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HYPERSURFACES WITH SMALL EXTRINSIC RADIUS OR LARGE )\; IN
EUCLIDEAN SPACES

ERWANN AUBRY, JEAN-FRANCOIS GROSJEAN, JULIEN ROTH

ABSTRACT. We prove that hypersurfaces of R*t! which are almost extremal for the Reilly inequality
on A1 and have LP-bounded mean curvature are Hausdorff close to a sphere, have almost constant mean
curvature and have a spectrum which asymptotically contains the spectrum of the sphere. We prove
the same result for the Hasanis-Koutroufiotis inequality on extrinsic radius. We also prove that when
a supplementary L? bound on the second fundamental is assumed, the almost extremal manifolds are
Lipschitz close to a sphere when q > %, but not necessarily diffeomorphic to a sphere when ¢ < 3.

1. INTRODUCTION

Sphere theorems in positive Ricci curvature are now a classical matter of study. The
canonical sphere (S", can) is the only manifold with Ric > n—1 which is extremal for
the volume, the radius, the first non zero eigenvalue \; on functions or the diameter.
Moreover, it was proved in [, [], ] that manifolds with Ric > n—1 and volume close to
Vol (S, can) are diffeomorphic and Gromov-Hausdorff close to the sphere. This stability
result was extended in [[4), [}, where it is proved that manifolds with Ric > n — 1 have
almost extremal volume if and only if they have almost extremal radius, if and only if
they have almost extremal \,. Almost extremal diameter and almost extremal \; are
also equivalent when Ric > n—1 ([0, [[]]), but, as shown in [B, [3], it does not force the
manifold to be diffeomorphic nor Gromov-Hausdorff close to (S", can). In this paper, we
study the stability of three optimal geometric inequalities involving the mean curvature of
Euclidean hypersurfaces, and whose equality case characterizes the Euclidean spheres (see
Inequalities ([L.1]), (L.2) and below). More precisely we study the metric and spectral
properties of the hypersurfaces which almost realize the equality case. It completes the
results of [g, [L4].

Let X : (M", g) — R™! be a closed, connected, isometrically immersed n-manifold
(n > 2). The first geometric inequality we are interested in is the following

(1.1) HH [l2[|X = Xl2 > 1

where X 1= o / Xdv, Vol M is the volume of (M",g), H is the mean curvature of

M
the immersion X and || - ||, is the renormalized LP-norm on C°°(M) defined by || f|[} =

Vo / | f|Pdv. Equality holds in ([L.]) if and only if X (M) is a sphere of radius m and
M

center X (see section f). From ([ZT)) we easily infer the Hasanis-Koutroufiotis inequality
on extrinsic radius (i.e. the least radius of the balls of R™™! which contains X (M))

(1.2) [ H[[2Rezt > 1
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whose equality case also characterizes the sphere of radius and center X. The last

1
(D
inequality is the well-known Reilly inequality

(1.3) A<l HJ2

Here also, the extremal hypersurfaces are the spheres of radius =4/ Letp>2

1
1112
and € € (0,1) be some reals. We will say that M is almost extremal for Inequality ([[])
when it satisfies the pinching

(Fye) e A

We will say that M is almost extremal for Inequality ([[.9) when it satisfies the pinching
(Rpe) [HlpRext < 1+

We will say that M is almost extremal for Inequality ([[.3) when it satisfies the pinching
(Apc) (L+e)h = nllH|;

Remark 1.1. It derives easily from the proof, given in section B, of the three above
geometric inequalities that Pinching (R, ) or Pinching (A,.) imply Pinching (P,.). For
that reason, Theorems [[.3, [[7, [[_.13 below are stated for hypersuraces satisfying Pinching
(P,:) but are obviously valid for Pinching (R, .) or Pinching (A,.).

Our first result is that, when ||H]||, is bounded, almost extremal manifolds for one of
the three Inequalities ([L.T]), (L.2) or ([.3) are Hausdorff close to an Euclidean sphere of

radius TET H” and have almost constant mean curvature.

Theorem 1.2. Let ¢ > n, p > 2 and A > 0 be some reals. There exist some po-
sitwe functions C = C(p,q,n,A) and o = «a(q,n) such that if M satisfies (P,.) and
Vol M||H ||} < A, then we have

1 _ 1
1 []2 Nloo ™ [

and there ezists a positive function C = C(p,q,r,n, A) so that

(1.4) H}X ~X| - e,

a(g—r)
(15) lVH = 1H ]|, < C5D |l for anyr € [1,q).

We assume moreover that ¢ > max(4,n). For any r > 0 and n > 0, there exists
g0 = ¢eo(p,q,n, A,mym) >0 such that if M satisfies (P,.) (fore < ep) and VolMHHH" <A

then for any x € S = X + W S", we have

’Vol (B(=, ;) N X(M)) - Vol (B(z, )ms)’ 77vol (B(=, t77;) N S)
Vol M Vol S h Vol S
where B(x,r) is the Euclidean ball with center x and radius r.

(1.6)

Theorem [[.7 generalizes and improves the main results of [{] and [If], where only the
pinchings (R,.) and (A,.) for p > 4 and ¢ = oo were considered. The control on the
mean curvature (Inequality ([.F)) and Inequality ([.6]) are new, even under a L* bound
on the mean curvature. Note that ([[.f]) says not only that M goes near any point of the
sphere S (as was proven in [fl, [@]) but also that the density of M near each point of S
is close to Vol M /Vol S.
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Remark 1.3. From Inequalities ([.4) and ([.6) we infer that almost extremal hypersur-
faces for one of the three geometric inequalities ([[.1), (T.3) or (I.3) converge in Hausdorff
distance to a metric sphere of R""t. As shown in Theorem [[.9, we cannot improve this
result to Gromov-Hausdorff convergence.

Remark 1.4. By Theorem [1.4, when Vol M||H||? < A (q > n), Pinching (P,.) implies
Pinching (R,) for a constant €' = €'(¢|A,p,q,n). In other words, Pinchings (P,.)
and (R,.) are equivalent (in bounded mean curvature) and are both implied by Pinching
(Ape). However, we will see in Theorem [I.9 that Pinching (P,.) (or (R,.)) does not
imply Pinching (A,c).

Remark 1.5. The constant C(p, q,n, A) tends to oo when p — 2 or ¢ — n, but the same
result can be proved with Vol M||H||} < A replaced by Vol M ||H — || H||2||;; < A(n), where
A(n) is a universal constant depending only on the dimension n.

Inequality [[.4 follows from the following new pinching result on momenta.

