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THE SPHERE AND THE CUT LOCUS AT A TANGENCY
POINT IN TWO-DIMENSIONAL ALMOST-RIEMANNIAN
GEOMETRY

B. BONNARD, G. CHARLOT, R. GHEZZI, G. JANIN

ABSTRACT. We study the tangential case in 2-dimensional almost-Riemannian
geometry. We analyse the connection with the Martinet case in sub-Rieman-
nian geometry. We compute estimations of the exponential map which allow
us to describe the conjugate locus and the cut locus at a tangency point. We
prove that this last one generically accumulates at the tangency point as an
asymmetric cusp whose branches are separated by the singular set.

1. INTRODUCTION

In a series of recent papers [2,3,8], 2-dimensional almost-Riemannian geometry
is investigated under generic conditions, giving rise to Gauss-Bonnet type results
on compact oriented surfaces.

Roughly speaking, an almost-Riemannian structure (ARS for short) on an n-
dimensional manifold M can be defined locally by the data of n vector fields playing
the role of an orthonormal basis. Where the vector fields are linearly independent,
they define a Riemannian metric. But the structure is richer along the set Z where
they are linearly dependent (see section P for a precise definition of ARS).

For 2-dimensional ARS, it was proven in [2] that generically the singular set
Z is an embedded submanifold of dimension 1 and only 3 types of points exist:
the ordinary points where the metric is Riemannian, the Grushin points where the
distribution A generated by the vector fields has dimension 1 and is transverse to
Z, and the tangency points where A has dimension 1 and is tangent to Z.

The situation around ordinary and Grushin points is well known from the metric
point of view, even if new considerations about curvature close to the Grushin points
allow the authors to prove new results in [2,3,8].

These metrics have also been studied in [5]. In that paper, the authors deduce
a global model on the two-sphere of revolution S? as a deformation of the round
sphere, the metric being

gx = d(p2 + GA(‘P>d92a A€ [05 1]5

with G (X) = =5, where X = sin® ¢, and (p,0) are the spherical coordinates.
In this representation, the singularity is located at the equator: ¢ = /2. This
metric appears in orbital transfer and, moreover, the homotopy is important to
understand the behavior of the curvature. In this framework a short analysis tells
us that for the generic model the symmetries (of revolution and with respect to the

equator) cannot be preserved and a non integrable model is obtained.
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In this paper we analyse the situation at tangency points. The presence of these
points is fundamental in the study of 2-dimensional ARS.

In [3], the authors provide a classification of oriented ARS on compact oriented
surfaces in terms of the Euler number of the vector bundle corresponding to the
structure (see E for definition) in presence of tangency points, generalizing a result of
[2]. The construction of Gauss Bonnet type formulae is more intricated in presence
of tangency points because of the geometry of the tubular neighborhoods of Z close
to the tangency points (see [3]).

It happens that the geometry close to tangency points is not well known and
more intricated for many reasons. First, the computation of expansions of the wave
front is more complicated and involves elliptic functions. Second, the nilpotent
approximation is far from being generic as defined below. In particular the dis-
tribution of the nilpotent approximation is transversal to its singular set at the
tangency point.

In this paper we focus on two points. First, we analyse the connection be-
tween tangency points in 2-dimensional ARS and Martinet points in 3-dimensional
sub-Riemannian structures. This allows us to obtain regularity properties of the
distance function. Second, we compute the jets of the exponential map which al-
lows to estimate the conjugate locus and the cut locus at the tangency point. In
particular we prove that, differing from the nilpotent case, the cut locus generi-
cally accumulates at the tangency point as an asymmetric cusp whose branches are
locally separated by the singular set Z (see figure )

FIGURE 1. The sphere (solid line) and the cut locus (dashed line) at a
tangency point in the generic case together with the singular set (dotted
line)

The paper is organised as follows. In section E we recall some basic definitions
and results. In sectionﬂ we show the relation between ARS and constant rank sub-
Riemannian structures. In sectionE we analyse the special case of the nilpotent
approximation as well as a generic model at a tangency point. In section E we
compute the asymptotic expansions of the exponential map at a tangency point.
This allows us to estimate, in section E, the conjugate and cut loci at a tangency
point, giving rise to a geometric interpretation of the first invariants in terms of the
form of the cut locus.

2. BASIC DEFINITIONS

An n-dimensional ARS is the data of a triple (M, E, f) where M is an n-
dimensional manifold, E is a Euclidean bundle of rank n over M and f is a morphism
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of vector bundles between E and T'M preserving the basis M, such that the eval-
uation at any point ¢ € M of the Lie algebra generated by {f o o | o section of E}
is TyM.

