any z € A(r,,n).
E. [IS()] = 1121l Dy = 00| +0 (&)
E. [IS()l = 121 D1 = o] ~E- [IS()] = 121 D1 < o0 + 0 (&)
ag(z) + O <AL,1>
A,(1+0 (Ain))

Pz (Dl < OO) =

(B.19)
This yields (B.4) since ap(2) <14 (n—|z]|) V1< 2(n—|z]) V1.
Case where z € 0B(0,7,).
On {D; = oo}, we have
X(z) = 2([S(DIl = [I=1) +0(Ain)- (B-20)
On {D; < oo}, we have X
X(2) =2 (STl = NIl + O ().
This implies )
C(z) = dﬁ + O(%), and C(z) = O(%) (B.21)
Thus,
2E. ||12]] - I1S()| Pr < o0 + C(2) + O(L)
Pz (Dl == OO) = = _
E. _X(z)‘Dl - oo] _E. [X(z) Dy < oo] +C(2) = C(2) + O(2)
E. [l = IS() | Dy < 00] + O(2) (B.22)
B _ A, +0(1)
E. [l - ISol|D < o]
= A +O(A_%)'

In order to obtain (B.6), we write (B.22) on {D; < oo}, and z = S(U;) as follows. There is
a constant K such that on the event {D; < oo},

Esw, [(ISWll = 15(T)ID) 1,00(01) <ox]
A, X IEDS(Ui) (Dl < OO)

K
_A—%-

]ES(UZ‘) []—D¢+1:oo:| - <B23)

Note that (B.22) implies that Pgy,) (D1 < 00) = 14+ O(1/A,), so that (B.23) reads as we
integrate over {D; < oo} with respect to E,

E. [1p,<o0 (ISWI = 1S(7)]) 1, 00(0) <ox]

KPZ<D1 < OO)
< .
A, -

A2
(B.24)

P, (D/L'+1 = 00, D; < OO) —
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We obtain (B.6) as we divide both sides of (B.24) by P.(D; < c0).
Step 2: We show now that for any z € A(r,,n) we have
|E. [7] = (dAnao(2) — d(n — [[2]))*) | < K ((n = [z]) V1). (B.25)
When z € B,, and n — [|z|| < 1,(B.25) reads
!IEZ [1] — (dAnao(z) —d(n— ||zH)2) < K. (B.26)
When z € A(r,,n), and i > 1, we show that

E. [706(U)|Di < 00| . [(ISWII = IS(Dis1)l]) Lpysy<oe| Di < 0]
dA2 - A,

<

b=

(B.27)
Using that {||S(n)||* — n, n € N} is a martingale, and the optional sampling theorem (see
Lemma 3 of [10])

E. [7] =E. [IS(MI?] = I21* = [[2]l x E; [X(2)]
—|12|| (]EZ [X(z)‘Dl - oo} P,(D; = o0) + E. [X(z)‘Dl < oo] P.(D; < oo)) |
Thus, using (B.15), simple algebra yields
E. [r] = ||z[| x ((C(2) = C(2))P.(Dy < o0) + C(2)) + O(1). (B.28)

By recalling (B.18) and (B.4)

B ) = (a1 -7 = 0= 00 + 0a) (52 + o LD )

+d(n—|z])* + O((n = [|z]) v 1)
=d(2]|2ll = n = rn)ao(2) + d(n — [|2])* + O((n = [Iz]]) V 1)
=dAnap(z) — d(n —||2])* + O ((n — [lz[l) v 1)

This yields (B.25).
Assume now that z € 9B(0,r,). From (B.28), we have

E. [r] = ||zl x ((C(2) — C(2))P-(D1 = 00) + C()) + O(1).

We use (B.6) and (B.21) to obtain

. ] =1 [ (482 + 0(an) [ = 140~ 151} <o o)) o
S " ! A, A? (B.29)

