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MULTIVARIATE PORTMANTEAU TEST FOR AUTOREGRES-SIVE MODELS WITH UNCORRELATED BUT NONINDEPEN-DENT ERRORSCHRISTIAN FRANCQ ,∗ GREMARS Université Lille 3HAMDI RAÏSSI,∗∗ GREMARS Université Lille 3AbstratIn this paper we onsider estimation and test of �t for multiple autoregressivetime series models with nonindependent innovations. We derive the asymptotidistribution of the residual autoorrelations. It is shown that this asymptotidistribution an be quite di�erent for models with iid innovations and models inwhih the innovations exhibit onditional heterosedastiity or other forms ofdependene. Consequently, the usual hi-square distribution does not provideadequate approximation to the distribution of the Box-Piere goodness-of-�tportmanteau test in the presene of nonindependent innovations. We thenpropose a method to adjust the ritial values of the portmanteau tests. MonteCarlo experiments illustrate the �nite sample performane of the modi�edportmanteau test.Keywords: Vetor weak AR model, Goodness-of-�t test, Residual autoorrela-tion, Diagnosti Cheking, Box-Piere and Ljung-Box portmanteau tests.1. IntrodutionIn multivariate time series analysis, the Vetorial AutoRegressive (VAR) models aremuh employed (see Lütkepohl (1993)). The VAR models postulate that the d-dimen-sional vetorXt of the observations at time t an be represented as a linear ombinationof p past values Xt−1, . . . , Xt−p plus an error ǫt. A theoretial argument in favor ofthe VAR models is that any stationary proess an be approximated by a VAR(p)model with su�iently large p and unorrelated errors. The reason of the suess ofthese models is however of pratial nature, and is ertainly due to the fat that it isrelatively easy to deal with a linear funtion of a �nite number of past values.It is however lear that the VAR models are not universal and that the hoie of theorder p is ruial. Thus it is important to hek the validity of a VAR(p) model, fora given order p. In multivariate, the hoie of p is partiularly important beause thenumber of parameters, pd2, quikly inreases with p, whih entails statistial di�ulties.This paper is devoted to the so-alled portmanteau tests onsidered by Chitturi (1974)and Hosking (1980) for heking the overall signi�ane of the residual autoorrelationsof a VAR(p) model (see also Ahn (1988), Hosking (1981a, 1981b), Li and MLeod(1981)).
∗ Postal address: GREMARS, UFR MSES, Université Lille 3, Domaine du Pont de bois, BP 149,59653 Villeneuve d'Asq Cedex, Frane
∗∗ Postal address: GREMARS, UFR MSES, Université Lille 3, Domaine du Pont de bois, BP 149,59653 Villeneuve d'Asq Cedex, Frane 1



2 Christian Franq and Hamdi RaïssiFor the statistial analysis of VAR models, the errors ǫt are generally supposed to beindependent (as in Lütkepohl (1993), De�nition 3.1). This independene assumptionis restritive beause it preludes onditional heterosedastiity and/or other formsof nonlinearity (see Franq, Roy and Zakoïan (2005) and Franq and Zakoïan (2005)for the statistial inferene of univariate ARMA models with unorrelated but nonin-dependent errors, and see Dufour and Pelletier (2005) for weak VARMA modelling).The main goal of the present paper is to study the behaviour of the above-mentionedgoodness-of-�t portmanteau tests when the ǫt's are not independent. We will see thatthe results obtained by the standard portmanteau tests an be quite misleading in thisframework. A modi�ed version of these tests is proposed.Brüggemann, Lütkepohl and Saikkonen (2004) is an important reent referenedealing with portmanteau tests and other tests for residual autoorrelation in VARmodels with iid innovations when some variables are ointegrated. In this paper wedo not onsider ointegrated variables, but the independene assumption of the ǫt's isrelaxed.The rest of the paper is organized as follows. Setion 2 provides examples of ARmodels with unorrelated but nonindependent errors, presents several expressions forthe least squares (LS) estimator of the AR oe�ients, and gives onditions ensuringthe onsisteny and asymptoti normality of the LS estimator. Setion 3 studies theasymptoti behaviour of the AR residuals. We obtain the asymptoti distribution ofvetors of residual autoorrelations, under the assumption of the �tted AR(p) is anadequate linear model with a well hosen order p. The results are applied in Setion4 to obtain the asymptoti distribution of the portmanteau tests and to modify theritial values of these tests when they are applied to VAR models with nonindependenterrors. Setion 5 is devoted to the pratial implementation of the modi�ed version ofthe tests. Setion 6 proposes numerial illustrations. The tehnial proofs are relegatedto the appendix.The following notations will be used throughout. For a matrix A of generi term
A(i, j) we use the norm ‖A‖ =

∑ |A(i, j)|. The spetral radius of a square matrix Ais denoted by ρ(A), its trae is denoted by Tr. We denote by A ⊗ B the Kronekerprodut of two matries A and B, veA denotes the vetor obtained by staking theolumns of A, and A⊗2 stands for A⊗A (see e.g. Harville (1997) for more details aboutthese matrix operators). The symbol ⇒ denotes the onvergene in distribution.2. LS estimator of weak VAR modelsConsider the vetorial AR(p) model
Xt =

p∑

i=1

A0iXt−i + ǫt for all t ∈ Z = {0,±1,±2, . . .} (2.1)where the ǫt's are d-dimensional error terms, the Xt's are d-dimensional vetors, andthe A0i's are d× d matries. It is ustomary to say that (Xt) is a strong AR(p) modelif (ǫt) is a strong white noise, that is, if it satis�esThe authors are grateful to the Professor Lütkepohl whose questions he asked during the MadridEEA-ESEM 2004 ongress motivated the present paper.



Multivariate Portmanteau test 3A1: (ǫt) is a sequene of independent and identially distributed (iid) randomvetors, Eǫt = 0 and Var (ǫt) = Σǫ.We say that (2.1) is a weak AR(p) model if (ǫt) is a weak white noise, that is, if itsatis�esA1': Eǫt = 0, Var (ǫt) = Σǫ, and Cov (ǫt, ǫt−h) = 0 for all t ∈ Z and all h 6= 0.Assumption A1 is learly stronger than A1'. The lass of strong AR models isoften onsidered too restritive by pratitioners. Indeed Assumption A1 amounts toassume that the best preditor of Xt is a linear ombination of its p past values. If
p is hosen large enough, it is reasonable to onsider that the best preditor of Xt iswell approximated by a funtion of Xt−1, . . . , Xt−p, but it is questionable to assume alinear form for this funtion. It is well known that numerous non linear proesses admitweak linear representations (see Example 2.1 below). Weak linear representations arealso obtained from transformations of strong linear proesses (see Example 2.2 below).In Examples 2.1-2.3 below, Assumption A1' holds but A1 is not satis�ed. Otherexamples of univariate weak linear models an be found in Franq, Roy and Zakoïan(2005), and referenes therein.For the statistial analysis of multivariate AR time series models, it is thereforeof interest to replae the standard strong white noise assumption A1 by the more�exible weak white noise assumption A1'. In this paper we fous on the estimationand validation stages of the statistial analysis of these weak multivariate AR models.2.1. Examples of weak VAR modelsThe examples given in this setion are mainly hosen for their simpliity. The �rstone is a weak white noise inspired by examples given by Romano and Thombs (1996)in the univariate ase. The seond is simply the ausal representation of a non ausalAR(1) proess. This example shows that A1 must by replaed by A1' when onewants to make, without loss of generality, the usual assumption that the roots of theAR polynomial are outside the unit irle. The third belongs to the lass of GARCHmodels.Example 2.1. In the univariate ase, Romano and Thombs (1996) built weak whitenoises (ǫt) by setting ǫt = ηtηt−1 · · · ηt−k where (ηt) is a strong white noise and k ≥
1. This approah an be extended to the d-multivariate framework by setting ǫt =
B(ηt) · · ·B(ηt−k+1)ηt−k, where {ηt = (η1 t, . . . , ηd t)

′}t is a d-dimensional strong whitenoise, and B(ηt) = {Bij(ηt)} is a d × d random matrix whose elements are linearombinations of the omponents of ηt. It is obvious to hek that ǫt is a white noise,but in general this noise is not a strong one. Indeed, assuming for simpliity that k = 1and B11(ηt) = η1 t and B1j(ηt) = 0 for all j > 1, we haveCov (ǫ21 t, ǫ
2
1 t−1

)
=

{
Eη2

1 t

}2 Var{η2
1 t

}
6= 0,whih shows that the ǫt's are not independent.Example 2.2. (Non ausal AR(1)) Let the AR(1) model

Xt = AXt−1 + ǫt, ǫt iid and E(ǫt) = 0, E(ǫtǫ
′
t) = Σǫ,



4 Christian Franq and Hamdi Raïssiwhere A is an invertible matrix whose all the eigenvalues λi, 1 ≤ i ≤ d, are greaterthan one in modulus. This equation has a stationary and antiipative solution of theform Xt = −∑∞
i=1A

−iǫt+i. The autoovariane funtion of (Xt) is then given by
ΓX(h) = A−h

∞∑

i=1

A−iΣǫA
−i, h ≥ 0.Let ǫ∗t = Xt − A−1Xt−1. We have E(ǫ∗t ) = 0, Var(ǫ∗t ) = ΓX(0) + ΓX(1)(A−1)′ +

A−1ΓX(1) + A−1ΓX(1)(A−1)′, and Cov(ǫ∗t , ǫ∗t−h) = 0 for h 6= 0. Thus Xt admits theausal AR(1) representation Xt = A−1Xt−1 + ǫ∗t . However, in general, ǫ∗t is not amartingale di�erene. To see this, assume for simpliity that the matrix A is suhthat |a11| > 1 and a1j = aj1 = 0, ∀j ∈ {2, · · · , d}. We then have EX3
1 t−1 = (1 −

a3
11)

−1Eǫ31 t, EX1 tX
2
1 t−1 = a−2

11 (1− a3
11)

−1Eǫ31 t and E(ǫ∗1 tX
2
1 t−1) = EX1 tX

2
1 t−1 −

a−1
11 EX

3
1 t−1 6= 0 when Eǫ31 t 6= 0. In this ase ǫ∗t is not a martingale di�erene beause

E(ǫ∗1 tX
2
1 t−1) = E

{
X2

1 t−1E
(
ǫ∗1 t|ǫ∗t−1, . . .