From the control theory point of view, an ARS can be defined locally by the data
of n vector fields (Fi,...,F,) such that Lie{Fi,...,F,}q = T,M for all ¢. They
define locally the following control dynamical system
(21) i=Y wFi(q), Y ui=1,

i=1 i=1
the distance between two points gy and ¢; being by definition the minimal time
needed to join g; from gg with this control system. We also define the submodule
A of the module of vector fields on M generated locally by (F1,..., F,) and the
flag Ag by A1 = A, Ak—i—l = A+ [A,Ak]

In the following we deal with 2-dimensional ARS. Let us recall the following
result proved in [2].

Proposition 1. The following properties, denoted by (HO), are generic for
2-dimensional ARSs.

(1) The singular set Z is a one-dimensional embedded submanifold of M,
(2) the points g € M where As(q) is one-dimensional are isolated,
(3) As(q) =T,M forallge M.
Moreover, if a 2-dimensional ARS satisfies (HO), then for every point ¢ € M there
exist a neighborhood U of q and an orthonormal frame (Fy, F2) of the ARS on U
such that, up to a change of coordinates, ¢ = (0,0) and (Fy, Fy) has one of the
forms
(Fl) Fl(‘ray): %a €T
(F2) Fl('rvy) = 66Za FQ(:C
(F3) Fiwy) =2, Fley) = (y— a20(@)esn 2.
where ¢, ¥ and & are smooth functions such that ¢(0,y) = 0 and ¥(0) > 0.

Remark. In order to get the same notations as in [7], the normal form (F3) will be
written in the following in coordinates (y, 2)

(F3) Fi(y,2) =&, Fa(y,2) = (z — y*¢(y))et =) £

For a 2-dimensional ARS satisfying (HO), we say that a point ¢ is

e ordinary if A(q) = T,M (normal form (F1)),

e a Grushin point if the dimension of A(g) is one and Ay(g) = T,M (normal
form (F2)),

o atangency point if the dimension of A(g) = As(g) is one and Agz(q) = T,M
(normal form (F3)).

In the normal form (F3), (y, z) is a privileged coordinate system with weights
respectively 1 and 3 (for definitions of privileged coordinates and nilpotent approx-
imation we refer the reader to [4]).

Consider the change of coordinates § = y and Z = —z/(2(0)e¢(?)). Let us
still denote (g, 2) by (y, z). According to the weights the jet up to order 0 of the
elements of the orthonormal frame in the normal form (F3) is

2
(Fg) Fl(yvz): %a FQ(yaz): (€Z+%+€/y3+03(y72))%

/ o€
where e = €80 £ 0, ¢/ = %& and o3(y, z) is a smooth function of order

higher than 3 in the variables y and z with respect to their weights.
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3. ALMOST-RIEMANNIAN GEOMETRY AND SUB-RIEMANNIAN GEOMETRY

3.1. Local desingularization of an n-dimensional ARS. Let us present a clas-
sical construction. Consider an n-dimensional ARS on M and let (F,..., F,) be a
local orthonormal frame on a neighborhood of ¢q. Assume that F;(q) = 0 for i > d
where d = dim A(q). Define

M =M xR" %= {(z,y)lx € M,y € R"" 4},

Denote by 71 and 72 the canonical projections on the first and second factor of M.
Then we can define F; by

7T1*(F) F
7T2*(F):O if 1 < d,
Tou(F)) = g ifi>d.

Then the family {17“1, ceey ﬁn} has rank n in the neighborhood of ¢ and defines the
orthonormal frame of a sub-Riemannian metric on M. Moreover, if A is bracket
generating as a submodule of the Lie algebra of vector /fi/elds on M, then the same
holds true for A = span{fl, ceey ﬁn} This metric on M is invariant with respect
to translations in R™~¢. Moreover, one can show that the curves between gy and
¢1 minimizing the almost-Riemannian distance on M are projections of the curves
between {go} x R""¢ and {q1} x R"™?¢ minimizing the sub-Riemannian distance
on M a curve in M and its projection having the same length. This implies that
the ball centered at g of radius r in M is the projection of any sphere of radius r
centered at a point of the type (¢,y) in M. Applying the Pontryagin Maximum
Principle to the corresponding extremals in M , the transversality conditions to
{g0} x R""? and to {q:} x R"~% must be satisfied.

3.2. Examples.

3.2.1. The Grushin plane and the Heisenberg group The 2-dimensional ARS de-
fined by the orthonormal frame {F 1= a%, F =24 By } in R? is the Grushin plane. It

is the first example of almost-Riemannian structure with non empty singular locus,
namely the y-axis. Moreover, it is the nilpotent approximation at any Grushin
point of a 2-dimensional ARS (for a precise definition of nilpotent approxima-
tion of a system we refer the reader to [4]). If we apply the desingularization
procedure, we find the sub-Riemannian metric defined by the orthonormal frame

{Fl (%,FQ x 6‘,5; + %} on R3, which is the Heisenberg metric. The Heisen-

berg metric is the nilpotent approximation at any point of contact of a rank-2 sub-
Riemannian structure defined on a 3-dimensional manifold, that is at any point p
where the rank-2 distribution satisfies [A, Al(p) = T,M. The Hamiltonian associ-
ated with the Grushin metric is

L 5 2,2
Hy = 50 +a7py)
while the one related to the Heisenberg metric is
1
Hy = 5 (p; + (zpy + 1))

where p,, py, p. are the dual coordinates to x, ¥ and z in the cotangent bundle.
Geodesics of the Heisenberg group projecting to geodesics of Grushin are those
with p, = 0, respecting the transversality condition to the vertical lines given by
the Pontryagin Maximum Principle.

