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Abstract

We study the Gross-Pitaevskii (GP) energy functional for a fast rotating Bose-Einstein condensate
on the unit disc in two dimensions. Writing the coupling parameter as 1/¢? we consider the asymptotic
regime ¢ — 0 with the angular velocity Q proportional to (¢?|loge|)™. We prove that if Q =
Qo(e?|loge])™" and Qo > (37)~! then a minimizer of the GP energy functional has no zeros in an
annulus at the boundary of the disc that contains the bulk of the mass. The vorticity resides in a
complementary ‘hole’ around the center where the density is vanishingly small. Moreover, we prove a
lower bound to the ground state energy that matches, up to small errors, the upper bound obtained
from an optimal giant vortex trial function, and also that the winding number of a GP minimizer
around the disc is in accord with the phase of this trial function.

MSC: 35Q55,47J30,76M23. PACS: 03.75.Hh, 47.32.-y, 47.37.4+q.
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1 Introduction

An ultracold Bose gas in a magneto-optical trap exhibits remarkable phenomena when the trap is set
in rotational motion. In the ground state the gas is a superfluid and responds to the rotation by the
creation of quantized vortices whose number increases with the angular velocity. The literature on this
subject is vast but there exist some excellent reviews [A, Co, Fel]. The mathematical analysis is usually
carried out in the framework of the (time independent) Gross-Pitaevskii (GP) equation that has been
derived from the many-body quantum mechanical Hamiltonian in [LSY] for the non-rotating case and in
[LS] for a rotating system at fized coupling constant and rotational velocity. When these parameters tend
to infinity the leading order approximation was established in [BCPY] but it is still an open problem to
derive the full GP equation rigorously in this regime. The present paper, however, is not concerned with
the many-body problem and the GP description will be assumed throughout.

When studying gases in rapid rotation a distinction has to be made between the case of harmonic traps,
where the confining external potential increases quadratically with the distance from the rotation axis,
and anharmonic traps where the confinement is stronger. In the former case there is a limiting angular
velocity beyond which the centrifugal forces drive the gas out of the trap. In the latter case the angular
velocity can in principle be as large as one pleases [Fe2]. Using variational arguments it was predicted in
[FB] that at sufficiently large angular velocities in such traps a phase transition changing the character of
the wave function takes place: Vortices disappear from the bulk of the density and the vorticity resides
in a ‘giant vortex’ in the central region of the trap where the density is very low. This phenomenon was
also discussed and studied numerically in both earlier and later works [FJS, FZ, KB, KF, KTU], but
proving theorems that firmly establish it mathematically has remained quite challenging.

The emergence of a giant vortex state at large angular velocity with the interaction parameter fixed
was proved in [R1] for a quadratic plus quartic trap potential. The present paper is concerned with
the combined effects of a large angular velocity and a large interaction parameter on the distribution
of vorticity in an anharmonic trap. In particular, we shall establish rigorous estimates on the relation
between the interaction strength and the angular velocity required for creating a giant vortex. The
physical regime of interest and hence the mathematical problem treated is rather different from that in
[R1] but a common feature is that the annular shape of the condensate is created by the centrifugal
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forces at fast rotation. By contrast, the paper [AAB] focuses on a situation where, even at slow rotation
speeds, the condensate has a fixed annular shape due to the choice of the trapping potential. The basic
methodology of the present paper is related to that of [AAB] and [IM1, IM2] but with important novel
aspects that will become apparent in the sequel.

As in the papers [CRY1, CY], that deal mainly with rotational velocities below the giant vortex
transition, the mathematical model we consider is that of a two-dimensional ‘flat’ trap in two dimensions.
The angular velocity vector points in the direction orthogonal to the plane and the energy functional in
the rotating frame of reference is'

ECP () ::/dF{|V\Il|2—2ﬁ-\I!*E\P+5_2\\II|4}, (1.1)
B
where we have denoted the angular velocity by 2@, the integral domain is the unit disc B = {F € R? :
r <1}, and L = —iFf AV is the angular momentum operator. It is also useful to write the functional in
the form )
ECP[y] = / d {\ (v - zﬂ) \1:] — Q22|02 4 52\144} , (1.2)
B

where the vector potential Ais given by
A:=QAF=Qrey. (1.3)

Here (r,1) are two-dimensional polar coordinates and €y a unit vector in the angular direction. The
complex valued ¥ is normalized in L?(B) and the ground state energy is defined as

GP _ GP
E~" = H\I}ﬁfﬂg [P]. (1.4)

The minimization in (1.4) leads to Neumann boundary conditions on 0B. Alternatively we could have
imposed Dirichlet boundary conditions, or considered the case of a homogeneous trapping potential as
in [CRY2]. Our general strategy should apply to those cases, but this requires further investigation (see
Section 1.2).

We denote by WP a minimizer of (1.2), i.e., any normalized function such that £GP [WCEP] = FGP,

The minimizer is in general not unique because vortices can break the rotational symmetry [CRY1,
Proposition 2.2] but any minimizer satisfies the variational equation (GP equation)

—ATCP _ 26 LUOP 4 272 [9OF|? gOP — | CPgCP (1.5)
with Neumann boundary conditions and the chemical potential

1 . 4
uCP .= EGP 4 ?2/ i | WP (1.6)
B

The subsequent analysis concerns the asymptotic behavior of WS and EST as e — 0 with Q tending to
oo in a definite way.

As discussed in [CRY1] the centrifugal term —Q2r2|W¥|? in (1.2) creates for Q > e~! a ‘hole’ around
the center where the density [P |2 is exponentially small while the mass is concentrated in an annulus

of thickness ~ €€ at the boundary. Moreover, by establishing upper and lower bounds on ECF, it was
shown in [CY] that in the asymptotic parameter regime
|loge| < Q < (%] loge|) ! (1.7)

1The notation “a := b’ means that a is by definition equal to b.
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the ground state energy is to subleading order correctly reproduced by the energy of a trial function
exhibiting a lattice of vortices reaching all the way to the boundary of the disc. It can even be shown that
in the whole regime (1.7) the vorticity of a true minimizer WF in the annulus is uniformly distributed?
with density Q /7.

1.1 The Main Results

In this paper we investigate the case
Qo

=" 1.8
e2|loge| (18)

with Qg a fixed constant and prove that for €y sufficiently large a phase transition takes place: Vortices
disappear from the bulk of the density and all vorticity is contained in a hole where the density is low.

To state this result precisely, we first recall from [CRY1] that the leading order in the asymptotic
expansion of the GP ground state energy is given by the minimization of the ‘Thomas-Fermi’ (TF)
functional obtained from £5F by simply neglecting the kinetic term:

ET ] := /BdF {—Q%r?p+e72p?}, (1.9)

where p plays the role of the density |¥|2. The minimizing normalized density, denoted by pT¥, can be
computed explicitly (see Appendix). For Q > 27~ 1/2¢~1 it vanishes for r < Ry, with

1 — R = (2/ym)(eQ)? NQals|log5|, (1.10)

while for R, < r <1 it is given by
TF/ .\ _ ()2, _R2 1.11
o) = 6 RY). (111)
Our proof of the disappearance of vortices is based on estimates that require the TF density to be

sufficiently large. For this reason we consider an annulus

A:={F: Ry+e|loge| ™t <r <1} (1.12)

where pT¥(r) > Qo ! loge|~2. Our result on the disappearance of vortices from the essential support
of the density is as follows:

Theorem 1.1 (Absence of vortices in the bulk). R
If Q is given by (1.8) with Qo > (37)~, then WS does not have any zero in A for e > 0 small enough.
More precisely, for ¥ € A,

< p"F(r). (1.13)

) log=f?
SR — 5™ ()| < O

Remark 1.1 (Bulk of the condensate).

The annulus A contains the bulk of the mass. Indeed, because [ i pTF = 1—0(1) and YT is normalized,
(1.13) implies that also [; [T9F|2 =1 —o(1).

The proof of Theorem 1.1 is based on precise energy estimates that involve a comparison of the energy
of the restriction of ¥GF to A with the energy of a giant vortex trial function. By the latter we mean a
function of the form

2Cf. [CY, Theorem 3.3]. This theorem is stated only for the case Q < e~! but it holds in fact true in the whole region
(1.7) [R2].
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U(7) = f(7) exp(i09) (1.14)

with f real valued and ) € N. It is convenient to write?

Q=10 -w (1.15)

with w € Z and use w as label for the Q—dependent quantities in the sequel. We define a functional of f
by

ECP[f] := ECP[f exp(iQW9)] = / dr {|Vf|2 + (2172 - 200) % + 5_2f4} . (1.16)

Minimizing the functional £ GP[f] (see Proposition 2.3), that is convex in f?, over L?-normalized f for
fixed €, we obtain an energy denoted by EGP and a minimizer that is rotationally symmetric, without a
Z€ero for r > 0, and unique up to sign*. We denote the unique positive minimizer by g,,. If 0 < w < Ce™!
the corresponding density g2 is close to pTF (see Remark 1.3 below).

It is clear that

ECP < £8P (g, exp(iQ0)] = EST (1.17)
for any value of w and hence . R
ECF < ECP .— inf ECP. (1.18)
we

Our second main result is a lower bound that matches (1.18) up to small errors (see Remark 1.4
below) and an estimate of the phase that optimizes EGT.

Theorem 1.2 (Ground state energy).
For Qq > (37)~! and & > 0 small enough the ground state energy is

~ log e|3/2
ECP = ECP _ 0 |— . 1.19
S172(log [ log <])? (1-19)

Moreover ECY = ECY  with wopt € N satisfying

Wo t’

wopt = 3 f (1+0(10ge|72). (1.20)

Because WEF does not have any zeros in the annulus A the winding number (degree) of WSF around
the unit disc is well defined. Our third main result is that the giant vortex phase [Q] — wopy is, up to
eventual small errors, equal to this winding number.

Theorem 1.3 (Degree of a minimizer).

For Qo > (37)~! and € > 0 small enough, the winding number of WGP

deg {TP 0B} = [Q] — wopt (1 + 0(1)) (1.21)

with wepy, as in (1.20).

The following remarks are intended to elucidate the phase difference wqp¢ and to justify the claim that
the remainder in (1.19) is, indeed, a small correction to ESF.

3We use the notation ‘[ - ]’ for the integer part of a real number.
4Instead of requiring f to be real we could have required f to be radial in which case the minimizer is unique up to a
constant phase.
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Remark 1.2 (Giant vortex phase).
For a fixed trial function f the energy (1.16) is minimal for

O= Q(/d ‘2f2> +0(1). (1.22)

If f2 is close to pT¥ and thus essentially concentrated in an annulus of width ~ (e2) = O(e|logel), it
follows that .
0<(Q-Q)=0@E1). (1.23)

The leading term 2/(3y/m)e~! in (1.20) can, indeed, be computed from (1.22) with f2 = pT¥ or more
simply, for f?(r) increasing linearly from 0 at r = Ry, to its maximal value at 7 = 1. It is worth noting
that if f?(r) were constant in the interval [Ry, 1], the leading term for w according to (1.22) would be
2/(y/7e) and the phase Q therefore approximately equal to (€2/7) x area of the hole. The optimal € is
closer to §2 because of the inhomogeneity of the density in the annulus.

Remark 1.8 (Giant vortex density functional).
The functional (1.16) can also be written

ESPIS] :/dF {IVfI? =@ P+ B f* + 2 f*} (1.24)
B

with
B (r) :==Q/r — Qr. (1.25)

If w = O(¢71), then B, (r) = O(s7!) close to the boundary of the disc. Neglecting the term B2 f? as well
as the gradient term in (1.24) in comparison with the centrifugal and interaction terms leads to the TF
functional evaluated at f2. This makes plausible the assertion above that g2 is close to pT¥ if w = O(e 1)
and this will indeed be proved in Section 2.

Remark 1.4 (Composition of the ground state energy).
If one drops the gradient term in (1.24) but retains the term with B2

< one obtains a modified (and
w-dependent) TF functional

EXF(p] /dr{ —Q*r?p+ B2p+e?p*}. (1.26)

Its minimizer and minimizing energy E‘EF can be computed explicitly (see the Appendbf) and one sees
that the energy is minimal for w = 2/(3y/me)(1 + o(1)). Denoting the minimal value by ETF, we have

ETF = ETF L 0(e72), (1.27)
while
E™ = —0? —4/(3ym)e Q2 = O(s ™ loge| %) + O(s 3| loge| 7). (1.28)

The term O(e72) in (1.27) is the angular kinetic energy corresponding to the third term in (1.24). The
difference between EGP and ETF is the radial kinetic energy of the order (¢Q)2 = O(c¢~2|loge|~2). The
remainder in (1.19) is thus much smaller than all terms in ESP. Tt is also smaller than the energy a
vortex in A would have, which is |loge| x density = O(e~1).
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1.2 The Proof Strategy

We now explain the general strategy for the proof of the main results.
The first step is an energy splitting as in [LM]. We write a generic, normalized wave function as
U (7) = gu(r)w(F) with a complex valued function w. The identity

/dF|V\I/|2:/dF(—Agw)gw|w\2+/ngi|Vw|2 (1.29)
B B B

holds by partial integration and the boundary condition on g,. Using the variational equation for g,, and
writing w(7) = exp(iQ29)v(F) and Q as in (1.15), we obtain a splitting of the energy functional:

ECPIW] = EST 4 £, [v] (1.30)
with .
Eolv] = / dF{ginF g2 B, - (iv, Vv) + Z—‘;(l - |v|2)2} (1.31)
B
where .
B, (r) := B,(r)éy = [([Q] —w)r = Qr] €y (1.32)
and we have used the notation
(iv, Vv) := 2i(0Vv — vVD). (1.33)

Since the divergence of the two-dimensional vector field gigw vanishes we can write
2B, =V*F, (1.34)

with a scalar potential F,, and the dual gradient V+ = (—9,,d,). Stokes theorem then gives

4
do F,,(iv, 0-v) —|—/ dF‘Z—‘;(l — |[v]?)2. (1.35)

Eulv] = /BdF{gi\VuF + Fcurl(iv, Vo) } — ;

a8
Here and in the rest of the paper ‘curl (iv, Vv)’ stands for the 3-component of V A (iv, Vv), 9, is the
tangential derivative and do the Lebesgue measure on the circle, i.e, given a ball By of radius R centered
at the origin, 0, := R~ 10y and do := RdY on 0Bg.
The giant vortex trial function g, exp(ifw) gives an upper bound to the energy and hence we see
from (1.30) that
Eolu] <0 (1.36)

where u is the remaining factor of WEP after the giant vortex trial function has been extracted, e.g.,
UEP = g exp(iQ9) u. The proof of Theorem 1.1 is based on a lower bound on &,[u] that, for g large
enough, would be positive and hence contradict (1.36) if u had zeros in A. The main steps are as follows:

e Concentration of the density: There is an annulus A, slightly larger than A, so that the supremum
of [WEP|2 over B\ A is® O(e>). The same holds for g2 provided w < Ce~!. This implies that for
v = u the integrations in (1.31) can be restricted to A up to errors that are O(e>).

o Optimization of the phase: Choice of w = O(e7!) so that F,,, chosen to vanish on the inner boundary
of A, is small on 0B.

e Boundary estimate: Using the variational equations for WS and g, and the smallness of F, on
the boundary it is proved that the boundary term in (1.35) is small. This step uses the Neumann
boundary conditions on 9B in a strong way and its extension to the case of Dirichlet boundary
conditions is a nontrivial open problem.