)}
6= 0. Thus the white noise ǫ∗t is not strong.Example 2.3. In the univariate ase, the GARCH models onstitute important exam-ples of weak white noises. These models have numerous extensions to the multivariateframework. The simplest of these extensions is ertainly the multivariate GARCHmodel with onstant orrelation proposed by Jeantheau (1998). In this model theproess (ǫt) veri�es the following relation ǫt = ∆tηt where ηt = (η1 t, . . . , ηd t)

′ is an iidentered proess with Var(ηi t) = 1, and ∆t is a diagonal matrix whose elements σii tverify 


σ2

11 t...
σ2

dd t



 =




c1...
cd



+

q∑

i=1

Ai




ǫ21 t−i...
ǫ2d t−i



+

p∑

j=1

Bj




σ2

11 t−j...
σ2

dd t−j



 .The elements of the matries Ai and Bj , as well as the ci's, are supposed to be positive.In addition suppose that the stationarity onditions hold (see Jeantheau (1998) formore details). The stationary solution of this GARCH equation satis�es A1
′, butdoes not satisfy A1 in general. Consider for instane the ARCH(1) ase with A1 suhthat a11 6= 0 and a12 = · · · = a1n = 0. Then it is easy to see that Cov(ǫ21 t, ǫ

2
1 t−1) =Cov{(c1 + a11ǫ

2
1 t−1)η

2
1 t, ǫ

2
1 t−1

}
= a11Varǫ21 t 6= 0, whih shows that the iid assumption

A1 is not satis�ed.2.2. Derivation of the LS estimatorIt is well known that (Xt) an be written as a MA(∞) of the form
Xt =

∞∑

i=0

ψ0iǫt−i, ψ00 = Id,
∞∑

i=0

‖ψ0i‖ <∞, (2.2)under the assumptionA2: detA0(z) 6= 0 for all |z| ≤ 1, where A0(z) = Id −∑p
i=1 A0iz

i.Denote by θ0 = ve (A01 · · ·A0p) the vetor of the unknown AR parameters. Forany θ ∈ R
d2p, let A1 = A1(θ), . . . , Ap = Ap(θ) be d × d matries suh that θ =ve (A1, . . . , Ap). With this notation (2.1) an be rewritten as

Xt =
{(
X ′

t−1, . . . , X
′
t−p

)
⊗ Id

}
θ0 + ǫt (2.3)



Multivariate Portmanteau test 5using the elementary relation ve (ABC) = (C′ ⊗A)ve B for matries of appropriatedimensions.One of the most popular estimation proedure is that of the least squares (LS)estimator. For linear proesses of the form (2.1), the LS estimator of θ oinideswith the gaussian quasi-maximum likelihood (QML) estimator. Given the observations
X1, . . . , Xn, the LS/QML estimators of θ and Σǫ are de�ned by

(θ̂n, Σ̂ǫ) = arg min
θ,Σǫ

{
n log (detΣǫ) +

n∑

t=1

ǫ′t(θ)Σ
−1
ǫ ǫt(θ)

}where
ǫt(θ) = Xt −

p∑

i=1

AiXt−i.To give an expliit expression for these estimators, the d-dimensional AR(p) model(2.1) an be rewritten as the dp-dimensional AR(1) model
X̃t = Ã0X̃t−1 + ǫ̃t, (2.4)wherẽ

A0 =





A01 · · · A0p−1 A0p

Id 0. . .
0 Id 0




, X̃t =





Xt

Xt−1...
Xt−p+1




, ǫ̃t =





ǫt
0...
0




.Note that A2 is equivalent to ρ(Ã0

)
< 1. Let Σ̂X̃t,X̃t−h

= 1
n

∑n
t=1 X̃tX̃

′
t−h and write

Σ̂X̃t−1
instead of Σ̂X̃t−1,X̃t−1

. Note that Σ̂X̃t−1
is a onsistent estimator of ΣX̃t

=

EX̃tX̃
′
t, whih is given byve (ΣX̃t

)
=
(
I(dp)2 − Ã0 ⊗ Ã0

)−1 ve (Σǫ̃t
) , Σǫ̃t

=

(
Σǫ 0′d(p−1)

0d(p−1) 0d(p−1)×d(p−1)

)
.It is easy to see that the LS estimators of the AR parameters of models (2.1) and(2.4) are given by

̂̃A =





Â1 · · · Âp−1 Âp

Id 0. . .
0 Id 0




= Σ̂X̃t,X̃t−1

Σ̂−1

X̃t−1

, (2.5)provided Σ̂X̃t−1
is non singular, and that the LS estimators of the varianes of thenoises (ǫ̃t) and (ǫt) are given by

Σ̂ǫ̃ =

(
Σ̂ǫ 0′d(p−1)

0d(p−1) 0d(p−1)×d(p−1)

)
= Σ̂X̃t

− Σ̂X̃t,X̃t−1
Σ̂−1

X̃t−1

Σ̂X̃t−1,X̃t
, (2.6)with the onvention that Xt = 0 when t ≤ 0 or t > n.



6 Christian Franq and Hamdi Raïssi2.3. Asymptoti behavior of the LS estimatorTo establish the strong onsisteny of the estimators de�ned in (2.5) and (2.6), weneed the following assumptions.A3: Matrix Σǫ is positive de�nite.A4: The sequene (ǫt) is stritly stationary and ergodi.Note that A4 is entailed by A1, but not by A1
′. A straightforward onsequene ofthe ergodi theorem is stated in the following proposition.Proposition 2.1. Under assumptionsA1-A2-A3 orA1'-A2-A3-A4, the matrix Σ̂X̃tis almost surely non singular, and almost surely

̂̃A→ Ã0, Σ̂ǫ̃ → Σǫ̃ and θ̂n → θ0as n→ ∞.To obtain the asymptoti normality of the LS estimator of θ, additional assumptions areneeded when (ǫt) is not iid. In the univariate ase, Franq and Zakoïan (1998) showedthe asymptoti normality under mixing assumptions. We will extend this result toVAR models. The mixing oe�ients of a stationary proess X = (Xt) are denoted by
αX(h) = sup

A∈σ(Xu,u≤t),B∈σ(Xu,u≥t+h)

|P (A ∩B) − P (A)P (B)| .The reader is referred to Davidson (1994) for details about mixing assumptions. Let
‖X‖r = (E‖X‖r)

1/r, where ‖X‖ denotes the Eulidean norm.A5: The proessX = (Xt) is suh that∑∞
h=0{αX(h)}ν/(2+ν) <∞ and ‖Xt‖4+2ν

< ∞ for some ν > 0.The asymptoti distribution of the LS estimator is given in the following proposition.Proposition 2.2. Under assumptions A1�A3 or under A1' and A2�A5,
√
nve (̂̃A− Ã0

)
⇒ N (0,Ω) , (2.7)where

Ω =

∞∑

h=−∞

E
{

Σ−1

X̃t

X̃t−1X̃
′
t−h−1Σ

−1

X̃t

⊗ ǫ̃tǫ̃
′
t−h

}
. (2.8)Moreover √

n
(
θ̂n − θ0

)
⇒ N

(
0,Σθ̂n

)
, (2.9)where

Σθ̂n
=

∞∑

h=−∞

E
{
Σ−1

X̃t

X̃t−1X̃
′
t−h−1Σ

−1

X̃t

⊗ ǫtǫ
′
t−h

}
. (2.10)



Multivariate Portmanteau test 7Note that under A1, we have
Ω = Σ−1

X̃t

⊗ Σǫ̃t
.and

Σθ̂n
= Σ−1

X̃t

⊗ Σǫt
. (2.11)This standard result an be found in Johansen (1995, Theorem 2.3 p. 19).Example 2.4. The following example illustrates the di�erene between the asymp-toti variane (2.10) in the weak ase and the asymptoti variane (2.11) of the strongAR ase. Consider a bivariate AR(1) model Xt = AXt−1 + ǫt, with true AR(1)parameter A0 = 0 and ǫt = B(ηt) . . . B(ηt−k+1)ηt−k of the form given in Example 2.1.We have Xt = X̃t = ǫt. For simpliity assume that B(ηt) = Diag (η1 t, η2 t) and that

η is gaussian with Var(η1 t) = Var(η2 t) = 1 and Cov(η1 t, η2 t) = ρ ∈ (−1, 1). Thus,using Eη3
1 tη2 t = 3ρ and Eη2

1 tη
2
2 t = 1 + 2ρ2, we �nd that Var(ǫ1 t) = Var(ǫ2 t) = 1,Cov(ǫ1 t, ǫ2 t) = ρk+1, and, using (2.10),

Σθ̂n
= E

{
Σ−1

ǫt
ǫt−1ǫ

′
t−1Σ

−1
ǫt

⊗ ǫtǫ
′
t

}

=
(
Σ−1

ǫt
⊗ I2

)
E
{
(ǫt−1 ⊗ ǫt) (ǫt−1 ⊗ ǫt)

′} (
Σ−1

ǫt
⊗ I2

)
,with Σǫ =

(
1 ρk+1

ρk+1 1

) and E {(ǫt−1 ⊗ ǫt) (ǫt−1 ⊗ ǫt)
′} equal to





3k ρ(3ρ)k ρ(3ρ)k ρ2(1 + 2ρ2)k

ρ(3ρ)k (1 + 2ρ2)k ρ2(1 + 2ρ2)k ρ(3ρ)k

ρ(3ρ)k ρ2(1 + 2ρ2)k (1 + 2ρ2)k ρ(3ρ)k

ρ2(1 + 2ρ2)k ρ(3ρ)k ρ(3ρ)k 3k



 .When k = 1 the matrix Σθ̂n
is equal to

ΣW :=
1

(ρ2 + 1)(1 − ρ4)
×




−2ρ4 + 3ρ2 + 3 ρ2(ρ2 + 3) −3ρ4 − ρ2 ρ2(−2ρ4 − 3ρ2 + 1)

ρ2(ρ2 + 3) 3ρ2 + 1 ρ2(−2ρ4 − 3ρ2 + 1) −ρ2(3ρ2 + 1)
−ρ2(3ρ2 + 1) ρ2(−2ρ4 − 3ρ2 + 1) 3ρ2 + 1 ρ2(ρ2 + 3)

ρ2(−2ρ4 − 3ρ2 + 1) −3ρ4 − ρ2 ρ2(ρ2 + 3) −2ρ4 + 3ρ2 + 3



 .By omparison, for the strong AR(1) with an iid noise with variane
Σǫ =

(
1 ρ2

ρ2 1

)
,the asymptoti variane Σθ̂n

is given by
ΣS :=

1

1 − ρ4





1 ρ2 −ρ2 −ρ4

ρ2 1 −ρ4 −ρ2

−ρ2 −ρ4 1 ρ2

−ρ4 −ρ2 ρ2 1



 .Figure 2.1 displays the ratio ΣW (1, 1)/ΣS(1, 1) as funtion of ρ. It is lear from thisexample that the asymptoti variane of the LS estimator may be quite di�erent whenthe noise is weak and when it is strong.
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ΣW (1, 1)/ΣS(1, 1)

ρ
0.2 0.4 0.6 0.8 1

2.2

2.4

2.6

2.8

3

Figure 2.1: Asymptoti variane of the �rst omponent of LS estimator of the weak AR(1) modelgiven in Example 2.4 divided by the analog asymptoti variane in the strong AR(1) ase.and 3. Asymptoti distribution of residual empirial autoorrelationsLet ǫ̂t = ǫt(θ̂n) be the LS residuals. We onsider the white noise "empirial"autoovarianes and residual autoovarianes
Ch =

1

n

n∑

t=h+1

ǫtǫ
′
t−h, , Γ̂ǫ(h) =

1

n

n∑

t=h+1

ǫ̂tǫ̂
′
t−h, 0 ≤ h < n. (3.1)It should be noted that Ch is not a omputable statisti beause it depends on theunobserved innovations ǫt = ǫt(θ0). We will onsider vetors of these autoovarianes.For a �xed integer m, let

γ̂m =

({ve Γ̂ǫ(1)
}′

, . . . ,
{ve Γ̂ǫ(m)

}′
)′ and cm =

(
{ve C1}′ , . . . , {ve Cm}′

)′
.Let the diagonal matries

Sǫ = Diag {σǫ(1), . . . , σǫ(d)} and Ŝǫ = Diag {σ̂ǫ(1), . . . , σ̂ǫ(d)} ,where σ2
ǫ (i) is the variane of the i-th oordinate of ǫt and σ̂2

ǫ (i) is its sample estimate,i.e. σǫ(i) =
√
Eǫ2i t and σ̂ǫ(i) =

√
n−1

∑n
t=1 ǫ̂

2
i t. The theoretial and sample auto-orrelations at lag h are respetively de�ned by Rǫ(h) = S−1