=dAE. [|l2] = S| D1 < 00| + O(1).
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Now, write (B.29) as follows. There is a constant K such that for any z € 0B(0, r,,)

‘Ez [r]  E.[z| —\|5(T)|!1D1<oo]‘ oK (B.30)

ANz AP.(D; < ) = A2

Note that by (B.22) A,P.(D; < 00) = A, + O(1) and |||z]| — [|S(7)||1p,<u| < 1, thus

E.[r] _ E.(llzll = 1S(D)l1pi<ee] | . K
— < —. .
‘ dA? A, - A2 (B-31)
We replace z by S(U;) in (B.31) under the event {D; < oo} to obtain
Eswy [7]  Esw, [(ISU)] = [1S(D1 0 0(U:)I]) 1,06(w)<cc] <K (B.32)
dA? A, A2

We multiply both sides of (B.32) by 1p,«, take the expectation on both side of (B.32), and
divide by P,(D; < o0) to obtain (B.27).

Step 3: For i > 1, we show the following bounds

1
T 4aVd

The upper bound is obvious. For the lower bound, first we restrict to {D; < oo}, so
that U; < oco. By Lemma 2.2, S(U;) has a nearest neighbor z, within B(0,r,) such that
ST = |lz|| > 1/(2v/d), and (B.33) is immediate.

Step 4: We show (B.1) using (B.2). For p such that 1 < p < oo, let

where 5 = E. [(|S(U)]| = 1S(Dis)l) 1p,,1<00| Di < 00] . (B.33)

o, = Zp:]Ez [T o O(U;)| D; < oo} ﬁ (1 _ P, (Dj+1 — oo’Dj < oo)) . (B.34)

Now, (B.3) reads I(z) = lim,, o 0, (this is the limit of an increasing sequence). We establish
in this step that, for some constant K, any integer n

K
<.
= AL

(B.35)

lim ‘1 _ %

p—ro0 dA?2

Once we prove (B.35), we have all the bounds to estimate the right hand side of (B.2).
Indeed, using (B.25), (B.4) and (B.35), we have

E.[7] + P. (D1 < 00) x I(2) =dAnao(z) —d(n — ||2[)* + O ((n = ||2)) v 1)
+ (O‘OA—(HZ) +0 <—(” — kg”) ! 1)) x (dA2 + O(A,))
= 2dA,00(2) — 2d (n — ||2]))* + O ((n — ||2]) V 1).
(B.36)
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In order now to prove (B.35), we introduce first some shorthand notation. For p and j
positive integers

E, [T 0 (U;)

Dj<OO}

o
Clpzl—dAp%, Oéj:PZ<Dj+1:OO‘Dj<OO>, and ﬁj: dA%
(B.37)
With this notation (B.6) and (B.27) read as follows.
Y K Vi K 2K
oy — A] < AT and |f5; — A]n < AT so that |a; — ;] < Az (B.38)
Let us rewrite (B.34) as
p—1
ap=1—p and a,=a,1— B,,H(l — ) forp>1. (B.39)
j=1
In order to establish (B.35), we show by induction that
p
ap — H(l — )| < €, (B.40)
j=1
with for p > 1
2K 2K
€p = €p—1 + F H(l — Oéj) and €1 = F (B41)

Note that it is easy to estimate €, from (B.41). By (B.38) and for K, large enough there is
a constant kg such that

k
2K
A2 (1+Zexp (—Zaj>>
k=1 =
2K 2K kg
_A2 (1+Zexp( ZQA )) < AQKSA = A

Now, by (B.38) (B.40) holds for p = 1, and we assume it holds for p — 1. Then

(1= 5y) H(l—a]) — 61 <0, < (1-5,) H(l_O‘J')“'Epfl' (B.42)

Then by (B.38), we have (B.40) with ¢, satisfying (B.41).

Now (B.35) follows as we notice that Step 3 implies, together with (B.38) and for K,
large enough, that

P
pli)rgo H(l —a;)=0.
j=1
|
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