Theorem 1.6. Let g > n be a real. There ezists a constant C' = C(q,n) such that for
any isometrically immersed hypersurface M of R"* we have

X — 7||1> ey

sup|| X = X|—|IX = X —
Mp‘ | H ”2 ||X—X||2

< C(Vol M| H|J7) ™ X = X (1 -

where v = Q(jfn) )

In particular, this gives

1X = Xl < C(VoI M| H|l7) "= | X = X[

Our next result shows that almost extremal hypersurfaces must satisfy strong spectral

constraints. We denote 0 = g < p1 < --- < p; < --- the eigenvalues of the canonical
sphere S™, m; the multiplicity of y; and o} = Z m; (note that we have o}, = O(n*) and
0<i<k

my = O(n¥)). We also denote 0 = \g(M) < \j(M) < --- < \(M) < -+ the eigenvalues
of M counted with multiplicities.

Theorem 1.7. Let ¢ > max(n,4), p > 2 and A > 0 be some reals. There exist some
positive functions C' = C(p,q,n,A) and o = a(q,n) such that if M satisfies (P,.) and
Vol M||H |7 < A then for any k such that 20,C* < e~, the interval
[(1 = ey/mC) | H 3k, (1 + ey /muCF) || H |38
contains at least my, eigenvalues of M counted with multiplicities.
Moreover, the previous intervals are disjoints and we get

(M) < (1+e*ymCF) || H| 3N (S™) for any i < o — 1,
and if Ay, (M) = (1 + % /mxC*) || H||3ps, then
‘)\Z(M) — HHH%)\Z(S”)} < 5a\/m_kaHHH§>\i(S") for any i < op — 1.
Remark 1.8. In the particular case of extremal hypersurfaces for Pinching (A, ), The-
orem implies that
Pl

T SN < (M) < (L4 C)e)n | H 3
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and so we must have the n + 1-first eigenvalues close to each other. Compare to positive
Ricci curvature where A\, close to n implies \,.1 close to n, but we can have only k
eigenvalues close ton for any k <n —1 (see []).

Note that Theorem [[.7] does not say that the spectrum of almost extremal hypersurfaces
for Inequality ([[.]]) is close to the spectrum of an Euclidean sphere, but only that the
spectrum of the sphere S = X + m - S™ asymptotically appears in the spectrum of M.
Our next two results show that this inclusion is strict in general (we have normalized the
mean curvature by ||H||; = 1 for sake of simplicity).

Theorem 1.9. For any integers [, p there exists sequence of embedded hypersurfaces (M)
of R™Y diffeomorphic to p spheres S™ glued by connected sum along | points, such that
1H ]l < C(n), 1B;ll, < Clam) for g <n, |[|1X;] = 1|, — 0, [[[H;| = 1]}, = 0. and for
any o € N we have

)\U(Mj) — )\E(%)<Sn),

where E(x) denotes the integral part of x. In particular, the M; have at least p eigenvalues
close to 0 whereas its extrinsic radius is close to 1.

Theorem 1.10. For any p € N*, there exists sequence of immersed hypersurfaces (M;) of
R diffeomorphic to 2 spheres S™ glued by connected sum along 1 great subsphere S"~2,
such that ||Hy|l, < C(n), |Byll, < Cla,n) forq <2, |[IX,|= 1] =0, ||, ~1]|, =0,
and for any o € N we have

Ao (M) = Az (S™),

where E(x) denotes the integral part of x and S™? is the sphere S* endowed with a singular
metric, which is the pulled-back of the canonical metric of S™ by the map 7 : (y,z,7) €
Stx S 2x[0, 2] — (y%, 2, 7) € S'xS"2x [0, Z], where S' x S"2 x [0, 2] is identified with
S* € R? x R™™! wvia the map ®(y, z,r) = ((sinr)y, (cosr)z). Note that S™* has infinitely

many eigenvalues that are not eigenvalues of S™.

Remark 1.11. Theorem [[.9 shows that Pinching (A, ) is not implied by Pinching (P,.)
nor Pinching (R, ), even under Li-upper bound on the second fundamental form B (q <
Remark 1.12. [t also shows that almost extremal manifolds are not necessarily Gromov-
Hausdorff close or diffeomorphic to a sphere. We actually prove is that the (M;) can be
constructed by gluing spheres along great subspheres S* with k; < k < n — 2 and with
|Bjllg < C(g,n) for any ¢ <n —k (see the last section of this article).

In [H] and [[Lf] it has been proved that when the L°-norm of the second fundamental
form is bounded above, then almost extremal hypersurfaces are Lipschitz close to a sphere
S of radius m (which implies closeness of the spectra). In view of Theorem [[.9, we can
wonder what stands when || B||, is bounded with ¢ > n. Our last result give a partial

answer (the case ¢ = n remains open).

Theorem 1.13. Let ¢ > n, p > 2 and A > 0 be some reals. There exist some po-
sitwe functions C = C(p,q,n,A) and o = «a(q,n) such that if M satisfies (P,.) and
Vol M|| B[y < A, then the application

| H |2
1 X,
Hl2 | Xzl

F : M — L_gn
r +——



is well defined and satisfies ||dF(u)|* — |ul?| < Ce®|u|? for any vector u € TM.

The structure of the paper is as follows: after preliminaries on the geometric inequalities
for hypersurfaces in Section J}, we prove in Section fJ a general bound on extrinsic radius
that depends on integral norms of the mean curvature (see Theorem [.6]). We prove
Inequality ([.4) in Section f] and Inequality ([[.3) in Section []. Theorem [.13 is proven
in Section . Section [ is devoted to estimates on the trace on hypersurfaces of the
homogeneous, harmonic polynomials of R""!. These estimates are used in Section f to
prove Theorem [[.7] and in section f] to prove Inequality ([.6). We end the paper in section
by the constructions of Theorem [[.9.

Throughout the paper we adopt the notation that C(p,q,n,A) is function greater
than 1 which depends on p, g, n, A. These functions will always be of the form C' =
D(p,q,n)AP@™) But it eases the exposition to disregard the explicit nature of these
functions. The convenience of this notation is that even though C' might change from
line to line in a calculation it still maintains these basic features.

2. PRELIMINARIES

Let X : (M™, g) — R™! be a closed, connected, isometrically immersed n-manifold
(n > 2). If v denotes a local normal vector field of M in R™! the second funda-
mental form of (M",g) associated to v is B(-,-)=(V, ) and the mean curvature is

=(1/n)tr (B), where V? and (-,-) are the Euclidean connection and inner product on
R+,

Any function F on R"*! gives rise to a function FoX on M which, for more convenience,
will be also denoted F' subsequently. An easy computation gives the formula

(2.1) AF =nHdF(v) + A°F + VdF(v,v),

where A denotes the Laplace-Beltrami operator of (M, g) and A is the Laplace-Beltrami
operator of R"™!. Applied to F'(z) = z; or F(z) = (z, x), Formula R.1 gives the following
(2.2) AX; =nHuy, (AX,X)=nH(v,X)

1
(2.3) §A|X\2 =nH (v, X) —n, / H(v, X)dv = Vol M
M

These formulas are fundamental to control the geometry of hypersurfaces by their mean
curvature.