In general, the relation between the cut and conjugate loci for the sub-Rie-

mannian metric on M and almost-Riemannian one on M is not clear, the projection



SPHERE AND CUT LOCUS AT TANGENCY POINTS FOR 2-D ARS 5

m introducing singularities. The Grushin plane is a good illustration of this fact.
The two geodesics for the Grushin metric starting at (0,0) with the initial covectors

(pe =1,py) and (py = —1,p,) are

sin(py,t
z@) — po,
Py
2p,t — sin(2p,t)
y(t) o
( py)

Hence, these two geodesics first intersect for p,t = 7 and one can prove that ¢
corresponds to the cut time along them. Moreover, computing the Jacobian of the
exponential mapping, one proves that the conjugate time ¢ satisfies p,t = tan(p,t).
Lifting to the corresponding geodesics in the Heisenberg space starting at (0,0, 0)
with initial covector (ps, py,p-. = 0), one finds as third coordinate
2(t) = pa 1 — cos(pyt) .
Dy

Hence, the two lifted geodesics do not intersect anymore at ¢ and the computation
of the Jacobian of the exponential mapping shows that the conjugate time for both
lifted curves satisfies %t
in the Heisenberg case.

= tan(%yt). It corresponds to the second conjugate time

3.2.2. The nilpotent approximation at a tangency point and the Martinet flat case.
Consider the normal form (F3) at a tangency point as presented in section E
Recall that the weight of the variable y is 1 and the weight of z is 3. Hence the
nilpotent approximation can be given in (y, z) coordinates by the orthonormal frame

{6%, %% }, corresponding to the metric ¢ = dy? + (%)’dezQ and the Hamiltonian

1 y4
H=>(p?+ Z-p?).
5 Py + 7 pz)

Applying the desingularization procedure, one finds the orthonormal frame

a 3?0 0
—, T + N
dy’ 2 0z O

in (y, 2z, ) coordinates in R3, whose corresponding Hamiltonian is

2

1 y
H = 5(1712; + (p:v + Epz)Q)'

This lifted structure is the Martinet flat case of sub-Riemannian geometry. It is
the nilpotent approximation at any Martinet point of a rank-2 sub-Riemannian
structure defined on a 3-dimensional manifold, that is at any point p where the
rank-2 distribution satisfies [A, A](p) = A(p) and [[A, A], A]l(p) = T,M. The set
of these points is called Martinet surface. Being the nilpotent approximation, the
Martinet flat case will provide the starting point to analyse the general tangential
case and it will allow to make some preliminary estimates of the sphere and the
distance function using previous computations as in [7].

4. LOCAL ANALYSIS AT A TANGENCY POINT

In this section we focus on the following models in order to study the local
situation around tangency points for a generic 2-dimensional ARS.
(1) The nilpotent approzimation (of order -1)

2
g-1=dy’ + (%)*Qd«z2
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(2) The generic model of order 0
Y
go = dy* + (ez + =7+ e'y’)72dz"
where e = &' =0 gives the nilpotent approximation.

4.1. Analysis of the nilpotent model. In this case, the desingularization pro-
cedure gives the orthonormal frame on R3
o Yo 0]
Fl=—+4=— Fb=—
YT ox + 202 % Oy
which generates the distribution

2
A =ker(dz — %d:c)

Proposition 2. Consider the almost-Riemannian metric g = dy? + y4—4d22 on
R2. The y-axzis is the union of the two geodesics starting at the origin with initial
covectors (p, = £1,p, = 0). The geodesics with initial covector (py, = £1,p, = X #
0) are given by

s - py%mmtm,

2(t) = %[tm—i—%n(}(—i—t\/m)cn(K—i—t\/W)dn(K—i—t\/W)],

where K is the complete elliptic integral of the first kind

/71'/2 dt,D
0 /1—1/2sin%¢p

and cn,sn,dn denote the Jacobi elliptic functions of modulus k = % Moreover
the following properties hold true.
(1) The almost-Riemannian spheres centered at the origin are subanalytic.
(2) For A # 0, the cut point coincides with the first return to the z-axis that
occurs at t = 2K/ \/W, where two extremals with the same length intersect.
The cut locus from the origin is {(y,z) | y = 0} \ {(0,0)}.
(3) For \ # 0, the conjugate point corresponds to t ~ 3K /+/|\|. The conjugate
locus from the origin accumulates at the origin as a set of the form {(y, z) |

2=y} U{(y,2) | 2 = —ay®} \ {(0,0)}, with a # 0.