ǫ Γǫ(h)S
−1
ǫ and R̂ǫ(h) =

Ŝ−1
ǫ Γ̂ǫ(h)Ŝ

−1
ǫ , with Γǫ(h) := Eǫtǫ

′
t−h = 0 for all h 6= 0. Consider the vetor of the �rst

m sample autoorrelations
ρ̂m =

({ve R̂ǫ(1)
}′

, . . . ,
{ve R̂ǫ(m)

}′
)′

.
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Φm = −E




ǫt−1...
ǫt−m



⊗ X̃ ′
t−1 ⊗ Id = −

∞∑

i=0

E




ǫt−1...
ǫt−m



 ǫ̃′t−i−1

(
Ãi
)′

⊗ Id

= −
m−1∑

i=0

{1m×p(i+ 1, 1) ⊗ Σǫt
}
(
Ãi
)′

⊗ Id,where 1m×p(i, j) denotes the m × p matrix with 1 as ij-th element and 0 elsewhere.De�ne also the matrix
Ξ =

(
Σcm

Σcm,θ̂n

Σ′
cm,θ̂n

Σθ̂n

)
=

∞∑

h=−∞

EΥtΥ
′
t−h, where Υt =

(
ut

vt

)
, (3.2)with ut = (ǫ′t−1, . . . , ǫ

′
t−m)′⊗ǫt and vt = Σ−1

X̃t

X̃t−1⊗ǫt. The following theorem gives thelimiting distribution of the residual empirial autoovarianes and autoorrelations.Theorem 3.1. Under assumptions A1�A3 or A1'�A5,
√
nγ̂m ⇒ N (0,Σγ̂m

) where Σγ̂m
= Σcm

+ΦmΣθ̂n
Φ′

m+Σcm,θ̂n
Φ′

m+ΦmΣ′
cm,θ̂n

(3.3)and
√
nρ̂m ⇒ N (0,Σρ̂m

) where Σρ̂m
=
{
Im ⊗ (Sǫ ⊗ Sǫ)

−1
}

Σγ̂m

{
Im ⊗ (Sǫ ⊗ Sǫ)

−1
}
.(3.4)Remark 3.1. In the strong AR ase, we have Σcm

= Eutu
′
t = Im⊗Σ⊗2

ǫ , ΦmΣθ̂n
Φ′

m =

Φm

{
Σ−1

X̃t

⊗ Σǫt

}
Φ′

m and
Σcm,θ̂n

= Eutv
′
t =

∑

i≥0

E




ǫt−1...
ǫt−m



 ǫ̃′t−i−1(Ã
i)′Σ−1

X̃t

⊗ ǫtǫ
′
t

=
m−1∑

i=0

{1m×p(i+ 1, 1)⊗ Σǫt
} (Ãi)′Σ−1

X̃t

⊗ Σǫt

=
m−1∑

i=0

[
{1m×p(i+ 1, 1)⊗ Σǫt

} (Ãi)′ ⊗ Id

] (
Σ−1

X̃t

⊗ Σǫt

)

= −ΦmΣθ̂n
.Thus Σγ̂m

= Σcm
− ΦmΣθ̂n

Φ′
m. Using straightforward omputations, we have

Σγ̂m
= Im ⊗ Σ⊗2

ǫ − E








ǫt−1...
ǫt−m



 X̃ ′
t−1



Σ−1

X̃t

E








ǫt−1...
ǫt−m



 X̃ ′
t−1





′

⊗ Σǫ,whih is the result obtained by Brüggemann, Lütkepohl and Saikkonen (2004).



10 Christian Franq and Hamdi RaïssiRemark 3.2. Franq, Roy and Zakoïan (2005) onsidered the univariate ase d = 1.In their paper
Σcm

=

+∞∑

h=−∞

E(utu
′
t−h) =

+∞∑

h=−∞

{E(ǫtǫt−iǫt−hǫt−i′−h)}1≤i,i′≤mis denoted by Γm,m′ = {Γ(i, i′)}1≤i,i′≤m. They also introdue the vetors λi =
−(ψ0i−1, . . . , ψ0i−p)

′, with the onvention ψ0i = 0 for i < 0, and the p ×m matries
Λm = (λ1, . . . , λm). Noting that X̃t = −∑∞

i=1 ǫt+1−iλi, we have
Σθ̂n

=
+∞∑

h=−∞

E(vtv
′
t−h) = Σ−1

X̃t

∞∑

i,i′=1

λiΓ(i, i′)λ′i′Σ
−1

X̃t

:= Σ−1

X̃t

Λ∞Γ∞,∞Λ′
∞Σ−1

X̃twhere the matrix ΣX̃t
is suh that

ΣX̃t
= σ2

ǫ

∞∑

i=1

λiλ
′
i := σ2

ǫ Λ∞Λ′
∞and σ2

ǫ is the variane of the univariate proess (ǫt). We also have
Φm =

m∑

i=1

E




ǫt−1...
ǫt−m



 ǫt−iλ
′
i = σ2

ǫ Λ′
m.Similarly we obtain

Σcm,θ̂n
= −

∞∑

i′=1




Γ(1, i′)...
Γ(m, i′)



λ′i′Σ
−1

X̃t

:= −σ−2
ǫ Γm,∞Λ′

∞ (Λ∞Λ′
∞)

−1in the univariate ase.Using these notations, Theorem 3.1 gives in the ase d = 1

Σρ̂m
= σ−4

ǫ Σγ̂m
= σ−4

ǫ

{
Γm,m + Λ′

m (Λ∞Λ′
∞)

−1
Λ∞Γ∞,∞Λ′

∞ (Λ∞Λ′
∞)

−1
Λm

− Γm,∞Λ′
∞ (Λ∞Λ′

∞)
−1

Λm − Λ′
m (Λ∞Λ′

∞)
−1

Λ∞Γ∞,m

}
,whih is the result given in Franq, Roy and Zakoïan (2005, Theorem 3.2).Example 3.1. For the weak AR(1) models onsidered in Example 2.4, we have

Φ1 = −Σǫ ⊗ I2 = −





1 0 ρk+1 0
0 1 0 ρk+1

ρk+1 0 1 0
0 ρk+1 0 1



 , Φm =

(
Φ1

04m×4

)
.Matrix Σcm

is the variane of the noise ut =
(
ǫ′t−1, . . . , ǫ

′
t−m

)′ ⊗ ǫ′t. Thus Σcm
isa blok-diagonal matrix of the form Σcm

= Diag {Σcm
(1, 1), . . . ,Σcm

(m,m)} , with



Multivariate Portmanteau test 11diagonal elements Σcm
(i, i) equal to





3k−i+1 ρi(3ρ)k−i+1 ρi(3ρ)k−i+1 ρ2i(1 + 2ρ2)k−i+1

ρi(3ρ)k−i+1 (1 + 2ρ2)k−i+1 ρ2i(1 + 2ρ2)k−i+1 ρi(3ρ)k−i+1

ρi(3ρ)k−i+1 ρ2i(1 + 2ρ2)k−i+1 (1 + 2ρ2)k−i+1 ρi(3ρ)k−i+1

ρ2i(1 + 2ρ2)k−i+1 ρi(3ρ)k−i+1 ρi(3ρ)k−i+1 3k−i+1



for i = 1, . . . , k and Σcm
(i, i) = Σ⊗2

ǫ for i ≥ k + 1. Sine vt =
(
Σ−1

ǫ ǫt−1

)
⊗ ǫt ={

e′m(1) ⊗ Σ−1
ǫ ⊗ I2

}
ut, we obtain

Σ′
cm,θ̂n

=
{
e′m(1) ⊗ Σ−1

ǫ ⊗ I2
}

Σcm
(3.5)and

Σ′
θ̂n

=
{
e′m(1) ⊗ Σ−1

ǫ ⊗ I2
}

Σcm

{
em(1) ⊗ Σ−1

ǫ ⊗ I2
}
. (3.6)Finally, using (3.5), (3.6), Φm = −{em(1) ⊗ Σǫ ⊗ I2} and Sǫ = I2, we obtain

Σρ̂m
= Σγ̂m

= Σcm
+ ΦmΣθ̂n

Φ′
m + Σcm,θ̂n

Φ′
m + ΦmΣ′

cm,θ̂n

= Σcm
+ {1m×m(1, 1) ⊗ I4}Σcm

{1m×m(1, 1) ⊗ I4}
−Σcm

{1m×m(1, 1) ⊗ I4} − {1m×m(1, 1) ⊗ I4}Σcm

= Diag {04×4,Σcm
(2, 2), . . . ,Σcm

(m,m)} . (3.7)By omparison, for the strong AR(1) with the same variane Σǫ =

(
1 ρk+1

ρk+1 1

)we obtain Σcm
= Im ⊗ Σ⊗2

ǫ , and beause the derivations made in (3.7) remain validin the strong ase, Σρ̂m
= Diag{0,Σ⊗2

ǫ , . . . ,Σ⊗2
ǫ

}. It is interesting to note that when
k = 1 the asymptoti variane Σρ̂m

is the same in the strong and weak ases, thoughtthe asymptoti variane Σθ̂n
is di�erent.4. Portmanteau testBox and Piere (1970) (BP hereafter) derived a goodness-of-�t test, the portmanteautest, for univariate strong ARMA models. Ljung and Box (1978) (LB hereafter)proposed a modi�ed portmanteau test whih is nowadays one of the most populardiagnosti heking tool in ARMA modelling of time series. The multivariate versionof the BP portmanteau statisti was introdued by Chitturi (1974). Hosking (1981a)gave several equivalent forms of this statisti. Basi forms are

Qm = n

m∑

h=1

Tr(Γ̂′
ǫ(h)Γ̂

−1
ǫ (0)Γ̂ǫ(h)Γ̂

−1
ǫ (0)

)

= n

m∑

h=1

Tr(ve Γ̂ǫ(h)
)′ (

Γ̂−1
ǫ (0) ⊗ Γ̂−1

ǫ (0)
)(ve Γ̂ǫ(h)

)

= nγ̂′m

(
Im ⊗ Γ̂−1

ǫ (0) ⊗ Γ̂−1
ǫ (0)

)
γ̂m

= nρ̂′m

(
Im ⊗ R̂−1

ǫ (0) ⊗ R̂−1
ǫ (0)

)
ρ̂m.



