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❘❛t❡ ♦❢ ❞❡❝❛② t♦ 0 ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ ❛

♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥

■✳❇❡♥ ❆r❜✐
✶

❘és✉♠é✿ ❖♥ ét✉❞✐❡ ❧✬♦r❞r❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ✈❡rs 0✱ q✉❛♥❞ t −→ +∞ ❞❡ ❧❛
s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ψt −∆ψ + |ψ|p−1ψ = 0 ❛✈❡❝ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s
❞❡ ◆❡✉♠❛♥♥ ❞❛♥s ✉♥ ♦✉✈❡rt ❝♦♥♥❡①❡ ❜♦r♥é ❞❡ R

n ♦ù p > 1✳ ❖♥ ♠♦♥tr❡
q✉❡ s♦✐t ψ(t, ·) ❝♦♥✈❡r❣❡ ✈❡rs 0 ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t✱ s♦✐t ψ(t, ·) ❞é❝r♦ît ❝♦♠♠❡

t
−

1
(p−1) .

❆❜str❛❝t✿ ❲❡ st✉❞② t❤❡ ❞❡❝❛② r❛t❡ t♦ 0✱ ❛s t −→ +∞ ♦❢ t❤❡ s♦❧✉t✐♦♥
♦❢ ❡q✉❛t✐♦♥ ψt −∆ψ + |ψ|p−1ψ = 0 ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ ❛
❜♦✉♥❞❡❞ s♠♦♦t❤ ♦♣❡♥ ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ ♦❢ R

n ✇❤❡r❡ p > 1✳ ❲❡ s❤♦✇ t❤❛t

❡✐t❤❡r ψ(t, ·) ❝♦♥✈❡r❣❡s t♦ 0 ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st ♦r ψ(t, ·) ❞❡❝r❡❛s❡s ❧✐❦❡ t−
1

(p−1) .

❑❡②✇♦r❞s✿ r❛t❡ ♦❢ ❞❡❝❛②✱ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥

✶▲❛❜♦r❛t♦✐r❡ ❏❛❝q✉❡s✲▲♦✉✐s ▲✐♦♥s✱ ❯♥✐✈❡rs✐té P✐❡rr❡ ❡t ▼❛r✐❡ ❈✉r✐❡ ✲ P❛r✐s ✻✱ ❜♦ît❡

❝♦✉rr✐❡r ✶✽✼✱ ✹ ♣❧❛❝❡ ❏✉ss✐❡✉✱ ✼✺✷✺✷ P❛r✐s ❈❡❞❡① ✵✺✱ ❋❘❆◆❈❊✳



✶ ■♥tr♦❞✉❝t✐♦♥ ❛♥❞ ♠❛✐♥ r❡s✉❧ts✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥

{

ψt − ∆ψ + g(ψ) = 0 in R
+ × Ω,

∂ψ

∂n
= 0 on R

+ × ∂Ω.
✭✶✳✶✮

✇❤❡r❡ Ω ✐s ❛ ❜♦✉♥❞❡❞ s♠♦♦t❤ ♦♣❡♥ ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ ♦❢ R
n ❛♥❞ g ∈ C1(R)

s❛t✐s✜❡s
g(0) = 0 ✭✶✳✷✮

❛♥❞ ❢♦r s♦♠❡ p > 1

∃c > 0,∀s ∈ R, 0 ≤ g′(s) ≤ c|s|p−1. ✭✶✳✸✮

❋r♦♠ ✭✶✳✷✮✲✭✶✳✸✮✇❡ ❞❡❞✉❝❡ t❤❛t g(s) ❤❛s t❤❡ s✐❣♥ ♦❢ s ❛♥❞

∀s ∈ R, |g(s)| ≤
c

p
|s|p. ✭✶✳✹✮

❲❡ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r A ❜②

D(A) = {ψ ∈ H2(Ω),
∂ψ

∂n
= 0 on ∂Ω}

❛♥❞
∀ψ ∈ D(A), Aψ = −∆ψ

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ♦♣❡r❛t♦r B ❞❡✜♥❡❞ ❜②

D(B) = {ψ ∈ L2(Ω),−∆ψ + g(ψ) ∈ L2(Ω) ❛♥❞
∂ψ

∂n
= 0 on ∂Ω}

❛♥❞
∀ψ ∈ D(B), Bψ = −∆ψ + g(ψ)

✐s ✇❡❧❧✲❦♥♦✇♥ t♦ ❜❡ ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ✐♥ L2(Ω). ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬✶✱ ✷❪
❢♦r ❛♥② ψ0 ∈ L2(Ω) t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥

ψ′ +Bψ = 0 on R
+; ψ(0, x) = ψ0. ✭✶✳✺✮

■♥ ❛❞❞✐t✐♦♥ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐❢ ψ0 ∈ L∞(Ω)✱ ψ(t, ·) r❡♠❛✐♥s ✐♥ L∞(Ω) ❢♦r
❛❧❧ t > 0✳ ❋✐♥❛❧❧② ❬✽❪ ❝♦♥t❛✐♥s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐♥ C(Ω̄) ❛♥❞ C1(Ω̄)
❢♦r t > 0✱ ✇❤✐❝❤ ✐s ✈❛❧✐❞ ❢♦r ❛♥② s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ❞♦♠❛✐♥✳

✶



❈♦♥❝❡r♥✐♥❣ t❤❡ ❜❡❤❛✈✐♦✉r ❢♦r t ❧❛r❣❡✱ ✐♥ ❬✺❪✱ ❆✳❍❛r❛✉① ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡
❝❛s❡ ♦❢ ❛ ♣✉r❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t② t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ t♦ 0 ♦❢ t❤❡ ♣r♦✲
❥❡❝t✐♦♥ ♦♥ t❤❡ r❛♥❣❡ ♦❢ A ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮✳ ▼♦r❡♦✈❡r ✐♥ ❬✹❪✱
t❤❡ st✉❞② ♦❢ t❤❡ ❡q✉❛t✐♦♥ u′′ + u′ −∆u+ g(u) = 0 ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ❛♥❞ ✇❤❡r❡ g s❛t✐s✜❡s ∃C, c > 0,∀s ∈ R, c|s|p−1 ≤ g′(s) ≤ C|s|p−1

❢♦r s♦♠❡ p > 1✱ s❤♦✇❡❞ t❤❛t ❡✐t❤❡r u(t) ❝♦♥✈❡r❣❡s t♦ 0 ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st✱ ♦r
‖u(t)‖H1

0 (Ω) ≥ γt−1/(p−1) ✇✐t❤ γ > 1 ❢♦r t ≥ 1.