5We use the symbol O(¢*°) to denote a remainder which is smaller than any positive power of ¢, e.g., exponentially
small.



Giant Vortex - CRY - May 3rd, 2010 8

o Vortex balls: Isolation of the possible zeros of u in ‘vortex balls’ and an estimate of the first term
in (1.35) from below in terms of the infimum of g2 on the vortex balls and the winding numbers of
u around the centers. For the construction of vortex balls a suitable upper bound on the last term
in (1.35) is essential.

o Jacobian estimates: Approximation of the integral of F, against the vorticity curl(iu, Vu) by a
sum of the values of F,, at the centers of the vortex balls multiplied by the corresponding winding
numbers.

o Gradient estimates: Estimates on Vu leading to a lower bound on the last term in (1.35) that, for
Qg large enough, excludes zeros of u.

A key point to notice is that the vortex ball construction in combination with the jacobian estimates
leads to a cost function defined as

Ho(r) = 362 (r) loge| + Fu(r). (1.37)

The first term is, to leading approximation, the kinetic energy of a vortex of unit strength at radius r,
the second term is the gain due to the potential energy of the vortex in the field giéw. If H, is negative
at some point, the energy may be lowered by inserting a vortex at this point. A positive value of H,,
means that the cost of the kinetic energy outweighs the gain. Note that H, depends on 2y through F;
in fact it is not difficult to see that®

()| < g2 ()] logel. (139
Hence, if Qg is large enough, the cost function is positive everywhere on the annulus and vortices are
energetically unfavorable. An upper bound, (37)~!, on the critical value for €y is computed in the
Appendix. We believe it to be optimal, i.e., that there will be vortices in the bulk if one takes Qo < (37)~*
but this requires further investigation.

The construction of vortex balls is a technique introduced independently by Jerrard [J] and Sandier
[Sa] in Ginzburg-Landau (GL) theory, whereas the jacobian estimates originate from the work [JS]. Both
techniques are described in details in the monograph [SS]. This method has been applied in [AAB] and
[IM1, IM2] to functionals that at first sight look exactly like (1.31). There is, however, an essential
difference: While in [AAB] and [IM1, IM2] the size of the relevant integral domain is fixed, the weight
function g2 is in our case concentrated in an annulus whose width tends to zero as € — 0. This shrinking
of the width of the annulus and the large gradient of g2 are the main reasons for the complications
encountered in the proof of our main theorems.

To appreciate the difficulty the following consideration is helpful. As already noted, the concentration
of g2 on the annulus A of width O(g|loge|) implies that B,, = O(¢~") on this annulus. From (1.36) and
the Cauchy-Schwarz inequality applied to the second term in (1.31), one obtains the bound

4
w

) c
/Adr ?2(1 — |u]?)? < = (1.39)

Now, although g ~ (¢Q)? ~ e72|loge|~2 on A, the estimate (1.39) is not sufficient for the construction
of vortex balls on A. In fact, (1.39) is compatible with the vanishing of u on a ball of radius O(e|loge|),
i.e., comparable to the width of A, while for a construction of vortex balls one must be able to isolate
the possible zeros of u in balls of much smaller radius.

6Here, as in the rest of the paper, C stands for a finite, positive constant whose value may vary from one formula to
another.
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The solution of this problem, elaborated in Section 4, involves a division of the annulus into cells of
area ~ (¢02)? with the upshot that a local version of (1.39) holds in every cell. The local version,

|log el

: (1.40)

g4 C -1
/ dir =5 (1 — lu|?)? < — X (number of of cells) ~ ~
Cell € €

means that, in the cell,  can only vanish in a region of area O(g3|loge|®) that is much smaller than the
area of the cell, i.e., ~ £2|loge|?. Hence the vortex ball technique applies in the cells where (1.40), or a
sufficiently close approximation to it, holds. The gist of the proof of a global lower bound, that eventually
leads to Theorems 1.1 and 1.2, is a stepwise increase in the number of cells where an estimate close to
(1.40) is valid until all potential zeros in the annulus are included in vortex balls. The proof of Theorem
1.3 involves in addition an estimate on the winding number of .

In the sketch of the proof strategy above we have for simplicity deviated slightly from the actual
procedure that will be followed in the sequel. Namely, for technical reasons, we find it necessary to
restrict the considerations to a problem on the annulus before the splitting of the GP energy functional
as in (1.30). This means that, instead of the function g, , and the optimal phase wop; defined above, we
shall work with corresponding quantities for a functional like (1.24) but with the integration restricted
to A. The main reason for this complication is lack of precise information about the behavior of WGP
in a neighborhood of the origin. In fact, the distribution of the ‘giant vorticity’ of WS in the hole is
unknown. In particular it is not known whether WGP vanishes at the origin like g,,, which has a zero
there of order ().

1.3 Heuristic Considerations

A heuristic argument for the giant vortex transition, based on an analogy with an electrostatic problem,
has been given in [CY] and goes as follows: Writing a wave function as U(7) = |¥(7)| exp(ip(F)) with a
real phase ¢ the kinetic energy term in (1.2) is

[ar{ivie? + jwpve - A2} (1.41)
B

with /T(F) = Qrey. We focus on the second term and consider the situation that the phase ¢ contains,
besides the giant vortex, also a possible contribution from a vortex of unit degree at a point 7y in the
annulus of thickness ~ (Qs)fl. The phase can thus be written

o(7) == QU + arg(7 — 7). (1.42)

where arg(z,y) = arctan(y/z). The modulus |¥| vanishes at 7 and is small in a disc (‘vortex core’)
of radius ~ /2/Q ~ £3/2|loge|'/? around 7. The phase arg(7 — 7) can be regarded as the imaginary
part of the complex logarithm if we identify R? with C. The corresponding real part, i.e., conjugate
harmonic function, is log |7 — 7| which is the 2d electrostatic potential of a unit point charge locahzed in
To. Likewise, the conjugate harmonic function of Q0 is Qlogr, i.e., the electrostatic potential of a charge
Q) placed at the origin. By the Cauchy-Riemann equations for the complex logarithm we can write

Vo =00 & + 1 1090 €y = 0, x €9 —r Lyx &, (1.43)

with

X(7) := Qlogr + log |7 — 7o (1.44)
After a rotation by /2, i.e., replacement of &y by €, at every point, the vector potential has also an
electrostatic interpretation: Qré, is the electrostatic field of a uniform charge distribution with charge
density /7. Employing (1.43) we now have

Vo — A? = |Vx — Qré, | (1.45)
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and E (7) := Vx — Qré, is the electric field generated by the point charges and the uniform background.

We can now apply Newton’s theorem to argue that the effect of the giant vortex, i.e., the first term in
(1.44), is to neutralize in the annulus the field generated by the uniform charge distribution in the ‘hole’,
i.e., the second term in (1.45), provided () is chosen to match the area of the hole times the uniform charge
density. By the same argument the point charge at 7y neutralizes, outside a disc of radius ~ 1/ VQ, the
effect of one unit of the continuous charge.

The total charge of the continuous distribution in the annulus is Q ~ Q(Qe)~! ~ e71. Inserting the
vortex reduces the effective charge by one unit so the corresponding energy gain is ~ £~!. On the other
hand, the energy associated with the electrostatic field from the point charge outside the vortex core
(that is cut off by the modulus of the wave function) is ~ |¥|?|loge| ~ (Qe)|loge|. The condition for the
cost outweighing the gain is Qe|loge|~! > 7!, ie.,

1

1.46

marking the transition to the giant vortex phase.
It is also instructive to consider a version of the functional (1.31) where the variables have been scaled
so that the width of the annulus becomes O(1). We define

0= ()7 = Qg ltelloge|, F:=L71F, §(8) i= g, (03), ©(5) :=v(£5), 13(5‘) = (B, ((5). (1.47)

Then (1.31) is equal to

- 2
E] = /d§g2 {|W|2 — B (i0, Vo) + 5—2(1 - |@2)2} (1.48)
B
with B := B,-1 a ball of radius £~ = Qye~*|loge|~!. For the sake of a heuristic consideration we now
assume that g2 is constant, ~ =1, on the annulus of width ¢ and zero otherwise. We define a new small

parameter
g :=el'/? ~ 32| loge|1/? (1.49)

and note that 3
|B| ~ e ~ Qy ' (Jlog g| + O(log | log £])). (1.50)

We are thus led to consider the functional
> 1
/v dF{|V1§|2 ~ B (0, 90) + (1~ @2)2} (1.51)
A

on an annulus A of width O(1) and an effective vector potential of strength O(Q;'|logé|). This is
reminiscent of the situation considered in [AAB] and [IM1, IM2] where the domain is fixed and the
rotational velocity is proportional to the logarithm of the small parameter. Moreover, increasing (g
decreases the coefficient in front of the logarithm. Hence for large €y this coefficient is small and if
the analysis of [AAB] and [IM1, IM2] would apply, one could conclude that vortices are absent. This
reduction of the problem to known results is, however, too simplistic because the annulus A is not fixed:
Although its width stays constant, its diameter and hence the area increases as €~2/3|log&|=2/3. A new
ingredient is needed, and in our approach this is the division of the annulus into cells as mentioned in the
previous subsection. In the scaled version (1.48) of the energy functional these cells are (essentially) of
fixed size. When writing the actual proofs we prefer to use the original unscaled variables but the picture
provided by the scaling is still helpful, in particular for comparison with [AAB] and [IM1, IM2].
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1.4 Organization of the Paper

The paper is organized as follows. In Section 2 we gather some definitions and notation that are to
be used in the rest of the paper. We also prove useful estimates on the matter densities, both for the
actual GP minimizer [P |2 and for the ‘giant vortex profiles’ g.,. In Section 3 we introduce the auxiliary
problem that we are going to study on the annulus A and prove that it indeed captures the main energetic
features of the full problem. Section 4 is devoted to the study of the auxiliary problem via tools from
the GL theory. We conclude the proof of our main results in Section 5. Finally an Appendix gathers
important facts about the TF functionals that we use in our analysis, as well as the analysis of the cost
function that leads to an upper bound on the critical speed.

2 Useful Estimates

In this Section we state some useful estimates which are going to be used in the rest of the paper. Some
of them are simple consequences of energy considerations and in particular energy upper bounds, whereas
others depend in a crucial way on the variational equations solved by WGP etc., and apply therefore only
to (global) minimizers.

In the first part of the Section we investigate the properties of any GP minimizer: Starting from

simple energy estimates, we prove the concentration of ¥SF on an annulus of width O(e|loge|) close to
the boundary of the trap and in particular its exponential smallness inside the hole. This is the major
result about WEP,
The second part of the Section is devoted to the analysis of the densities associated with the giant vortex
energy. We shall introduce first some notation and then, exploiting energy considerations, discuss the
properties of those minimizers: Most of them are very similar to the ones proven for W&P | as, e.g., the
exponential smallness, but we also need other general properties as, for instance, an a priori bound on
the gradient of the densities and an estimate of their difference from the TF density p*F.

2.1 Estimates for GP Minimizers

We briefly recall the main notation: Given the GP energy functional £4F[¥] defined in (1.2), we denote
by EC? its infimum over L?-normalized wave functions. Any GP minimizer is denoted by ¥S" and solves
the variational equation (1.5).
The TF functional £TF[p] was introduced in (1.9) and ETF and p™ stand for its ground state energy
and density respectively (see also the Appendix).
Any further label to the functionals £5F and £™F, as, e.g., Sgp , denotes a restriction of the integration in
the functional to the domain D. The same convention is used for the corresponding ground state energies
and minimizers.
Finally we use the notation B(7, o) for a ball of radius ¢ centered at 7, whereas Bg is a ball with radius
R centered at the origin.

The starting point is a simple GP energy upper bound proven for instance in [CY, Proposition 4.2],
ie.,

ECP < ETF 1 Q|loge| < ETF + 72 (2.1)

A straightforward consequence of such an upper bound is that the L? norm of W& is concentrated in
the support ATY := {7 : R, < r < 1} of the TF minimizer. At the same time the bound implies an
useful upper bound on [UEF|:

Proposition 2.1 (Preliminary estimates for W&F).
Ase — 0,

ISP — 77 ) < O1), 912 <y < 6% sy (14 OW/TIBED) . 22)
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Proof. In order to prove the first statement it is sufficient to use the fact that p* is the positive part of
the function (£2/2)(u™F + Q2r?) together with the normalization of pT¥ and WP and estimate

[ 4 ORGP = U T -2 [ arwer gt <
B B
H\I,GPHi + HPTFHz _ 22T 5292/ dT—,»r2|\IJGP|2 — 2 (gTF U\IJGP|2] _ ETF) <
B
e? (BST —E™) <0, (2.3)

by (2.1).

The proof of the second inequality is similar to the proof of Lemma 5.1 in [CY] and involves the
variational equation (1.5). We define

pCF = WP 2, (2.4)

The crucial point is that at any maximum point of p&* in the closed ball B, it has to be ApST < 0. This
is trivially true in the open ball B but can be extended to the boundary thanks to Neumann boundary
conditions: Since 9,¥SF = 0 at the boundary 9B, which implies 9,p%F = 0 there, pSF can have a
maximum at 7 € 9B only if Vp©F () = 0 and therefore ApGP (7)) < 0.
From the variational equation (1.5) solved by WP one can estimate

7ApGP S 4572 (EZ/LGP + 62927’2 o ZPGP) pGP S 4672 (€2ILLGP 4 6292 o 2,0GP) pGP7 (25)
by using the properties

_ApGP — _pCOP*AWCP _ CGPAGGP* _ o ’v\I,GP 2 ,

[WOP 20 LUOP| < |[VOCP® 4 022 [wOP |, (2.6)
Now since ApCF < 0 at any maximum point of p&F one immediately has
2
H\I,GPHOO < ((C:ZMGP _|_€2QQ)/2 < ,OTF(I) + C€2|[LGP _ ‘uTF‘.