2.1. A rough bound on geometry. The integrated Hsiung formula (R.3) and the
Cauchy-Schwarz inequality give the following

H(v, X)dv — .
2.4 HUZI 1 < H ]| X - X, = A inf X~ ull

This mequahty |H||2||X — X||2 > 1 is optimal since M satisfies

112 HX—XH2=1
if and only if M is a sphere of radius BT H” and center X. Indeed, in this case X — X and
v are everywhere colinear, hence the differential of the function | X :X |2 is zero on M.
Equality (B-3) then implies that H is constant on M equal to | X — X|7!.
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2.2. Hasanis-Koutroufiotis inequality on extrinsic radius. We set R the extrinsic
Radius of M, i.e. the least radius of the balls of R"*! which contain M. Then Inequality

(B4) gives
[ H|2Rezt = ||H||2]| X — X||2—||H||z mf X =2

(2.5) [ Hl[2Rext =

and when Res = g, we have equality in (R.4), i.e. M is a sphere of radius T H”

2.3. Reilly inequality on \;. We translate M so that X = 0. By the min-max principle
and Equality (R.2), we have

EHXHQ [ (X, AX)dv Hdev_ HVXd’U
n 2 S nVol M VolM CVolM

where \; is the first nonzero eigenvalue of M. Combined with Inequality (@), we get
the Reilly inequality

(2.6) A1 <

n
H?dv.
VolM/M !

Here also, equality in the Reilly inequality gives equality in B.4 and so it characterizes
= [[Xll2 = /5%

the sphere of radius -

||H||

3. UPPER BOUND ON THE EXTRINSIC RADIUS

In this section we prove Theorem [L.6.

Proof. We translate M such that X = 0. We set ¢ = ||X]| — || X|2|. We have |dp**| <
200**~ 1 hence, using the Sobolev inequality (see [[2])

1
(3.1) £l 2 < K(n)(Vol M)« (|ldf |1 + [ H f]]1)
we get for any a > 1
lollZe. < K (n)(Vol M)» (2allel5a"1 + [ He™ 1)
1 (6%
< K(n)(Vol M)« (2alell3a71 + [[H]lqll ] zaq)

< K(n)(Vol M)~ (20z||90||2<§; 11>q +1H [lgllllo oIl 111)q)

< K(n)(Vol M)« (20 + [ H|[[¢lloo) 10| ?S‘a 1

q—1
We set v = ?(qf)l) and o = apq2;q1 + 3, where apy1 = va, + 25 and ay = % (i.e.
a, = apV? + = v —-). The previous inequality gives
ap+1 a M + 1 n ap
(B a5y
()0 o0 oo SO oo



Since ¢ > n then v > 1 and <2 converges to ag + —"n and we have

1<(”M“ﬁ2ficuanVMA@%a(

1

)

[ 1 elloo
<||::ZHOO) @“)( VolM)%(”;HOO +||H||q))”yl
_C@)QME)QWM@NHhOHmMD%%
) C<q’”)(|:|w|:|oo)2(qq—n(<V°1M> (g 1 )

hence we have

llloo < C'(qm)((\/olM)%(%

1lloo

2( n)
+1H1) ) liell
T
We set v = gt I ol > [|H g 7 lell;T then we get the result since we have

1 Y Y K
il < Cla,m)((Vol MY (IHF” el + [1E1) ) Il
< g m) (VoI M)~ 1) (X5 + 161 ) el

where we have used that || H||,|| X2 > 1. We mfer the result from the equality ||¢|l2 =

1/2
V2| X2 (1 - ”ﬁ”;) 2o lelloo < 1H|lg B ||g0||1+”, we get immediately the desired in-
equality of the Theorem from the above expression of ||¢||2 and the fact that || H||,|| X ||z >

1. UJ

4. PROOF OF INEQUALITY ([[4)

Let M be an isometrically immersed hypersurface of R"*1. We can, up to transla-
tion, assume that [,, Xdv = 0. By the Holder inequality and Pinching (P,.), we have

1—2 2
[H I X2 < (U +e) < A+ )[HpI X 2; < A+ )[HLI X "[[ X3, hence

1— ”XHI ((1+ ) 72 _1) 2%{_:

X102 p—2
On the other hand applying Inequality (B.1) to f =1 we get

(4.1) 1 < K(n)(Vol M)« ||H|

And combining the two above inequalities with Theorem @ and 1 < [|[H]2| X2 < 1+¢

p7 q7 )A /n a(q7n)
T < e

Remark 4.1. Combining (1)) with Inequality ([4) we get
(4.2) | X oo < C(p,q,n)AV/"(VolM)l/"

we get (T4). More precisely we have ||| X| —
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Lemma 4.2. For any 0 < ¢ < 1 if (P,.) is satisfied, then there exist some positive
functions C(p,q,n), a(q,n) and $(q,n) so that the vector field Z = v — HX satisfies

(4.3) 1Z]|, < C(p,q,n)(1+ A)’e B for any r € [2,q).

Proof. By the Holder inequality we have for any r € [2,q)

53, 7155 =
121, < 121121557 < @+ xS 1205

2(g—1)

< (L4 X ool Hllg) == 1 2115
By remark [.1], we have | H||,||X||o < C(p,q,n)AT. Then

2(g—r)

12]l- < Cp, g, )ABHZII“‘Z 2

Moreover by integrating the Hsiung-Minkowsky formula (B.3) we have
1218 = 1= g7 | H (0 X)do |HXI < —1+ HIBIX
which, by Inequality ([4), gives ||Z||% < C(p, q,n) AP@mgalan), O

5. PROOF OF INEQuUALITY ([L.F)
v Sy H(X, v)ydv < ||H| H(X V)2, Inequality (P,.) gives us
[ X[z < (14 2) KX, v) 2, < [Hl2f Xl < T+e,

Since we have 1 =

and so

Hv _
X — (X, v)v]l, < V3| X, | X — Wllz = \/||X||§ —|H|[3? < V3e || X],.
2

By Inequalities ([[.4), this gives
[H? = | HIB], < |5 = [XPIHR]|, + [IXPIE ] = =]

H? 1
= Jl13( —IXP, o+ ||X]2 - )
M (e = P+ P = el

IS+ X~ e, + S (ks )

1
< (VIR ol o+ X ) + €AY men )
’ 1113 1113
< Cane | H]:
Hence we have |[[|H| — ||H||2H1 % < CAY/"e®||H||;. Moreover we have

H|H| - ||H||2Hq < 2/[H||g € 2K(n)||H|2 (VolM)EHHHq. Hence by the Holder inequality,
for any r € [1,q) we have

g-r a(r=1)
1220 = 0|, < (1= 1)) 5 (2= )

a(g—r)
< C(p, q,r, n) AP@rmera || H |y



6. PROOF OF THE THEOREM

Let u € TM be a unit vector and put ¢ = | X | where X T is the tangential projection
of X on T'M. For € small enough we have from ([.4) | X| > and then the application