❙❡✈❡r❛❧ ❛✉t❤♦rs ❤❛✈❡ tr❡❛t❡❞ s♦♠❡ ✈❛r✐❛♥ts ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮✱ ❢♦r ❡①❛♠♣❧❡
✐♥ ❬✻❪ ✇✐t❤ g(u) = c|u|p−1u − λ1u ❛♥❞ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱
✇❛s st✉❞✐❡❞ t❤❡ ❞❡❝❛② r❛t❡ ❛t t❤❡ ✐♥✜♥✐t② ♦❢ s♦❧✉t✐♦♥s t♦ ✭✶✳✶✮✱ ✇❤❡r❡ λ1 > 0
✐s t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ♦❢ −∆ ✐♥ H1

0 (Ω)✳ ❚❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ t❤❡r❡ ✐s ♦♣t✐♠❛❧
❢♦r ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥s✳

❆❝❝♦r❞✐♥❣ t♦ ▲❛ ❙❛❧❧❡✬s ✐♥✈❛r✐❛♥❝❡ ♣r✐♥❝✐♣❧❡✱ ❝❢✳ ❬✸✱ ✼❪✱ ❛♥② s♦❧✉t✐♦♥ ψ ♦❢
✭✶✳✶✮✱ ❤❛✈✐♥❣ ❛ ♣r❡❝♦♠♣❛❝t r❛♥❣❡ ♦♥ R

+ ✇✐t❤ ✈❛❧✉❡s t♦ L∞(Ω)✱ ❝♦♥✈❡r❣❡s t♦
❛ ❝♦♥t✐♥✉✉♠ ♦❢ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮✱ ✇❤✐❝❤ r❡❞✉❝❡s ❤❡r❡ t♦
t❤❡ ❝♦♥st❛♥ts ♦❢ s♦♠❡ s✉❜✲✐♥t❡r✈❛❧ ♦❢ g−1(0)✳ ❇② ♠♦♥♦t♦♥✐❝✐t②✱ ✐t ✐s ✐♥ ❢❛❝t
❦♥♦✇♥ t❤❛t ψ ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ❝♦♥st❛♥t a ∈ g−1(0)✳

❖✉r ✜rst r❡s✉❧t ✐s ✈❛❧✐❞ ✇✐t❤♦✉t ❛♥② ❛❞❞✐t✐♦♥❛❧ ❤②♣♦t❤❡s✐s ♦♥ g

❚❤❡♦r❡♠ ✶✳✶✳ ▲❡t g s❛t✐s❢② ✭✶✳✷✮ ❛♥❞ ✭✶✳✸✮✳ ❚❤❡♥ ❛♥② s♦❧✉t✐♦♥ ψ ♦❢ ✭✶✳✶✮
s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧t❡r♥❛t✐✈❡ ❛s t→ ∞✿ ❡✐t❤❡r

‖ψ(t, ·)‖∞ ≤ Ce−λ2t, ✭✶✳✻✮

♦r

∃c′ > 0,∀t ≥ 1,
∣

∣

∣

∫

Ω

ψ(t, x)dx
∣

∣

∣
≥ c′t

−
1

p−1 , ✭✶✳✼✮

✇❤❡r❡ λ2 > 0 ✐s t❤❡ s❡❝♦♥❞ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A ✐♥ D(A).

❖✉r s❡❝♦♥❞ r❡s✉❧t ♣r♦✈✐❞❡s ❛ ♠♦r❡ ❛❝❝✉r❛t❡ ❡st✐♠❛t❡ ✇❤❡♥ g(ψ) = |ψ|p−1ψ

❚❤❡♦r❡♠ ✶✳✷✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠ ✭✶✳✶✮ ✇✐t❤
g(ψ) = |ψ|p−1ψ✱ t❤❡♥ ❛♥② s♦❧✉t✐♦♥ ψ ♦❢ ✭✶✳✶✮ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧t❡r♥❛✲
t✐✈❡ ❛s t→ ∞✿ ❡✐t❤❡r

‖ψ(t, ·)‖∞ ≤ Ce−λ2t, ✭✶✳✽✮

♦r
∀t ≥ 1, ‖|ψ(t, ·)| − ((p− 1)t)−

1
p−1‖∞ ≤ Kt

−
1

(p−1)
−1
, ✭✶✳✾✮

✇❤❡r❡ K,C > 0✱ p > 1 ❛♥❞ λ2 > 0 ✐s t❤❡ s❡❝♦♥❞ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A ✐♥ D(A)✳

✷



■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ s♣❡❝✐❛❧ ❝❛s❡s s❤♦✇✐♥❣ t❤❛t
❜♦t❤ ♣♦ss✐❜✐❧✐t✐❡s ✐♥ t❤❡ s❡❝♦♥❞ r❡s✉❧t ✐♥ t❤❡ ❚❤❡♦r❡♠ ✶✳✶ ❝❛♥ ❛❝t✉❛❧❧② ❤❛♣♣❡♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳ ▲❡t g s❛t✐s❢② ✭✶✳✷✮ ❛♥❞ ✭✶✳✸✮✳ ❚❤❡♥ ✇❡ ❤❛✈❡

(i) ■❢ Ω ✐s s②♠♠❡tr✐❝ ❛r♦✉♥❞ 0✱ g ✐s ♦❞❞ ❛♥❞ ψ(0, ·) ✐s ❛♥ ♦❞❞ ❢✉♥❝t✐♦♥ ✐♥
Ω✱ t❤❡♥ ❛♥② s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮ s❛t✐s✜❡s ✭✶✳✻✮✳

(ii) ■❢ ψ(0, ·) ≥ 0 ❛♥❞ ψ ❞♦❡s ♥♦t ✈❛♥✐s❤ ❛✳❡ ✐♥ Ω✱ t❤❡♥ ❛♥② s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮
s❛t✐s✜❡s ✭✶✳✼✮✳

❋✐♥❛❧❧②✱ ♦✉r ❧❛st r❡s✉❧t s❤♦✇s t❤❛t t❤❡ s❡❝♦♥❞ ♣♦ss✐❜✐❧✐t② ✐s s❤❛r♣ ❢♦r ❛
❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s g ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ♣✉r❡ ♣♦✇❡r

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳ ❯♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❤②♣♦t❤❡s✐s

∃k1 > 0,∀s ∈ R, |g(s)| ≥ k1|s|
p ✭✶✳✶✵✮

❢♦r ❛♥② s♦❧✉t✐♦♥ ψ ♦❢ ✭✶✳✶✮✱ ✇❡ ❤❛✈❡

∀t ≥ 1, ‖ψ(t, ·)‖∞ ≤

{

1

k1(p− 1)