Now
pE(1) = HpTFHOO = (e = Celoge|™!, (2.7)

and the difference between the chemical potentials (see (1.6) and (A.2) for the definitions) can be esti-
mated as follows

WGP _4TF) < ECP _ pTF | 2 (H/’TFHZQ n H\IIGPHoo) H|\I/GP|2 _pTFH2 <

€ [ 1L (1 2 logellu — 5™ <

0575/2‘ log6|71/2 (1 4 53/2| 1Og€|1/2|MGP _ NTF|1/2) ’
which yields
|MGP _ MTF| < 06_5/2| 10g5|—1/2 (28)
and thus the result. O

A consequence of the L? estimate in (2.2) is that the L? norm of WYP is concentrated inside the
support of pTF or, in other words, the mass of ¥S" inside the hole Bg, is small. Indeed one can easily
realize that the first inequality in (2.2) implies

H\I'GPH;(BRh) < O(V/e[loge)), (2.9)
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since, due to the normalization of p™" and its support in ATF,

2 2 2 . 2
L= 1) + 1 N zaarey = 195 W 2o, + /ATF dF (JWEP[* = ™) 12
H\I:GPH;(BR}]) +1—0(/2[logel)).

This simple estimate can be refined (see, e.g., [CRY1, Proposition 2.5]) and one can actually show
that WP is exponentially small in ¢ inside Bg, . Next Proposition is devoted to the proof of two pointwise
inequalities of this kind:

Proposition 2.2 (Exponential smallness of V&P inside the hole).
As e — 0 and for any 7 € B,

2

1—
’\I!GP(F)|2§C’E_1|10g£\_1 exp —72 . (2.10)
1- R

Moreover there exist a strictly positive constant ¢ such that for any 1/2 <r < R, — (9(57/6),

|\I!GP(7"')‘2 §C571|log5|71 exp{—sl%}. (2.11)

Remark 2.1 (Comparison between (2.10) and (2.11)).
At first sight the pointwise estimates in (2.10) and (2.11) look very similar. In fact, since 1 — R} =
O(ellogel), one can easily realize that the first one yields a much better upper bound than the latter as
soon as 1—72 > O(e%/9), i.e., in particular for 1 —7? = O(1). The main drawback of the first inequality is
however that it becomes much weaker and even useless if one gets closer to the radius R},. More precisely
as soon as 1 — 72 < O(e) the bound is no longer exponentially small in . On the opposite the second
inequality has no r dependence and a worse coefficient in the exponential function but it holds true and
yields some exponential smallness up to a distance of order €7/6 from the boundary dBg,. Because of
this fact the second inequality will be crucial in the reduction of the original problem to another one on
an annulus close to the support of the TF minimizer. The first inequality, on the contrary, will be useful
in a region far from the boundary of the hole 0Bg, and close to the origin, where the second bound does
not apply.

Note also that the factor in front of the exponential in both (2.10) and (2.11) is essentially given by
the sup of |¥SP|? over the domain B. In the case of the first inequality this is actually needed in order
to make it meaningful on the whole of B.

Proof. The starting point of the proof of (2.10) is the inequality (2.5) together with the estimate (2.8),
which yield

—ApSP < 4e72 [[)TF(T) + C’a*%|log €|7% - pGP} pCF, (2.12)
where we have set )
_ €
P (r) = 5 (1™ + Q%7 (2.13)

which coincides with the TF density pTF inside ATF and is negative everywhere else. More precisely, for
any 7 such that r? < R — ¢, one has

—ApCF 4 2:73|loge|2p8F <0, (2.14)
since in that region

1
2¢|loge|?”

ﬁTF(r) + Ca_%|log8|_% < —5392(1 —o(1)) <
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On the other hand the function

satisfies for any r < 1

—~AW +2¢73|loge| W > [—e|loge| —r* + '] W > 0.

e2|logel?

If we then multiply W by ||p%F ||« we get then a supersolution to (2.14), so that by the maximum principle
(see, e.g., [E, Theorem 1 at p. 508])

(WP (7)) < WSR2 W),

for any r < R, —e. However W (r) is an increasing function and W (/R? — ¢) = ||p®? || by construction,
which implies that the estimate trivially holds true for any 7 € B. The estimate (2.10) is a consequence
of (2.2) and the inequality 1 — R? = ¢|loge| > .

Concerning the proof of the second inequality (2.11), we first notice that (2.12) implies that, for any
7 € Bp, such that r < Ry, — O(e7/9),

—ApSP < —Ce7 /6] 10ge| 2 p8F, (2.15)
since in that region
20)2
~TF e, 2 ¢
= -R) < —. 2.16
P (7") 9 (T h) — £_:5/6‘ 10g5|2 ( )

For any 7 such that ro < Ry, —O(¢"/%) we can thus consider the annulus Z = {# € B : r € [ro— 0,70+ 0]}
for some ¢ = O(7/6), such that ro + 0 < R, — O(e7/9), i.e., the outer boundary of the annulus is still at
a distance of order £7/6 from dBp, , and it is straightforward to verify that the function

2 2
SETIXe! 0” — (r—ro)

satisfies
4(r —1rp)? 2 2(r —ro) 0> 1

— Ce 38U ) > —Ce™ /% loge|2U(r), (2.18)

where we have used the fact that |r — ro| < p inside Z and ¢ = O(¢7/6). Denoting now V(7) =
PSP () — U(r), we aim at proving that ¥V < 0, but one has, for any 7 € Z,

—AV(7) < =Ce /%] log e| "2V (7).

Now at any maximum point of V' in the interior of Z it must be AV < 0, which implies V' < 0 because of the
above inequality. Hence it remains only to prove that V' < 0 at boundary 0Z since the function might have
a positive maximum there. However by construction V < 0 at 9Z since U(rg — 0) = U(ro+ 0) = ||p°F || oo
and thus V() is negative everywhere. In particular p&F(7) < U(r) for all 7 such that r = ro and
0 = O(¢7/6), which yields (2.11). O
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2.2 The Giant Vortex Densities

We now discuss some basic properties of the energy functional (1.16) together with those of an analogous
functional where the integration is restricted to an annulus A = {7 : R <r <1} C B with Re < Ry,
and |[R< — Ry| < €|loge|. A precise choice for R. will be made at the beginning of Section 3 (see (3.2))
but the results contained in this Section applies to any R. satisfying the above conditions.

As indicated at the end of Section 1.2 the restricted functional is for technical reasons actually more
useful for the proof of the main results than the original functional. It is defined in analogy with (1.16)
and (1.24) for real valued functions f on A by

ESP1f] = /A APV 4+ (19 - w)?r 22— 20([0) — w) f2 + e 2 1) =
/ ar {\Vf\Q — 02224 B2 4 5’2f4} . (2.19)
A

with B, (r) given by (1.25). We use A as a subindex to label quantities associated with the annulus and
thus denote the infimum of the functional (2.19) by

ESY = inf EST[f] (2.20)
“ =

while ESP stands for the corresponding infimum of (1.16).

We shall use the short-hand notation ESF, EGP g, etc., for quantities related either to (1.16) or (2.19),
e.g., a statement about g, is meant to apply to both g, and ga,..

Proposition 2.3 (Minimization of £57). R
For any w € Z such that |w| < O(e71), the ground state energies EST satisfy the estimates

E™ < ETF < ESP < ETF L O(e7%|loge|™2) < E™F + O(c72). (2.21)

The minimizers g, and ga,., ewist, are radially symmetric and unique up to a global sign, which can be
chosen so that they are given by positive functions solving the variational equation
Q] — w)? _ .
—Ag.+ ([]7«72)9* —20([Q] — w)g. + 27 %g} = plPy,, (2.22)
where the chemical potentials ST are fived by the L? normalization of gy, i.e., fS¥ = ES’P +e72||gx]I3-

In addition g, are smooth and increasing and satisfy Neumann conditions at the boundary 0B, i.e.,
0rgs(1) = 0; gaw satisfies an identical condition at the inner boundary as well, i.e., Organ(R<) = 0.

Proof. The lower bounds to the ground state energies are simply obtained by neglecting positive terms
(the kinetic energies) in the functionals: In the case of EST (the other case is identical), one has

éSP[f] > (c:’TF[fQ] > ETF > ETF,

where we refer to the Appendix for the simple proof of the last inequality.

The upper bound can be easily obtained by testing the functionals on suitable regularizations of /pTF
(see (A.6) for its definition and [CY], where such regularizations are performed on /pTF): The main
correction to the energy is due to the radial kinetic energy of the regularization and one can easily realize
that this energy can be made of order O(e~2|loge|~2), since \/pLF is a monotone function going from 0
to O(e~!1loge|™!) in an interval of size O(e|logel).

The last inequality is also discussed in the Appendix but it is basically due to the estimate

|Bo(A)| < Qr™" —r|+ Clw| + O(1) < Ce™, (2.23)
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for any w such that |w| < O(¢71) and 7 € A.
We remark that the restriction of the integration to the annulus A has no effect because the support
of the trial function can be assumed to be contained inside the support of pI¥, i.e., the region where
r > R,. On the other hand by (A.9), R, > Rn — O(c2|loge|?), for any w € Z such that |w| < Ce™?,
which implies that the support of pI¥ is contained inside A.

Existence and uniqueness of the minimizers trivially follow from strict convexity of the functionals
with respect to the density f2, which can be made clearer by writing them as

ESPNA) = [ dr {ITVAL + () wfr 2+ 7% | - 2000 - ), (224)

where p = f? and we have used the L? normalization of f. Similarly the radial symmetry of g, can be
proven by averaging over the angular variable and exploiting the convexity of the functional.

All the other properties of g,, including the variational equations (2.22), are trivial consequences of the
minimization: Positivity can be proven by noticing that the minimizers g, are actually ground states of
suitable one-dimensional Schrodinger operators and therefore can not vanish except at the origin (see,
e.g., [LL, Theorem 11.8]). Smoothness follows from (2.22) by a simple bootstrap argument, etc.

The only property which requires a brief discussion is the monotonicity and we state it in a separate
Lemma. O

Lemma 2.1 (Monotonicity of the density).
Let p(r) > 0 be the L'-normalized minimizer of

1
/ dr r{ ‘d\/ﬁ
R d'f'

in HY(B\ Br) N L?(B\ Br) with a,b >0 and 0 < R < 1. Then p is monotonously increasing in 7.

2
a
+ 2,0+b,02}
r

Proof. After a transformation of variables 72 + s and considering p as a function of s, the functional

takes the form )
d
/ ds{s VP
R2 dS
1

ds p = const.
RZ

2

a
+ 8p+bp2}

and the normalization condition is

Suppose the assertion is false. Then p has a maximum at s = s; for some R < s; < 1 and a local
minimum at some sy with s3 < s2 < 1. For 0 < € < p(s1) — p(s2) consider the set Z. = {s < s
p(s1) — e < p(s) < p(s1)}. Then, because p is continuous,

D(e) ::/I ds p(s)

is strictly positive and ®(e) — 0 as € — 0. Likewise, for 6 > 0 we consider J5 = {s > s1 : p(s2) < p(s) <
p(s2) + ¢} and the function

I'(9) ::/j ds p(s)

that has the same properties as ®.

Since both ® and I" are continuous, strictly positive and tend to zero when their arguments tends to zero,
there exist € 6 > 0 such that p(sy) + 6 < p(s1) — € and ®(€) = I'(d): Because p is continuous one can, for
any given § > 0, always find an € > 0 such that the equality ®(¢) = I'(§) holds and & — 0 as § — 0. The
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inequality p(s2) + 0 < p(s1) — € is fulfilled if §, and hence also €, are small enough.
We now define a new function p by putting

p(s1) — & if s €T,
p(s) =< pls2)+9, if s € Js,
p(s), otherwise.

We now compute the energy of the new density p. Note that it belongs by definition to the minimization
domain and it is normalized in L' because ®(¢) = I'(9).

The kinetic energy of p vanishes in the intervals Z: and J5 and the potential term for p is strictly smaller
than for p because 1/s is strictly decreasing and the value of p on Z; is larger than on J5. Finally

1 1
/ ds p* < / ds p?
R? R?

because when modifying p to define p, mass is moved from Z¢ to Js5 where the density is lower.
Altogether the functional evaluated on p is strictly smaller than on p and this contradicts the assumption
that p is a minimizer. O

As next we compare the densities g2 with the TF density and prove exponential smallness in the hole.
The analogue of Proposition 2.1 is

Proposition 2.4 (Preliminary estimates for g, ).
As e — 0 and for any w € Z such that |w| < O(e71),

Hg* - pTF||L2(B) = 0O(1), Hg*Hioc(B) < ||PTF||L°O(B) (1 + O(\/ el 10g€|) . (2.25)

Proof. The proof of the L? estimate is exactly the same as for the first inequality in (2.2). The only
difference occurs in the energy remainder on the r.h.s. of (2.3) which can now be bounded by e2(ESP —
ETF) < C because of (2.21). Here the condition on w, i.e., |w| < Ce™1, is used as in Proposition 2.3.
The sup estimate can be proven by applying the same argument used to prove the second inequality
in (2.2) to the variational equations (2.22) solved by g, exploiting as well Neumann boundary conditions:

Indeed thanks to the monotonicity of the potential ([Q] — w)?r~2, one obtains the inequality

—Ag? <47 (27 +22%Q(10) — w) — 2([Q] - w)? - 247) g7,
which as in the proof of Proposition 2.1 implies

el +220([Q —w) — ([ —w)*

g%, < . (2.26)

The difference between the chemical potential can be estimated as in (2.8):
ISP — uTF| < O(=/2| loge] V%), (227)
so that [|g.]|% < pTF(1)(1 + o(1)). O

As for WGP the above estimates imply the exponential smallness of the densities g, inside the hole.
Moreover the L? estimate (2.2) can be refined to a pointwise estimate inside ATY and one can actually
prove that there is a region where the difference between g, and p*" is much smaller than p'F:
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Proposition 2.5 (Exponential smallness of g, inside the hole).
As e — 0 and for any ¥ € B

1 2
gi(r) < Cs_llog€|_1exp{—}. (2.28)
Moreover there exists a strictly positive constant ¢ such that for any 1/2 <r < Ry, — (9(57/6),
2 -1 -1 c
g, (r) < Ce™|loge| " exp {—m}. (2.29)

Proof. The proof can be easily reduced to the proof of Proposition 2.2 by using (2.27). O

Proposition 2.6 (Pointwise estimate for g, ).
As e — 0 and for any w € Z with |w| < O(e™1)

|92(r) = p™" ()| < Ce?[logel*(r? — R})*2p™" (r) (2.30)
for any ¥ € ATY such that r > Ry, + O(%/?|1loge|?).