Proof. Define F3 = % and P, =< p, Fi(q) >, i = 1,2,3. Using the Pontryagin
Maximum Principle, the equations for normal extremals of the sub-Riemannian
structure are given by the Hamiltonian system associated with H = 1(PZ + P),
ie.

i = P, P = yPP;,
y = P, P = —yPPs,
;= LPp, Py o= 0

There are three first integrals, namely p,,p. = A, H. The normalization condition
H =1/2at ¢t =0 gives
P1(0)* + Py (0)* =1,

hence, we set P;(0) = sing, P»(0) = cosp. The set of extremals is invariant under
the action of the group generated by the diffeomorphisms (x,y,2) — (z,—y,2)
and (z,y,2) — (—z,y, —2). Therefore, it is sufficient to integrate the system with
initial point (0,0,0) and covector (sin ¢, cos v, A) with A > 0 and cos ¢ > 0. Recall
that the normal extremals for the almost-Riemannian structures are projections on
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the (y, z) coordinates of the geodesics for the sub-Riemannian metric satisfying the
transversality condition p, = 0. Hence, for A = 0 we get y(t) = cos(¢)t, z(t) = 0.
Assume now A > 0 and set k, k' such that k2 = =522 0 < k, k' < 1 and k2 + k% =
1. Then we find

2 2

Y Y
_pz)(l +Pz + =

2 D) pz)

P=01-P)1+P) = (1—p.—

2 2
(2k2 = LN k" + L.

Setting y(t) = Q—Gy(t), the evolution equation for y is

5’2 2 2 2.2
5= (L=y)ET+EY),

that can be integrated, with y(0) > 0, as y(t) = —cn (K (k) + tv/\, k), where

K(k) = /0 " dp

1 —k2sin’ o

Hence

y(t) = —\2/—’; en (K (k) + 0V, k).

Remark that the extremals that project on geodesics for the ARS satisfy the
transversality condition p, = 0 which implies ¥ = 1/2. Thus the y coordinate
of the geodesic with p, =0,py, =1, A > 0is

V2

y(t) = =22 en (K + V),

VA

where, to simplify notations, we denote K (1/2/2) by K and we omit the dependence
of the Jacobi function c¢n on the modulus. To compute the z coordinate along the
same geodesic, we use the primitive [en*(K +u) du = 2[1u+sn (K +u) en (K +
u) dn (K + u)] (where k = 1/2/2). Then

2(t) = #[t\/x—l— 2 sn(K +t\/X) en (K —|—t\/X) dn (K +t\/X)].

Using the symmetries of the system we find the required expressions for the geodesics
starting at the origin for the almost-Riemannian metric. In particular, y and z are
quasi-homogeneous with respective weights 1 and 3. The cut instant of a geodesic
coincides with the first return to y = 0 that occurs at t = 2K/\/X, thus the cut
locus is the z-axis. The conjugate time satisfies ¢ ~ 3K/\/X, whence the conjugate
locus can be approximated by the parametric curve

V2 K
y:—mazzm

(for the detailed proof see [1]). [ |
Remark that for the desingularized structure, i.e., the sub-Riemannian Martinet
flat case, the sub-analyticity of the sphere is lost in the abnormal direction for which
k — 1. This does not arise for the almost-Riemannian structure, since geodesics
satisfy k? = 1/2.
Property EI of proposition E can be generalized to the generic tangential case
using [11], see also the computations in section ff.
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4.2. Analysis of the generic model of order 0. The objective of this section
is to lift the generic model of order 0 into a constant rank sub-Riemannian model
in order to analyse the role of the invariants in the optimal dynamics. A geometric
interpretation will be given in section E in terms of the form of the cut locus.

Recall that from [7] the sub-Riemannian Martinet model of order zero is nor-
malized to

(14 ay)?da® + (1 + Bz + yy) dy?,

where the distribution has the standard Martinet form
2dz = y?dz.

In this normal form the parameters «, 3, are related to the geometric properties
of the sphere with small radius and appear in the pendulum interpretation of the
extremals. More precisely, for 5 = 0 the extremal system is integrable while if 3 is
non zero we have dissipation. In the integrable case the important parameter is «
and if it is non zero the abnormal direction is strict. The role of the parameter v
is unimportant and it can be absorbed by reparameterization.

Consider the almost-Riemannian metric on R? given by the orthonormal frame
(12) Fi= (e /24 ) g P =
where € # 0. This metric can be seen as the generic model of order 0 for an ARS
in a neighborhood of a tangency point (use the normal form (F3) and weights of
coordinates). Next proposition gives a possible lifting of the model of order 0 at
a tangency point for an almost-Riemannian metric, showing the relation with the
model of order 0 of a Martinet type distribution for a sub-Riemannian metric.