}
1

p−1

t
−

1
p−1 ✭✶✳✶✶✮

✷ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳

Pr♦♦❢✳ ■❢ ψ(0, ·) = 0 ✱ ✇❡ ❤❛✈❡ ψ(t, ·) ≡ 0 ❛♥❞ t❤❡ r❡s✉❧t ✐s ♦❜✈✐♦✉s✳ ❖t❤❡r✲
✇✐s❡ ❧❡t z ❜❡ ❞❡✜♥❡❞ ❜②

z(t) =

{

1

‖ψ(0, ·)‖1−p
∞ + k1(p− 1)t

}
1

p−1

❚❤❡♥ z ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❧✐♥❡❛r ❖❉❊ ♣r♦❜❧❡♠
{

z′ + k1z
p = 0,

z(0) = ‖ψ(0, ·)‖∞.
✭✷✳✶✮

❯♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥✭✶✳✶✵✮✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t z ✐s ❛ s✉♣❡r s♦❧✉t✐♦♥
♦❢ ✭✶✳✶✮✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡

zt − ∆z + g(z) = −k1(z(0)1−p + k1(p− 1)t)−
p

p−1 + g(z)

≥ −k1(z(0)1−p + k1(p− 1)t)−
p

p−1 + k1|z|
p

≥ 0.

✸



❙✐♥❝❡ ψ(0, ·) ≤ z(0) ✇❡ ❞❡❞✉❝❡✱ ❜② st❛♥❞❛r❞ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✱ t❤❛t
ψ(t, ·) ≤ z(t) ∀t ≥ 1✳
❆ s✐♠✐❧❛r ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t ψ(t, ·) ≥ −z(t), ∀t ≥ 1 ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s
t❤❡ ♣r♦♦❢✳

✸ ❆ ❣❡♥❡r❛❧ r❡s✉❧t ♦♥ t❤❡ r❛♥❣❡ ❝♦♠♣♦♥❡♥t✳

❉❡✜♥✐♥❣ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ P : H −→ N ✱ ✇❤❡r❡

H = L2(Ω), N = ker(A) ❛♥❞ Pψ(t, ·) =
1

|Ω|

∫

Ω

ψ(t, x)dx,

❛s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ❬✺❪ s❤♦✇❡❞ t❤❛t ❢♦r g(ψ) = |ψ|p−1ψ,

t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦❧❞s

‖ψ(t) − Pψ(t)‖L2(Ω) ≤ Ke−λ2t,

❢♦r s♦♠❡ ❝♦♥st❛♥t K > 0✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✇❡ ❤❛✈❡ t❤❡
s❛♠❡ r❡s✉❧t ❢♦r ❛♥② ❢✉♥❝t✐♦♥ g s❛t✐s❢②✐♥❣ ✭✶✳✸✮✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ▲❡t ψ ∈ C(R+, L∞) ❜❡ ❛♥② s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮✳ ❆ss✉♠❡ t❤❛t
g ✐s ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ✱

‖ψ(t) − Pψ(t)‖2 ≤ ‖ψ(0) − Pψ(0)‖2 e
−λ2t, ✭✸✳✶✮

✇❤❡r❡ ‖.‖2 ❞❡♥♦t❡s t❤❡ ♥♦r♠ ✐♥ L2(Ω) ❛♥❞ λ2 > 0 ✐s t❤❡ s❡❝♦♥❞ ❡✐❣❡♥✈❛❧✉❡
♦❢ −∆ ✐♥ L2(Ω) ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✳

Pr♦♦❢✳ ❲❡ ❞❡♥♦t❡ ❜② (u, v) t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ t✇♦ ❢✉♥❝t✐♦♥s u, v ♦❢ L2(Ω)✳
❙✐♥❝❡ g ✐s ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ ❢♦r ❛❧❧ ψ ∈ L∞(Ω)✱ ✇❡ ❤❛✈❡ ❛✳❡✳ ✐♥ x ∈ Ω

(g(ψ) − g(Pψ))(ψ − Pψ) ≥ 0

❛♥❞ t❤❡♥ ❜② ✐♥t❡❣r❛t✐♥❣ ♦✈❡r Ω

(g(ψ), ψ − Pψ) − (g(Pψ), ψ − Pψ) ≥ 0. ✭✸✳✷✮

❙✐♥❝❡ g(Pψ) ✐s ❛ ❝♦♥st❛♥t ❛♥❞ (ψ − Pψ) ∈ N⊥✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (g(Pψ), ψ −
Pψ) = 0✳ ❍❡♥❝❡ ❢r♦♠ ✭✸✳✷✮✱

(g(ψ), ψ − Pψ) ≥ 0.

✹



❙❡tt✐♥❣
w = ψ − Pψ,

✇❡ ❤❛✈❡ s✐♥❝❡ ∆Pψ = P∆ψ = 0

w′ − ∆w = ψ′ − ∆ψ − Pψ′ + ∆Pψ = (I − P )(ψ′ − ∆ψ) = −(I − P )g(ψ).

❚❤✉s ✱ s✐♥❝❡ (w, (I−P )g(ψ)) = ((I−P )w, g(ψ)) = (w, g(ψ)) = (g(ψ), ψ−Pψ)
✇❡ ✜♥❞

1

2

d

dt
‖w(t)‖2

2 = (w,∆w) − (g(ψ), ψ − Pψ) ≤ −λ2|w|
2.

❇② ✐♥t❡❣r❛t✐♥❣ ✇❡ ♦❜t❛✐♥ ✭✸✳✶✮✳

✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✳

❲❡ s❡t ψ = u+w✱ ✇❤❡r❡ u = Pψ ❛♥❞ w = (I −P )ψ. ❇② ♣r♦❥❡❝t✐♥❣ ✭✶✳✶✮ ♦♥
N ✇❡ ♦❜t❛✐♥

u′ + P (g(ψ)) = 0, ✭✹✳✶✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❛t P (Aψ) = 0✱ s✐♥❝❡ R(A) ⊂ N⊥✳ ◆♦t✐❝✐♥❣ t❤❛t

u′ + P (g(u)) + P (g(ψ) − g(u)) = u′ + g(u) + P (g(ψ) − g(u)),

✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✶✮ ❛s

u′ + g(u) = −P (g(ψ) − g(u)).