12 Christian Franq and Hamdi RaïssiSimilarly to the univariate LB portmanteau statisti, Hosking (1980) de�ned themodi�ed portmanteau statisti
Q̃m = n2

m∑

h=1

(n− h)−1Tr(Γ̂′
ǫ(h)Γ̂

−1
ǫ (0)Γ̂ǫ(h)Γ̂

−1
ǫ (0)

)
.Under the assumption that the data generating proess (DGP) follows a strong AR(p)model, the asymptoti distribution of the statistis Qm and Q̃m is well approximatedby the χ2

d2(m−p) distribution (m > p). When the innovations are gaussian, Hosking(1980) found that the �nite-sample distribution of Q̃m is more nearly χ2
d2(m−p) thanthat of Qm.From Theorem 3.1 we an dedue the following result, whih gives the limitingdistribution of the standard portmanteau statistis under general assumptions on theinnovation proess of the �tted AR(p) model.Theorem 4.1. Under assumptions A1�A3 or A1'�A5, the statistis Qm and Q̃monverge in distribution, as n→ ∞, to

Zm (ξm) =
d2m∑

i=1

ξi,d2mZ
2
iwhere ξm = (ξ1,d2m, · · · , ξd2m,d2m) is the vetor of the eigenvalues of the matrix

Ωm =
(
Im ⊗ Σ−1/2

ǫ ⊗ Σ−1/2
ǫ

)
Σγ̂m

(
Im ⊗ Σ−1/2

ǫ ⊗ Σ−1/2
ǫ

)and the Zi's are independent N (0, 1) variables.The following examples show that, for the asymptoti distribution of Qm and Q̃m,the χ2
d2(m−p) approximation is no longer valid in the framework of weak AR(p) models.Example 4.1. In the ase of a strong AR(1) model with A0 = 0, it is easy to seethat the eigenvalues of Ωm are 0 with algebrai multipliity d2 and 1 with multipliity

d2(m − 1). Thus the asymptoti distribution of Qm is exatly a χ2
d2(m−1) for thisstrong AR(1) model. When A0 6= 0, the χ2

d2(m−1) law is only an approximation of theasymptoti distribution.For the weak AR(1) model onsidered in Example 2.4-3.1, with Σǫ = I2, whihorresponds to ρ = 0, we have Ωm = Diag {04×4,Σcm
(2, 2), . . . ,Σcm

(m,m)} , with
Σcm

(i, i) = Diag (3k−i+1, 1, 1, 3k−i+1
) for i = 2, . . . , k and Σcm

(i, i) = I4 for i ≥ k + 1.Thus in the ase k ≥ m > 1 the asymptoti distribution of Qm is that of
Γ

(
1

2
,m− 1

)
+

m∑

i=2

Γ

(
1/2

3k−i+1
, 1

)
, (4.1)where the Γ(b, p)'s denote independent gamma distributions with parameters b and p,i.e. with density probability x 7→ bp

(∫∞

0 exp (−y) yp−1dy
)−1

exp (−bx)xp−1
I[0,∞)(x),

b, p > 0. In the ase 1 < k ≤ m, the asymptoti distribution in that of
Γ

(
1

2
, 2m− k − 1

)
+

k∑

i=2

Γ

(
1/2

3k−i+1
, 1

)
. (4.2)



Multivariate Portmanteau test 13As illustrated in Figure 4.1, it is lear that the distributions of (4.1) and (4.2) obtainedin the weak ase may be quite di�erent from the χ2
d2(m−1) obtained in the strong ase.
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Figure 4.1: Comparison of the asymptoti distribution of the portmanteau statisti Qm in the weakAR ase (full line) and in standard strong AR ase (dotted line). The AR models are the bivariateAR(1) models de�ned in Example 4.1, with k = 3 and m = 2 (thus the dotted line orresponds to the
χ2

4
).Example 4.2. Consider a bivariate AR(1) model Xt = AXt−1 + ǫt, with A = 0.Assume that the innovation proess (ǫt) is an ARCH(1) model with onstant orrelationdesribed in Example 2.3:

(
ǫ1,t

ǫ2,t

)
=

(
σ11,t 0

0 σ22,t

)(
η1,t

η2,t

)where (
σ2

11,t

σ2
22,t

)
=

(
c1
c2

)
+

(
b11 0
b21 b22

)(
ǫ21,t−1

ǫ22,t−1

)
.Suppose for simpliity that (η1,t, η2,t) is gaussian with variane I2. We obtain when

m = 2, c1 = 0.3, and c2 = 0.2non zero eigenvalues of
Σρ̂m

Distribution of Zm (ξm)

b11 = b21 = b22 = 0 (1,1,1,1) χ2
4

b11 = 0.45, b21 =
0.4, b22 = 0.25

(2.03, 2.44, 1.16, 1.52) 2.03χ2
1+2.44χ2

1+1.16χ2
1+

1.52χ2
1This table shows that the asymptoti distribution of the goodness-of-�t portmanteautests may be quite di�erent for AR models with GARCH innovations and strong ARmodels.It is seen in Theorem 4.1 that the asymptoti distribution of the BP and LBportmanteau tests depends of nuisane parameters involving Σǫ and the elements of

Ξ. The matrix Σǫ an be onsistently estimated by its sample estimate Σ̂ǫ = Γ̂ǫ(0). To



14 Christian Franq and Hamdi Raïssiobtain a onsistent estimator of Ξ we will use an autoregressive spetral estimator, asin Franq, Roy and Zakoïan (2004). In view of (3.2), the matrix Ξ an be interpreted as
2π times the spetral density of Υt evaluated at the frequeny zero (see e.g. Brokwelland Davis, 1991, p.459). So we have

Ξ = A−1(1)ΣuA′−1(1),when Υt admits the AR(∞) representation
A(B)Υt = Υt −

∞∑

i=1

AiΥt−i = ut (4.3)where (ut) is a white noise of variane Σu. Sine Υt is not observable, we have toonsider the vetors Υ̂t obtained by replaing ǫt by ǫ̂t in Υt, with the onvention ǫ̂t = 0when t ≤ 0 or t > n. Let Âr(z) = Id2(m+p) −
∑r

i=1 Âr,iz
i, where Âr,1, · · · , Âr,r denotethe oe�ients of the LS regression of Υ̂t on Υ̂t−1, · · · , Υ̂t−r. Let ûr,t be the residualsof this regression, and let Σ̂ûr

be the empirial variane of ûr,1, . . . , ûr,n. We need thefollowing assumption.A7: The innovation proess (ǫt) of the VAR(p) model (2.1) is suh that theproess (Υt) de�ned in (3.2) admits an AR(∞) representation (4.3) in whihthe roots of det(A(z)) = 0 are outside the unit disk, ‖Ai‖ = o(i−2), and
Σu = Var(ut) is non-singular. Moreover we assume that ‖ǫt‖8+4ν < ∞ and∑∞

k=0{αǫ(k)}ν/(2+ν) <∞ for some ν > 0.We are now able to state the following theorem, whih is an extension of a result givenin Franq, Roy and Zakoïan (2004).Theorem 4.2. Under Assumptions A1-A7,
Ξ̂ := Â−1

r (1)Σ̂ûr
Â′−1

r (1) → Ξin probability when r = r(n) → ∞ and r3/n→ 0 as n→ ∞.Let Ω̂m be the matrix obtained by replaing Ξ by Ξ̂ and Σǫ by Σ̂ǫ in Ωm. Denote by
ξ̂m = (ξ̂1,d2m, · · · , ξ̂d2m,d2m) the eigenvalues of Ω̂m. At the asymptoti level α, the LBtest (resp. the BP test) onsists in rejeting the adequay of the weak AR(p) modelwhen

Q̃m > Sm(1 − α) (resp. Qm > Sm(1 − α))where Sm(1 − α) is suh that P{Zm(ξ̂m) > Sm(1 − α)} = α.5. Implementation of the goodness-of-�t portmanteau testsGiven d-multivariate observations X1, . . . , Xn, one an use the following steps toimplement the modi�ed version of the portmanteau test for testing the AR(p) modeladequay.1) Compute the empirial autoovarianes Γ̂X(h), for h = 0, . . . , p;2) Compute the estimates Âi, . . . , Âp using (2.5) or using the Durbin-Levinsonalgorithm;



Multivariate Portmanteau test 153) Compute the residuals ǫ̂t = Xt −
∑p

i=1 ÂiXt−iI{t−i>0}, for t = 1, . . . , n, and theresidual autoovarianes Γ̂ǫ(0) = Σ̂ǫ and Γ̂ǫ(h), for h = 1, . . . ,m;4) Compute
Υ̂t =








ǫ̂t−1...
ǫ̂t−m



⊗ ǫ̂t

Σ̂−1

X̃t−1

X̃t−1 ⊗ ǫ̂t




I{t−m>0} for t = 1, . . . , n;5) Compute the �rst p0 + 1 autoovarianes of Υ̂1, . . . , Υ̂n;6) Using the Durbin-Levinson algorithm, �t the AR(p0) model

(
I −

p0∑

i=1

ÂiB
i

)
Υ̂t = Ût;7) De�ne the estimator

Ξ̂ =

(
I −

p0∑

i=1

Âi

)−1

Σ̂U

(
I −

p0∑

i=1

Âi

)′−1

, Σ̂U =
1

n

n∑

t=1

ÛtÛ
′
t;8) De�ne the estimator

Σ̂γ̂m
= Σ̂cm

+ Φ̂mΣ̂θ̂n
Φ̂′

m + Σ̂cm,θ̂n
Φ̂′

m + Φ̂mΣ̂′
cm,θ̂n

,where
Ξ̂ =

(
Σ̂cm

Σ̂cm,θ̂n

Σ̂′
cm,θ̂n

Σ̂θ̂n

)
, Φ̂m = −

m−1∑

i=0

{
1m×p(i+ 1, 1) ⊗ Σ̂ǫ

}(̂̃A
i
)′

⊗ Id;9) Compute the eigenvalues ξ̂m = (ξ̂1,d2m, · · · , ξ̂d2m,d2m) of
Ω̂m =

(
Im ⊗ Σ̂−1/2

ǫ ⊗ Σ̂−1/2
ǫ

)
Σ̂γ̂m

(
Im ⊗ Σ̂−1/2

ǫ ⊗ Σ̂−1/2
ǫ

)
;10) Compute the portmanteau statistis Qm and Q̃m, and evaluate the p-values

P




d2m∑

i=1

ξ̂i,d2mZ
2
i > Qm



 and P d2m∑

i=1

ξ̂i,d2mZ
2
i > Q̃m



using the Imhof algorithm (1961). The BP test (resp. the LB test) rejets thenull hypothesis of a weak AR(p) model when the �rst (resp. the seond) p-valueis less than the asymptoti level α.An alternative to the Imhof algorithm onsists in approximating the distribution of
Zm(ξ̂m) by a gamma distribution Γ(b, p) with parameter

b =

∑d2m
i=1 ξ̂i,d2m

2
∑d2m

i=1 ξ̂
2
i,d2m

and p =

(∑d2m
i=1 ξ̂i,d2m

)2

2
∑d2m

i=1 ξ̂
2
i,d2m

.



16 Christian Franq and Hamdi Raïssi6. Numerial illustrationsIn this setion, by means of Monte Carlo experiments, we investigate the �nitesample properties of the modi�ed and standard versions of the portmanteau tests. Weonly present the results of the LB test. The results onerning the BP test are notpresented here, beause they are very lose to those of the LB test.6.1. Empirial sizeFirst onsider the strong bivariate AR(1) model de�ned by
Xt = AXt−1 + ǫt, ǫt iid N (0, I2), A = 0.95I2. (6.1)We simulatedN = 1000 independent trajetories of length n = 100 and n = 1000 of thisstrong AR(1) model. For eah of these N repliations we estimated the AR(1) matrixoe�ient and we applied portmanteau tests to the residuals. The nominal asymptotilevel of the tests is α = 5%. For the standard LB test the model is therefore rejetedwhen Q̃m is greater than χ2

4(m−1)(0.95). We know that the asymptoti level of thestandard LB test is indeed α = 5% when A = 0, but this is only an approximation inthe ase A 6= 0. For the model (6.1), the roots of |I−Az| = 0 are near the unit disk, sothe asymptoti distribution of Q̃m is likely to be far from its χ2
4(m−1) approximation.Table 1 displays the relative rejetion frequenies of the null hypothesis H0 that theDGP follows an AR(1) model, over the N repliations. When they are outside the 5%signi�ant limits 3.65% and 6.35%, the relative rejetion frequenies are displayed inbold type. As expeted the observed relative rejetion frequeny of the standard LBtest is very far from the nominal α = 5%. The results are worse for n = 1000 than for

n = 100. This is not surprising beause, as we have seen, the asymptoti level is not
α = 5% when A 6= 0. In aordane with the theoretial, the χ2