Proposition 3. The generic model of order 0 for an ARS in a neighborhood
of a tangency point lifts into the sub-Riemannian Martinet model of order zero
da? dy?
(5(1iz))2 + (1+25’yy+o

DB the distribution 2dz — y?dx = 0.

Proof. Applying the desingularization procedure (see section ) to the
almost-Riemannian metric defined by )7 we get the sub-Riemannian metric in
R? defined by the orthonormal frame, still denoted by Fy, Fy,

0

0 2 0
F1:—+(€z+y—+€/y3)— nga—y

Ox 2 0z’
One gets

(71, Bl Fa) = (1+02'9) 5

a0
z

B
[F1, Fp] = —y(1 + 36'3/)a

_Z,

, 0

(£, B, F1] = ey(1 + 3€y) o,

hence the Martinet surface is the set {(x,y,2z) | y = 0}. Moreover the singular
control in the Martinet surface is defined by

U1 det(Fl, Fs, [[Fl, FQ], Fl]) + uo det(Fl, Fy, [[Fl, Fg], Fg]) =0
which implies uo = 0. The corresponding trajectories are solutions of
T=uy, y=0,2=uez.

In order to build a coordinate system (Z, g, 2) in which the distribution has the
normal form D = ker w, w = dZ — §%/2d¥, we normalize the singular flow to
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lines parallel to the Z-axis and lying in the Martinet surface. We consider the
diffeomorphism

o= S,

—&
g = yVi+2y=y+ey*+o(y?),
z = ze T,

The orthonormal frame in the new coordinate system becomes

0 )

0
- P\ — [y 7)) —
oF e(1+ ) 5 55" Fro=014+2"94+0(9))=—.

Fi=—¢(1+17 ~
1 (1+2) 5
Hence the distribution is in the normal form dz = '%Qdi and the metric is given by

__d? d?
I= 20127 T+t od)?

[
Introducing F3 = % and P; =< p, F; >, the extremal flow is given by

X = —e(1+X)P,
Y = (1+2Y +o0o(Y))P,

Y2
7 = —e(l+X)h,
P = —(1+X)Y(1+2Y +0o(Y))P,Ps,
Py, = e(1+X)Y(1+2'Y +o0(Y))P, P,

P, = 0.

Setting P; = A and using the time parameter 7 such that dr = (1 + X)dt, we can
write

dX

— = -—ebh,

dr

ay (1+25'Y+0(Y))P
r 1+ X >
dz Y?

=2 = —e—P

dr ot

dP

d—l = “AY(1+2'Y 4 0(Y))Py,
—

dP

d—2 = XY (142Y +o(Y))Py.
=

Define 6 in R/27Z by P; = cos(f) and P2 = sin(6). It satisfies

db
= AeY (14 2€"Y +0o(Y))
-

and then
d? 14+4e'Y 4+ oY)
= de—— - 7V in(@
dr? c 1+ X sin(6),
which can be approximated by
d?o

ﬁ = )\5(1 — X + 4€/Y + O(Y)) Sln(@)
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According to [7], this corresponds to a dissipative pendulum, the non nullity of the
parameter &’ inducing a coupling with the y-coordinate. Note that more computa-
tions are necessary to get the sub-Riemannian Martinet metric in the normal form
of order 0, leading to a true dissipative pendulum equation with no coupling with
the x and y variables, see [7].

5. ASYMPTOTICS OF THE WAVE FRONT

In this section we use the techniques and results from [7], developped in the sub-
Riemannian Martinet case, to compute asymptotics of the front from the tangency
point for the generic model of order 0 for ARS. Remark that the higher order
terms in the expansion of the elements of the orthonormal frame play no role in the
estimation of the front and, consequently, in the estimation of the cut and conjugate
loci from the tangency point (see section E), as one can check easily.

Proposition 4. Consider the ARS on R? defined by the orthonormal frame
given in @ The extremals satisfying initial condition

(ya z’pyapz)ltZO = (0, 0,+£1, )\)

with |A] ~ 400 can be expanded as

y(t) = nY°t/n) +n’Y (t/n) + o(n?),
2(t) = n*Z%4t/n) +n*Z'(t/n) + o(n?),
where n = ;W’
so_ Pg(V%)! P =0,

4 b
with initial condition (Y°,Z% PY, PY)|t—o = (0,0, 41, +1) and
(54)  Y' = P},

. 1

2= TP+ PR(YOPY 4220V 4 (0P,

By = —PYRAYOP — (PR(S(rOPY 42070 4 D (YY),
. 1

L o= —L(PYPeYOR

with initial condition (Y, Z1, PL, PL)|1—o = (0,0,0,0).

Remark. Computations in this case are similar to the ones of the Martinet sub-
Riemannian case. System @) represents a variational equation whose integration
is related to the second-order equation
3
2
where Y is a periodic elliptic function.

Proof. Recall that y, z have weight 1 and 3, respectively. In order to have the
standard Darboux form of order 1, we fix the weight 0 for p, and —2 for p,.