Proof. The proof is similar to the proof of Proposition 1 in [AAB] but for the sake of completeness we
bring here all the details.
The variational equation (2.22) can be rewritten in the following form

~Age= 2 [0~ ) (231)
where the function p, is given by
pi(r) =3 (62[1,91) +20%% —2B2(r)) . (2.32)
Moreover by (2.23) and (2.27)

(9P — 1™+ 0(1) < O(e7 V2| log e[ ~/2). (2.33)

H[)* - pTFHLoo(_ATF) < e’
On the other hand, for any 7 € A" such that r — Ry, > O(%/?|1loge|?), p™F (r) > O(¢71/2) and therefore
pe(r) > p (1) (1 = C|loge|~V/?) > Ce™1/? (2.34)

and in particular p, is strictly positive for such 7, which is crucial in order to apply the maximum principle.
The pointwise estimates are indeed proven by providing local super- and subsolutions to (2.31).

For the upper bound, we consider an interval [rg — 8,7 + 6], where Ry, +Ce%/?|logel?+6 <rg < 1—46
with § < 1, and the function

W (r) := +/ps(r0 + &) coth [cothl ( P+(1) ) + 62 —;gg— 7ol /2p (10 + )| - (2.35)

px(ro + 6)

One has (see [AS, Proof of Proposition 2.1]) for any r € [ro — 8,79 + 0]
2 ) 2 )
AW > ?(P*(TO‘F&)_W )W = ?(p*(r)—W )W, (2.36)
where we have used the fact that p.(r) is an increasing function of r. Moreover at the boundary of the
interval W(rg—48) = W(ro+9d) = v/p«(1) which is not smaller than g, thanks to the upper bound (2.26),
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which reads g2 < 5,(1). Therefore W (r) is a supersolution to (2.31) in the interval [ro — &, 70 + 6] and by
the maximum principle

9x(ro) < W(ro) = +/ps(ro + ) coth L}i 205 (ro + 5)} (2.37)

where we have used the fact that coth(x) is a non-increasing function.
By the explicit expression (2.32) and the inequality (2.34), one has

|9 (ro +6) = pu(ro)| < C*Q%, (2.38)
pu(ro) = o™ (r0) (1= O(|log|7/?) = C=20(rg ~ RY), (2.39)

so that (2.37) becomes
9+(r0) < V/pu(r0) (1 + &) coth [?i\/m} : (2.40)

When the argument of coth tends to oo, i.e.,

1)
g\/ﬁ*(ro +9)>1,

we can bound
B 1 + 672&7

COth(I‘) = 1772‘? S (1 + 0672m)7

and obtain the inequality

9x(r0) < V/px(r0) (1 + 2 ?2}21) (1 + Cexp {—gi\/mD . (2.41)

By (2.39) the second error term on the r.h.s. of the above expression is bounded from above by

exp {—CJQ\W% - Rﬁ} ,
§ = Ce*|loge|*\/r3 — RE, (2.42)

such an error can be made smaller than any power of ¢, since one can choose the constant coefficient in
0 arbitrarily large. With such a choice the other error term becomes

so that by taking

—3/2 1/2 1/2

Ce?|logel? (r§ — R}) > Ce'/?|loge|'/?,

since by definition 7 — RZ < 1 — R? < O(e|loge]). Hence the second factor on the r.h.s. of (2.41) can
be absorbed in the above remainder.

Moreover for any r > Ry, d < 55/2\ log s|1/2 < €%/2 and one can extend the estimate to any r >
Ry, + O(£%/2|logg|?). For the same reason the estimate applies also to the region [1 — 2§, 1]: There one
can use (2.26) and the fact that j,(1) — p.(1 — 28) < 00226 < Ce'/?, which is much smaller than the
error term above.

The final estimate is then

9.(r) < V/pa(r) [1+ C=2log =2 (2 — R2) 7] (2.43)
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for any Ry, + Ce®/?|logel? <r < 1.
The next step is the replacement of g, with pT¥ by means of (2.33), which yields an additional remainder
given by

P () = P ()] < e (= BY) T [1Be = 07T || poe e <
Ce?|logel® (r* — Rﬁ)f1 , (2.44)

which can however be absorbed in the error term in (2.40), since r? — R < ¢|loge].

In order to prove a corresponding lower bound, we fix some rg and § as before, i.e., such that
Ry + Ce3/2|loge|> +6 < rg < 1 —6 and § < 1. Since p, is an increasing function of r and g, is
positive

2
—Age > 5 [p(r0 = 9) = 9] 9. (2.45)

Then we denote by h(r) the function solving for ¥ € B
—Ah =& (1-h?)h,

with Dirichlet boundary condition A(1) = 0 and € — 0. In [Se] it was proven that h satisfies the bound

1—7r2

2¢

1—cexp{— }gh(r)gL

If we now set
h(r) == \/Pa(ro — 0) h (7“_5’”') : (2.46)

EF S S— (2.47)
4 25*(r0 - 5)

then & solves in [rg — &, + 8] the equation

2

[6uro = 6) = 2| B,
with Dirichlet conditions at the boundary r = 79+ . Thanks to (2.45), g, is a supersolution for the same
problem, so that by the maximum principle g,(r) > h(r) inside the interval and in particular

o (r0) 2 (o) = V3T 9) 1 - coxp{ 52} (2.48)

2¢

for any Ry, + Ce®/?|logel? +0 <rg < 1—4.

Note that by choosing § as in (2.42) the remainder in the above expression can be made smaller than
any power of e. However the estimate of p,(r — ) in terms of p,(r) provides the same remainder as in
the upper bound proof, i.e.,

0u(r) = V/5:(1) [1 - Ce¥|loge? (r2 — B2) 7).

The extension of the estimate to the whole region [Ry, + O(e%/?|loge|?), 1] as well as the replacement of
p,. with pTF can be done exactly as in the upper bound and the remainders included in the above error
term. O

We conclude the Section with an useful estimate of the gradient of the densities g,:
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Proposition 2.7 (Gradient estimate for g,).
As e — 0 and for any R > Ry, + O(e%/?|loge|?), one has

V8.l e 1) < C (B2 = B2 ™ gl e sy - (2.49)
which inside A= {F : Ry, +¢|loge|~! <r <1} becomes
Vgl oy < O™ loge /1. (2.50)
Proof. We first exploit the fact that any g, is radial to rewrite (2.22) as
—g! =17 gL+ (19] - w)Pr2g, +2e7 28 = (€T +20[Q - w)) g. (2.51)

and take the L> norm inside B\ Bg, for some R > Ry, + O(%/2|loge|?), of both sides to obtain (see
(2.32))

Hgi/”Loo(B\BR) <C HT_IQLHLw(B\BR) +Ce? H(ﬁ* - gz)g*HL“’(B\BR) <

C 92w oy + 72 (B2 = RE) ™

gl oo iy |+ (2:52)

by (2.33) and the pointwise estimate (2.30):

Hﬁ* - ngLOQ(B\BR) S HPTF - gEHLOQ(B\BR) + O(€_1/2| 10g€|_1/2) S
C (R -~ R2) ™+ 0 loge| V) < 0 (R2—RY) /7,

since R? — R < Celloge|.
On the other hand by the Gagliardo-Nirenberg inequality (see, e.g., [N, Theorem at p. 125])

1/2 1/2
192l e g8y < C G2 N (808 N9+ 132 ) <

- ~1/4 1/2 1/2
¢ [5 ! (R2 - R}%) ||g*HL°°(B) + Hg;HL/OO(B\BR) ||g*||L/oc(13) , (253)

which implies the result. O

3 Reduction to an Auxiliary Problem on an Annulus

The first step towards the proof of the main results is the reduction of the original GP energy functional
to an analogous functional on a suitable annulus. The main ingredients of such a reduction are, on the
one hand, the exponential smallness of the GP minimizer proven in last Section (see, e.g., (2.10), (2.11),
(2.28), etc.), which intuitively implies that all the L? mass and therefore the energy are concentrated in a
annulus close to the boundary, and on the other a decoupling of the GP energy functional, which allows
the extraction of the giant vortex energies introduced in (1.16).

The second part of the Section is devoted to the discussion of the optimal giant vortex phase: Whereas
both the energy splitting and upper bound hold true for any reasonable phase w, they are useful only
for specific choices of the phase. As we are going to see, the optimal phase wg can be defined as the
minimizer of a suitable coupled problem in the annulus.

We also discuss the existence of the analogous minimizer associated with the original problem in the ball
B, i.e., the phase wqpy occurring in Theorems 1.2 and 1.3, as well as some relevant properties of it.
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3.1 Energy Decoupling

Before stating the main result of this Section, we first recall and introduce some notation.
The main object of the reduction is an annulus

A:={F: R <r <1}, (3.1)

where the inner radius R < R}, has to be chosen in a proper way so that two conditions are simultaneously
fulfilled: The radius R should be sufficiently far from Ry in such a way that the exponential smallness
proven in Propositions 2.2 and 2.5 applies inside the complement of A. At the same time, R. must not
be too far from Ry; in fact we shall in Section 4 need that |[R. — Ry| < ¢|loge|™! (see (4.90) and the
use of (4.22) in the proof of Proposition 4.1).

All these conditions are satisfied if one chooses

R := Ry — %7, (3.2)

The apparently strange power of € occurring in the above expression is essentially motivated by the
pointwise estimates (2.11) and (2.29), which hold true for any r < R, — O(¢7/%): In the definition of
the inner radius of the annulus we could have chosen any R. satisfying such a condition in addition to
|R< — Ry| < ¢|loge|~!. In particular any remainder given by a power of & smaller than 7/6 but larger
than 1 would have been all right. However for the sake of simplicity we make an explicit choice among
the allowed remainders and take £8/7.

The auxiliary problem on the annulus is associated with the estimate of the energy functional

“:A,w[v] = /Angil,w {|V’U|2 - éw : (iU7 V’U) + 5_29.?4,0.) (]' - ‘U|2)2} ) (33)

where éw is defined in (1.32). According to the convention used in the rest of the paper, &, without the
label A stands for the same energy as above but with the integral extended to the whole of B.

A key ingredient in the proof of the GP energy asymptotics is a lower estimate of (3.3). In fact in the
next Proposition, which is the main result proven in this Section, we show that the energy (3.3) provides
a lower bound to EGF — EA’SEU when v is suitably linked to WGF:

Proposition 3.1 (Reduction to an annulus).
For any w € Z such that |w| < O(e™Y) and for & sufficiently small

ESE + Eawlus] — O(e™) < BSY < EGY, + O(), (34)
where the function u, € H'(A) is given by the decomposition
TP (7) =1 g a0 (r)uy (7) exp {i([Q) — w)d}. (3.5)

Proof. The proof of (3.4) is done by proving suitable upper and lower bounds to the GP ground state
energy.

The upper bound is obtained by testing on a trial function of the form g(r)exp{i([Q] — w)¥},
where ¢ is an appropriate regularization of g4 ., and using the definition (2.19). Since g4, does not
vanish at R, it is not in the minimization domain of £5F and one has to regularize it at the boundary
OR., e.g., taking

EGP

g.A,w(T) if 7e A,
§(r) = el e rguu(R)(Re —" 1) if Re e <r< R, (36)
0 if r<R.—¢g",
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where c is a normalization constant and n some arbitrary power greater than 0. Thanks to the exponential
smallness (2.29), which implies g ., (R<) = O(e*), the normalization constant is ¢ = 1 — O(¢*°) and the
energy of g in [R< — e™, R<] is exponentially small as well. The upper bound trivially follows.

The lower bound is mainly a consequence of a classical result of energy decoupling, which has been
already used in different contexts, e.g., in [LM].
The starting point is however a reduction to the annulus A of the GP energy functional: Exploiting the
exponential smallness (2.11) of WP it is very easy to show that

EGP — (c;GP [\IJGP] > gSP [\IJGP] _ O(EOO)7 (37)

where we have used the symbol EEP to denote the restriction of the integration to A. Note that in the
above inequality one can avoid the estimate of the gradient of WGP by simply rewriting the functional as
in (1.2) and neglecting all the positive terms given by the integration over B\ A; the only negative term
(centrifugal energy) can then be estimated by (2.11).

Thanks to the exponential smallness, one also has that the L? mass of ¥S outside A is very small, i.e.,

H\IIGPHB(A) >1-0(™). (3.8)

Now inside A the decomposition (3.5) is well defined and therefore one can calculate

57 (097 = Euclind + [ 47 {Juel’ [Vl + 04 Vo ¥ el + (9 =)' 268l -
20([9] - @) g ol + e 20k, (21l — 1)}

A simple integration by parts then yields

/ ng.A,wv.g.A,w Y |Uw|2 = */ dr’ {|Uw|2 |V9A,w|2 + 9Aw |Uw|2 AgA,w} )
A A

since the boundary terms vanish because of the Neumann conditions satisfied by g, at the boundaries
0Bpr_ and 0B. Then one can replace in the above expression Ag4 ., by means of the variational equation
(2.22) and the result is

£° [1°F) = Eucla] + i [ Gl = [ arl =
N 2 — 4 £ )
Enwoluw] + 150 1V |24y — €7 94wl 04y = Eawlua] + EZL — O(E%), (3.9)

by (3.8) and the definition of the chemical potential ﬂﬁi (see Proposition 2.3). O

3.2 Optimal Phases and Densities

The idea behind the decomposition (3.5) is that, after the extraction from WGP of a density g, and a
giant vortex phase, i.e., the phase factor exp{i([2] — w)?¥}, what is left is a function w,,, which contains
all the remaining vorticity in WGP, Therefore in the giant vortex regime, one would like to prove that
|uy| ~ 1 inside a suitable annulus at the boundary of the trap, and the key tool to prove such a behavior
is a detailed analysis of the reduced energy €4 .

However, in order to prove such a result, both the phase and the associated density g4, have to be
chosen in an appropriate way: The result stated in Proposition 3.1 is basically independent of w, i.e., it
applies to any reasonable giant vortex phase w. Nevertheless the leading order term in the GP energy
asymptotics is given in (3.4) by Eﬁi which depends in crucial way on w and it is clear that, in order
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to extract some delicate information about w, like the absence of zeros, the estimate (upper bound) of
the reduced energy &4 . [u.] through (3.4) has to be very precise. This leads to the definition of a giant
vortex optimal phase (associated with the annulus A), which is nothing but the minimizer of the energy
ESP, with respect to w.