F' is well defined. We have dF(u) =

2IIHII

u— <|XX"1§>X) (see [H]), hence for any a > 1

1
it
R
[ X[* LA

Ce* 113

< +
(XPIHNE - IH3IX]

1 (u, X)°
IH[3 |X]|*

(6.1) ldFa(u)|* = 1] <

Now an easy computation using [.4 shows that |dy| < |(X,v)B — g] < ”C;”ﬁ |B| +

n. Now using the Sobolev inequality B-1] and the fact that v, < (Vol M)Y"||H||,» <
(Vol M)V H||, < (Vol M)Y™||B||, < AY™ (see [LT]), we have

n CA
1% < K (n)(Vol M) (2 —HBHq+2an+HHH IWHOO)WHQQQ Dg

I =
< K(n) (20047 (Vol M)Y™ + AV [[4]| ) [[0] 2& g
And similarly to the proof of the theorem [[.§ we obtain
(Vol M)Y/nC AP "
[¥llee < Clg,n)( T + AV ]l
And using the fact that ||| H|l2 < || X||col[H]|l2 < 1+ C and A > 7, we get |[¢|loo <
PY .

112
I < CAP s
1H1]5
Now since [[1]]s = | X — (X, ) V|2 < v3¢| X2 and ||H|j2|| X]l2 < 1 + & we deduce
that ||w||OO < €A% calam) - And reporting this in (6-)) and using ([4) with the fact that

15|
1X| > we get ||dF, (u)|? — 1| < CAPa(em),

2IIHII

7. HOMOGENEOUS, HARMONIC POLYNOMIALS OF DEGREE k

Let H*(R™*1) be the space of homogeneous, harmonic polynomials of degree k on R™"*1,
Note that H*(R"*1) induces on S" the spaces of eigenfunctions of AS" associated to the

n+k—1\n+2k—-1
k ) wrho e |
On the space H*(R"*1), we define the following inner product

1
P n o= PQd can
(P Qs = 51 /S (edv

where dv.,, denotes the element volume of the sphere with its standard metric. On the
other hand the inner product on M will be defined by

eigenvalues pi := k(n+k — 1) with multiplicity my := (

_ [ fgdv o
(fag)_ MVOIM fOI'f,gGC (M)
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In this section we give some estimates on harmonic homogeneous polynomials needed
subsequently. We set (Pj,---, P, ) an arbitrary orthonormal basis of H*(R"1). Re-
mind that for any P € H*(R"!) and any Y € R""!, we have dP(X) = kP(X) and
VU%P(X,Y) = (k—1)dP(Y).

my,
Lemma 7.1. For any x € R"™, we have ZPf(:c) = my|z|?*.
i=1

Proof. For any z € S", Q,(P) = P?(z) is a quadratic form on H*(R""!) whose trace is
given by > P?(z). Since for any 2/ € S" and any O € O, such that 2’ = Oz we
have Q./(P) = Q.(P o O) and since P — P o O is an isometry of H*(R""!), we have

S P2r) = tr (Q,) = Y PE’) = tr(Qy). Now

ZVOIS" | Br@)do = my = VolS"/ <ZZP2 )

and so Y™ P?(z) = my. We conclude by homogeneity of the P;. O

As an immediate consequence, we have the following lemma.

Lemma 7.2. For any x,u € R"™, we have
my,
2 _ _
> (dPrlw)” = mu (ERalPE D uf? + (k2 = B2 ()2 2072
i=1
Proof. Let x € S™ and u € S™ so that (u,z) = 0. Once again the quadratic forms

Qzu(P) = (de(u))2 are conjugate (since O,,;1 acts transitively on orthonormal couples)
my

and so z:(alggpi(u))2 does not depend on u € z* nor on z € S*. By choosing an
i=1
orthonormal basis (u;)1<;<, of %, we obtain that

mg

2 I ¢~ v 2 1 < S" p |2
> (@Pw)" == 3N (dPw) = —— /Zw Pl

i=1 i=1 j=1

1 o n M
- PAS" P, =
nVol S® /Sn ; n

Now suppose that u € R*™. Then u = v + (u, z)x, where v = u — (u, z)x, and we have

mp mg

‘Z(dei(u))2 = Z(deZ-(v) + k‘(u,x)Pi(a:))Q

- Z(dei(v))Q + 2k(u, x) Z dp Pi(v) Py(x) + my{u, x)%k?

i=1 i=1

= %MQ + my{u, 2)*k* = my, <%|u|2 + <k2 — &) (u,:c}Q) ,
n n n

my

where we derived the equality in Lemma [/ to make dePi(v)Pi(x) disappear. We
i=1

conclude by homogeneity of P;. O
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my
Lemma 7.3. For any x € R™™ | we have Z|VOdPZ~(:E)|2 = My 1|7 |>*Y, where ay, ) =
i=1

(k — 1)(k* + px)(n + 2k — 3) < C(n)kt.
Proof. The Bochner equality gives

mg mg

1
> vhan ) = 3 (@an.ar) - a0l

i=1 i=1
1 _ _
— _§mk(k2 4 /,Lk)AO‘XPk 2 — mk&n,k|X‘2k 4
]

Let HE(M) = {Po X , P € HF¥(R")} be the space of functions induced on M by
HE(R™1). We will identify P and P o X subsequently. There is no ambiguity since we
have

Lemma 7.4. Let M™ be a compact manifold immersed by X in R"™ and let (P, ..., Py)
be a linearly independent set of homogeneous polynoms of degree k on R"*L. Then the
set (Pyo X, ..., P, oX) is also linearly independent.

Proof. Any homogeneous polynomial P which is zero on M is zero on the cone RT-M.
Since M is compact there exists a point x € M so that X, ¢ T, M and so R*-M has non

empty interior. Hence P o X = 0 implies P = 0. O
Formula (2.7)) implies
(7.1) AP = ju,H*P + (n + 2k — 2)HdP(Z) + V°dP(Z, Z)
In order to estimate AP, we define two linear maps
V}: . Hk(RnJrl) — Coo(M)
P —— dP(V)
and
(V, W) : HF (R —  C=(M)
P — V%P(V,W)

where V,W € I'(M) are vector fields.
If L: HE(R"™1) — C(M) is a linear map, we set

mg
LI =D ILR)3,
=1

where (Py,- -+, Py,) is an orthonormal basis of (H*(R™™), || . ||s.).
Remark 7.5. For any P € H*(R™), we have |L(P)|2 < |IL ||I* || P2
We now give some estimates on 25, (HZ); and (Z, Z);.