❇② t❤❡ ❛ss✉♠♣t✐♦♥ ✭✶✳✸✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

|P (g(ψ) − g(u))| ≤
1

|Ω|
‖g(ψ) − g(u)‖1 ≤

c

|Ω|
(‖ψ‖p−1

2p−2 + ‖u‖p−1
2p−2)‖w‖2.

❇✉t ψ ❛♥❞ u ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛♥❞ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✇❡ ❤❛✈❡ t❤❡
❡st✐♠❛t❡ ‖w(t)‖2 ≤ Ke−λ2t. ❚❤❡r❡❢♦r❡

|P (g(ψ) − g(u))| ≤ K ′e−λ2t,

✇✐t❤ K ′ > 0. ❲❤✐❝❤ ❧❡❛❞s ✉s t♦ st✉❞② t❤❡ ❡q✉❛t✐♦♥✿

u′ + g(u) = f(t) ✐♥ R
+, ✭✹✳✷✮

✇❤❡r❡
f(t) = P (g(ψ) − g(u))

❛♥❞
|f(t)| ≤ K ′e−λ2t.

❯s✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞ ❛s ✐♥ ❬✺❪✱ ✇❡ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

✺



▲❡♠♠❛ ✹✳✶✳ ▲❡t c > 0✱ γ > 0✱ p > 1 ❛♥❞ g s❛t✐s❢②✐♥❣ ✭✶✳✷✮ ❛♥❞ ✭✶✳✸✮ ▲❡t
M > 0 s✉❝❤ t❤❛t

M ≤
( γ

2c

)
1

p−1
, ✭✹✳✸✮

c1 > 0 ✇✐t❤

c1 ≤
γ

2
M,

t❤❡♥ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ f s❛t✐s❢②✐♥❣

|f(t)| ≤ c1e
−γt,

t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ v ∈ C1(R+) s❛t✐s❢②✐♥❣

∀t ≥ 0, v′ + g(v) = f(t) ✭✹✳✹✮

❛♥❞
sup

t∈(0,+∞)

{

eγt|v(t)|
}

≤M. ✭✹✳✺✮

Pr♦♦❢✳ ❙✐♥❝❡ ❛♥② s♦❧✉t✐♦♥ ♦❢ ✭✹✳✹✮✳✭✹✳✺✮ s❛t✐s✜❡s t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

v(t) = −

∫ +∞

t

(f(s) − g(v(s))ds. ✭✹✳✻✮

❲❡ ❧♦♦❦ ❢♦r ❛ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✻✮✳ ■t ✐s t❤❡♥ ♥❛t✉r❛❧ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❢✉♥❝t✐♦♥ s♣❛❝❡ ✿

X = {v ∈ C(0,+∞); sup
t∈(0,+∞)

eγt|v(t)| ≤M},

❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❞✐st❛♥❝❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♥♦r♠

‖v‖γ = sup
t∈(0,+∞)

eγt|v(t)|. ✭✹✳✼✮

❲❡ ❝♦♥s✐❞❡r t❤❡ ♦♣❡r❛t♦r T : X → C(0,+∞) ❞❡✜♥❡❞ ❜②

T v(t) = −

∫ +∞

t

(f(s) − g(v(s))ds.

❋r♦♠ ✭✶✳✹✮✱ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡

∀s ∈ R
+; |g(v(s))| ≤

c

p
|v(s)|p.

✻



❋✐rst ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t T (X) ⊂ X. ▲❡t v ∈ X✱ t❤❡♥ ❢♦r ❛❧❧ t ≥ 0✱

|T v(t)| ≤

∫ +∞

t

|f(s)|ds+

∫ +∞

t

|g(v(s))|ds

≤

∫ +∞

t

|f(s)|ds+
c

p

∫ +∞

t

|v(s)|pds

≤
c1

γ
e−γt +

c

p
Mp

∫ +∞

t

e−pγsds

≤

(

c1

γ
+
cMp

p2γ

)

e−γt

≤

(

M

2
+Mc

Mp−1

p2γ

)

e−γt

≤

(

M

2
+
M

2p2

)

e−γt.

❙✐♥❝❡ p > 1, ✐t ❢♦❧❧♦✇s t❤❛t

|T v(t)| ≤Me−γt.

❍❡♥❝❡ ❜② ✭✹✳✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t T v ∈ X✱ ✇✐t❤

‖T v(t)‖γ ≤M.

❙❡❝♦♥❞❧②✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t T ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ♦♥ X✳ ■♥ ❢❛❝t✱ ❢♦r x, x̄ ∈ X

❛♥❞ ❢♦r ❛❧❧ t ≥ 0

|T x(t) − T x̄(t)| ≤

∫ +∞

t

|g(x(s)) − g(x̄(s))|ds

≤ cMp−1

∫ +∞

t

e−pγseγs|x(s) − x̄(s)|ds

≤
cMp−1

pγ
‖x− x̄‖γe

−γt.

❚❤❡♥ ✇❡ ❤❛✈❡

|T x(t) − T x̄(t)|eγt ≤
cMp−1

pγ
‖x− x̄‖γ.

❚❤❡r❡❢♦r❡✱ s✐♥❝❡ Mp−1 s❛t✐s✜❡s ✭✹✳✸✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ∀x, x̄ ∈ X

‖T x− T x̄‖γ ≤
1

2
‖x− x̄‖γ.

✼



❚❤✉s T ✐s ❛ 1
2
✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥❛❧ ♦♥ t❤❡ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡ X ❛♥❞ t❤❡

r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❇❛♥❛❝❤ ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠✳ ❋r♦♠ ✭✹✳✻✮ ✐t ❢♦❧❧♦✇s ❡❛s✲
✐❧② t❤❛t v s❛t✐s✜❡s ✭✹✳✹✮✳ ❚❤❡♥ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ v ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✉♥✐q✉❡♥❡ss
♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✻✮ ✭ T ✐s ❛ ❝♦♥tr❛❝t✐♦♥✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❛♥② s♦❧✉t✐♦♥ ♦❢
✭✹✳✹✮ s❛t✐s✜❡s ✭✹✳✻✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❝♦♥✈❡rs❡❧② ❛♥②
s♦❧✉t✐♦♥ ♦❢ ✭✹✳✻✮ s❛t✐s✜❡s ✭✹✳✹✮✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶ ❝♦♥t✐♥✉❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡ ❛ s♦❧✉t✐♦♥ v

t❤❛t s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✹✮ ❛♥❞ ❢♦r ❛❧❧ t ≥ T0

|v(t)| ≤Me−λ2t, ✭✹✳✽✮

✇❤❡r❡ M = M ′eγT0 ❛♥❞ M ′ > 0✳ ■❢ ✇❡ s✉❜tr❛❝t ✭✹✳✹✮ ❢r♦♠ ✭✹✳✷✮ ✇❡ ♦❜t❛✐♥

(u− v)′ + g(u) − g(v) = 0.