In the next Proposition we show that there exists at least one wy minimizing ESF‘L as well as some
properties which are going to be crucial in the rest of the proof.

Proposition 3.2 (Properties of the optimal phase wy and density g4 ., )-
For every € > 0 there exists an wy € Z minimizing ES\PW It satisfies

wo = (1 +O(|loge| 1/2)) (3.10)

3\f

Moreover the minimizer ga ., of f:ﬁio satisfies the bound

/Adf'gi’wo (Q - [Q]T_Qwo) = 0(1). (3.11)

Proof. The existence of a minimizing wy € Z can be easily proven by noticing that lim,, 1 Eﬁi = 400
since by (2.19)
EGL 2 (19 - w)” =20 (9] - w),
which implies that, for given € > 0, only finitely many w € Z can minimize the energy.
The main ingredient for the proof of (3.10) is the energy bound (2.21), which implies, for any w € Z
such that |w| < Ce™1,
EM < BGY < EQY < EIF + O(e7?|loge|72), (3.12)

by definition of wg. Choosing now w = [2/(3ﬁ5)] in the r.h.s. of the above expression and using (A.10)
for ET¥, we get the inequality

2
3/me 9

which yields the result.
We now prove (3.11). A simple estimate yields

“2|loge| Tt < EMF < ETF 4 +Ce?|loge| ™!, (3.13)

Imre?

B 0] = 855, [oacn] £2 [ 0 [0 (0 —00) 1) i, + [ 0P8, <
ESE, i2/ A7 [ — ([ —wo) r 2] g2, + RS2 (3.14)

Now suppose that
2

[0 (9= w0) 7 | > 5.
A

then, since Re =1 — o(1), (3.14) would imply that there exists some @ € Z equal to wg £ 1 such that

EGP <g [g.AWO]<E.Aw07

which contradicts the fact that wy minimizes E Note that the above argument implies that the
constant on the r.h.s. of (3.11) is actually smaller than 1, ie,

/Adf' [Q— ([ —wo) r™?%] gow, | < 1. (3.15)
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As anticipated above and in the Introduction, there is another giant vortex phase that naturally
emerges in the study of the above functionals, i.e., the one associated with the energy in the whole ball
B: More precisely it is defined as the minimizer of

ESP .= inf ESF
lI£1l,=1 ]

with respect to w € Z and denoted by wopt:
Proposition 3.3 (Optimal phase wqp)-

For every e > 0 there ewists an wepy € Z minimizing E‘SP, It satisfies

_ 2 ~1/2
o = 3= <1+(’)(|log5| )). (3.16)

Proof. The proof is basically identical to the one of (3.10): For instance it is sufficient to replace (3.12)
with the corresponding version in B (see (2.21)). O

4 Estimates of the Reduced Energy

In this Section we study the auxiliary problem introduced in Section 3. From now on we shall simplify
notations by dropping some subscripts:

gA,UJo = g?

also

B(r) = By (r) = (M;“O - Qr) &, (4.1)

and .
Ev] ;=/ df{g2 IVo|? — ¢*B - (iv, Vo) + 5—2 (1- v|2)2}.
A

The following energy is crucial in our analysis:

4
Flv] ;:/ dF{gQ|Vv|2 + %2 (1- |u|2)2}. (4.2)
A
We recall that v := u,,, is defined by
WEP () =: g(r)u(r) exp {i([2] — wo)9} (4.3)
and that from Proposition 3.1 we have
Elu] < O(Ee™). (4.4)
We also need to define a reduced annulus
A:={F: R, <r<1} (4.5)
with
Rs := Ry +¢|loge| ™. (4.6)
An important point is that from (2.30) we have the lower bound
C _
g*(r) > (4.7)

el logel? o

The main result of this Section is
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Proposition 4.1 (Bounds for the reduced energies).
Let u be defined by (4.3). If Qo > (37)~! we have for e small enough

|log e]*/2
<(C—m——m— 4.8
1l < € AniogTlogel)? (48)
1 3/2
Elu] > | loge| (4.9)

- el/21og|loge|”

Since the proof of Proposition 4.1 is rather involved we sketch the main ideas before going into the
details.
It is useful to introduce a potential function F' defined as follows:

F(r) = ' ds g*(s) (Qs — ([9] = wo) i) = ' ds g*(s)B(s) - &. (4.10)
R< R<
We have
ViF = ¢°B, F(R.) =0, (4.11)

i.e., F is the “primitive” of gzé vanishing at R.. We refer to Subsection 4.1 for further properties of F'.
Integrating by parts we have

/ df’{g2 |Vul®> — ¢?B.(iu, Vu)} = / df’{g2 |Vu|® + Feurl(iu, Vu)} - do F(1)(iu, 0-u) (4.12)
A A oB

and thus the energy &[u] can be rewritten as follows

4
Elu| = / dr g2 |Vul? +/ d7 Feurl(iu, Vu) — / do F(1)(iu, 0-u) +/ dF‘Z—Q (1- |u|2)2 . (4.13)
A A A

B
It is in this form that the energy is best bounded from below.

The boundary term (third term in (4.13)) is estimated in the following way : The property of wy given
in (3.11) implies that F'(1) = O(1). We combine this fact with an estimate of the circulation of u on the
boundary of the unit ball that we provide in Subsection 4.2. Proving this estimate requires to derive a
PDE satisfied by u, and use it in much the same way as in the proof of the Pohozaev identity [P].

The two first terms can be estimated in terms of the vorticity of w. Indeed, suppose that |u| ~ 1 except
in some balls (that we identify with vortices) whose radii are much smaller than the width of A. Let us
denote this balls by {B(d;,?)},.; with J C N and ¢ < ¢[logel, i.e., much smaller than the width of the
annulus. Then by Stokes theorem, if the degree of u around d; is d; (we systematically neglect remainder
terms in this sketch)

/ di" Feurl(iu, Vu) ~ 2w F (a;)d;. (4.14)
A jET

Minimizing the sum of the first and the last term with respect to ¢ yields t o< £3/2|loge|'/? (see also [CY]
for heuristics about the optimal size of the vortex core), which implies an estimate of the form

e ellog ]
/A a7 ¢? |Vul* 2 " 29 (a;)|d; | log (t) 2 Y wg(a)ld;l logel. (4.15)

JjeJ jeJ

In Subsections 4.3 and 4.4 we give a rigorous version of this heuristic analysis. The main tools were
originally introduced in the context of GL theory (we refer to [BBH2, SS] and references therein). The
method of growth and merging of vortex balls introduced independently by Sandier [Sa] and Jerrard [J]
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provides a lower bound of the form (4.15) (see Subsection 4.3). On the other hand, the jacobian estimates
of Jerrard and Soner [JS] allow to deduce in Subsection 4.4 that

curl(iu, Vu) ~ Y " 2md;8(F — d@;), (4.16)
jEJ

i.e., the vorticity measure of u is close to a sum of Dirac masses. This implies an estimate of the form
(4.14).

Having performed this analysis, the role of the critical velocity becomes clear: We have essentially (note
that the boundary term is negligible in a first approach)

elul 2 3" 2eld) (50 (ap)ltowel + Fla)) (@.17)

jeJ

If Qp > (37)~! the sum in the parenthesis is positive for any @; in the bulk (see the Appendix), which
means that vortices become energetically unfavorable.

So far we have assumed that the zeros of u were isolated in small ‘vortex’ balls. One can show that this
is indeed the case by exploiting upper bounds to F[u] (this energy controls, via the co-area formula the
size of the set where |u| is no close to 1). We derive a first bound from our a priori estimate on &[u]
(4.4) in Subsection 4.1. We emphasize however that this first bound is not strong enough to construct
vortex balls in the whole annulus A. To get around this point we split in Subsection 4.3 the annulus into
cells, and distinguish between two type of cells. In ‘good’ cells we have the proper control and perform
locally the vortex balls construction. On the other hand we are able to show that there are relatively
few ‘bad’ cells where the construction is not possible. Thus the analysis in the good cells allows to get
lower bounds for £[u]. These bounds can in turn be used to improve our control on Flu] and reduce the
number of bad cells. The analysis can then be repeated, but now on a larger set. Finally we see that
there are no bad cells. Such an induction process is ‘hidden’ at the end of the proof of Proposition 4.1 in
Subsection 4.5 (see in particular the discussion after (4.102)).

4.1 Preliminaries

We first give some elementary estimates on B and F' that we need in our analysis:

Lemma 4.1 (Useful properties of B and F).
Let B and F be defined in (4.1) and (4.10) respectively. We have

HB”Loc(A) < Cel, (4.18)
WPl < O (4.19)
IVFl ey < Ce2llogel™, (420)
1
|F(1) :/ ds g*(s)B(s)-&y| < C. (4.21)
R«
Moreover there is a constant C' such that
A c
F <C 1+ ————r—1 4.22
P < cmin (T2, 14 i1 (4.22)

for any ¥ € A.
Proof. We have
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so (4.18) is a consequence of |wp| < Ce™! (see (3.10)) and the fact that |A|  e|loge| (see (3.1) and (3.2))
and Q oc 72| loge| L.

We obtain (4.20) from (2.25), (4.11) and (4.18). On the other hand F'(R.) = 0, which implies that (4.19)
follows from (4.20) and |A| x ¢|loge|. Moreover (4.21) is exactly the same as (3.11) in Proposition 3.2.
To prove (4.22) we prove that |F(r)| is smaller than both terms on the right-hand side. From equation
(4.10) we have

T T

OIS 1Bl [ dsi(s) <0 [ asgi(s)

but ¢? is increasing so
.
[ dsg’s) < 0l - Rel.
R<

We deduce that |F'(r)| is smaller than the first term on the right-hand side of (4.22). On the other hand,
using (4.20) and (4.21) we have immediately

c
< G
P < €4 ol =11

for some finite constant C. Thus (4.22) is proven. O

We now prove the energy bounds that are the starting point for the vortex balls construction in
Subsection 4.3.

Lemma 4.2 (Preliminary energy bounds).
We have, for e >0 small enough,

Flu] < g (4.23)
El] > 75% (4.24)

Proof. We have, using (4.18) together with the normalization of WP

_ 1 1 1 C
’/ a7 2 - (iu, Vu)| < f/ a7 ¢ |Vul? + 7/ dF 2 B2Jul? < f/ WPV + <. (4.25)

A 2Ja 2 Ja 2Ja €

Equation (4.24) immediately follows. We obtain (4.23) from (4.4):
Flu] = E[u] —|—/ A7 ¢*B - (iu, Vu) < O(e>) + / A7 ¢?B - (iu, Vu)| <
A A
1 [y C 1 c

Subtracting 1 F[u] from both sides of the last inequality we get (4.23). O

4.2 Equation for v and Boundary Estimate

\IJGP

We first derive from the equations for and ¢ an equation satisfied by wu:

Lemma 4.3 (Equation for u).
Let u be defined by (4.3). We have on A

4
—V(g*Vu) — 2ig*B - Vu + 2%2 (Jul> = 1) u = Ag®u (4.27)
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where A € R satisfies the estimate

1 1/2
Moreover u satisfies the boundary condition
Oru =0 on 0B. (4.29)
Proof. In this proof we use the short hand notation
QO =0Qe = (|9 —wo) &, (4.30)
The equation for u is a consequence of the variational equation (1.5) satisfied by WGP,
—ATOT 20 LWOP 4 222 |gOF | gOP — | GPyOT, (4.31)
and that solved by g (see (2.22)),
A\ 2
—Ag + <Qr — r> g—02r? +2:72¢% = jCFy. (4.32)
Direct computations starting from (4.3) show that
GP 5 2 a2\ 0w
—AU™ = [ —ulAg — gAu —2Vu - Vg + Tjgu+ T—QQQ-Lu e (4.33)
and
—20 - LUCP = ( — 29 Lu — QQqu) e, (4.34)
Plugging the equation for g in (4.33) we obtain
—AUCP = (—gAu —2Vu - Vg + a8 gu + 2009u — 26 2 g0 + 290 - fu) 10, (4.35)
Next, combining (4.31), (4.34) and (4.35), we have
2 2 =2 - N
—gAu —2Vu - Vg + ;293 (Jul> = 1) u+ ﬁgQ - Lu —2¢Q - Lu = Agu (4.36)
where
A =8P — 4GP, (4.37)

There only remains to multiply (4.36) by ¢g and reorganize the terms to obtain (4.27).
The Neumann condition (4.29) is a straightforward consequence of the corresponding boundary conditions
for g and WEF.
We now turn to the proof of (4.28). Multiplying (4.27) by v* and integrating over A, we obtain, recalling
(3.8),

4

[A| (1 —0(e™)) < || /AdF\IIGP|2 = |} /Ad77g2|u|2 =Eu] + /Ang (Jul* —1). (4.38)

2

Using Cauchy-Schwarz inequality

[ 5 0] (f o 1)2)1/2 (] % @e+a?)

so (4.28) follows using the upper bounds (2.2) and (2.25) on g?|u|? = [¥S|2 and g? respectively together
with |A] o« ¢|loge].

1/2

O
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We remark that the equation satisfied by wu is exactly of the form that we would have obtained if u
had been a minimizer of £ under a mass constraint for gu.
We are now able to estimate the circulation of u at the boundary of the unit ball:

Lemma 4.4 (Boundary estimate).
We have, for e > 0 small enough,

/ do g2 |0,u)? +/ a0l -t < - Fu+ el (4.39)
a8 o €2 = &3/2|logel1/? €

Proof. The main idea is a Pohozaev-like trick, like in [BBH2, Theorem 3.2]. We multiply both sides of
(4.27) by (r — R>) €, - Vu*, then integrate over A C A (see (4.5) for the definition of A) and take the
real part. Recall that 1 — Rs o ¢|loge]|.