The Hamiltonian is

V14 (2PPYOY! = K(Y0)

1
H=3p(ez+y*/2+y")" +p))
and the extremal flow is

y = pya py
i o= pez+y?/2+€Y%)? p.

—p2(ez + 42 /2 + £'y®) (y + 3¢'y?),
—p2(ez +y?/2+€'yP)e.
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According to the weights we set

y = nY, p, = Py,
Zingzvpz:%,

where 7 is a parameter. The evolution equations for (Y, Z, Py, Pz) are

. P;
y = X,
n

; v 2 5 2 y6 3 2, 72
7z = PZ(4—77 +eZY? + Y+ nY° + 2ee'nZY 7 + e°nZ7),
> 2 Ve 5/ 4 N2 3
Py = —PZ(2—77 +eZY + §5Y +3ne'Y=(eZ +£'Y7)),

. Y2
P; = —Ple(— +enZ+eny?).

2

Considering the expansions with respect to n
Y =Y+ Y +o(n),
Z=2"+nZ"+o(n),

Py = P + 0Py +o(n),
Py =Py +nPy + o(n),

by identification we find that the leading terms satisfy

yo — Py Py = INCGAONCON
(55) , n o o
70 L

In particular PJ is constant. Setting A = p,(0), for A # 0 we can fix n = 1/1/]\|
and then PJ is normalized to 1 or -1.

Introducing the time parameter s = ¢1/]\| the equations () for the first-order
approximation become

aY° _  po apy . (PRAY)?
(56) ds - Yo ds - 2 )
ddZSO = Pg(}l/o)‘L , Pg = +1.

System (E) coincides with the Hamiltonian system for the nilpotent model that
has been integrated in Proposition E, using elliptic functions with modulus k such
that k2 = 1/2. The solution is given in Proposition P

YO(s) —Py(0)v2en (K +5),

Z%s) = %g(s+25n(K+s)cn(K+s)dn(K+s)),

PY(s) PY(0) + (P(0))*(—1 + v2dn (K + s)sn (K + s)),
PY(s) = =l1.

Using s = t/n, the system for (Y, Z, Py, Pz) becomes
dy
ds
dz Y4
o Pz(— +n(eZY? +'Y?) + 2 (Y0 + 2e¢' 23 + 2 22)),

s

4
dPy

PY7

ds
dPy
ds

\ & 5
4@(7 +n(eZY + 5s’Y‘*) + 3%’ Y23(eZ + £'Y?)),

Y2
—Pzeln— +1°(eZ +£'Y?)).
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Hence, identifying terms of order 0, one gets

dy?

- = pl

ds Yo

le 1 1 0\4 0 0\3v1 0 0\2 / 0\5

s = P2V P (YO)Y " +eZ7(YT)" + (VD))

dPl% 0 pl 03 023 0\2v,1 0v/0 5/04
s = PPz (YT = (Pr) (G (VO Y 4+ eZ7Y 7+ S (Y)Y,
dp} 1

—Z = 7P§25Y02.

6. GEOMETRIC ESTIMATES OF THE CONJUGATE AND CUT LOCI

6.1. The conjugate locus. The following result gives a description of the conju-
gate locus from a tangency point of a 2-dimensional ARS.

Proposition 5. Consider an ARS on R? defined by the orthonormal frame

0 0
Fi=(ez+y*/2+€y° + 03y, 2)) 5 Fo = o

Then there exists a constant o # 0 such that the conjugate locus from (0,0) accu-
mulates at (0,0) as the set

{.2) | 2= ay’y U{(y,2) | 2 = —ay’} \ {(0,0)}.

Proof. Applying Proposition @, the exponential map at (0,0) is given by
(n,5) = (Y °(s) + o(n),n* Z°(s) + o(1°)),
where s = t4/p.(0), n parametrizes the initial covector as (py(0) = £1,p.(0) =
Py/n?), and
YO(s) = —P2(0)v/2cn (K + s),
Z9%(s) = PY3(s+ 2sn (K + s)en (K + s)dn (K + s)).
The conjugate time is the first zero of the Jacobian of the exponential map. The

Jacobian is equal, up to a multiplicative constant, to

y0d2° dy?©

3 a2 350 3y
(YO == =32°——) +o(n’)

It was proven in [7] that the function

dz° dy©
. — YO _ 320
j5) = ¥0(5) ST 320

has its first positive zero at s = sg ~ 3K and that j'(sg) # 0. Hence, the conjugate
time is of the form sg 4+ o(1) where o(1) is a continuous map going to zero when 7
goes to zero.