Lemma 7.6. We have
mkk‘z

Vol M J,,

(7.2) lZEN* < X PED|Z P dv
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myk’ 2(k—1) 772 7|2
(73) ICHZ)LI? < / X 20 B2 Z 2

Vol M

MmEQg pn _
4 VAAN 2< ) X2(k2)z4
(7.4 2,207 < S | 1XPED)zpa

Proof. Let (Py,--- , Py, ) be an orthonormal basis of H*(R"*1). By Lemma .2 we have

myk? 2(k—1)| 7|2
IZ:l* = E 1dP(Z)|5 < / | X]| |Z|"dv
F 2= Vol M [y,

and

mkk _
Il Z);1? = ZHHdP < g | PRz

By Lemma [.3, we have

2, 2)%||1? VOdP(Z, Z)|2 < Tkkn / X[2-2)| 7)1
Iz 23l ZH g < Sae | Xpez

which ends the proof. O

Lemma 7.7. Let ¢ > n and A > 0 be some reals. There exist a constants C = C(q,n) and
B(q,n) such that for any isometrically immersed hypersurface M of R™™ which satisfies
Vol M||H |7 < A and any P € H*(M), we have

)IIHIIS’“IIPH% ~||Pllga| < Dan(CA%)* || Pg.

where D = || H2 — |[H|3|| IX1I% + | HZ|,| X | + |1 213 + || 2]
Proof. For any P € H*(M) we have
IVOP|5 = [[dP (W)l + [|dP]l3

= |[dP(2)|5+ K*||HP||3 + ——— (2k:HdP(Z)P+PAP)dv

Vol M
and from ([.1]) we get

IVOP||3 =[|dP(2)]|5 + < (PVOdP(Z, Z)+ (n+4k —2)HdP(Z)P)dv

1
Vol M
+ (pn, + K| HP|3

:V;M /M((Mk + k) (H® — |H|3) P* + (n+ 4k — 2)HdP(Z)P)dv

+

PVP(Z,Z M HIZIPIZ P22
VolM/M VUP(Z, Z)dv + (ux + k) H5]1P5 + | dP(2)]5

Now we have

(7.5) IVOP|2, = ||V Pl + K2 I1Pl13n = (s + K2) || P)|2



13

Hence
IH|32V°P|)3 — HVOPHSn = (ur + K (1HIZFIPIS = 1Pll2) + 1H 32 1dP(2)]13

H 2k—2
REL L - 1211, P((uk + k) (H? = ||H||3) P + H(n+ 4k — 2)dP(Z) + V°dP(Z, Z))dv
VolM /i,
Which gives
(7.6)
1 _ 2
)HHII%’“HPII%— 1Pllsn| < PR IH (32 IVOP3 = [[VOP||.

2k—2
%((H% = 2)[(HZ):P, P)| + |1 Z(P) I3+ |((Z, 2);P, P)|)
2k—2
oty 1 = P

Note that, by Lemma [.1] and Remark [(.5, we have

—_— H2— H 2P2d gig H2— H 2 E P2d
‘7017‘{/ } ” H2} v Vol M M’ H ”2’ p i U

Pz,
_ mk‘” ”S / ‘HQ_ HH”gHXPkdU
VolM [y,
< || XN H? = [1H 3] 1P l50

which, combined with ([7-§), gives

1 2

H2kp2—P2n< H2k72v0P2_ VOP

IH[3*|PII; = 1Pl R IH[2IVOP3 — || V0P|,

+ mlc||H||§k*2||X||2k||H2 — [|H |31l || Pll3

> ((n+4k =2) (| (HZ)i 1PNl + 125 17 11 Pllse + (2, Z)% [ 1Pl
.+ k

Now, as above, we have
(7.7 1L < | |3 IPIE 1P < \/V tr [ X,

and from Lemma [[.0, we get

115" 1P lge
. + k2

((n+4/€ 2) N HZ) P2+ N Z 1P 1Pllse + (2, 205 P2 )

< C)mu([Hl2 X lloe)* (I X e 1 H Z 12 + 1213 + 1 ZID 1 P13

and

HIZIPIZ = 1P <

B2V Pl — [ VPI5,

~X +k2

+ (X |l H o)

mpC(n)D || Pllg,



with
D= (|2 = I3 X1 + [|H 2,0 X e + 1213 + |12][;)
In particular for k = 1, we have |V°P| constant and so

31 P13 — 1Pll5.| < miC(n)D|[P]lg,

Let By = sup{‘”H”%k||||1;||||%2_”P”§"I | P e HFR)\ {O}} Then using that VP €
Sn
HEL(R™Y) and (73), we get for 1 <i <k
%2y
By < By + mu (| X[l H]l2) ™" C(n) D < C(n) Doy (|| X ||| H |2)

We conclude using Theorem [[.§. O

2k—1

8. PROOF OF THEOREM [L.7]

Under the assumption of Theorem [[.7 we can use Lemma [L.3, Theorem [[.§ and In-
equality ([.4) to improve the estimate in Lemma [I.7.

Lemma 8.1. Let ¢ > max(4,n), p > 2 and A > 0 be some reals. There exist some
constants C = C(p,q,n), a = a(q,n) and B = [(q,n) such that for any isometrically
immersed hypersurface M of R™™ satisfying (P,.) and Vol M||H|? < A, and for any
P e HK(M), we have

’HHII%’“IIPII% —[[Pllsa| < e%0u(CA”)* || P, .

This allows to prove the following estimate on AP.
Lemma 8.2. Let k be an integer such that %o, (CAP)* < 5 and P € H*(M), we have
[AP =yl H[5P|, < v/ (CA%) e H |51 Pl
Proof. From Formula ([[-1]), we have
IAP — pi | HI5Pl2 < pn(H? = [[H|3)Plla + (n + 2k = 2)|HAP(Z) || + [ V°dP(Z, Z) |2

If £%03,(CAP)?F < 1 we deduce from Lemma B that ||P||2, < 2|/H|3*||P||3. And using
Lemma [(.]] and Inequality ([.4), we have

mk 2 2 2121 v |2k
| (H? — | H|2P|3 < ZE25 )1 Py n/ |H* — [[H |37 X[*dv
2p2my, 2k a
< SEEEIPIEHINX )™ [ (12 = I3 do < (CAPPreyim | ISP

where the last inequality comes from Inequality [[.J and the Holder Inequality. By tech-
nical Lemma of Section [f, we have

. myk? _
IHAP(Z)|l5 < [Pl Il (HZ);|I? < || P2 X )|2% 2/MH2\Z\2dU

S" Vol M
< e (CA KP*my || H |3 Pl
IVYdP(Z, 2)|15 < |(Z, Z);, HI2 1P[|3n < muu || X224 2] 31| P13

< (CAP ) e mpa | H |1 P
which gives the result. 0
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Let v > 0 and E} be the space spanned by the eigenfunctions of M associated to an
eigenvalue in the interval [(1 — &®/mpC* — V)| H |3, (1 + e®/muC* + v) | H |34 ] . If
dim EY < my, then there exists P € H*(M) \ {0} which is L?-orthogonal to EY. Let
P = Z fi be the decomposition of P in the Hilbert basis given by the eigenfunctions f;

of M associated respectively to ;. Putting N :={i | f; ¢ E}}, by assumption on P we
have

2
(C*Vmie® + )’ | H sz | PIIE < Y (N = 1H3m) 11£:113 = 1AP — | H|[5P) 3

1EN

< i C% || H ||| P2
which gives a contradiction. We then have dim E} > mj. We get the result by letting v
tends to 0.