The first term is given by

— %/ A {(r — R>) &, - Vu* -V (¢°Vu) + (r — Rs) €. - Vu -V (¢*Vu*) } =
A

1
/ dF{ (1 - R>> 2V + L~ Ro)e, V|Vu|2} —
i 2r 2

1
5/ dagz(17R>)|8Tu|27/drg(rfR>) Vg |Vul?, (4.40)
oB

where we have integrated by parts twice, remembering the Neumann boundary conditions for g and u on
oB.
The third terms yields

5 [ AP0 = B Tug P = (- o) 8 Tug (- D) =

- - 2
@/Adrg (r—Rs)é.-V (1—\u| 252/ do (1—Rx)g* (1— [u]*)” -
1
= ~df{(1—§;) 94(1—|u|2) +2¢%(r — R>)é.-Vg (1—|u2)2}. (4.41)
A

Altogether we thus obtain
1 g4 2
3= 1) [ ao{s ol + % (- 1)’} -
oB €
/~ df’{g (r — Rs) &, - Vg |Vul|? + 2ig? (r — R) &, - Vu* B - Vu} +
A

1
- Ad {(1—];?)94 (1—|u|2)2+293(r—R>)é’T.Vg (1—|u|2)2}+

2

| >

/ngQ(r—R>)é}~V|u|2. (4.42)
2Ja

We then estimate the moduli of the terms of the r.h.s.. Obviously

/~d -9 (1 - 1;:) (1= Jul?)® < Flul. (4.43)

A52

Using (4.6) and (4.18) we obtain

’/drzg (r—Rs)é. - Vu* B Vu

< (] logz—:|/ d7 ¢*|Vul? < C|loge| Flu], (4.44)
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whereas, using the normalization of WG (4.23) and (4.28),

<

‘A/ A7 g2 (r — R) &, - V]ul?
2J)x

1 1/2 1/2
1/2 T S 9 2 <
Celloge] <|€[u]|+ el ) </Adrg ) > (/Ad'rg IVl > <

C|loge|'/?
o132

= ‘)\/~d7?g2u(r—R>)é}-Vu*
A

C|loge||Eu]| + Flu]. (4.45)

Combining (2.50) with (4.7), we obtain

1
;2/}11?93 (r—Rs)é. - Vg (1—IUI2)2‘ <
A

C|loge|*/* 1oy 9o _ Clloge|*/4
W/fidr 59" (0= )’ < =7 —Flul. (446)

By similar arguments

. . C|loge|94
/Adrg (r— Rs)é.- Vg |Vul*| < —— [u]. (4.47)
Gathering equations (4.42) to (4.47), we have
1 9 2 gt oy 2 C|loge|'/?
3 (1— R>)/aBda {g |0;u|”™ + = (1—1ul*)” ¢ < Clloge||E[u]| + 61#J’:[u]
and there only remains to divide by 1 — Rs o ¢|loge| to get the result. O

4.3 Cell Decomposition and Vortex Ball Construction

In this Subsection we aim at constructing vortex balls for u. Namely, we want to construct a collection of
balls whose radii are much smaller than the width of A and that cover the set where |u| is not close to 1.
The usual of way of performing this task is to exploit bounds on F[u]. Unfortunately, the bound (4.23)
is not sufficient for our purpose. It only implies that the area of the set where u can possibly vanish is of
order €2|loge|?, whereas the vortex balls method requires to cover it by balls of radii much smaller than
the width of A, which is O(e|loge|). However, the estimates of Lemma 4.2 are definitely not optimal
and can be improved by using a procedure of local vortex balls construction.

The idea is the following: If the bound (4.23) could be localized (in a sense made clear below), we could
construct vortex balls. As this is not the case we split the annulus A into regions where the bound can be
localized and therefore vortex balls can be constructed as usual, and regions where this is not the case.

Definition 4.1 (Good and bad cells).

We cover A with (almost rectangular) cells of side length Ce|loge|, using a corresponding division of
the angular variable. We denote by N o e *|loge|™t the total number of cells and label the cells as
An,me{l,..,N}. Let 0 < a < 3 be a parameter to be fized later on.

o We say that A, is an a-good cell if

4
1
/ df’{f |Vu|2 + 5—2 (1 — |u|2)2} < @5_“. (4.48)

We denote by NG the number of a-good cells and G'S, the (good) set they cover.
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o We say that A, is an a-bad cell if
) 2, g 22 [loge| _,
di < ¢* |Vu|” + = (1= Jul?)” ¢ > — e (4.49)
A‘n,

We denote by NB the number of a-bad cells and BS,, the (bad) set they cover.

Note that the annulus A has a width ¢ « €|loge| (which implies that N oc e~ !|loge|™!) so that we
are actually dividing it into bad cells where there is much more energy that what would be expected from
the localization of the bound (4.23) (namely Cle=2 x ¢~ 1|loge|) and regions (good cells) of reasonably
small energy. A first consequence of this is, neglecting the good cells and using (4.23),

€
NB < > Flu] <
> |10g5|6 [l = e|loge|

£ < N, (4.50)

i.e., there are very few a-bad cells. A consequence of the refined bound (4.8) that we are aiming at is
that there are actually no a-bad cells at all.

We now construct the vortex balls in the good set. The proof is merely sketched because it is an
adaptation of well-established methods (see [SS] and references therein). Note that the construction is
possible only in the subdomain A where the density is large enough.

Proposition 4.2 (Vortex ball construction in the good set).

Let 0 < a < % There is a certain €9 so that, for e < eq there exists a finite collection {B;}ier =

{B(di, 0i)};c; of disjoint balls with centers d; and radii o; such that
1. {Fe GSuNA : |jul —1] > \log€|*1} c UL B;,
2. for any a-good cell An, 3, 5. A, 40 08 = €| loge| 5.
Setting d; := deg{u,0B;}, if B; C ANGS,, and d; = 0 otherwise, we have the lower bounds

log |10g5>

4.51
llog (4.51)

1
/ A7 g% |Vul|® > 27 (2 —~ oz> \d;|g? (a;) |log e| (1 -C

i

Proof. We begin by covering the subset of GS, NA where u can possibly vanish by balls of much smaller
radii than those announced in the Proposition. Let A,, be an a-good cell. We have, using (4.7) and
(4.48),

1 2
FdIvaP + —— (1 - u2)? ! <
/AnmA r{| ul +53|10g5|3( |U|) }_

1
Ce| 10g5|3/ df’{g2 IVul® + g—z (1- |u|2)2} < C|loge|*e™.
‘Afl

Then, using the Cauchy-Schwarz inequality,

LV ]ul] |1 — Jul?]

4 _ —«
/Anmi T—53/2|log5|3/2 < Cllogel|*e

and the coarea formula implies

1— ¢t =
/te]R+ dt 53/|2|10g5|3/27{1 ({Fe An NA ¢ |ul(7) = t}) < C|logelte®,
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Figure 1: Initial collection of vortex balls

where H! stands for the 1-dimensional Hausdorff measure. We argue as in [SS, Propositions 4.4 and 4.8]
to deduce from this that the set {F € A, NA : |Ju| — 1| > |loge|~'} can be covered by a finite number
of disjoint balls {B(aj, ;) }jes with 35, ;85 < Ce3/2=|log ¢|'/2. Doing likewise on each a-good cell,
we get a collection {B(ay, §;) }ier, covering {7 € GSo NA : |[u] — 1| > |loge| ™'} and satisfying

Z 0; < C3/27log | /2, for any a-good cell A,. (4.52)
i€1,B(a:,6:)NAn#D

The balls in this collection may overlap because we have constructed them locally in the cells. However,
by merging the balls that intersect as in [SS, Lemma 4.1], we can construct a finite collection of disjoint
balls (still denoted by B(a;, g;)) satisfying the same bounds on their radii and still covering {7 € GSoNA :
[lul =1 > |loge| ™'}

The collection B(a,, ¢;) is represented in Figure 1. The gray regions are those were u could vanish, i.e.,
bad cells and vortex balls. The dashed circle is the inner boundary of A.

We now let the balls in our initial collection grow and merge using the method described in [SS, Section
4.2], adding lower bounds on the conformal annuli constructed. In brief, the idea is to introduce a process
parametrized by a variable ¢ (interpreted as ‘time’) so that, as t increases, the balls will grow all with
the same dilatation factor. There are two phases in the process: When balls grow independently their
radii get multiplied by some factor, say m(t), and we add lower bounds to the kinetic energy of u on the
annuli between the initial and grown balls. When two or more balls hit, we merge them into larger balls
(see [SS, Lemma 4.1]), and continue with the growing phase. Figure 2 shows this process.

The lower bounds on the annuli are obtained by integrating the kinetic energy over circles centered at
the balls centers @; during the growth phases:

/ A7 |Vul* > 2rd? log (m(t)) (1 — [loge| "), (4.53)
B(ai,m(t)ei)\B(di,0:)

where d; := deg{u, B(d;, 0i)}-
The main point in this computation is that ||u| — 1| < |loge|~! (in particular u can not vanish) between
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Figure 2: Growth and merging process

the circles B(d;, 0;) and 0B(d;, m(t)o;). Thus the degree of u is d; on any circle 0B(d;, o) with o; < o <
m(t)o;.
To add the lower bounds obtained during the different growth phases we use that if two balls, say B(dp, op)
and B(dy,, 0,) merge into a new ball B(ds, ¢) one has always d2 +d2 > |dp| + |dg| > |d, + dy| = |d,|. This
accounts for the fact that we get a factor |d;| in (4.51), whereas the factor in (4.53) is d?.

We stop the process when we have a collection of disjoint balls {B;}ies := {B(ds, 0:) };c; satisfying the
condition 2 of Proposition 4.2 (the property 1 is satisfied by construction, since it holds true for the initial
family of balls), i.e., the balls are large enough, so that we have

1 log [1
/ 47 |Vul® > 2 ( - a) |d;] |log | (1 - C‘m) : (4.54)
Bdi.ei) 2 |loge]

where d; := deg{u,dB;}, if B; C GS, N A, and d; = 0 otherwise. The final configuration is drawn in
Figure 3.

The logarithmic factor (% — a) |log g] (1 — C’loglloga‘) comes from the logarithm of the dilatation factor

[log €]
Diel éji > C€a71/2‘ logs|’23/2.
> i Oi

On the other hand, using (2.30) and the fact that |VpT¥| < Ce=2|loge|~2 (see (1.11)), we have

)<

C (5*1/2| loge|'/? 4+ 72 log5|729i) < Ce Yloge|™" < C|loge|~*¢2(a;), (4.55)

of the collections of balls, i.e.,

N VRN Vo s TF( N\ TF(
min g*(r) — g*(ai) win p(r) — p7" (as)

<c <51/2| log el [|p™"[| o (4 +

because @; € A and g; < Ce|loge|~®. We conclude from (4.54) and (4.55) that the lower bound (4.51)
holds on each ball we have constructed by bounding below g2 with its minimum on the ball B;. The error
mingzes, g%(7) — g2(a;) can then be absorbed into the g?(a;)log|loge| term. O
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Figure 3: Final configuration of cells and vortex balls.

4.4 Jacobian Estimate

We now turn to the jacobian estimate. With the vortex balls that we have constructed, it is to be
expected that in the a-good set the vorticity measure of u will be close to a sum of Dirac masses

curl(iu, Vu) ~ Zdié(f"_ ),

iel

where §(7 — @;) stands for the Dirac mass at d@;. Indeed, outside of the balls |u| ~ 1, so curl(iu, Vu) ~ 0,
and the balls have very small radii compared to the size of A.

Proposition 4.3 gives a rigorous statement of this fact. Note that we can quantify the difference between
curl(iu, Vu) and 3, d;6(7 — @;) in terms of the energy only in the domain A where the density is large
enough.

Proposition 4.3 (Jacobian estimate).
Let 0 < a < % and ¢ be any piecewise-C test function with compact support

supp(¢) C ANGS,.

Let {Bi};c; = {B(@i,0i)};c; be a disjoint collection of balls as in Proposition 4.2. Setting d; :=
deg{u,0B;}, if B; C ANGS,, and d; = 0 otherwise, one has

> diota) - |

47 ¢ curl(iu, Vu)| < C ||Vl Lo (gs,) €| log | > Flu]. (4.56)
el GSanA °

Proof. We argue as in [SS, Chapter 6]. We first introduce a function £ : R™ — R™T as follows: £(z) = 2=,
if . €10,1/2], and &{(x) = 1, if € [1/2, +o0[. This function satisfies

e £(t) <2t and £'(t) <2,
o [§(t) —t] <1 —t]and [§(t) — 1] < [1—1],
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o et — 2| <3t 1),
and we define w as a regularization of u (in the sense that |w| = 1 and therefore curl(iw, Vw) = 0 when
|u| is far enough from 0):
£(Jul)

w=1—>u. (4.57)
Jul

2
Remark that we have (iw, Vw) = I\Z)H? (tu, Vu) and this has a meaning even if u vanishes. By integrating

by parts on GS, N A and using the assumptions on ¢, one has

/ _dr[eurl(iu, Vu) — curl(iw, Vw)] ¢ =
GSaNA

/ do [(#u, 0ru) — (iw, O, w)] ¢ — / dF[(iu, Vu) — (iw, Vw)] Ve, (4.58)
oB GSanA

For the first term we have easily

/ da[(iu,@Tu)—(iw,aTw)]qb’SC’ do |(iu, D)) (4.59)
oB oB

We turn to the second term in the r.h.s. of (4.58):

‘ /GSanA do [(iu, Vu) — (iw, Vw)] V¢

176l ar W= 10P) G < vy 1L = Jull oz [Vl 1, <
L=(GSe) [ 4 ] < Lo (GS.) L2(A) L2(A) =

C IV oo (as,y € *[loge|/* Flu] ~ (4.60)

< IVl sy /Adv*l(iu,vu) — (i, Vw)| <

using the properties of £, the Cauchy-Schwarz inequality, the definition (4.2) of Flu], g > Ce~!|loge| ™3
on Aand (1 [ul)®> < (1— |u|2)2.
We now evaluate

/ dr curl(iw, Vw) ¢ = Z/ dr curl(iw, Vw) o, (4.61)
GSanA BiNA

iel
which follows from the fact that ||u| — 1| < [loge| ™! outside U;jerB;, so that |w| = 1 and curl(iw, Vw) = 0
outside U;e1B;. If B; € ANGS,, we have

[ (i, Vo)l [96) = 6@ < CIV0l oy 01 [ a7Vl (4.62)

i

and
/ d curl(iw, Vw) = deg{u, 0B;} = d; (4.63)
B;

by definition of w and d;. On the other hand, if B; ¢ AN GS, then B; N d (/I N GSa) # & and thus

‘/ churl(iw,Vw)qS’ g/ A7 |p||Vw|* < 4/ d7 |p||Vul|* <
B:NA B;NANGS® B;NANGS«

CIVlmmy e [ a7V (169)

BiNANG S,



Giant Vortex - CRY - May 3rd, 2010 37

because |Vw| < 2|Vu| and ¢ is supported in the interior of AN GS,. Gathering equations (4.58) to
(4.64), we obtain

> dig(d;) - / d7 ¢ curl (iu, Vu)

el GSanA

< ClIVell (s, € og el 2 Flul+

C Vol o ,gi/ dF|Vul?  (4.65
ZZ-:” Lo (5,) S |Vul®  (4.65)

and the result follows because, using o; < €|loge|~> and (4.7),

S 19w [
i B

APV SOV, Plloge Y [ (TP <
iNANG S i B;NANGS,

ClIVOl L (gs,) € [og e 2 Flu].  (4.66)
O

Note that (4.56) is equivalent to saying that the (C’i (AN GSQ)) norm of curl(iu, Vu) =", d;0(7—d;)
is controlled by the energy.