❙❡tt✐♥❣ z = u− v, ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ❛♥❛❧②③✐♥❣ t✇♦ ❝❛s❡s✳

1st ❝❛s❡✿ ■❢ z(T0) = 0✱ t❤❡♥ ❢♦r ❛❧❧ t ≥ T0✱ z(t) = 0✳ ❍❡♥❝❡ u ≡ v ❛♥❞
❢r♦♠ ✭✹✳✽✮ ✐t ❢♦❧❧♦✇s t❤❛t

|u(t)| ≤Me−λ2t.

❚❤❡♥✱ ✉s✐♥❣ ✭✸✳✶✮✱ ✇❡ ♦❜t❛✐♥

‖ψ(t)‖2 ≤M ′e−λ2t.

❋✐♥❛❧❧② ❜② r❡❛s♦♥✐♥❣ ❛s ✐♥ ❬✺❪✱ ❬✻❪ ✇❡ ♦❜t❛✐♥ ✭✶✳✻✮✳

2nd ❝❛s❡✿ ■❢ z(T0) 6= 0 t❤❡♥ ∀t ≥ T0, z(t) 6= 0 ❛♥❞ ✇❡ ❤❛✈❡

z′(t) +
g(u(t)) − g(v(t))

u(t) − v(t)
z(t) = 0.

❙✐♥❝❡ g ✐s ❛ ♠♦♥♦t♦♥✐❝ ❢✉♥❝t✐♦♥✱

α(t) :=
g(u(t)) − g(v(t))

u(t) − v(t)

✐s ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ ∃θ ∈]0, 1[,

α(t) = g′(θu(t) + (1 − θ)v(t)) ≤ c|θu(t) + (1 − θ)v(t)|p−1 ✭✹✳✾✮

❲❡ ❞✐st✐♥❣✉✐s❤ ✷ ❝❛s❡s✿
✕ p > 2 t❤❡♥ ❜② ❝♦♥✈❡①✐t② ♦❢ t❤❡ pt❤ ♣♦✇❡r ✇❡ ❤❛✈❡

✽



|θu(t) + (1 − θ)v(t)|p−1 ≤ θ|u|p−1 + (1 − θ)|v|p−1 ≤ |u|p−1 + |v|p−1.

✕ 1 < p < 2 ✇❡ st✉❞② t❤❡ ❢✉♥❝t✐♦♥ (x+y)a−xa ❢♦r 0 < a < 1 ❛♥❞ x, y > 0
✇❡ ♣r♦✈❡ t❤❛t X −→ (1 + X)a − Xa ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦♥ (0,+∞)✱
✇❡ ❞❡❞✉❝❡ 0 < (1 + X)a − Xa < 1 ❛♥❞ ✐t ❢♦❧❧♦✇s ❜② ❤♦♠♦❣❡♥❡✐t② t❤❛t
(x + y)a < xa + ya ❜② ❧❡tt✐♥❣ X = x

y
✳ ❚❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t |θu(t) + (1 −

θ)v(t)|p−1 ≤ |u|p−1 + |v|p−1. ❈♦♥s❡q✉❡♥t❧② ✇❡ ♦❜t❛✐♥

∀p > 1, α(t) ≤ c(|u|p−1 + |v|p−1). ✭✹✳✶✵✮

❙❡tt✐♥❣ y = |z|✱ ✇❡ ❤❛✈❡ t❤❛t

y′ + α(t)y ≥ 0.

❚❤❡♥ t❤❡ ❡st✐♠❛t❡ ✭✹✳✶✵✮ ✐♠♣❧✐❡s t❤❛t

y′ ≥ −c(|u|p−1 + |v|p−1)y ≥ −c(|z + v|p−1 + |v|p−1)y.

❍❡♥❝❡ t❤❡r❡ ❡①✐sts s♦♠❡ ❝♦♥st❛♥ts c2, c3 > 0 s✉❝❤ t❤❛t

y′ ≥ −c2(|z|
p−1)y − c3|v|

p−1y.

❙✐♥❝❡ y = |z|,
y′ ≥ −c2y

p − c3|v|
p−1y.

P✉tt✐♥❣ a(t) = c3|v|
p−1✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

y′ + a(t)y ≥ −c2y
p. ✭✹✳✶✶✮

❲❡ s❡t

A(t) = −c3

∫ +∞

t

|v|p−1ds, ω(t) = eA(t)y

❛♥❞ ❜② r❡♣❧❛❝✐♥❣ ω ✐♥ ✭✹✳✶✶✮✱ ✇❡ ♦❜t❛✐♥

ω(t) ≥

{

1

ω(0)1−p + (p− 1)c4t

}
1

p−1

✇✐t❤ c4 =
(

∫ +∞

0
a(s)ds

)−(p−1)

✳ ❚❤❡♥ ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡

ω(t) ≥ Kt
−

1
p−1 .

❙✐♥❝❡ t −→ eA(t) ✐s ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥✱ ✇❡ ❝♦♥❝❧✉❞❡ ✭✶✳✼✮ ❜② ♦❜s❡r✈✐♥❣ t❤❛t
u = z + v ❛♥❞ v t❡♥❞s t♦ 0 ❡①♣♦♥❡♥t✐❛❧❧② ❛t ✐♥✜♥✐t②✳

✾



✺ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳

❈♦♥s✐❞❡r✐♥❣ g(ψ) = |ψ|p−1ψ ✱ g s❛t✐s✜❡s ✭✶✳✷✮ ❛♥❞ ✭✶✳✸✮ ✇✐t❤ c = p. ❍❡♥❝❡
▲❡♠♠❛ ✹✳✶ ✐s ❛♣♣❧✐❝❛❜❧❡ ✇✐t❤ c = p✱ t❤❡r❡❢♦r❡ ✇❡ ❛ss✉♠❡

M ≤

(

λ2

2p

)
1

p−1

.