9. PROOF OF INEQUALITY [L.G]

We can assume 1 < 1 and ||H||2 = 1 by a homogeneity argument. Let x € S" and set
V"(s) = Vol (B(z,s) NS"). Let 8 > 0 small enough so that (1 +n/2)V"((1+28)r) <
(L+n)V"(r) and (1 —n/2)V"((1 —28)r) > (1 —n)V"(r). Let fi : S" — [0,1] (resp.
fo : S" = [0,1]) be a smooth function such that f; = 1 on B(z, (1 + 8)r) NS™ (resp.
fo=1on B(z,(1—28)r) NS") and f; = 0 outside B( (1+28)r) NS™ (resp. fo =0
outside B(z, (1—)r) NS™). There exists a family (P{)y<y such that P} € H¥(R"™) and
A= supsu [ fi — Yen Pi| < B/ 18. We extend f; to R™1\ {0} by £(X) = ().

Then we have
1
‘Hle2 VOIS" Ln‘fl

<L+L+13

where
_ 2 —k
hi= g [ (68 = CE X142
k<N
Bl | (32 1XI4R) s = 3 1P,
k<N
and

o= [ (S 70 - )]

S

On §" we have |f2 — (S, P)?| < A(2sups. |fi] + A) < [[£i}2.9/6 and on M we have

- (XA =75 - (2 i =) | < 1nlars

Hence I} + I3 < ||fz||§nn/3 Now

k<N

PP},
/M Z |k—l:k’

1<k7élc’<N

VlM
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1 1 A
< —|H 2k Pt 2d
it J, 2o e V| (o
1 1 k+K | | pi pi
+ W/M Z X[ [HI[3™ | | PPyl dv
1<k£k'SN
i i|2 ”HHHM i pi
F O IR~ I+ > S| AR
k<N 1<kAR/ <N
From ([4) we have W — ||H||]2“+k/’ < NCNe®|H||5**. From this and Lemma B,
we have
2N o 2k || pi||2 o 2k || pi||2 ||H||]§+kl i pi
L < N°CVe Y HIFIPLS + ) o [P+ Nolif MPkPk,dv

k<N k<N 1<k <N

and, by Lemma .7, we have

2 — o i i _ 2, P,
L[5 uk)/ P];P]z,dv} </ |[Pe(AP — | H 5w Pl
M M

Vol M Vol M
[ AR I,
M VOIM

< N Pellaf| APy — L H 5 Pl + 1 Pl | AP = H |50 P
< 2y/mypn OV e || H |51 P 12| P2

under the condition oy C?" < . Since p — i = n when k # K/, we have

1 i pi 2 « 7 %
‘VOIM/MP’“P’“'dU‘ < ﬁVmN“NCN‘E | P [l2] Pell2

hence
I < N2CVer 3T HIF|BE + 2 > o B,
k<N k<N

2 o "N pi i
+ —y/mnpnCle > IHIE PP

1<k#k'<N

< Dne® S HIZI R+ Y o || B2
k<N k<N
< o Z(DN<1 + EOCO'kCQk) + O'kCQIC) HP;H;L < D;V&'a
k<N

Where we have used the fact that H Z P,ngn is bounded by a constant. We infer that if
k<N

vr(a—28)rn Il fill2nm
6D VolS* X 6D

e* < , then we have

1
. 2_7 '2 < ) 2n
U1~ g [ R < a2



17

Note that N depends on r and § but not on z since O(n + 1) acts transitively on S".

Eventually, by assumption on f; and f, and by estimate ([.4), we have

Vol (B(z, (1+ pB)r — Ce*) N X(M))
Vol M

<A < @ +n/2)1 A3

V(L +28)r)
Vol S»

> |1 fall3 = (1 =n/2)| f2l3

> (1— n/2)vn((\}01—giﬁ)r) > (1= 1)+

< (1 +n/2)

Vol (B(z, (1 = B)r + Ce*) N X(M))
Vol M

And by choosing £* = min (%, %M) we get
N
Vol (B(z,r) N X(M)) V"(r) Vv (r)
Vol M volst| = Vol sn

10. SOME EXAMPLES
We set I. = [g,

1. and smooth on

for e > 0 and let ¢ : I, — (—1,+00) be a function continuous on

3]
(e,5]. For any 1 <k <n — 1, we consider the map

(I)SO . Snfk X Skfl X Ie — RnJrl — Rnfk%l @Rk

=(y,z,7) — (1+ go('r))((sin'r’)y + (cos r)z)

which is an embedding onto a manifold X, C R"™'. We denote respectively by B(y) and
H(p) the second fundamental form and the mean curvature of X,. We have

Lemma 10.1. Let x = (y,2,7) € S"* x S*1 x I, ¢ = ®,(x) and (u,v,h) € T, X..
Then we have

nHy(9) = (¢ + (1+9)) 7 |=(1+ ()¢ (r) + (1+ 9(r) + 26°(7)]

(o2 + (1t )"
1+ p(r)

[—(n — kK)o (r)cotr + (n—1)(1+¢(r)) + (k— 1) (r) tanr}

By(s)] =
L R
1+

o 172
(1+ (11&(7)"))2) /

() = (A + )"
T (T e })

Proof. Let (u,v,h) € T,,S. and put w = d(®P,),(u,v, h) € T, X, where S. = S"7*F x S¥~1 x
I.. An easy computation shows that

w = (1+ () ((sinr)u + (cosT)v)
(10.1) +¢'(r)((sinr)y + (cosr)2)h + (1 + ¢(r))((cosr)y — (sinr)z)h
We set

N, = —¢'(r)((cos )y — (sinr)z) + (1 + @(r))((sinr)y + (cosr)2)



18 E. AUBRY, J.-F. GROSJEAN, J. ROTH

N,
and N, = d is a unit normal vector field on X,. Then we have
q ( 2 (1 )2)1/2 o
=+ 1+
—1/2 ~
By(¢)(w,w) = (Vo,N,w) = (o + (1+¢)°) (VLN w)

n+1

(102) = (@24 1+ 9)?) (3 w9, w)
i=1

where (0;)1<i<ns+1 is the canonical basis of R"1. A straightforward computation shows
that
n+1

Z w(NH; = — ' (r)((cosT)u — (sinr)v) + (14 @(r))((sinr)u + (cosr)v)

. — " (r)((cosr)y — (sinr)z)h + 2¢'(r)((sinr)y + (cosr)z)h
+ (14 ¢(r))((cosr)y — (sinr)z)h
Reporting this in ([[0.2) and using ([[0.1]) we get

1 / : 2 112
Byl (0,0, ). (1,0, ) = s [ = () (1 (0) s cosr(uf? o)

+(1+ @(r))?(sin® rlul® + cos? r|v|*) = (1 + @(r))¢" (r)h* + 20%(r)h* + (1 + ¢(r))*h?

