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Detection boundary in sparse regression

Ingster, Yu. L. * Tsybakov, A.B. I and Verzelen, N. *

September 9, 2010

Abstract

We study the problem of detection of a p-dimensional sparse vector of
parameters in the linear regression model with Gaussian noise. We establish
the detection boundary, i.e., the necessary and sufficient conditions for the
possibility of successful detection as both the sample size n and the dimension
p tend to the infinity. Testing procedures that achieve this boundary are
also exhibited. Our results encompass the high-dimensional setting (p > n).
The main message is that, under some conditions, the detection boundary
phenomenon that has been proved for the Gaussian sequence model, extends
to high-dimensional linear regression. Finally, we establish the detection
boundaries when the variance of the noise is unknown. Interestingly, the
detection boundaries sometimes depend on the knowledge of the variance in
a high-dimensional setting.

Mathematics Subject Classifications: Primary 62J05, Secondary 62G10,
62H20, 62G05, 62G08, 62C20, 62G20.
Key Words: High-dimensional regression, detection boundary, sparse vectors,
sparsity, minimax hypothesis testing.

1 Introduction

We consider the linear regression model with random design:

p
YQIZGJ'XMWL@’ =1, (1.1)

Jj=1

where 6; € IR are unknown coefficients, &; are i.i.d. N(0, 0?) random variables, X;;
are random variables, which are identically distributed, and (X;;,1 <1i < n) are
independent for any fixed j with £X;; = 0, EXZ?j = 1. We study separately the
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settings with known o > 0 (then assuming that o = 1 without loss of generality)
and unknown o > 0. We also assume that X;;, 1 < 7 < p, 1 < i < n, are
independent of &,1 < i < n.

Based on the observations Z = (X,Y) where X = (X;;,1<j<p, 1 <i<n),
and Y = (Y;,1 <i < n), we consider the problem of detecting whether the signal
0 = (01,...,0,) is zero (i.e., we observe the pure noise) or  is some sparse signal,
which is sufficiently well separated from 0. Specifically, we state this as a problem
of testing the hypothesis Hy : § = 0 against the alternative

Hyp:0€0ur)={0cR2: 0] > r),

where IR} denotes the ¢ ball in IR” of radius k, || - || is the Euclidean norm, and
r > (0 is a separation constant.

The smaller is r, the harder is to detect the signal. The question that we
study here is: What is the detection boundary, i.e., what is the smallest separation
constant r such that successful detection is still possible? The problem is formalized
in an asymptotic minimax sense, cf. Section P below. This question is closely
related to the previous work by several authors on detection and classification
boundaries for the Gaussian sequence model [, B, B, [0, [, I3, 3, [3, L4, {7
I8, @9, Bq, P1, B2, B3, B4]. These papers considered model ([[.T) with p = n and

X,j = 6;;, where ¢;; is the Kronecker delta, or replications of such a model (in
classification setting). The main message of the present work is that, under some
conditions, the detection boundary phenomenon similar to the one discussed in
those papers, extends to linear regression. Our results cover the high-dimensional
p > n setting.

We now give a brief summary of our findings under the simplifying assumption
that all the regressors X;; are i.i.d. standard Gaussian. We consider the asymptotic
setting where p — oo, n — oo and k = p'=# for some 3 € (0,1). The results
are different for moderately sparse alternatives (0 < < 1/2) and highly sparse
alternatives (1/2 < 8 < 1). We show that for moderately sparse alternatives the
detection boundary is of the order of magnitude

1/4 1
_p
whereas for highly sparse alternatives (1/2 < 8 < 1) it is of the order

[klogp 1

This solves the problem of optimal rate in detection boundary for all the range
of values (p,n). Furthermore, for highly sparse alternatives under the additional
assumption

'~ log(p) = o(v/n) (1.4)

we obtain the sharp detection boundary, i.e., not only the rate but also the exact
constant. This sharp boundary has the form

r = p(p) ] 18P (15)

n




where

() = {\/25—1, 1/2 < B < 3/4, L6

V2(1—1=0), 3/4<p<1.