4.5 Completion of the Proof of Proposition 4.1

We now complete the proof of Proposition 4.1, collecting the estimates of the preceding Subsections.
We want to avoid any unwanted boundary term when performing integrations by parts in the proof below.
Indeed, our radial frontiers between the good set and the bad set are somewhat artificial and have no
physical interpretation. Therefore it is difficult to estimate integrals on this boundaries.

To get around this point we need to introduce an azimuthal partition of unity on the annulus in order to
‘smooth’ the radial boundaries appearing in our construction. This requires new definitions:

Definition 4.2 (Pleasant and unpleasant cells).
Recall the covering of the annulus A by cells A,, n € {1,..,N}. We say that A, is

e an a-pleasant cell if A, and its two neighbors are good cells. We note PS, the union of all -
pleasant cells and NY their number,

o an a-unpleasant cell if either A, is a bad cell, or A, is a good cell but its two neighbors are bad
cells. We note UPS,, the union of all a-unpleasant cells and NJUY their number,

o an a-average cell if A, is a good cell but exactly one of its neighbors is not. We note AS, the union
of all a-average cells and N2 their number.

Remark that one obviously has, recalling (4.50),
NUP < ng <N (4.67)

and
N2 <2NP <« N. (4.68)

The average cells will play the role of transition layers between the pleasant set, where we will use the
tools of Subsections 4.3 and 4.4, and the unpleasant set, where we have little information and therefore
have to rely on more basic estimates (like those we used in the proof of Lemma 4.2). To make this precise
we now introduce the azimuthal partition of unity we have announced.
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Let us label UPS!,l € {1,...,L}, and PS™ ,m € {1,..., M}, the connected components of the a-
unpleasant set and a-pleasant set respectively. We construct azimuthal positive functions, bounded
independently of ¢, denoted by x! and x&, (the labels U and P stand for “pleasant set” and “unpleasant
set”) so that

xy = lonUPS',

XU = 0onPS™ Vme{l,...,M}, and on UPS., VI' #1,

xb = 1lonPST,

xh = 0onUPS!, Vie{l,...,L}, and on PS(T’, vm' # m,
xmAEd x = lonA (4.69)
m l

It is important to note that each function so defined varies from 0 to 1 in an average cell. A crucial
consequence of this is that we can take functions satisfying
C

U
Vx| < ellogel|’

Vx| < (4.70)

elloge|’
because the side length of a cell is o« €|loge|. For example one can choose this partition of unity to be
constituted of piecewise affine functions of the angle.

We will use the short-hand notation

M
Xin > X (4.71)
m=1

L
Xout = > _XI- (4.72)
=1

The subscripts ‘in’ and ‘out’ refer to ‘in the pleasant set” and ‘out of the pleasant set’ respectively.
We would like to use the jacobian estimate of Proposition 4.3 with ¢ = xinF', which support is not
included in A buy only in A (moreover it does not vanish on 9B). We will thus need a radial partition

of unity: We introduce two radii R}, and R, as
R, 1 —¢lloge|™t, (4.73)
R, = R- +e¢|loge|™t (4.74)
Let &, (r) and &oue (1) be two positive radial functions satisfying
&n(r) = 1for R, <r <RI,
&n(r) = 0Ofor Re <r < Rs and forr =1,
out(r) = 1for Re <r <R,
Eour(r) = Ofor R, <7 < R},
gin + gout = lon A (475)

For example &, and &, can be defined as piecewise affine functions of the radius. Moreover, because of
(4.73) and (4.74), we can impose

C|loge| C|loge|
e e

V| < [Vout| < (4.76)
The subscripts ‘in” and ‘out’ refer to ‘inside A’ and ‘outside of A’ respectively.

In the sequel {B;},.; := {B(d;, 0i)};c; is a collection of disjoint balls as in Proposition 4.2. For the
sake of simplicity we label B;, j € J C I, the balls such that B; C ANGS,.
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Proof of Proposition 4.1.
Recall the properties of F' (4.11). By integration by parts, we have

/ dF{g2 Vul - ¢%B - (z’u,Vu)} = / dF{QQ IVul® + Fcurl(imVu)} - / do F(1)(iu, O;u) (4.77)
A A oB

and we are going to evaluate the three terms using our previous results. We begin with a lower bound
on the kinetic term in (4.77), using Proposition 4.2. We introduce a parameter v to be fixed later in the
proof and estimate

/ngz|Vu|2 > (1—7)2/ deingQ\VuP—k(l—v)/ deoutg2|Vu\2+'y/ dr g® |[Vul> . (4.78)
A icrB; A A
Using the lower bound (4.51), we have
[ ar sl = ulay) [ arivu + (nf 6() - nlan) [ argva >
. . r 3 .

J BJ BJ

log|loge[  C
loge| )~ Tlogel*

1
(Q—a) 14,16 (a;)9%(ay) flog e (1—0 [ argieu. @)
B;

The estimate of infs; §in — &in(ay) is a consequence of (4.76) combined with g; < C¢| loge|~°.
We now compute

/ d7F curl(iu, Vu) = / A7 [EinXinF curl(iu, Vu) + EouexinF curl(iu, Vu) + xout F curl(iu, Vu)] . (4.80)
A A

We can use Propositipn 4.3 to estimate the first term because &, xinF is a piecewise-C! function with
support included in AN GS,. We obtain

/A dffinxinFcurl(iu, Vu) Z Z de(aj)fin (aj)xin(d’j) — C Hv(fil’lXinF)HLoo(GSa) €2| log 5|72]:[u}. (481)
jeJ
Now, using (4.19), (4.20), (4.70) and (4.76), we have

Clloge|
2 )

||v(£inXinF)||L°°(.A) < -

so that
/ d7 &nxin F curl(iu, Vu) > E d;jF(a;)&n(aj)xin(d;) — C)| log5|_1]:[u]. (4.82)
A -
jeJ

The second term in the r.h.s. of (4.80) is simply bounded below as follows
/A A7 Eoue XinF curl(iu, Vu) > — /A A7 Eoue| F||Vul?. (4.83)
We now estimate the third term in the r.h.s. of (4.80): We integrate by parts back to get
/A AF You F curl (i, Vau) > — /A A7 V- (xout F) - (i, Vi) — C /8 Ao ()] w00 (439)

but
/ A7 VL (xour F) - (i, V) = / dF{Fvi(Xout)-(z‘u,Vu)eroutgzé-(m,vu)} (4.85)
A A
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and the second term can be bounded using the same computations as in the proof of Lemma 4.2:
/ dFXoutgzé : (ZU,VU) S 5/ dFXoutg2|vu|2 + 0571/ dFXothQB2|u|2a
A A A

where § is a parameter to be fixed later. For the first term in (4.85) we use (4.22):

/ A7V (xou) F - (i, V)
A

< e /A A7 [V xout| | — Re] %ul| V] <

5/ d7 g*|Vul? + % dF g*|ul?.
{onut7é0} 66 {vquﬁ‘éO}

The second inequality uses |1 — R<| x ¢|loge| and (4.70).
We inject the preceding computations in (4.84), taking into account that B < Ce~!. We also note that
we have xout 7 0 and/or Vxout # 0 only in the unpleasant set and the average set, so

/ d7 Xout F' curl(iu, Vu) >
A

—-Cé dr ¢*|Vul* — ©

72/ ngQ|u|2—C/ do [F(1)||(iu, Du)| . (4.86)
UPS,UAS, 0e? Jups,uAas. oB

We gather equations (4.78), (4.79), (4.80), (4.82), (4.83) and (4.86) to obtain (recalling that |xi| < 1)
/ d?"ﬂ{g2 |Vul® + F curl(iu, Vu)} >
A

S 6nlalis]| (1= (5 - ) 2ap) logel (1~ CRELED) | +

= [log e|
(1—) / A7 s g | Vul? — / 0 o | F||Vul? — C / do |F(1)]|(iu, Byu)] +
A A oB

C
(v—9) / dr ¢*|Vu|* — 5 di g*|ul® — C|loge| ' Flu]. (4.87)
A 0e? Jups,uas.

We choose now the parameters in (4.87) as follows:

_log|loge|

26— log | log ¢]

, a=a (4.88)

|loge| | loge]

where @& is a large enough constant (see below). This choice allows to bound the terms in (4.87) from
below: Indeed, if Qo > (37)~!, we have from Proposition A.2

¢

1
59°(a;) loge] — |F(ay)] = 2

for any a@; € A and thus

log |log £|

28 - 1ray) 2

1
(1= (3 - a) @) ogel (1 -
C  Clog|loge]|

1
59°(a;) lloge| = |F(a;)| = Cg*(a;) log floge| = — = — llog ¢

>0 (4.89)
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where we have used (2.25).
On the other hand, by the definition of &y, for any 7 € supp(&out), we have either

|r — Re| < Celloge|™* (4.90)
or
lr — 1] < Ce|loge| ™. (4.91)
Therefore, using (4.22), we have in the first case
2
g9°(r)
F(r)<cC .
o) <o
In the second case (4.22) yields
C
Fir)| < ——
[F(r)l < e|logel?
but (2.30) shows that, if 7" satisfies (4.91),
C
2
> .
g(r) 2 e|loge|
We conclude that
g*(r) = C|logel|[F(r)] > |F(r)] (4.92)
for any 7 € supp(&out) and thus
(1- 7)/ A7 £ourg” [Vul? —/ A7 Eout | F|[Vul® > 0. (4.93)
A A
Finally we have from (4.87), (4.89) and (4.93)
log |1
/ df’{g2 |Vul|® + F curl(iu, Vu)} > C'&OgEI dF g% Vul?—
A loge|  Ja

|log €|

—_— ngZUQ—C’/ do |F(1)| |(iu, Oru)| — C loge_l}'u. 4.94
e?log|loge| Jups,uas, 4 oB I | = Clloge| ™ Flu]. (4.94)

Adding
- 94 2 2 .
/ dr'=; (1— |ul?) —/ do F(1)(iu, Oru)
A€ oB
to both sides of (4.94) and using (4.77), we get the lower bound

log |log €] |loge]

~ c2log [loge| UPSLUAS.,,

Elu] > C{ Flu) df'gz\u|2 — /aB do F(l)(iu,aTu)} , (4.95)

[log e

valid for & small enough and Qy > (37)~!. But g?|u|? = |[WEF|2 < Ce!|loge|~!, whereas the side length
of a cell is O(e|logel), thus

C
/ d7 g?|ul? < [UPS, U AS,| < Ce|loge| (NI + N2). (4.96)
UPS,UAS,, el loge|

Using (4.50), (4.67) and (4.68), we deduce

/ dF g*|ul* < Ce|loge| NB < Ce%e™ Flul. (4.97)
UPS,UAS,
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On the other hand (2.30) implies that g?(1) > Ce~!|loge|~!. Combining this fact with the upper bound

(2.2) yields
|u| < C on OB

and thus, using (4.21) and Cauchy-Schwarz inequality,

1/2
<C </ do 8Tu2> .
oB

1 1/4
< 0 (Jtogel2leful 2 + REL= g2

/ do F(1)(iu, O-u)
oB

Using Lemma 4.4 we conclude

/ do F(1)(iu, O-u)
oB

Combining (4.95), (4.97) and (4.100), we have

log |1 1 1 1/4
Elu] > C {Wﬂu] ﬂgaﬂu] — |log e /2 |E[u)|V/? - |°g5|f[u]l/2} .

[log ¢ ~ log|loge| gl/4

Recall the choice of « in (4.88): We choose now a constant & > 2. Then

lloge] . |loge['"® loglloge]

log |loge|”  log|loge] llog |

and thus there exists a finite constant ¢ such that

log |log ¢] 1 |loge|'/*
w0y > > . [ o8lloge] N /2 172 1196&l 7 1/2
O) 2 £1u] > ¢ (<5 B Fu) ~ togel 2leful 2 - FEZ— 7l

where the upper bound comes from (4.4).

(4.98)

(4.99)

(4.100)

(4.101)

(4.102)

Since the sign of £[u] is not known, we might have two possible cases: If E[u] > 0, (4.4) implies that

|€[u]| < O(e>°), which can be plugged in (4.102) yielding

o0 IOg“Og5| |10g€|1/4 1/2
> €& > = S F
O(e ) > [u] >c ( |10g5| [u] 14 F [u]

This implies first
|log e[/?
el/21og | logel?

Flul <C

and, going back to (4.103),

|log e[*/?

Elu] > — 3
el/?2log |loge|

which concludes the proof of Proposition 4.1, if £[u] > 0.
On the opposite, if E[u] < 0, either

log [log | [loge|'* 1)
|10g€| ]:[’U/] - c1/4 ]:[u] )

which implies the result as before, or £[u] < C|logel, which gives

log |log €] |loge|*/*
3/2 log [loge| _ Hogel ™ 12
CY| 10g€| 2c ( |10g€‘ ‘F[u} 51/4 ]:[u] )

02&@+dbyﬂﬂwmw”20<

and thus again (4.8) and (4.9).

(4.103)
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As already noted, the end of the proof could be formulated as an induction. Plugging the estimates
of Lemma 4.2 in (4.101) and using the upper bound on £[u] would yield improved estimates of F[u] and
|€[u], thus reducing the number of bad cells and improving the boundary estimate. The process could
then be repeated a large number of times, proving that there are no bad cells at all. The second term in
the lower bound (4.101) would then vanish and the process stop when the first term would reach the order
of magnitude of the last one (coming from the boundary estimate), thus giving the results of Proposition
4.1.

5 Energy Asymptotics and Absence of Vortices

In this Section we conclude the proofs of our main results. The proof of the energy asymptotics is a
straightforward combination of the results of Sections 3 and 4:

Proof of Theorem 1.2.
From Proposition 3.1 we have, using the simplified notation of Section 4,

ECP > ESP 4 E[u] — O(™)

W

which reduces to 3/2
- log €|
EGP > EGP -C ‘
= "o el/21og | loge]
thanks to (4.9). Using a regularization of g ., as a trial function for the functional S&P as in the proof

of Proposition 3.1, we get Efj’i}o > ESOP — O(e*) and thus
EGPEEASP_O |10g5\3/2 )
0 el/2log |loge|

We conclude the proof of the lower bound recalling that, by definition,
BOP —int BT < ST,
For the upper bound LGP < 5GP _ poP
we simply use g, (1) exp{i([Q] — wopt )V} as a trial function for ECGP. O

The proof of the absence of vortices requires an additional ingredient:

Lemma 5.1 (Estimate for the gradient of u,,).