Now let (u;)1<icn—t and (v;)1<i<k—1 be orthonormal bases of respectively S"* at y and
SF1 at z. We set g = ®¥can and £ = (0,0, 1), then we have
glui, ) = (1+@(r)*sin®réy,  glvi,v;) = (14 p(r))* cos® 78y, glus,v;) =0,
9(&:€) = ¢ + (1 + )%, 9(ui,€) = g(v;,€) = 0.

Now setting @; = d(®,).(w), ¥ = d(P,),(u;) and £ = d(P,).(€), the relation above
allows us to compute the trace and norm

B T B 5. o) | B c ¢
15,9 = o P 10105, ), 1B ()(E.E)
v g(uuuz) J g(vjavj) g(gvg
1 ’ ’ N2 _ "
= max(}l—Lcotr}, 1+ Ld tanr}, 1+(<p )2 ( SO)f })
Ve + (1+)? I+ 1+ %+ (1+¢)
of the second fundamental form. O

To prove Theorem [[.Y, we set a < {5 and define the function ¢, on I, by

r

E dt '
B fz-:(r):g/l m ife<r<a+e,
pe(r) = ue(r) ifr>a+e,
b, if r > 2a+ ¢,

where . is chosen such that ¢, is smooth on (e, %] and strictly concave on (e, 2a + €,
and b, is a constant. We have f.(a+¢) — 0, fl(a+¢) = 0, f/(a+¢) — 0 and so b. — 0
as ¢ — 0. Hence b, can be chosen less than % and u. can be chosen such that ¢. tends
uniformly on I. and ¢, — 0, ¢” — 0 uniformly on any compact of (e, 7].
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Note that ¢, satisfies

— k)1 2
(10.3) gog:—<n I +S0€)g0'6 on (g,a+¢l.

Moreover we have () = 0 and Iltim L(t) = 400 = — Iltim ¢ (t). Moreover, we can define
—e —e

on (—b.,b.) an application . so that ¢.(t) = ¢-1(¢) on [0,b.) and @.(—t) = P (t).
Now let us consider the two applications ®,  and ®_, defined as above, and put
M = X, and M. = X_,_. Since @, satisfies the equation yy” = (n — k)(1 + (¥/)?)

with initial data ¢.(0) = € and @.(0) = 0, it is smooth at 0, hence on (—b.,b.), and so
MF = MF U M: is a smooth submanifold of R*™!. Indeed, the function F.(p;,ps) =
|Pl|2 - |p|2Sin2 (@5(|p| - 1)), defined on

U= {p = (pl,pZ) € Rn—k"rl GBl&k/pl 7& 07 P2 # Oa _b6 +1< |p| < bE + ]'}
is a smooth, local equation of M at the neighborhood of M N M_ which satisfies
VE.(p1,p2) = 2p; cos’ € — 2pasine # 0

on M N M.
We denote respectively by H. and B., the mean curvature and the second fundamental
form of MPF.

Theorem 10.2. [|H.|,, and ||Bc|, remain bounded for p € (1,n — k + 1) whereas
| Bzl g1 — 00 and ||He — 1]|; — 0 when ¢ — 0.

Proof. From the lemma [0.1] and the definition of ¢., H. and |B.| converge uniformly
to 1 on any compact of M*¥ \ M+ N M-. On the neighborhood of Mt N M-, we have
n(H.), = nh*(r) and nh¥ < hi_+ hy_ + hi_, where

(2 + (1 +p)?) 12
1+ .

he(r) = (n = 1)(92 + (1 £ ¢.)*) 72

HEZ + (L)) 2 (1 £ o) + 2¢2) <

hae(r) = (k= 1) L tan(r) <
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and by differential Equation ([[0.J) we have

(1) = |(n — (P2 (L @)
’ 1+,

(92 + (1 £ )*) '
L+ .

—k ’ (02 + (£ )12

oL cot(r) + (¢ + (L po)?) 21 £ 0.) !

<

—

n—k)

1
oL |cot(r) - =]

r

o= (P2 + (L £ 9)?) (L £ o) (L+ ¢2)e

+ r 1+ .
s k <1 i )>
< — — cot(r
1—b.\r
n—k) (@24 (14 )2
+t )(%(1£¢ )%)) et + (£ )’ = (LE @) (1+¢0)
€
n—=k/1 (n—Fk) 2+, @
< COt ) Pe 2 213/2
1 b€ 1:&905[905_'_(1:*:906)]
n— k;(l b(r ) (n—Fk) 2+b.
—co
ST 71 be
Si _ 7" /e dt d 1 T dt Inz h
ince = 7752” — — an 2 T 7~ BF, we get that

hi . I8 bounded on MF. hence H. is bounded on M.. By the Lebesgue theorem we have
HH — 1]y = 0.
We now bound || Bc||,. The volume element at the neighborhood of M N M_ i

oL

T+ IHY2sin™ k(1) cos* L (r) vy _pdvg_1 dr

(104)  do, = (1) (1+ (2

where dv,_j and dvi_; are the canonical volume element of S*™* and S*~! respectively.
By Lemma [[0.1 and Equation ([0.3), we have

1 ¥ ¥
| B |*dv,. = [ max(’l - —= : *— tanr|,
Vo2 + (1) L+ L+,
12 — k(1 + 1 12\, A q
’1 + Pe + (TL 2)( SOE)( j(pa )SOE/TD] dvgg
QOIE + (1 + 906)
It is easy to see that

1 t 1 1 1
- < (14 2) <2(14 )

\/Sp + (1 £ .)2 1+ . 1—0b, r r

Similarly for r € [e,7/5 + £] and e small enough, we have

2
Thve <2(1+tanr) < 2(1+2r) <2(1+ °)
V2 + (1 Ee.)? r
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And since ¢. =0 for r > 7r/ 5 + ¢, this inequality is also true for r € (g, 7/2]. Moreover

Vo2 + (1 Ep.)? 02 4+ (1 £ ¢c)?
o2 n—k(1+e.)(1+¢?) oL

STip " F Qe T 7 @A (Ee) Qe
2 n—k(QEe)(l+¢?)
SlEee v @2+ (1Ee)
2 n—k(1+ )
1+ r 1+ .
On—k

<2024 5—)

<

It follows that
1
|B€‘qd1}g£ < C(”a k, Q) (1 + ;)qdvga

/
< C(n,k,q)(r+ 1) (14 . is%)dvnkdvkldr

< C(n, k, q)rmF=1 (1 + )dvn_kdvk_ldr

1
Ve R —1

Now
22(n—k) ¢ 1
B.|%dv,. < C(n,k,q / r"_k_q<1 + )dr
/W|| w < Cluka) | [ T
2a+¢
+/ r"_k_q<1+ ! )d’r’—l—C'
. ViR =1
22(n—k) 1
n—k—qg+1 n—k—q
< C(n,k,q)e /1 s (1 + Ta 1 l)ds
2a/e+1
+ C"/ L s"Mds | 4 CM(nyk, q)
o)
which remains bounded when € — 0 when ¢ € (1,n — k + 1). O

Since (. is constant outside a neighborhood of M N M- (given by a), M is a smooth
submanifold diffeomorphic to the sum of two spheres S™ along a (great) subsphere S¥ C

%

If we denote Mf one connected component of the points of M* corresponding to r < 3a,
we get some pieces of hypersurfaces
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@

that can be glued together along pieces of spheres of constant curvature to get a smooth
submanifold M., diffeomorphic to p spheres S™ glued each other along [ subspheres 5;,
and with curvature satisfying the bounds of Theorem [[.9 (when all the subspheres have

dimension 0) or of Remark [-T2.