■♥ ✭✹✳✷✮✱ ✇❡ r❡♣❧❛❝❡ g(ψ) = |ψ|p−1ψ ✱ ✇❡ ❝❛♥ s✉❜tr❛❝t ✭✹✳✹✮ ❢r♦♠ ✭✹✳✷✮✱ ✇❡
❞❡❞✉❝❡✿

(u− v)′ + |u|p−1u− |v|p−1v = 0. ✭✺✳✶✮

❲❡ ✇✐❧❧ st✉❞② t✇♦ ❝❛s❡s✳

1st ❝❛s❡✿ ■❢ z(T0) = 0 t❤❡♥ ❢♦r ❛❧❧ t ≥ T0, z(t) = 0. ❍❡♥❝❡ u ≡ v ❛♥❞ ❢r♦♠
✭✹✳✽✮ ✐t ❢♦❧❧♦✇s t❤❛t

|u(t)| ≤Me−λ2t.

▼♦r❡♦✈❡r✱ ✉s✐♥❣ ✭✸✳✶✮✱ ✇❡ ♦❜t❛✐♥ ✭✶✳✽✮✳

2nd ❝❛s❡✿ ✐❢ z(T0) 6= 0 t❤❡♥ ❢♦r ❛❧❧ t ≥ T0 z(t) 6= 0 ❛♥❞ ✇❡ ❤❛✈❡

z′(t) + |u(t)|p−1u(t) − |v(t)|p−1v(t) = z′(t) + α(t)z(t) = 0.

✇✐t❤

α(t) =
|u(t)|p−1u(t) − |v(t)|p−1v(t)

u(t) − v(t)

=
|z(t) + v(t)|p−1(z(t) + v(t)) − |v(t)|p−1v(t)

z(t)

=
|z(t)|p−1|1 + v(t)

z(t)
|p−1(z(t) + v(t)) − |v(t)|p−1v(t)

z(t)
.

■♥ t❤❛t ❝❛s❡ α(t) > 0✱ ✐♥❞❡❡❞ t 7→ |u(t)|p−1u(t) ✐s ♥♦♥ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳
❇② ❛♣♣❧②✐♥❣ ❚❛②❧♦r✬s ❢♦r♠✉❧❛✱ ✇❡ ♦❜t❛✐♥

α(t) = |z(t)|p−1 + β(t), ✭✺✳✷✮

✇✐t❤ |β(t)| ≤ Be−ηt, ✇❤❡r❡ η > 0 ✐s ❛♥② ♣♦s✐t✐✈❡ ♥✉♠❜❡r s♠❛❧❧❡r t❤❛♥ (p−1)λ2

❛♥❞ B > 0. ❘❡♣❧❛❝✐♥❣ α ❜② ✐ts ❡①♣r❡ss✐♦♥ ✐♥ ✭✺✳✷✮✱ ❡q✉❛t✐♦♥ ✭✺✳✶✮ ❜❡❝♦♠❡s

z′ + |z|p−1z + β(t)z = 0. ✭✺✳✸✮

✶✵



▲❡t y = |z|, ✇❡ ♦❜t❛✐♥
y′ + yp + β(t)y = 0. ✭✺✳✹✮

❙❡tt✐♥❣ ξ(t) = eA(t)y(t), ✇✐t❤ A(t) = −
∫ +∞

t
β(s)ds ✇❡ ✜♥❞

|A(t)| ≤

∫ +∞

t

|β(s)|ds ≤
B

η
e−ηt. ✭✺✳✺✮

❇② ❚❛②❧♦r✬s ❢♦r♠✉❧❛ ✇❡ ❤❛✈❡

∀h ∈ [−1, 1], |eh − 1| ≤ 2|h|, ✭✺✳✻✮

✇❡ ❝❛♥ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡

|ξ(t) − y(t)| ≤ y(t)|eA(t) − 1| ≤ 2|A(t)|y(t) ≤
2B

η
‖y‖∞e

−ηt,

✇❡ ❝♦♥❝❧✉❞❡
|ξ(t) − y(t)| ≤ ke−δt, ✭✺✳✼✮

✇❤❡r❡ δ = η ❛♥❞ k = 2B
η
‖y‖∞ ✳

❘❡♣❧❛❝✐♥❣ ξ(t) ✐♥ ✭✺✳✸✮✱ ✇❡ ❤❛✈❡

− e−A(t)ξ′(t) = e−pA(t)ξp(t)

⇔ −
ξ′(t)

ξp(t)
= e(1−p)A(t)

⇔ (
1

ξp−1(t)
)′ = (p− 1)e(1−p)A(t).

t 7→ e−(p−1)A(t) ✐s ❜♦✉♥❞❡❞ ❛♥❞ t❡♥❞s t♦ 1 ❛t ✐♥✜♥✐t②✱ ξ ✐s ❣✐✈❡♥ ❜②

ξ(t)p−1 =
1

ξ(t0)
1−p + (p− 1)

∫ t

t0
e−(p−1)A(s)ds

.

✇❡ s❡t

D(t) = ξ(t0)
1−p + (p− 1)

∫ t

t0
e−(p−1)A(s)ds ❛♥❞ h(t) = −(p− 1)A(t),

t❤❡♥ ✇❡ s❤♦✇ t❤❛t D(t) − (p− 1)t ✐s ❜♦✉♥❞❡❞✳

❋r♦♠ ✭✺✳✺✮✱ ✇❡ ❦♥♦✇ t❤❛t t 7→ h(t) ✐s ❛♥ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥✱ t❤❡♥ ❜②
✭✺✳✻✮✱ (e−(p−1)A(t) − 1) ✐s ❛❧s♦ ✐♥t❡❣r❛❜❧❡✳ ■♥ ♦r❞❡r t♦ s❤♦✇ ✭✶✳✾✮✱ ✇❡ ♣r♦❝❡❡❞

✶✶



❛s ❢♦❧❧♦✇s

|D(t) − (p− 1)t| = |ξ(t0)
1−p + (p− 1)

∫ t

t0

e−(p−1)A(s)ds− (p− 1)t|

= |ξ(t0)
1−p + (p− 1)

∫ t

t0

(e−(p−1)A(s) − 1)ds− (p− 1)t0|

❯s✐♥❣ ✭✺✳✻✮ ✇❡ ♦❜t❛✐♥

|D(t) − (p− 1)t| ≤ |K| + 2(p− 1)2

∫ t

t0

|A(s)|ds

≤M1 = |K| + 2(p− 1)2B

η2

✇✐t❤ K = ξ(t0)
1−p − (p− 1)t0✳ ❙❡tt✐♥❣ d(t) = D(t) − (p− 1)t✱ ✇❡ ♦❜t❛✐♥



ξ(t) −

(

1

(p− 1)t

)
1

(p−1)


 =




(

1

D(t)

)
1

(p−1)

−

(

1

(p− 1)t

)
1

(p−1)




=




(

1

D(t) − (p− 1)t+ (p− 1)t

)
1

(p−1)

−

(

1

(p− 1)t

)
1

(p−1)




=




(

1

d(t) + (p− 1)t

)
1

(p−1)

−

(

1

(p− 1)t

)
1

(p−1)




=




(

1

(p− 1)t

)
1

(p−1)

(

1
d(t)

(p−1)t
+ 1

)
1

(p−1)

−

(

1

(p− 1)t

)
1

(p−1)




=

(

1

(p− 1)t

)
1

(p−1)




(

d(t)

(p− 1)t
+ 1

)−
1

(p−1)

− 1




=

(

1

(p− 1)t

)
1

(p−1)

(

1 −

(

d(t)

(p− 1)t
+ 1

)−
1

(p−1)

)

.