4(m−1) approximationis better for larger m. In ontrast, the modi�ed version of the LB test well ontrolsthe error of �rst kind.From this example we draw the onlusion that, for strong AR models with oe�-ients far from 0, the modi�ed version may be preferable to the standard one.Table 1: Empirial size (in %) of the standard and modi�ed versions of the LB test in thease of the strong AR(1) model (6.1).
m = 2 m = 3 m = 6

n = 100 n = 1000 n = 100 n = 1000 n = 100 n = 1000modi�ed LB 4.6 4.1 4.7 5.4 4.4 6.1standard LB 13.8 22.6 8.4 14.2 4.3 10.0We now repeat the same experiments on a weak AR(1) model of the form given inExample 2.4-3.1-4.1, de�ned by
Xt = AXt−1 + ǫt, ǫt =

(
η1 tη1 t−1η1 t−2

η2 tη2 t−1η2 t−2

)
,

(
η1 t

η2 t

) iid N (0, I2), (6.2)with A = 0.5I2. As expeted, the standard LB test poorly performs to assess theadequay of this weak AR(1) model. The true AR(1) model is over-rejeted by the



Multivariate Portmanteau test 17standard version of the LB test. Based on the standard LB test, the pratitioner islikely to selet a too ompliated AR model. This ould entail erroneous interpretationsand a loss of e�ieny in terms of linear preditions.Table 2: Empirial size (in %) of the standard and modi�ed versions of the LB test in thease of the weak AR(1) model (6.2).
m = 2 m = 3 m = 6

n = 5000 n = 10000 n = 5000 n = 10000 n = 5000 n = 10000modi�ed LB 4,9 4,6 4,6 4,2 3.8 4,0standard LB 48,8 46,0 44,1 40,9 38,8 34,06.2. Empirial powerIn this part, we onsider N = 1000 repliations of size n = 1000 and n = 2000 of aweak AR(2) model de�ned by
Xt = A1Xt−1 +A2Xt−2 + ǫt, ǫt =

(
η1 tη1 t−1η1 t−2

η2 tη2 t−1η2 t−2

)
, (6.3)where ( η1 t

η2 t

) iid N (0, I2), A1 =

(
0, 2 0, 1
0, 1 0, 2

) and A2 =

(
0, 1 0
0 0, 1

).For eah of these N repliations we adjusted an AR(1) model and perform standardand modi�ed portmanteau tests based on m = 2, 3 or 6 residual autoorrelations. Theadequay of the AR(1) model is rejeted when the p-value is less than 5%. Table 3displays the relative frequeny of rejetion over the N repliations. In this examplethe power of the portmanteau tests is not very high beause A2 is lose to zero. At�rst sight one ould think that the modi�ed version is slightly less powerful that thestandard version. Atually, the omparison made in Table 3 is not fair beause theatual level of the standard version is generally greater than the 5% nominal level.Table 3: Empirial power (in %) of the standard and modi�ed versions of the 5% nominallevel LB test in the ase of the weak AR(2) model (6.3).
m = 2 m = 3 m = 6

n = 1000 n = 2000 n = 1000 n = 2000 n = 1000 n = 2000modi�ed LB 54,9 84,8 45,8 82,6 38.6 74,5standard LB 84,7 97,5 77,9 96,8 64.2 92.1Appendix A. Complementary proofsWe need the following lemma for the proof of (2.5) and (2.6):Lemma A.1. Let A be symmetri positive de�nite and B symmetri positive semi-de�nite of the same order m. ThenTr (A−1B) − log det(A−1B) ≥ Tr (A−1A) − log det(A−1A) = m.



18 Christian Franq and Hamdi RaïssiProof of Lemma A.1. There exists a non singular matrix P and a positive semide�nite diagonal matrix Λ = diag{λ1, . . . , λm} suh that
A = PP ′, B = PΛP ′(see Magnus and Neudeker, Theorem 1.23, 1988). Then A−1B = (P ′)−1ΛP ′. UsingTr (CD) = Tr (DC) for matries C and D of size d1 × d2 and d2 × d1, we obtainTr(A−1B) = Tr(Λ) =

m∑

i=1

λi, det(A−1B) = det(Λ) =

m∏

i=1

λi.Note that the λi are non-negative. Hene, using x− log x ≥ 1,Tr(A−1B) − log det(A−1B) ≥
m∑

i=1

(λi − logλi) ≥ m. �Proof of (2.5) and (2.6). Using elementary properties of the trae operator,
(θ̂n, Σ̂ǫ) = argmin

θ,Σǫ

[
n log (detΣǫ) + Tr {Σ−1

ǫ

n∑

t=1

ǫt(θ)ǫ
′
t(θ)

}]

= argmin
θ,Σǫ

[
n log (detΣǫ) + Tr {Σ−1

ǫ D

n∑

t=1

ǫ̃t(θ)ǫ̃
′
t(θ)D

′

}]where D = (Id, 0d×d, . . . , 0d×d) is suh that ǫt(θ) = Dǫ̃t(θ).The parameter θ enters only in the last term, whih an be written asTr {D′Σ−1
ǫ D

n∑

t=1

(X̃t − ÃX̃t−1)(X̃t − ÃX̃t−1)
′

}
= c1 + c2 + c3 + c4where Ã∗ = Σ̂X̃t,X̃t−1

Σ̂−1

X̃t−1,X̃t−1

,
c1 = Tr {DΣ−1

ǫ D′
n∑

t=1

(X̃t − Ã∗X̃t−1)(X̃t − Ã∗X̃t−1)
′

}

c2 = Tr {DΣ−1
ǫ D′

n∑

t=1

(X̃t − Ã∗X̃t−1)X̃
′
t−1(Ã

∗ − Ã)′

}

c3 = Tr {DΣ−1
ǫ D′

n∑

t=1

(Ã∗ − Ã)X̃t−1(X̃t − Ã∗X̃t−1)
′

}

c4 = Tr{DΣ−1
ǫ D′

n∑

t=1

(Ã∗ − Ã)X̃t−1X̃
′
t−1(Ã

∗ − Ã)′

}
.We an remark that

n−1
n∑

t=1

(X̃t − Ã∗X̃t−1)X̃
′
t−1 = Σ̂X̃t,X̃t−1

− Σ̂X̃t,X̃t−1
Σ̂−1

X̃t−1,X̃t−1

Σ̂X̃t−1,X̃t−1
= 0,



Multivariate Portmanteau test 19so c2 = c3 = 0. Moreover, c4 is nonnegative for all values of Ã, and it is equal to zeroif and only if Ã = Ã∗. Thus ˆ̃A = Ã∗ is the LS estimator of Ã, whih shows (2.5).Now in view of lemma (A.1) we �nd
n log (detΣǫ) + Tr {Σ−1

ǫ

n∑

t=1

ǫt(θ̂n)ǫ′t(θ̂n)

}
= n log (detΣǫ) + nTr (Σ−1

ǫ Σ∗
ǫ )

= n log (detΣ∗
ǫ ) + n

{Tr (Σ−1
ǫ Σ∗

ǫ

)
− log det

(
Σ−1

ǫ Σ∗
ǫ

)}

≥ n log(det(Σǫ
∗)) + dn,where Σ∗

ǫ = n−1
∑n

t=1 ǫt(θ̂n)ǫ′t(θ̂n). Sine
n log (detΣ∗

ǫ ) + Tr {(Σ∗
ǫ )

−1
n∑

t=1

ǫt(θ̂n)ǫ′t(θ̂n)

}
= n log(det(Σǫ

∗)) + dn,the LS estimator of Σǫ is Σ̂ǫ = Σ∗
ǫ , and (2.6) follows.Proof of Proposition 2.1. First note that if Σ̂X̃t

is singular, then there exists
λ ∈ R

dp, λ 6= 0, suh that
0 = λ′Σ̂X̃t

λ =
1

n

n∑

t=1

λ′X̃tX̃
′
tλ =

1

n

n∑

t=1

(
λ′X̃t

)2

,whih entails λ′X̃t = 0 for t = 1, 2, . . . , n. Writing λ′ = (λ′1, . . . , λ
′
p) and using (2.2),we have

λ′X̃t =

p∑

i=1

λ′iXt+1−i = λ′1ǫt +Rtwhere Rt is not orrelated with ǫt. If λ1 6= 0 then Var(λ′X̃t) = Var(λ′1ǫ1) +Var(Rt) ≥
λ′1Σǫλ1 > 0, in view of A3. Similarly, if λ1 = · · · = λr−1 = 0 and λr 6= 0 thenVar(λ′X̃t) = Var(λ′rǫt+1−r) + Var(Rt+1−r) ≥ λ′rΣǫλr > 0. Therefore λ′X̃t is notalmost surely equal to 0, and Σ̂X̃t

is almost surely invertible.In view of (2.2) and Assumptions A2 and A4, (Xt) and (X̃t) are stationary andergodi (see Billingsley, 1995, , Theorem 36.4.). The ergodi theorem implies that,almost surely,
Σ̂X̃t,X̃t−1

→ ΣX̃t,X̃t−1
:= EX̃tX̃

′
t−1 and Σ̂X̃t

→ ΣX̃t
:= EX̃tX̃

′
tas n→ ∞. Therefore

̂̃A→ EX̃tX̃
′
t−1

(
EX̃tX̃

′
t

)−1

= E
(
ÃX̃t−1 + ǫ̃t

)
X̃ ′

t−1

(
EX̃tX̃

′
t

)−1

= Ã,using Eǫ̃tX̃ ′
t−1 = 0. The rest of the proof follows by the same arguments. �Proof of Proposition 2.2. Using the Slutsky lemma,

√
n
(̂̃A− Ã

)
=

1√
n

n∑

t=1

ǫ̃tX̃
′
t−1Σ̂

−1

X̃t

=
1√
n

n∑

t=1

ǫ̃tX̃
′
t−1Σ

−1

X̃t

+ oP (1).



20 Christian Franq and Hamdi RaïssiLet Y = (Yt) de�ned by Yt = ve (ǫ̃tX̃ ′
t−1

). Sine ǫ̃t is a measurable funtionof X̃t and X̃t−1, it easy to see that αY (|h| + 1) ≤ αX̃(|h|) ≤ αX(|h| − p), setting
αX(ℓ) = 1/4 for ℓ ≤ 0. Thus A5 implies ∑∞

h=0{αY (h)}ν/(2+ν) < ∞ and, using theHölder inequality, ‖ Yt ‖2+ν<∞ for some ν > 0.Moreover by the Lebesgue theorem and the stationarity of (Yt) we have
lim

n→∞

1

n

n∑

t=1

n∑

s=1

ov(Yt, Ys) = lim
n→∞

1

n

∑

|h|<n

(n− | h |)ov(Yt, Yt−h)

=

∞∑

h=−∞

ov (Yt, Yt−h) . (A.1)The existene of the last sum is justi�ed by the Davydov inequality (1968): there existsa onstant K suh that
∥∥∥∥E
{ve (ǫ̃tX̃ ′

t−1

)}{ve (ǫ̃t−hX̃
′
t−h−1

)}′
∥∥∥∥ ≤ K‖ve (ǫ̃tX̃ ′

t−1

)
‖2
2+ναY (|h|)ν/(2+ν).The asymptoti normality of√n(̂̃A− Ã

) follows from the entral limit theorem (CLT)for mixing proesses given by Herrndorf (1984). To obtain the form of the asymptotivariane Ω, note that
√
nve (̂̃A− Ã

)
=

(
Σ−1

X̃t

⊗ Idp

) 1√
n

n∑

t=1

Yt + oP (1)ov (Yt, Yt−h) = E
(
X̃t−1X̃

′
t−h−1 ⊗ ǫ̃tǫ̃

′
t−h

)
,where the last equality is obtained from the elementary relations ve (ab′) = b⊗ a forany vetors a and b, and (A⊗B)(C ⊗D) = (AC) ⊗ (BD) for matries of appropriatesizes. In view of (A.1), it follows that