Since the surgeries are performed along subsets of capacity zero, the manifold constructed
have a spectrum close to the spectrum of p disjoints spheres of radius close to 1 (i.e. close
to the spectrum of the standard S™ with all multiplicities multiplied by p). More precisely,
we set 1 € [2¢, 55], and for any subsphere S;, we set N, . the tubular neighborhood of
radius n of the submanifold S; = M.NM_; in the local parametrlzatlon of M. given by the
map @, associated to the subsphere S;. We have M, =y, U---UQ,, cUNy, - U---U
Nine where Q; ,, . are the connected component of M\U; N, ,, .. The Q; e are diffeomorphic
to some S, ,, (which does not depend on ¢ and 7) open set of S" which are complements
of neighborhoods of subspheres of dimension less than n — 2 and radius 7, endowed with
metrics which converge in C! topology to standard metrics of curvature 1 on S; ,,. Indeed,
. converge to 0 in topology C* on [rZy, 5], where f:ﬁ \/(1 + ¢.q)* + (pL,;)? = n since
it converges in C! topology on any compact of [e, 7] and since we have

i, %

oo dt
e)(1+bi.) +e¢

< g 1+ b;.) dt—i—/ —_—
" /a ( . / 2(n k) 1 Vi2n—k) _1

SO r , — n when e — 0. So the spectrum of U;{2; . C M, for the Dirichlet problem
Converges to the spectrum of I1,S; ,, C LI;S™ for the Dirichlet problem as € tends to 0 (by
the min-max principle). Since any subsphere of codimension at least 2 has zero capacity
in S", we have that the spectrum of I1,5;, C II;S™ for the Dirichlet problem converges
to the spectrum of I;S™ when 7 tends to 0 (see for instance [§] or adapt what follows).
Since the spectrum of II;S™ is the spectrum of S™ with all multiplicities multiplied by
p, by diagonal extraction we infer the existence of two sequences (e,,) and (7,,) such
that €,, — 0, n,,, — 0 and the spectrum of U;§2;,, .~ C M, for the Dirichlet problem
converges to the spectrum of S™ with all multiplicities multiplied by p.

Finally, note that A\;(M.) < Ap(U;€; 2,) for any k by the Dirichlet principle. On the
other hand, by using functions of the distance to the S; we can easily construct on M,
a function . with value in [0, 1], support in U;£2;, ., equal to 1 on U;£2; 2, . and whose
gradient satisfies |di.|, < % It readily follows that
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To estimate ), Vol N, o, ., note that N; s, . corresponds to the set of pomts with &+ <
T’Z’i

-2, in the parametrization of M, given by ®,_, at the neighborhood of S;, where, as

/ \/ 1+ QOEZ st,i)Q =2n

— &) < 27 (since we have 1 — ¢.; > 3). By formula [[0.4, we have

e s
above, r_5, Is given by

. 1/.4,%
hence satisfies 5(r.5,

Tn
Vol Ny < Cl) [ (1= e [T = o)+ (oL P

ot
+C(n) / (1+ wa,i)"‘l\/(l + )2 + (0L )2t Rt

< C(n)(dn+e)"Fn < Cln, k)yn"
where we have used that ¢.; < 2 and 2¢ < 7. We then have

11 =21l + lldve|3 < C(n, &, L p)n" ™!

To end the proof of the fact that M.  has a spectrum close to that of U;{);,, . .. we need
the following proposition, whose proof is a classical Moser iteration (we use the Sobolev

Inequality B.1)).

Proposition 10.3. Let (M™,g) be a Riemannian manifold isometrically immersed in
R Let Ex = (fo, -+, fn) be the space spanned by the eigenfunctions associated to
Ao < - < Ay. Then for any q > n there exists a constant C(q,n) so that for any f € Ey
we have

£l < Cla,m) (VoL MY + 1 H],)) 1151

qn

where v = %q_

Since we already know that A\,(M.,,) < Ao(Uifig. c) = AE(o/p)(S™) for any o when
m — oo, we infer that for any N there exists m = m(N) large enough such that on M.,
and for any f € Ey, we have (with ¢ = 2n and since ||H||» < C(n))

By the previous estimates, if we set

L., : f € Exn = e, f € Hy(UQin, o)

then we have

LA = N Le (OONZ = 112 = IR = 92 1l = 112 (1 = Ok, L p, Ny nJg )

and

4w (PN = gz [, e+ e

1 1
<A+ + O+ D |

1
< (L WdfIE+ (1L + )CC, Lp, Non) [ 1505

fldye, |
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n—k—1
for any h > 0. We set h = n,, 2 . For m = m(k,l,p, N,n) large enough, L. : Ey —
Hg (Ui %y ) 18 injective and for any f € Ey, we have

dL. 2 n=k=1||df||3 n=g=t
llaLe,, ()3 < (1+ C(k,Lp, N,n)nm 2 )’hﬂ:‘; + C(k,l,p, N,n)nm *
5

I Le,. ()13

By the min-max principle, we infer that for any ¢ < N, we have

n—k—1 n—k—1
)\U<M€m) < )\J<UiQi,nm,€m) < (1 + C(k7 l7p7 N7 n)nm ? )Ao(Mem) + C<k7 l7p7 N7 n)"?m 2
Since Ao (Uifinar.em) — AB(o/p)(S™), this gives that A, (M-.,,) = Ag(o/p)(S™) for any o < N.
By diagonal extraction we get the sequence of manifolds (M;) of Theorem [9.

To construct the sequence of Theorem [[.1(, we consider the sequence of embedded
submanifolds (M) of Theorem [.9 for p =2, k =n — 1 and [ = 1. Each element of the
sequence admits a covering of degree d given by y — y? in the local charts associated to
the maps ®. We endow these covering with the pulled back metrics. Arguing as above,
we get that the spectrum of the new sequence converge to the spectrum of two disjoint
copies of

(S' x s % x |0, g], dr* 4 d*sin® rgs1 + cos® rgsn-2).
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