❙✐♥❝❡ | d(t)
(p−1)t

|< 1 ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤✳ ▲❡t η(t) =
(

1 + d(t)
(p−1)t

)−
1

(p−1)
✱ ❜② t❤❡

♠❡❛♥ ✈❛❧✉❡ ❚❤❡♦r❡♠ ❛♥❞ ✐❢ ✇❡ s✉♣♣♦s❡ t❤❛t | d(t)
(p−1)t

| ≤ 1
2
✱ ✇❡ ♦❜t❛✐♥

|η′(t)| ≤
1

p− 1
× 21+ 1

p−1 .

✶✷



❚❤❡r❡❢♦r❡

|1 −

(

1 +
d(t)

(p− 1)t

)−
1

(p−1)

| ≤
1

p− 1
× 21+ 1

p−1 |
d(t)

(p− 1)t
|.

❆s ✇❡ ❤❛✈❡ s❡❡♥ ❛❜♦✈❡✱ d(t) ✐s ❜♦✉♥❞❡❞ ❜② M1 t❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡



ξ(t) −

(

1

(p− 1)t

)
1

(p−1)


 ≤ Ct
−1− 1

p−1 .

❲✐t❤ C = ( 1
p−1

)
p

p−1 × 21+ 1
p−1M1.

❲❡ r❡❝❛❧❧ t❤❛t z ❤❛s ❛ ❝♦♥st❛♥t s✐❣♥ ♦♥ [T0,+∞[ ❛♥❞ z ❛♥❞ u ❤❛✈❡ t❤❡
s❛♠❡ s✐❣♥✳ ❆s ✐♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ s❡t u = v + z ❛♥❞ ψ = u+ w, ✇❡ ❞✐st✐♥❣✉✐s❤
t✇♦ ❝❛s❡s

✲ ■❢ z > 0✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r t ❧❛r❣❡ ❡♥♦✉❣❤ u > 0 ❛♥❞ |ψ| = ψ.

❚❤❡♥

||ψ| −
(

1
(p−1)t

)
1

(p−1) 
 ≤ |u−

(

1
(p−1)t

)
1

(p−1) 
 + |w| ≤ Kt

−1− 1
p−1 .

■♥❞❡❡❞✱

|u−

(

1

(p− 1)t

)
1

(p−1)


 ≤ |u− z| + |z − ξ| + |ξ −

(

1

(p− 1)t

)
1

(p−1)




≤Me−λ2t + ke−δt + Ct
−1− 1

p−1 .

❙✐♥❝❡ ✇❡ ❤❛✈❡ ✭✺✳✼✮✱ ✇❡ ♦❜t❛✐♥ ✭✶✳✾✮✳

✲ ■❢ ✇❡ s✉♣♣♦s❡ t❤❛t z < 0✱ t❤❡♥ ✐♠♣❧✐❡s t❤❛t u < 0. ❇② s✐♠✐❧❛r ❝❛❧❝✉❧❛✲
t✐♦♥s ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ r❡s✉❧t✳

■♥❞❡❡❞✱ |ψ| = −ψ, ❛♥❞ ✇❡ ❤❛✈❡

✶✸



||ψ| −

(

1

(p− 1)t

)
1

(p−1)


 ≤ | − u−

(

1

(p− 1)t

)
1

(p−1)


 + |w|

≤ Kt
−1− 1

p−1

s✐♥❝❡

| − u−

(

1

(p− 1)t

)
1

(p−1)


 ≤ |u− z| + | − z − ξ| + |ξ −

(

1

(p− 1)t

)
1

(p−1)




≤Me−λ2t + ke−δt + Ct
−1− 1

p−1 .

❆❧s♦ s✐♥❝❡ ✇❡ ❤❛✈❡ ✭✺✳✼✮✱ ✜♥❛❧❧② ✇❡ ♦❜t❛✐♥ ✭✶✳✾✮✳

✻ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✸

(i) ■❢ ψ ✐s ❛♥ ♦❞❞ ❢✉♥❝t✐♦♥✱ t❤❡♥ ψ(0,−x) = −ψ(0, x)✳ ■t ✐♠♣❧✐❡s ❢♦r ❛❧❧
t > 0, ψ(t,−x) = −ψ(t, x).

■♥ t❤❛t ❝❛s❡

u(t) = Pψ(t, x) =
1

|Ω|

∫

Ω

ψ(t, x)dx = 0.

▼♦r❡♦✈❡r✱ ✇❡ ❦♥♦✇ t❤❛t ψ = u+w✱ ✇❤❡r❡ w(t) ∈ N⊥ ❢♦r ❛❧❧ t ≥ 0 ❛♥❞
✭❝❢✳ Pr♦♣♦s✐t✐♦♥ ✸✳✶✮ ✇❡ ❤❛✈❡

‖w(t)‖L∞(Ω) ≤ Ke−λ2t,

❤❡♥❝❡ t❤❡ s♦❧✉t✐♦♥ ψ s❛t✐s✜❡s ✭✶✳✽✮✳

(ii) ■❢ ψ(0, x) ≥ 0 ❛♥❞ ψ ❞♦❡s ♥♦t ✈❛♥✐s❤ ❛✳❡ ✐♥ Ω✱ t❤❡♥ ❢♦r ❛❧❧ t ≥ 0
ψ(t, x) > 0✱ ✐t ✐♠♣❧✐❡s t❤❛t

∫

Ω

ψ(t, x)dx > 0. ✭✻✳✶✮

✶✹



❲❡ s✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ‖ψ(t, ·)‖∞ ≤ Ce−λ2t ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡
♣r♦❜❧❡♠ ✭✶✳✶✮ t❤❡♥ ✇❡ ✐♥t❡❣r❛t❡ ♦♥ Ω✱ ✇❡ ♦❜t❛✐♥