Ω =
(
Σ−1

X̃t

⊗ Idp

) ∞∑

h=−∞

E
{
X̃t−1X̃

′
t−h−1 ⊗ ǫ̃tǫ̃

′
t−h

}(
Σ−1

X̃t

⊗ Idp

)
,whih entails (2.8).The asymptoti distribution (2.9) omes from (2.7) and the fat that

√
n(θ̂n − θ0) =

√
n
{
Idp ⊗ (Id, 0d×d(p−1))

} ve (̂̃A− Ã0

)
.Note that (2.3) yields

Y = (X ⊗ Id) θ0 + ǫ,where Y = ve (X1, . . . , Xn), X ′ =
(
X̃0, . . . , X̃n−1

) and ǫ = ve (ǫ1, . . . , ǫn). Then itan be seen that
θ̂n =

{(
X ′X

)−1
X ′ ⊗ Id

}
Y = n−1

n∑

t=1

(
Σ̂−1

X̃t−1

X̃t−1 ⊗ Id

)
Xt



Multivariate Portmanteau test 21and
√
n
(
θ̂n − θ0

)
=

√
n
{(
X ′X

)−1
X ′ ⊗ Id

}
ǫ = n−1/2

n∑

t=1

Σ̂−1

X̃t−1

X̃t−1 ⊗ ǫt, (A.2)whih gives (2.10). �Proof of Theorem 3.1. First we will show the asymptoti normality of the jointdistribution of cm and θ̂n − θ0. Using (3.1) and (A.2), we have
√
n

(
cm

θ̂n − θ0

)
=

1√
n

n∑

t=1

Υt + oP (1), Υt =








ǫt−1...
ǫt−m



⊗ ǫt

Σ−1

X̃t−1

X̃t−1 ⊗ ǫt




.It is lear that Υt is a measurable funtion of Xt, . . . , Xt−p−m. Thus the CLT appliesto the stationary mixing proess (Υt), and we obtain

√
n

(
cm

θ̂n − θ0

)
⇒ N (0,Ξ).To bring out the existene of Ξ, note that from (3.2) we have

Σcm
=

∞∑

h=−∞

E








ǫt−1...
ǫt−m



⊗ ǫt




[(
ǫ′t−1−h, . . . , ǫ

′
t−m−h

)
⊗ ǫ′t−h

]
=

∞∑

h=−∞

E
(
utu

′
t−h

)and
Σcm,θ̂n

=

∞∑

h=−∞

E








ǫt−1...
ǫt−m



⊗ ǫt




[
Σ−1

X̃t

X̃ ′
t−h−1 ⊗ ǫ′t−h

]
=

∞∑

h=−∞

E
(
utv

′
t−h

)It is lear that the existene of these matries is ensured by the Davydov inequality(1968). Then the result follows.On the other hand, onsidering Ch and Γ̂ǫ(h) as values of the same funtion at thepoints θ0 and θ̂n, a Taylor expansion about θ0 givesve Γ̂ǫ(h) = ve Ch +
1

n

n∑

t=h+1

{
ǫt−h(θ) ⊗ ∂ǫt(θ)

∂θ′
+
∂ǫt−h(θ)

∂θ′
⊗ ǫt(θ)

}

θ=θ∗

(
θ̂n − θ0

)
,(A.3)where θ∗ is between θ̂n and θ0. In view of the onsisteny of θ̂n and the fat that

∂ǫt−h/∂θ
′ is not orrelated with ǫt when h ≥ 0, it is easy to see that, under mildassumptions,ve Γ̂ǫ(h) = veCh + E

{
ǫt−h ⊗ ∂ǫt

∂θ′
(θ0)

}(
θ̂n − θ0

)
+ oP (n−1/2). (A.4)



22 Christian Franq and Hamdi RaïssiSimilarly to (A.4), it follows
γ̂m = cm + Φm

(
θ̂n − θ0

)
+ oP (n−1/2), Φm = E









ǫt−1...
ǫt−m



⊗ ∂ǫt
∂θ′

(θ0)





.The expressions of Φm are obtained noting that in view of (2.3) we have

∂ǫt
∂θ′

=
∂

∂θ′
[
Xt −

{(
X ′

t−1, . . . , X
′
t−p

)
⊗ Id

}
θ
]

= −
(
X ′

t−1, . . . , X
′
t−p

)
⊗ Id,using the elementary relations a⊗b′ = ab′ for any vetors a and b, and (A⊗B)(C⊗D) =

(AC)⊗ (BD) for matries of appropriate sizes. Then the asymptoti joint distributionof cm and θ̂n − θ0 shows that the asymptoti distribution of √nγ̂m, de�ned by (A.4),is normal, with mean zero, and ovariane matrixVaras(
√
nγ̂m) = Σcm

+ ΦmΣθ̂n
Φ′

m + Σcm,θ̂n
Φ′

m + ΦmΣ′
cm,θ̂n

.From (A.3) we have √
nve Γ̂ǫ(0) =

√
nveC0 + oP (1). Moreover √

n (ve C0−
Eve C0) = OP (1) by the CLT for mixing proesses. Thus √n(Ŝǫ ⊗ Ŝǫ −Sǫ ⊗ Sǫ) =

OP (1) and, using (3.3) and the ergodi theorem, we obtain
n
{ve (Ŝ−1

ǫ Γ̂ǫ(h)Ŝ
−1
ǫ

)
− ve (S−1

ǫ Γ̂ǫ(h)S
−1
ǫ

)}

=
(
Ŝǫ ⊗ Ŝǫ

)−1 √
n
(
Sǫ ⊗ Sǫ − Ŝǫ ⊗ Ŝǫ

)
(Sǫ ⊗ Sǫ)

−1 √
nve Γ̂ǫ(h) = OP (1).In the previous equalities we also use (A ⊗ B)−1 = A−1 ⊗ B−1 when A and B areinvertible. It follows that ρ̂m = Im⊗

(
Ŝǫ ⊗ Ŝǫ

)−1

γ̂m = Im⊗(Sǫ ⊗ Sǫ)
−1
γ̂m +OP (n−1).We now obtain (3.4) from (3.3). �Proof of Theorem 4.2. The proof is similar to that given by Franq, Roy andZakoïan (2004) for Theorem 5.1. However, we will give the omplete proof of theorresponding Lemma A3 and A4 whih are somewhat di�erent from the original proof.This is due to the fat that elements of Xt are involved in the expression of Υt. Let

Υr,t = (Υ′
t−1, ...,Υ

′
t−r)

′, we de�ne with obvious notations
ΣΥ,Υ = EΥtΥ

′
t, ΣΥ,Υ

r
= EΥtΥ

′
r,t, ΣΥ

r
,Υ

r
= EΥr,tΥ

′
r,t.and

Σ̂Υ,Υ =
1

n− r

n∑

t=l

ΥtΥ
′
t, Σ̂Υ,Υ

r
=

1

n− r

n∑

t=1

ΥtΥ
′
r,t, Σ̂Υ

r
,Υ

r
=

1

n− r

n∑

t=1

Υr,tΥ
′
r,t.Now let us state the following Lemma. The proof of this Lemma is the same ofLemma A2 in Franq, Roy and Zakoïan (2004).Lemma A.2. Under Assumptions A1-A7,

sup
r≥1

max
{∥∥ΣΥ,Υ

r

∥∥ ,
∥∥ΣΥ

r
,Υ

r

∥∥ ,
∥∥∥Σ−1

Υ
r
,Υ

r

∥∥∥
}
≤ ∞.



Multivariate Portmanteau test 23Note that to obtain this result we have to onsider the multipliative matrix normde�ned by: ‖A‖ = sup‖x‖≤1 ‖Ax‖ = ρ1/2(A′A), where A is a d1 × d2 matrix, ‖x‖ isthe Eulidean norm of the vetor x ∈ R
d2 , and ρ(·) denotes the spetral radius. Thisnorm satis�es

‖A‖2 ≤
∑

i,j

a2
i,jwith obvious notations.Lemma A.3. Let vi,t = xj1,t−1−iǫj2,t, v′i,t = xj′

1
,t−1−iǫj′

2
,t, ui,t = ǫj1,t−iǫj2,t and

u′i,t = ǫj′
1
,t−iǫj′

2
,t; where j1, j2, j′1, j′2,∈ {1, · · · , d}. Suppose that ∑∞

k=0{αX(k)} ν

2+ν <
∞. Then for i1, i2 ≥ 1

sup
s∈Z

∞∑

h=−∞

∣∣Cov (vi1,tv
′
i2,t−s, vi1,t−hv

′
i2,t−h−s

)∣∣ <∞. (A.5)
sup
s∈Z

∞∑

h=−∞

∣∣Cov (vi1,tu
′
i2,t−s, vi1,t−hu

′
i2,t−h−s

)∣∣ <∞. (A.6)
sup
s∈Z

∞∑

h=−∞

∣∣Cov (ui1,tu
′
i2,t−s, ui1,t−hu

′
i2,t−h−s

)∣∣ <∞. (A.7)Proof. We will only give the proof of (A.5), the proofs of (A.6) and (A.7) aresimilar. Note also that without loss of generality, we an take the supremum over theintegers s > 0, and onsider the sum for positive h. Let i0 = (i1 +1)∧(i2+1). Beausethe proess (ǫt) is a measurable funtion of (Xt, · · · , Xt−p) we have, using the Davydov(1968) inequality
∞∑

h=s+i0+p

∣∣Cov (vi1,tv
′
i2,t−s, vi1,t−hv

′
i2,t−h−s

)∣∣ ≤ K0

∞∑

h=s+i0+p

‖Xt‖8
8+4ν

{αX(h− s− i0 − p)} ν

2+ν .By Assumption A7, the sum in the right hand side of the last inequality is boundedby a onstant independent of s. To deal with the terms for h < s+ i0 + p, we writeCov (vi1,tv
′
i2,t−s, vi1,t−hv

′
i2,t−h−s

)
= Cov (vi1,tvi1,t−h, v

′
i2,t−sv

′
i2,t−h−s

)

+E {vi1,tvi1,t−h}E
{
v′i2,t−sv

′
i2,t−h−s

}

−E
{
vi1,tv

′
i2,t−s

}
E
{
vi1,t−hv

′
i2,t−h−s

}With the onvention αX(k) = 1
4 for k ≤ 0, we have

s+i0+p−1∑

h=0

∣∣Cov (vi1,tvi1,t−h, v
′
i2,t−sv

′
i2,t−h−s

)∣∣ ≤ K0

s+i0+p−1∑

k=0

‖Xt‖8
8+4ν

{αX(k + 1 − i0 − i1 − p)} ν

2+ν ,
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s+i0+p−1∑

h=0

|E {vi1,tvi1,t−h}| ≤ K0

s+i0+p−1∑

h=0

‖Xt‖4
4+2ν {αX(h− i1 − p)} ν

2+ν ,

s+i0+p−1∑

h=0

∣∣E
{
vi1,tv

′
i2,t−s

}∣∣ ≤ (s+ i0 + p)K0‖Xt‖4
4+2ν {αX(s− i1 − p)} ν

2+ν ,Noting that it an be shown that suph≥1 h {αX(h)} ν

2+ν < ∞, the right hand sides ofthe three last inequalities are learly bounded by onstants independent of s. Then,the expression (A.5) is bounded. �Let Υ̂r,t = (Υ̂′
t−1, ..., Υ̂

′
t−r)