In terms of the singularity theory, this computation proves that the exponential
map of a general two-dimensional ARS can be seen as a small deformation of
the exponential map of the nilpotent case. In the nilpotent case, the exponential
map has only stable singularities (folds) corresponding to the first conjugate locus.
Hence, in the general case, the first conjugate locus also corresponds to folds and
accumulates at (0,0) as the set {(y,2) | (z — ay®)(z + ay®) = 0}, where a # 0,
see Proposition E |
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6.2. The cut locus. In this section we provide a description of the cut locus at a
tangency point for a generic ARS. As one can infer from the proof of the following
proposition, the shape of the cut locus is determined only by the terms of order
up to 0 in the expansion of the elements of the orthonormal frame. Higher order
terms do not contribute to the estimation of the way the cut locus approaches to

the tangency point. One can see in figure E small spheres for different values of ¢
and &’

01

0.05

-0.05
-0.1

=013

FIGURE 2. The sphere of small radius for the nilpotent approxi-
mation (dotted line) and for an example with € = 0 (dashed line)
are symmetric. The two spheres are not C' at their intersection
with the cut locus, which in both cases is the vertical axis. The
sphere of small radius for the generic model of order zero in which
g’ # 0 (solid line) loses the symmetry. In this case, the cut locus
is different from the previous cases (see Proposition 6).

Proposition 6. Consider the ARS on R? defined by the orthonormal frame

0

0
Fy=(ez+ 9?24y’ + 03(y,2)) =, F2 = oy’

0z’
Then, if € # 0, there exist non zero constants a1, as such that the cut locus from
(0,0) accumulates at (0,0) as the set

{(yvz)|Z>0a22*041y3:0}U{(y,z)|z<0,227042y3:0}_

Proof. In the following, we restrict our analysis to the upper half plane z > 0,
the computations being equivalent in the case z < 0. First of all, recall that for the
nilpotent model (¢ = ¢’ = 0), the cut locus is {(y,2) | y = 0} \ {(0,0)} and the cut
time on the geodesic with initial covector (1, A) is 2K /v/A which corresponds to the
first intersection with the symmetric geodesic whose initial covector is (—1, A), see
Proposition E
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Denote by (Y?, 2% P2, P)) the geodesic with initial condition (0,0, 1, 1) for the
ARS with e =&’ =0, i.e.,

Ys) = —vV2cen(K +s),
Z%s) = %(s +2sn(K +s)cen(K+s)dn (K +s)),
PY(s) = V2dn(K +s)sn(K +s),

Py = 1.

Moreover, denote by Y1, Z1, P},, P} the terms of order 0 in the expansion of the
geodesic for the ARS with ¢/ = 0, i.e., solutions of the system @) with ¢/ = 0 and
initial condition (0,0,0,0). Set (V*, 21, Py', Pz') to be the terms of order 0 in the
expansion of the geodesic for the ARS with & # 0, i.e., solutions of system (54)
with the initial condition (0,0,0,0). Finally, define four functions of s, g1, g2, g3
and g4, by
V' =Y'1eg, Pyl=P'+eg,
Z'=Z"+¢eg, Pz'=Pz' +¢g
Combining the equations satisfied by V!, Z!, P}, PL and by V', Z', Py', Pz,
we find that (g1, g2, g3, g4) satisfy the following system of ODEs
. ) 3 5
91 =93 g3 = *5(3/0)291 - §(Y0)4
2= (Y +(Y°)’  ga=0,
where ¢; = dg;/ds, with the initial conditions g1(0) = g2(0) = g3(0) = 0.
Remark that if
(Yovzoaplc/)apgvylaZ17P)1/5Pé591592593)
is solution of ((53),(F4),(67)) with the initial condition (0,0,1,1,0,0,0,0,0,0,0)
then
(7Y05 Z07 7P197P§7 7Y15 Z17 7P1}7Pévglv 792793)
is also solution with the initial condition (0,0,—1,1,0,0,0,0,0,0,0). Moreover, one
can compute numerically that g1 (2K) ~ —2m, g2(2K) ~ —7 and ¢3(2K) ~ 0.
Let us compute the front at time ¢t = 2K close to the initial condition 7g, that
is for = 1o + cng + o(ng). Making Taylor expansions in terms of 79, one finds for
the front corresponding to the initial conditions p,(0) = 1 and p,(0) = 1/n?

y = nY°(3ER) 4 n3(Y(2K) + €'91(2K)) + o(ng),
z = P23 + g (21 (2K) + €92 (2K)) + o(115).
Hence we obtain
y = np(Y'(2K)+€'91(2K) + 2Kc) + o(ng),
2 = Z°(2K) + (21 2K) +€'92(2K) + 3¢Z°(2K)) + o(np),

since YO(2K) = Z°(2K) = 0 and Y°(2K) = —1. For the front corresponding to
the initial conditions p,(0) = —1 and p, = 1/7* where 7j = 19 + ¢'ng + o(ng) one
finds

y = n3(=Y'(2K)+¢e'gi(2K) — 2K') + o(n}),

z = Z°2K) +n3(Z1(2K) — €'g2(2K) + 3¢ Z°(2K)) + o(n}).
These expressions are affine with respect to parameters ¢ and ¢/, up to order 2
for y and 4 for z in the variable 9. The two geodesics with initial covectors
py(0) = 1,p.(0) = 1/n* and p,(0) = —1,p.(0) = 1/7* intersect for