∫

Ω

ψt(t, x)dx = −

∫

Ω

g(ψ(t, x))dx. ✭✻✳✷✮

❆♥ ❡❧❡♠❡♥t❛r② ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t ✇❡ ❤❛✈❡
∫

Ω

g(ψ(t, x))dx ≤
c

p

∫

Ω

|ψ(t, x)|pdx

≤
c

p

∫

Ω

|ψ(t, x)|p−1ψ(t, x)dx

≤
c

p

∫

Ω

‖ψ(t, x)‖p−1
∞ ψ(t, x)dx

≤
c

p
Cp−1e−(p−1)λ2t

∫

Ω

ψ(t, x)dx

◆♦✇ ✇❡ s❡t y(t) =
∫

Ω
ψ(t, x)dx. ❋r♦♠ ✭✻✳✷✮✱ ✇❡ ❞❡❞✉❝❡

y′(t) ≥ −Me−δty(t) ✭✻✳✸✮

✇✐t❤ M = c
p
Cp−1 ❛♥❞ δ = (p− 1)λ2✳

❙✐♥❝❡ y(t) > 0 ❜② ✭✻✳✶✮✱ ✇❡ ❝❛♥ ✐♥t❡❣r❛t❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0, t]✱ ✇❡ ♦❜t❛✐♥

y(t) ≥ y(0) exp

{

−M

∫ t

0

e−δsds

}

≥ y(0) exp

{

−
M

δ

}

> 0. ✭✻✳✹✮

❍❡♥❝❡ y ❞♦❡s ♥♦t t❡♥❞ t♦ 0 ❢♦r t ❧❛r❣❡✱ t❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❤②♣♦t❤❡s✐s
❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t y s❛t✐s✜❡s ✭✶✳✼✮✳

❘❡❢❡r❡♥❝❡s

❬✶❪ P✳ ❇é♥✐❧❛♥✱ ❍✳ ❇ré③✐s✱ ❙♦❧✉t✐♦♥s ❢❛✐❜❧❡s ❞✬éq✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥ ❞❛♥s ❧❡s
❡s♣❛❝❡s ❞❡ ❍✐❧❜❡rt✱ ❆♥♥❛❧❡s ❞❡ ❧✬✐♥st✐t✉t ❋♦✉r✐❡r✱ ✷✷ ♥♦✳ ✷ ✭✶✾✼✷✮✱ ♣✳
✸✶✶✲✸✷✾✳

❬✷❪ ❍✳❇ré③✐s✱ ❖♣ér❛t❡✉rs ♠❛①✐♠❛✉① ♠♦♥♦t♦♥❡s ❡t s❡♠✐✲❣r♦✉♣❡s ❞❡ ❝♦♥tr❛❝✲
t✐♦♥s ❞❛♥s ❧❡s ❡s♣❛❝❡s ❞❡ ❍✐❧❜❡rt✳

❬✸❪ ❈✳ ▼✳❉❛❢❡r♠♦s✱ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ s♦❧✉t✐♦♥s ♦❢ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s✱
◆♦♥❧✐♥❡❛r ❊✈♦❧✉t✐♦♥ ❊q✉❛t✐♦♥s✱ ▼✳ ●✳ ❈r❛♥❞❛❧❧ ❊❞✱ ❆❝❛❞❡♠✐❝ Pr❡ss✱
◆❡✇✲❨♦r❦ ✶✾✼✽✱ ✶✵✸✲✶✷✸✳

✶✺



❬✹❪ ❆✳ ❍❛r❛✉①✱ ❙❧♦✇ ❛♥❞ ❢❛st ❞❡❝❛② ♦❢ s♦❧✉t✐♦♥s t♦ s♦♠❡ s❡❝♦♥❞ ♦r❞❡r ❡✈♦✲
❧✉t✐♦♥ ❡q✉❛t✐♦♥s✱ ❏✳ ❆♥❛❧②s❡ ▼❛t❤é♠❛t✐q✉❡s✳ ✾✺ ✭✷✵✵✺✮✱ ✷✾✼✲✸✷✶✳

❬✺❪ ❆✳ ❍❛r❛✉①✱ ❉❡❝❛② r❛t❡ ♦❢ t❤❡ r❛♥❣❡ ❝♦♠♣♦♥❡♥t ♦❢ s♦❧✉t✐♦♥s t♦ s♦♠❡ s❡♠✐✲
❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s✱ ❏✳ ❆♥❛❧②s❡ ▼❛t❤é♠❛t✐q✉❡s✳✶✸ ✭✷✵✵✻✮✱ ✹✸✺✲
✹✹✺✳

❬✻❪ ❆✳ ❍❛r❛✉①✱ ▼✳ ❆✳ ❏❡♥❞♦✉❜✐ ❛♥❞ ❖✳ ❑❛✈✐❛♥✱ ❘❛t❡ ♦❢ ❞❡❝❛② t♦ ❡q✉✐❧✐❜r✐✉♠
✐♥ s♦♠❡ s❡♠✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✱ ❏♦✉r♥❛❧ ♦❢ ❊✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s
✸ ✭✷✵✵✸✮✱ ✹✻✸✲✹✽✹✳

❬✼❪ ❆✳ ❍❛r❛✉①✱ ❙②stè♠❡s ❞②♥❛♠✐q✉❡s ❞✐ss✐♣❛t✐❢s ❡t ❛♣♣❧✐❝❛t✐♦♥s✱ ❈♦❧❧❡❝t✐♦♥
❘✳ ▼✳ ❆✳ ✶✼✱ ❈♦❧❧❡❝t✐♦♥ ❞✐r✐❣é ♣❛r P✳ ●✳ ❈✐❛r❧❡t ❡t ❏✳ ▲✳ ▲✐♦♥s✱ ▼❛ss♦♥✱
P❛r✐s ✶✾✾✶✳

❬✽❪ ❆✳ ❍❛r❛✉①✱ ▼✳ ❑✐r❛♥❡✱ ❊st✐♠❛t✐♦♥s C1 ♣♦✉r ❞❡s ♣r♦❜❧è♠❡s ♣❛r❛❜♦❧✐q✉❡s
s❡♠✐✲❧✐♥é❛✐r❡s✱ ❆♥♥❛❧❡s ❞❡ ❧❛ ❢❛❝✉❧té ❞❡s s❝✐❡♥❝❡s ❞❡ ❚♦✉❧♦✉s❡ ❙ér✳ ✺✱ ✺
♥♦✳ ✸✲✹ ✭✶✾✽✸✮✱ ♣✳ ✷✻✺✲✷✽✵✳
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