′ and de�ne
Σ̂Υ̂,Υ̂ :=

1

n− r

n∑

t=l

Υ̂tΥ̂
′
t, Σ̂Υ̂,Υ̂

r

:=
1

n− r

n∑

t=1

Υ̂tΥ̂
′

r,t, Σ̂Υ̂r,Υ̂
r

:=
1

n− r

n∑

t=1

Υ̂r,tΥ̂
′

r,t.We are now able to state the following Lemma.Lemma A.4. Under Assumptions A1'-A7 or A1-A3 and A7, √r‖Σ̂Υ̂
r
,Υ̂

r

−ΣΥ
r
,Υ

r
‖,

√
r‖Σ̂Υ̂,Υ̂−ΣΥ,Υ‖, and √

r‖Σ̂Υ̂,Υ̂
r

−ΣΥ,Υ
r
‖ tend to zero in probability as n→ ∞ when

r = o(n1/3).Proof of Lemma A.4. First we need to de�ne the following vetors
Υ∗

t =








ǫt−1...
ǫt−m



⊗ ǫt

X̃t−1 ⊗ ǫt




and Υ∗

r,t =




Υ∗

t−1...
Υ∗

t−r



and let
Σr = Ir ⊗

(
Id2m 0d2m×d2p

0d2p×d2m Σ−1

X̃
⊗ Id

)
.In addition we denote by Σ̂Υ∗

r
,Υ∗

r
and ΣΥ∗

r
,Υ∗

r
the matrix obtained by replaing Υr,tby Υ∗

r,t in the expressions of respetively Σ̂Υ
r
,Υ

r
, and ΣΥ

r
,Υ

r
. Note that using thenotations introdued below, we have

Σ̂Υ
r
,Υ

r
− ΣΥ

r
,Υ

r
= ΣrΣ̂Υ∗

r
,Υ∗

r
Σr − ΣrΣΥ∗

r
,Υ∗

r
Σr = Σr

(
Σ̂Υ∗

r
,Υ∗

r
− ΣΥ∗

r
,Υ∗

r

)
Σr. (A.8)Now we will determine the elements of the matries Σ̂Υ∗

r
,Υ∗

r
and ΣΥ∗

r
,Υ∗

r
. Let xj,t the

j − th element the vetor Xt. For 1 ≤ i1, i2 ≤ m and 1 ≤ r1, r2 ≤ r, the elements ofthe {d2(m+ p)(r1 − 1)+ d2(i1 − 1)+ d(j1 − 1)+ j2}− th row and {d2(m+ p)(r2 − 1)+

d2(i2−1)+d(j′1−1)+j′2}−th olumn of Σ̂Υ∗

r
,Υ∗

r
, is of the form 1

n−r

∑n
t=r0+1 ǫ

(4)
t ,where

ǫ
(4)
t = ǫj1,t−i1−r1

ǫj2,t−r1
ǫj′

1
,t−i2−r2

ǫj′
2
,t−r2

and r0 = (r1 + i1)∧ (r2 + i2). In the sameway the element of the {d2(m+ p)(r1 − 1)+ d2m+ d2(i1 − 1)+ d(j1 − 1)+ j2}− th rowand {d2(m+ p)(r2 − 1)+ d2(i2 − 1)+ d(j′1 − 1)+ j′2}− th olumn, the {d2(m+ p)(r1 −
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1)+ d2m+ d2(i1 − 1)+ d(j1− 1)+ j2}− th row and {d2(m+ p)(r2 − 1)+ d2m+ d2(i2 −
1)+d(j′1−1)+j′2}−th olumn of Σ̂Υ∗

r
,Υ∗

r
are of the form respetively 1

n−r

∑n
t=r0+2 w

(4)
tand 1

n−r

∑n
t=r0+2 v

(4)
t , where w(4)

t = xj1,t−1−i1−r1
ǫj2,t−r1

ǫj′
1
,t−i2−r2

ǫj′
2
,t−r2

and v(4)
t =

xj1,t−1−i1−r1
ǫj2,t−r1

xj′
1
,t−1−i2−r2

ǫj′
2
,t−r2

. By stationarity of (ǫ
(4)
t ), we have

E

{(
1

n− r

n∑

t=r0+1

ǫ
(4)
t

)
− Eǫ

(4)
t

}2

= E

{
1

n− r

n∑

t=r0+1

(ǫ
(4)
t − Eǫ

(4)
t )

}2

+

(
r − r0
n− r

)2 (
Eǫ

(4)
t

)2

=
1

(n− r)2

n−r0−1∑

h=−(n−r0−1)

(n− r0)Cov(ǫ(4)t , ǫ
(4)
t−h

)
+

(
r − r0
n− r

)2 (
Eǫ

(4)
t

)2

≤ n

(n− r)2

∞∑

h=−∞

∣∣∣Cov(ǫ(4)t , ǫ
(4)
t−h)

∣∣∣+
(
r − r0
n− r

)2 (
Eǫ

(4)
t

)2

,

≤ K0

(
n

(n− r)2
+

r2

(n− r)2

)
,for some onstant K0 independent of r1, r2, i1, i2 and r, n. Similarly, by stationarity of

(v
(4)
t ) and (w

(4)
t ) we obtain

E

{(
1

n− r

n∑

t=r0+1

v
(4)
t

)
− Ev

(4)
t

}2

≤ K1

(
n

(n− r)2
+

r2

(n− r)2

)
,

E

{(
1

n− r

n∑

t=r0+1

w
(4)
t

)
− Ew

(4)
t

}2

≤ K2

(
n

(n− r)2
+

r2

(n− r)2

)
,where K1 and K2 are onstants independent of r1, r2, i1, i2. The last three inequalitieshold beause by Lemma A.4 ∑∞

h=−∞

∣∣∣Cov(ǫ(4)t , ǫ
(4)
t−h)

∣∣∣, ∑∞
h=−∞

∣∣∣Cov(v(4)
t , v

(4)
t−h)

∣∣∣ and
∑∞

h=−∞

∣∣∣Cov(w(4)
t , w

(4)
t−h)

∣∣∣ are uniformly bounded in r1 and r2. Let σij be the elementof the i− th row and j− th olumn of the matrix (Σ̂Υ
r
,Υ

r
−ΣΥ

r
,Υ

r
). From the momentassumption on the proess (Xt) we know that the elements of Σr are bounded. Thususing (A.8) we an dedue that

E(σij)
2 ≤ Kd4(m+ p)2

(
n

(n− r)2
+

r2

(n− r)2

)
, (A.9)where K is a onstant independent of r1, r2, i1, i2. In view of (A.9) and Lemma A.2we have

E
{
r‖Σ̂Υ,Υ − ΣΥ,Υ‖2

}
≤ E

{
r‖Σ̂Υ,Υ

r
− ΣΥ,Υ

r
‖2
}

≤ E
{
r‖Σ̂Υ

r
,Υ

r
− ΣΥ

r
,Υ

r
‖2
}
≤ Kd6(m+ p)4r3

(
n

(n− r)2
+

r2

(n− r)2

)
= o(1)



26 Christian Franq and Hamdi Raïssias n→ ∞ when r = r(n) = o(n1/3). Then, when r = o(n1/3)

√
r‖Σ̂Υ

r
,Υ

r
− ΣΥ

r
,Υ

r
‖ = oP (1),

√
r‖Σ̂Υ,Υ − ΣΥ,Υ‖ = oP (1),

√
r‖Σ̂Υ,Υ

r
− ΣΥ,Υ

r
‖ = oP (1). (A.10)Reall that ǫ̂t = et(θ̂) are the residuals of the model (2.1). Let ǫ̃t = ǫt(θ̂). We de�ne

ǫ̃
(4)
t , ṽ(4)

t , w̃(4)
t and Υ̃t by replaing ǫt by ǫt(θ̂), respetively, in ǫ

(4)
t , v(4)

t , w(4)
t , Υt.Similarly we de�ne ǫ̂(4)t , v̂(4)

t , ŵ(4)
t with obvious notations. In addition we denoteby Σ̂Υ̃

r
,Υ̃

r

, Σ̂Υ̃,Υ̃
r

and Σ̂Υ̃,Υ̃ the matries obtained by replaing Υt by Υ̃t in Σ̂Υ
r
,Υ

r
,

Σ̂Υ,Υ
r
and Σ̂Υ,Υ. Now, we will show that replaing ǫ̂t by ǫ̃t = ǫt(θ̂) does not modifythe asymptoti behaviour of the estimators. It an be easily shown that, almost surely,there exist onstants K > 0 and ρ ∈]0, 1[ suh that, supθ∈Θ∗ |ǫt(θ) − et(θ)| ≤ Kρt.Then we have for t ≥ r0,
∣∣∣ǫ̂(4)t − ǫ̃

(4)
t

∣∣∣

≤ Kρt−i1−r1

∣∣ǫ̂j2,t−r1
ǫ̂j′

1
,t−i2−r2

ǫ̂t−r2

∣∣+Kρt−r1

∣∣ǫ̃j1,t−i1−r1
ǫ̂j′

1
,t−i2−r2

ǫ̂t−r2

∣∣

+Kρt−i2−r2

∣∣ǫ̃j1,t−i1−r1
ǫ̃j2,t−r1

ǫ̂j′
2
,t−r2

∣∣+Kρt−r2

∣∣ǫ̃j1,t−i1−r1
ǫ̃j2,t−r1

ǫ̃j′
1
,t−i2−r2

∣∣

≤ Kρt−r0
{
|ǫ̃j2,t−r1

| +Kρt−r0
} {∣∣ǫ̃j′

1
,t−i2−r2

∣∣+Kρt−r0
}{

|ǫ̃j2,t−r2
| +Kρt−r0

}

+Kρt−r0 |ǫ̃j1,t−i1−r1
|
{∣∣ǫ̃j′

1
,t−i2−r2

∣∣+Kρt−r0
} {

|ǫ̃j2,t−r2
| +Kρt−r0

}

+Kρt−r0 |ǫ̃j1,t−i1−r1
ǫ̃j2,t−r1

|
{∣∣ǫ̃j′

2
,t−r2

∣∣+Kρt−r0
}

+Kρt−r0

∣∣ǫ̃j1,t−i1−r1
ǫ̃j2,t−r2

ǫ̃j′
1
,t−i2−r2

∣∣

≤ Kρt−r0




K
3ρ3(t−r0) +

3∑

l=1

K(3−l)ρ(3−l)(t−r0)
∑

t1,...,tl∈Ti

l∏

k=1

‖ ǫ̃tk
‖




 ,where Tl = Tl(t, r1, r2, i1, i2) denotes a set of indies t1, . . . , tl suh that
tk ∈ {t− i1 − r1, t− r1, t− i2 − r2, t− r2} for 1 ≤ k ≤ l.In the same way, we have