Recall the definition of uy, in (3.5). If Qo > (3)~1, then there is a finite constant C' such that
|loge[*/?

IVt ll oo 2y < €575

(5.1)

Proof. We use the short-hand notation defined at the beginning of Section 4 (in particular u = ).
Recall the variational equation (4.27)

~ 2
—V (¢°Vu) — 2ig’B - Vu + ;294 (Jul* = 1) u = Ag*u. (5.2)
From this equation we get the pointwise estimate

Vg 1
20l <€ (B2wul 413190l + 5 lo? (ul? = 1)l + W) (53)



Giant Vortex - CRY - May 3rd, 2010 44

holding true on A. Recalling that [#CGF| < e=1/2|loge|~1/? and

C ~
g2 12 logepp/z " A, (5.4)
we have 5
lu] < Clloge| on A. (5.5)
Thus, using (2.25),

|loge|?

1
L lg? (ul? 1) uf < 1%

(5.6)

On the other hand, estimating the chemical potential with (4.28) and plugging in the results of Proposition
4.1, we have

1 C|loge|™/4 |loge|?
Au| < C & —Flu]'?) < - 5.7
< Ol (1€l + o7 Flul'?) < el B8 5.7
on A.
Combining (2.25), (2.50), (4.7) and (4.18) with (5.6) and (5.7), we deduce from (5.3)
|log e[*/* |loge|?
[Aul| oo gy < C (55/4 IVull oo 2y + =)
From Gagliardo-Nirenberg inequality [N, Theorem at pg. 125], we deduce
|loge[3/* 1/2 1/2 |loge|?
I8l sy < € (RET= a2 hullf2 5 + 5T ). (58)
Inserting (5.5), we conclude
|loge|?
||AU||L00(A) <C =3
and we get (5.1) by using (5.5) and the Gagliardo-Nirenberg inequality again. O

We are now in position to complete the

Proof of Theorem 1.1.
The proof relies on a combination of (4.8) and (5.1), as in [BBH1].
Suppose that at some point 7 such that

Ry + 3elloge| ™! <y <1,

we have
|u(Fo)| — 1] > £"/*|logef®.

Then, using (5.1), there is a constant C' such that, for any 7 € By := B(7, Ce'3/®#|log e|3/?), we have
lu(7)] = 1] > §e"/%[loge|*.
This implies (recall (4.7))

4 3
.9 a2 _ Clloge|
dr = (1 — >

/Bo TEQ( [ul®)" 2 gl/2 7’
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and thus (note that by the initial condition on rg, By C A)

C|logel?
Flul 2 ——=75— (5.9)
which is a contradiction with (4.8).
We have thus proven that (recall (5.5))
log ¢|?
672 — 7] < g2 [fuf? — 1] < 121 (5.10)

on A= {Rp +¢|loge|™" <r < 1}. The result then follows by a combination of (2.30) and (5.10). O

Remark 5.1 (Absence of vortices in a larger domain).

By direct inspection of the proof of Theorem 1.1, one can easily realize that we could have proven the
main result, i.e., the absence of vortices, in a domain larger than A, i.e., there is some freedom in the
choice of the bulk of the condensate.

More precisely the choice of a larger domain would have implied a worse lower bound on g2 via (2.30)
and in turn a worse remainder in (5.10), but at the same time this would have allowed the extension of
the no vortex result up to a distance of order ¢|loge|~™® from Ry, for some power a > 1.

We have however chosen to state the main result in A for the sake of simplicity.

\I/GP

The proof of the result about the degree of is a corollary of the main result proven above:

Proof of Theorem 1.3.
We first note that the pointwise estimate in (5.10) implies that WGP does not vanish on 9B, so that its
degree is indeed well defined. We then compute

\I/GP \IJGP ) )
2m deg{ WS OB} = —i/ do | laT ( ) =i | do Mar (uel([ﬂ]—wo)ﬂ) o= i[9 —wo)9 _
oB oB

PGP |WGP| u lu
L)
27 ([Q] —w —z/ do —0,( — ). (b.11
(0l = o) =i J o0 ) 1Y
Then
/ FCPY <“) ‘ S/ do |0, (“) ‘ <c | do ol (5.12)
o8B u |ul o8B |u o8B

where we have used that |u| is bounded below by a constant on dB.
Finally, combining (4.39) and the results of Proposition 4.1, we obtain (recall that g> > Ce~!|loge|~*

on 9B)
Cllogel?
O,ul? < —1 OB 5.13
/azsl =< e(log | loge[)? (513)

Using the Cauchy-Schwarz inequality, we thus conclude from (5.11), (5.12) and (5.13) that
deg{TP 0B} = [Q] —wo + O (5_1/2| log e[*/?(log | 10g5|)_1> . (5.14)

There only remains to recall that (see (3.10))

2

wo = + O(e Hloge|7?)

and that an identical estimate applies to wept (see (3.16)). O
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Remark 5.2 (Degree of a GP minimizer).

According to (5.14), we could have stated the result (1.21) about the degree of ST in terms of wy, i.e.,
the optimal giant vortex phase when the minimization problem is restricted to the annulus A, instead
of wept, 1.e., the optimal giant vortex phase in the whole of B. Moreover the remainder in (5.14), i.e.,
O(e71?|loge|*/?(log | loge|)~1), is much better than the one contained in the final result (1.21), i.e.,
O(e7|loge|~1/?), which is inherited from (3.10) and (3.16). Note however that the latter remainder
is the best precision to which one can estimate the giant vortex phase in terms of the explicit quantity
2/(3y/m)e~1. For this reason and the fact that wps occurs more naturally in the analysis, we have used
it in (1.21).

Appendix A

In this Appendix we discuss some useful properties of the TF-like functionals involved in the analysis as
well as the critical angular velocity €2, for the emergence of the giant vortex phase.

A.1 The TF Functionals
We start by considering the TF functional defined in (1.9):

ET ] := /BdF {—Q2T2p—|—672p2}.

Its minimizer over positive functions in L*(B) is unique and is given by the radial density

202
L=

1
PTE(r) o= = [e2u"F 4 £20%7]

3 [r? — Rﬁh_ , (A1)

where the chemical potential is fixed by normalizing p™¥ in L*(B), i.e.,
_ 2
WTF = BTF 4 o2 ||pTF |2 = —2R2, (A2)

Note that, if Q > 2/(y/m¢), the TF minimizer is a compactly supported function, since it vanishes outside

ATF ie., for r < Ry, where
/ 2

The corresponding ground state energy can be explicitly evaluated and is given by

TF 2 4
b (i ) »
By (A.3) and (A.4) the annulus ATY has a shrinking width of order ¢|log | and the leading order term in
the ground state energy asymptotics is —2, which is due to the convergence of p™F to a delta function
supported at the boundary of the trap.

In other Sections of the paper we often consider the restrictions of the functionals to domains D
strictly contained inside B (denoted by E5F). However in the case of the TF functional there is no need
to make a distinction between ETF and ELF since all the ground state properties are basically independent
of the integration domain, provided ATF C D.

Another important TF-like functional is defined in (1.26) and includes the giant vortex energy con-
tribution, i.e.,

SEF[,O] = /Bdf’ {—QQTQp—l—Bi(r)p—i—s_sz} = /Bdf’ {([Q] —w)2 T_2p+€_2p2} —2Q[Q —w], (A.5)
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where the potential B,, is defined in (1.25), w € Z and we have used the normalization in L'(B) of the
density in the last term.
The minimization is essentially the same as for (1.9): The normalized minimizer is

R g2 N 2 _9
P = 5 0 -] (A6)

and the normalization condition becomes

— R? . 2
Y L logRZ = ——— A7
T e (R A
where we have denoted (@ )2
H2 . L

With such a definition the minimizer (A.6) can be rewritten in a form very close to the TF minimizer

(A.1), ie.,

(9] - w)?
2R2 2

In order to make a comparison it would then be useful to evaluate the radius R,, but the equation (A.7)

has no explicit solution. However, since the right hand side of (A.7) tends to zero as ¢ — 0, we can

expand the left hand side assuming R;% = 1+ 4 for some § < 1:

1 2

72_13 4y
30 30 00N = g

AEF(r) = -2

N .

which yields

1 2 2 1
——1=6= 1 -30)-3)|
7T e | s —w) @ ey O
We thus have
v 2 B 4 34-3y _ p2 2w 4 3 3
R, =1 Vre([Q] —w)  3me2([Q] — w)? FOET0T) = R+ VmeQ?  3me2Q? +O( logel"), (A.9)

and whether R, is larger or smaller than Rj, depends in a crucial way on the phase w: In particular in
the case of the giant vortex phase wy (see Proposition 3.2), the sum of the two last terms in the above
expression vanishes to the leading order (see (3.10)), i.e., it is much smaller than O(¢?|loge|?).
The ground state energy ETF is easy to compute:
2 4

e?([Q] — - 2 49

M(R;2_1> =024+ — 2
4 3/me 3\/me

and, assuming that |w| < O(e™"), one can easily recognize that the leading term and the first remainder
coincide with (A.4), i.e., the energy EIF is equal to ETF up to second order corrections:

4w n 2
3me?

ETF = —20(]0] —w) + +0(Q),

2
i 2
ETF = ETF 4 [w - } + 5o + O loge| ™). (A.10)

2
3y/me 9me?
This formula implies that EEF is minimized by a phase which is given up to corrections of order
e~ loge|~1/2 by
2
TF
__ Al

“ 3\/me ( )
and the same is true for the giant vortex phases wy (see Proposition 3.2 and (3.10)) and wept (see
Proposition 3.3 and (3.16)).
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A.2 The Critical Angular Velocity and the Vortex Energy

The last part of this Appendix is devoted to the study of the critical velocity €., which is defined as the
angular velocity at which vortices disappear from the bulk of the condensate. To estimate this velocity
we have, according to the discussion in Section 4, to compare the vortex energy cost % g%(r)|loge| and
the vortex energy gain |F(r)| (see (4.10)): This leads to the definition of the function

H(r) := 59% w, (r)[loge| = |Fly (r)], (A.12)

which yields the overall energy contribution of a vortex at a radius 7 inside the bulk: If H is positive in
some region, then a vortex is energetically unfavorable there, and, if this holds true in the whole of the
bulk, the condensate is in the giant vortex phase.

Before studying the behavior of the above function H, it is however convenient to obtain an explicit
approximative value for the critical velocity and to this purpose we replace the density g2 with pTF and
study the function

HTF(T) = %| logg\pTF(T) — ’FTF(’I‘) , (A.13)
where the cost function FTF is explicitly given by
T o 5292 r
FT(r) .= ds Brr(r) - E9p Tt (r) = 5 ds [Qs — ([Q] —w™) s7'] (s> — R}), (A.14)
Rh Rh

with wT¥ defined in (A.11).
In order to investigate the behavior of the infimum of HTF inside the bulk, it is convenient to rescale the

quantities and set
2= eQ(r* — RY), (A.15)

so that z varies on a scale of order one, i.e., more precisely z € [0,2/y/7] (see (A.3)). With such a choice
the gain function can be easily estimated:

£2()2 1

/T o dtt[Qt+RY) — [Q+w ™ (t+RY) =
0

202 7R 4 2 -t
U——t01)) (1-—— =
0 /0 dtt( t= 5=+ Ol ))( ﬁ€Q+t)
1 (7 4 2 s\
~ [ a -2 1 S} =
de J, e <S 3T * O(€)> ( VeQ * EQ)

i/zds ~ A Y Co(oge) = 2 (5 - 2 + 0(1ogel)
1 ), T 3m S D Y B

where we have used the approximation [1 — O((eQ)~1)]~t = 1+ O((eQ)71).
Applying the same rescaling to the energy cost function, we thus obtain

FT(r) =

TF/, N\ . ZI:ITF(Z)
H™ (1) = === T (A.16)
where ) 5
H™ (2) =300 — —— 1 =30 —z(—=—-2) - 1 Al
(2) =30 2|5 = = + Olel oge)| = 3% z(ﬁ ) O(cllogel), (A1)

since z < 2/4/7 by the definition of the scaling. Now it is very easy to see that

H™F(2) > 300 — 77! — O(e] loge)),
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so that
in [HT¥(r)] > Ce™t > 0, A.18
min [H(r)] = Ce (A.18)
for any Qo > (37)~! and e small enough. We sum up this fact in the following

Proposition A.1 (TF vortex energy).
For any Qo > (3m)~1 and £ small enough, there exists a finite constant C' such that HTF (r) > Ce™1 >0
for any ¥ € ATF.

We now go back to the original function H and show that the above property holds true as well, i.e.,
Q. = (3m)~'e7?|loge| ! is the critical velocity for the disappearance of vortices from the bulk of the
condensate (see (4.5) and (4.6) for the definition of A):

Proposition A.2 (Critical angular velocity).
If Qo > (3m)~1 and ¢ is small enough, there exists a finite constant C such that H(r) > Ce™1 > 0 for

any 7 € A.
Proof. The result basically follows from what is proven about HTF¥: We are indeed going to show that

sup |[H™ (r) — H(r)| < Ce™ 1, (A.19)
FeA

so that the statement becomes a trivial consequence of Proposition A.1.
In order to prove the above inequality, we use the estimates (2.30) and (2.25) to get

sup [p" (1) = g0, ()| < Ce'/?[loge| 2 ||p"F| L < Cem /P logel?, (A.20)
reA

and

R
sup }FTF(T) —Fy, (T)| < / ds |Bu, (3)|9?4,wo(5)+
FeA Re

1 1
Ce?Q? Jwy — w'F| / ds s7(s* = R}) +sup " (r) = g0, (7)) / ds |By,(s)] <
Ry FeA Ry

C |67 [Rs = Rl g%y (R5) + £°0% log el /2 4+ &1/ log e[ /2] <

C {| loge| 1 p™(Rs) + 71| log e|_1/2} < CeYloge| ™12, (A.21)

where we have used (A.20), the monotonicity of g, (r) (see Proposition 2.3) and the estimate (3.10).
Hence one obtains (A.19) and the final result trivially follows from Proposition A.1. O
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