The function ¢(-) here is the same as in the above mentioned detection and clas-
sification problems, as first introduced in [[J]. We also provide optimal testing
procedures. In particular, the sharp boundary ([.5)-([.4) is attained on the Higher
Criticism statistic.

One of the applications of this result is related to transmission of signals under
compressed sensing, cf. [[], . Assume that a sparse high-dimensional signal ¢
is coded using compressed sensing with i.i.d. Gaussian X;; and then transmitted
through a noisy channel. Observing the noisy outputs Y;, we would like to detect
whether the signal was indeed transmitted. For example, this is of interest if several
signals appear in consecutive time slots but some slots contain no signal. Then
the aim is to detect informative slots. Our detection boundary ([.3) specifies the
minimal energy of the signal sufficient for detectability. We note that ¢(-) < v/2,
so that successful detection is possible for rather weak signals whose energy is
under the threshold y/2klog(p)/n. This can be compared with the asymptotically
optimal recovery of sparsity pattern (RSP) by the Lasso in the same Gaussian
model as ours B9, BJ]. Observe that the RSP property is stronger than detection
(i.e., it implies correct detection) but [B9 defines the alternative by {6 € IR} :
60;] > cy/log(p)/n,Vj} for some constant ¢ > 2, which is better separated from the
null than our alternative ©(r). Thresholds that are larger in order of magnitude
are required if one would like to perform detection based on estimation of the values
of coefficients in the ¢, norm [§, f].

In many applications, the variance of the noise £ is unknown. Does the problem
of detection become more difficult in this case? In order to answer this question, we
investigate the detection boundaries in the unknown variance setting. Related work
[B7, BY| develop minimax bounds for detection in model ([[.J]) under assumptions
different from ours and under unknown variance. However, [27] does not provide
a sharp boundary. Here, we prove that for 5 € (1/2,1) and klog(p) < /n, the
detection boundaries are the same for known and unknown variance. In contrast,
when klog(p) > /n, the detection boundary is much larger in the case of unknown
variance than for known variance. We also provide an optimal testing procedure
for unknown variance.

After we have obtained our results, we became aware of the interesting parallel
unpublished work of Arias-Castro et al. [P]. There the authors derive the detection
boundary in model ([[.) with known variance of the noise for both fixed and
random design. Their approach based on the analysis of the Higher Criticism
shares some similarities with our work. When the variables X;; are i.i.d. standard
normal and the variance is known, we can directly compare our results with [J].
In [JJ the detection boundaries analogous to ([.7) and ([.3) do not contain the
minimum with the n='/4 term, because they are proved in a smaller range of values
(p,n) where this term disappears. In particular, the conditions in [ exclude
the high-dimensional case p > n. We also note that, due to the constraints on



the classes of matrices X, [f] obtains the sharp boundary ([.3)-([[.)) under the
condition p'~#(log(p))? = o(y/n) which is more restrictive than our condition ([[4).
The other difference is that [ does not treat the case of unknown variance of the
noise.

Below we will use the following notation. We write Z = (X,Y) where X =
(Xij,1<j<p 1<i<n),andY = (¥;,1 <i < n) are the observations satisfying
(L3). Let Py be the probability measure that corresponds to observations Z, Py,
be those corresponding to observations Z; = (X1, ..., X;p, ¥;) with fixed i = 1,...,n,
and Py, Px; be the probability measures corresponding to observations X or X @) =
(X;;,1 < j < p). We denote by P;* and Pe),i the conditional distributions of Y
given X and of Y; given X® respectively. The corresponding expectations are
denoted by E; and Ep;. Clearly,

Py(dZ) = P (dY ) Px(dX), Pyi(dZ;) = Py(dY) Py (dX ™), (1.7)

and

Py(dz) = [ Poi(dZ:).
i=1
We denote by X; € R" the jth column of matrix X = (X;;), and set

(X5, X)) =Y XyXa, 1% = (X, X)).
=1

2 Detection problem

For 6 € IR?, we denote by M (6) = Z?Zl 9,0y the number of non-zero components
of 0, where 14y is the indicator function. As above, let R}, 1 < k < p, denote
the £y ball in IR? of radius k, i.e., the subset of IR? that consists of vectors 6 with
M(0) < k, or equivalently, # € IR} contains no more than &k nonzero coordinates.
In particular R) = IR”. Recall the notation O (r) = {6 € R}, : ||0]| > r}.