Y'(2K
c+c = ——(; )—i—o(l),

"g2 (2K
d—c = 897[(()4—0(1)
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where o(1) denotes any function going to 0 with 79. Hence the intersection is for
g (2K)+Y'(2K)

1
5K o(1)
and )
£'gs(2K) — Y1 (2K)
/
= 1
‘ 2+ o(1),

which implies that the cut point is

Your = nﬁi;ggl(QK) — 92(2K)) + o(ng),

Reut = 7787 + 0(778)-

Hence, if ¢’ # 0, the upper branch of the cut locus from (0,0) accumulates as the
set {(y,2) | z>0,2% = a1y}, where

4K? 4K?
a1 = 3 ~ — 3 .
9" (g1 (2K) — 92(2K))*  9"7?
Similar computations show that the lower branch of the cut locus from (0,0) accu-
mulates as the set {(y,2) | 2 <0, 22 = azy®}, where
4K*? 4K?
923(91(2K) + g2(2K))3 357373’

Qo =

|

Remark that the case of generic ARS with ¢’ # 0 is rather different from the

sub-Riemannian Martinet case (see [7]), in which a similar argument cannot apply.

Indeed, in the latter situation, the asymptotic expansions for small time cannot

be used, since there exists an abnormal direction corresponding to the case where

k — 1 and K (k) — oo. Hence, we should use the asymptotic expansion for a time
parameter tending to 400, which is clearly not valid.

REFERENCES

1. A. Agrachev, B. Bonnard, M. Chyba, I. Kupka, Sub-Riemannian sphere in
Martinet flat case, ESAIM/COCYV, 4, 377448, 1997.

2. A. Agrachev, U. Boscain and M. Sigalotti, A Gauss-Bonnet-Like Formula on
two-Dimensional Almost-Riemannian Manifolds, Discrete and Continuous Dynam-
ical Systems, vol. 20, No. 4, April 2008, pp. 801-822.

3. A. Agrachev, U. Boscain G. Charlot, R. Ghezzi and M. Sigalotti, Two-
Dimensional Almost-Riemannian Structures with Tangency Points. Ann. Inst.
H. Poincaré Anal. Non Linéaire. 27 (2010), pp. 793-807.

4. A. Bellaiche, The tangent space in sub-Riemannian geometry. Dynamical
systems, 3. J. Math. Sci. (New York) 83 (1997), no. 4, 461-476.

5. B. Bonnard, J.-B. Caillau, R. Sinclair and M. Tanaka, Conjugate and cut loci
of a two-sphere of revolution with application to optimal control, Ann. Inst. H.
Poincaré Anal. Non Linéaire, 2009, vol. 26, no. 4, pp. 1081-1098.

6. B. Bonnard, J.-B. Caillau, Singular metrics on the two-sphere in space me-
chanics, Preprint 2008, HAL, vol. 00319299, pp. 1-25

7. B. Bonnard and M. Chyba, Méthodes géométriques et analytiques pour
étudier 'application exponentielle, la sphere et le front d’onde en géométrie SR
dans le cas Martinet, ESAIM/COCYV, 4, 245-334, 1999.

8. U. Boscain and M. Sigalotti, High-order angles in almost-Riemannian geom-
etry, Actes de Séminaires de Théorie Spectrale et Géométrie, 25 (2008), pp 41-54.

9. J. Itoh, M. Tanaka, The Lipschitz continuity of the distance function to the
cut locus. Trans. Amer. Math. Soc. 353 (2001), no. 1, 21-40.



16 B. BONNARD, G. CHARLOT, R. GHEZZI, G. JANIN

10. L.S. Pontryagin, V.G. Boltyanskii, R.V. Gamkrelidze, E.F. Mishchenko, The
Mathematical Theory of Optimal Processes, Interscience Publishers John Wiley and
Sons, Inc, New York-London, 1962.

11. L. Rifford, E. Trélat, Morse-Sard type results in sub-Riemannian geometry.
Math. Ann. 332 (2005), no. 1, 145-159.

(Received XXX)

Authors’ addresses:

B. Bonnard, G. Janin

Institut de Mathématiques de Bourgogne,

UMR CNRS 5584,

BP 47870, 21078 Dijon Cedex, France

E-mail: bernard.bonnard@u-bourgogne.fr, gabriel.janin@Qu-bourgogne.fr

G. Charlot

Institut Fourier,

UMR CNRS 5582,

100 rue des Maths, BP 74, 38402 St Martin d’Heres, France
E-mail: Gregoire.Charlot@ujf-grenoble.fr

R. Ghezzi

SISSA/ISAS,

via Bonomea 265, 34136 Trieste, Italy
E-mail: ghezzi@sissa.it