∣∣∣v̂(4)
t − ṽ

(4)
t

∣∣∣

≤
∣∣xj1,t−1−i1−r1

xj′
1
,t−1−r2

∣∣ ∣∣ǫ̂j2,t−r1
ǫ̂j′

2
,t−r2

− ǫ̃j2,t−r1
ǫ̃j′

2
,t−r2

∣∣

≤
∣∣xj1,t−1−i1−r1

xj′
1
,t−1−r2

∣∣ {Kρt−r1

∣∣ǫ̂j′
2
,t−r2

∣∣+Kρt−r2 |ǫ̃j2,t−r1
|}

≤
∣∣xj1,t−1−i1−r1

xj′
1
,t−1−r2

∣∣Kρt−r0{Kρt−r0 +
∣∣ǫ̃j′

2
,t−r2

∣∣+ |ǫ̃j2,t−r1
|}

≤
∣∣xj1,t−1−i1−r1

xj′
1
,t−1−r2

∣∣ {K2ρ2(t−r0) +Kρt−r0

∣∣ǫ̃j′
2
,t−r2

∣∣+Kρt−r0 |ǫ̃j2,t−r1
|}
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∣∣∣ŵ(4)

t − w̃
(4)
t

∣∣∣

≤ |xj1,t−1−i1−r1
|
∣∣ǫ̂j2,t−r1

ǫ̂j′
1
,t−i2−r2

ǫ̂j′
2
,t−r2

− ǫ̃j2,t−r1
ǫ̃j′

1
,t−i2−r2

ǫ̃j′
2
,t−r2

∣∣

≤ |xj1,t−1−i1−r1
| {Kρt−r1

∣∣ǫ̂j′
1
,t−i2−r2

ǫ̂j′
2
,t−r2

∣∣+Kρt−r2−i2
∣∣ǫ̃j2,t−r1

ǫ̂j′
2
,t−r2

∣∣+
Kρt−r2

∣∣ǫ̃j2,t−r1
ǫ̃j′

2
,t−i2−r2

∣∣

≤ |xj1,t−1−i1−r1
|Kρt−r0{(Kρt−r0 +

∣∣ǫ̃j′
1
,t−i2−r2

∣∣)(Kρt−r0 +
∣∣ǫ̃j′

2
,t−r2

∣∣)
+ |ǫ̃j2,t−r1

| (Kρt−r0 +
∣∣ǫ̃j′

2
,t−r2

∣∣) +Kρt−r0

∣∣ǫ̃j2,t−r1
ǫ̃j′

2
,t−i2−r2

∣∣}

≤ Kρt−r0 |xj1,t−1−i1−r1
|




K
2ρ2(t−r0) +

2∑

l=1

K(2−l)ρ(2−l)(t−r0)
∑

t1,...,tl∈Ti

l∏

k=1

‖ ǫ̃tk
‖




 ,By the Hölder and Lyapunov inequalities,
E

l∏

k=1

‖ ǫ̃tk
‖2≤ E sup

θ∈Θ∗

‖ ǫt(θ) ‖6<∞. (A.11)Then, for �nite onstants K∗
1 ,K∗

2 and K∗
3 independent of t, r1, r2, i1 and i2, we havethe following inequalities ∥∥∥ǫ̂(4)t − ǫ̃

(4)
t

∥∥∥
2
≤ K∗

1ρ
t−r0

∥∥∥v̂(4)
t − ṽ

(4)
t

∥∥∥
2
≤ K∗

2ρ
t−r0

∥∥∥v̂(4)
t − ṽ

(4)
t

∥∥∥
2
≤ K∗

3ρ
t−r0and, when r = o(n),

∥∥∥∥∥
1

n− r

n−m∑

t=r0+1

(
ǫ̂
(4)
t − ǫ̃

(4)
t

)∥∥∥∥∥
2

≤ 1

n− r
K∗

1

∞∑

k=1

ρk = O
(
n−1

)
. (A.12)

∥∥∥∥∥
1

n− r

n−m∑

t=r0+1

(
v̂
(4)
t − ṽ

(4)
t

)∥∥∥∥∥
2

≤ 1

n− r
K∗

2

∞∑

k=1

ρk = O
(
n−1

)
. (A.13)

∥∥∥∥∥
1

n− r

n−m∑

t=r0+1

(
ŵ

(4)
t − w̃

(4)
t

)∥∥∥∥∥
2

≤ 1

n− r
K∗

3

∞∑

k=1

ρk = O
(
n−1

)
. (A.14)Similarly to the vetors Υ̃t and Υ̂t, we denote by Υ̃∗

t , Υ̃
∗

r,t and Υ̂∗
t , Υ̂

∗

r,t the vetorsobtained by replaing ǫt by ǫ̃t and ǫ̂t in Υ∗
t and Υ∗

r,t. Thus, we an onsider the matries
Σ̂Υ̃

∗

r
,Υ̃

∗

r

, Σ̂Υ̂
∗

r
,Υ̂

∗

r

whih are obtained by replaing Υ∗
r,t by respetively Υ̃∗

r,t and Υ̂∗
r,t inthe expression of respetively Σ̂Υ

r
,Υ

r
and Σ̂Υ̂

r
,Υ̂

r

. In addition we need to de�ne thefollowing matrix
Σ̂r = Ir ⊗

(
Id2m 0d2m×d2p

0d2p×d2m Σ̂−1

X̃
⊗ Id

)
.



28 Christian Franq and Hamdi RaïssiUsing these notations we have,
√
r‖Σ̂Υ̂

r
,Υ̂

r

− Σ̂Υ̃
r
,Υ̃

r

‖ =
√
r‖Σ̂rΣ̂Υ̂

∗

r
,Υ̂

∗

r

Σ̂r − ΣrΣ̂Υ̃
∗

r
,Υ̃

∗

r

Σr ‖
≤ √

r‖Σ̂rΣ̂Υ̂
∗

r
,Υ̂

∗

r

Σ̂r − ΣrΣ̂Υ̂
∗

r
,Υ̂

∗

r

Σ̂r + ΣrΣ̂Υ̂
∗

r
,Υ̂

∗

r

Σ̂r − ΣrΣ̂Υ̃
∗

r
,Υ̃

∗

r

Σr ‖
≤ √

r ‖ (Σ̂r − Σr)Σ̂Υ̂
∗

r
,Υ̂

∗

r

Σ̂r ‖ +
√
r ‖ Σr(Σ̂Υ̂

∗

r
,Υ̂

∗

r

Σ̂r − Σ̂Υ̃
∗

r
,Υ̃

∗

r

Σr) ‖
≤ √

r ‖ Σr(Σ̂Υ̂
∗

r
,Υ̂

∗

r

Σ̂r − Σ̂Υ̂
∗

r
,Υ̂

∗

r

Σr + Σ̂Υ̂
∗

r
,Υ̂

∗

r

Σr − Σ̂Υ̃
∗

r
,Υ̃

∗

r

Σr) ‖
+
√
r ‖ (Σ̂r − Σr)Σ̂Υ̂

∗

r
,Υ̂

∗

r

Σ̂r ‖
≤ √

r ‖ (Σ̂r − Σr)Σ̂Υ̂
∗

r
,Υ̂

∗

r

Σ̂r ‖ +
√
r ‖ ΣrΣ̂Υ̂

∗

r
,Υ̂

∗

r

(Σ̂r − Σr) ‖
+
√
r ‖ Σ̂Υ̂

∗

r
,Υ̂

∗

r

− Σ̂Υ̃
∗

r
,Υ̃

∗

r

‖‖ Σr ‖2The terms in the right hand side of the last inequality tend to zero when r = o(n1/3).Indeed, from standard arguments, inequality (A.11) and the moment assumption onthe proess Xt we have
lim

n→∞

√
r ‖ ΣrΣ̂Υ̂

∗

r
,Υ̂

∗

r

(Σ̂r − Σr) ‖= lim
n→∞

√
r ‖ (Σ̂r − Σr)Σ̂Υ̂

∗

r
,Υ̂

∗

r

Σ̂r ‖= 0.In addition, from the inequalities (A.12), (A.13) and (A.14) we obtain
lim

n→∞

√
r‖Σ̂Υ̂

∗

r
,Υ̂

∗

r

− Σ̂Υ̃
∗

r
,Υ̃

∗

r

‖ ‖ Σr ‖2

= lim
n→∞

√
r ‖ Σ̂r − Σr ‖‖ Σ̂Υ̂

∗

r
,Υ̂

∗

r

− Σ̂Υ̃
∗

r
,Υ̃

∗

r

‖‖ Σ̂r ‖

= lim
n→∞

√
r ‖ Σr ‖‖ Σ̂Υ̂

∗

r
,Υ̂

∗

r

− Σ̂Υ̃
∗

r
,Υ̃

∗

r

‖‖ Σ̂r − Σr ‖= 0.Then we an onlude that when r = o(n1/3)

lim
n→∞

√
r‖Σ̂Υ̂

r
,Υ̂

r

− Σ̂Υ̃
r
,Υ̃

r

‖ = lim
n→∞

√
r‖Σ̂Υ̂,Υ̂ − Σ̂Υ̃,Υ̃‖

= lim
n→∞

√
r‖Σ̂Υ̂,Υ̂

r

− Σ̂Υ̃,Υ̃
r

‖ = 0. (A.15)Now we will show that we an replae ǫ̃t by ǫt. First using the notations introdued,it is easy to see that
‖ Σ̂Υ̃

r
,Υ̃

r

− Σ̂Υ
r
,Υ

r
‖=‖ Σr(Σ̂Υ̃

∗

r
,Υ̃

∗

r

− Σ̂Υ∗

r
,Υ∗

r
)Σr ‖Note that the general term of (Σ̂Υ̃

∗

r
,Υ̃

∗

r

− Σ̂Υ∗

r
,Υ∗

r
) is of the form (ǫ

(4)
t − ǫ̃(4)t ), (v

(4)
t − ṽ(4)

t )or (w
(4)
t − w̃

(4)
t ). A Taylor expansion about θ0 yields ∣∣∣ǫt(θ̂) − ǫt

∣∣∣ ≤ ǫ∗t

∥∥∥θ̂ − θ0

∥∥∥ , ǫ∗t =
∥∥ ∂

∂θ′
ǫt(θ

∗)
∥∥ where θ∗ = θ∗(t, n) is between θ̂ and θ0.Thus, for t ≥ r0,
∣∣∣ǫ(4)t − ǫ̃

(4)
t

∣∣∣ ≤
∥∥∥θ̂ − θ0

∥∥∥
{
ǫ∗j1,t−i1−r1

∣∣ǫj2,t−r1
ǫj′

1
,t−i2−r2

ǫj′
2
,t−r2

∣∣

+ǫ∗j2,t−r1

∣∣ǫ̃j1,t−i1−r1
ǫj′

1
,t−i2−r2

ǫj′
2
,t−r2

∣∣

+ǫ∗j′
1
,t−i2−r2

∣∣ǫ̃j1,t−i1−r1
ǫ̃j2,t−r1

ǫj′
2
,t−r2

∣∣

+ǫ∗j′
2
,t−r2

∣∣ǫ̃j1,t−i1−r1
ǫ̃j2,t−r1

ǫ̃j′
1
,t−i2−r2

∣∣
}
.
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∣∣∣v(4)

t − ṽ
(4)
t

∣∣∣ ≤
∥∥∥θ̂ − θ0

∥∥∥
{
ǫ∗j2,t−r1

∣∣xj1,t−1−r1−i1xj′
1
,t−1−i2−r2

ǫj′
2
,t−r2

∣∣

+ǫ∗j′
2
,t−r2

∣∣xj1,t−1−i1−r1
ǫ̃j2,t−r1

xj′
1
,t−1−r2−i2

∣∣
}and

∣∣∣w(4)
t − w̃

(4)
t

∣∣∣ ≤
∥∥∥θ̂ − θ0

∥∥∥
{
ǫ∗j2,t−r1

∣∣xj1,t−1−i1−r1
ǫj′

1
,t−i2−r2

ǫj′
2
,t−r2

∣∣

+ǫ∗j′
1
,t−i2−r2

∣∣xj1,t−1−i1−r1
ǫ̃j2,t−r1

ǫj′
2
,t−r2

∣∣

+ǫ∗j′
2
,t−r2

∣∣xj1,t−1−i1−r1
ǫ̃j2,t−r1

ǫ̃j′
1
,t−i2−r2
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.Note that, in the previous inequalities, the L2-norm of the terms into brakets isbounded, uniformly in t, n, r1, r2, i1 and i2 beause
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∥∥∥∥
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‖ = oP (1).The proof of the lemma follows from (A.10), (A.15) and (A.16). �Reall that we have the AR(∞) model
A(B)Υt := Υt −

∞∑
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(
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