We consider the problem of testing the hypothesis Hy : § = 0 against the
alternative Hy, : 6 € O(r). In this paper we study the asymptotic setting where
p — 00, n — oo and k = p'=#. The coefficient 3 € [0, 1] is called the sparsity
index. We assume in this section that o2 is known. Modifications for the case of
unknown variance are discussed in Section [[.2.]].

We call a test any measurable function ¢ (Z) with values in [0, 1]. For a test 1,
let a(v)) = Ey(10) be the type I error probability and 5(v,0) = Ey(1 — 1)) be the
type II error probability for the alternative § € © C IRP. We set

BW) =B, 0) = zlelgﬁ(w 0), (@) =71, 0)=a()+ 5y, 0).

We denote by S(a) = B, pk(a, ) the minimax type II error probability for a given
level o € (0,1),

fla) = Mi({ggaﬁ(w Ok(r), 0<fl@) <1—a.



Accordingly, we denote by v = v, ,x(r) the minimax total error probability in the
hypothesis testing problem:

7 = infy (¥, Ok(r)),
where the infimum is taken over all tests ¢. Clearly,

7= inf (a+p8(a), 0<y<1L
ae(0,1)

The aim of this paper is to establish the asymptotic detection boundary, i.e.,
the conditions on the separation constant r = r,, ,, 5, which delimit the zone where
Ynpk(r) — 1 (indistinguishability) from that where ~,,, () — 0 (distinguishabil-
ity). The distinguishability is equivalent to f(a) — 0, ¥V a € (0,1). We are inter-
ested in tests 1) = ), , or ¥, = 1y, , o such that either y(¢) — 0 or a(¢,) < a+o(1),
and B(1,) — 0. Here and later the limits are taken as p — 0o, n — oo unless
otherwise stated.

3 Assumptions on X

We will use at different instances some of the following conditions on the random
variables X;.

A1l. The random variables X;; are uncorrelated, i.e., EX;;X; =0 for all1 < j <

[ <p.

A2. The random variables X;;, 1 < j <p, 1 <1 <n, are independent.

A3. The random variables X;;, 1 < j <p, 1 <i <n, arei.i.d. standard Gaussian:
Let U;, 1 < j < p berandom variables such that we have equality in distribution

LU;,U) = L(X;5,Xa), 1 <j <l <p We will need the following technical

assumptions.

B1. 1ggl>épE((Ule)4) =0(1) . (3.1)

B2. There exists hg > 0 such that maxi<;<;<, E(exp(hU;U;)) < oo for |h| < hy,
and

log*(p) = o(n). (3.2)
B3. There exists m € IN such that maxi<;<i<, E(|U;Ui|™) < o0, and
log?(p)p"™ = o(n). (3.3)
Assumption B1 implies that
max E(|U;U|™) = O(1), m=2,3,4. (3.4)

1<j<I<p



In particular, Assumption B1 holds true under A2 if

112]8%)E(U ) =O0(1). (3.5)
If (X;;Xu,i=1,...,n) are independent zero-mean random variables, we have (cf.
B3, p. 79):
E|(X;, X))|™ < C(m m/“ZE| Xu|™, m>2.
This and (B-4) yield
N E((X, XM = O™, m=2,34. (3.6)

1<j<I<p

Finally, Assumptions B1 and B2 hold true under A3 and (B.2).

4 Main results

4.1 Detection boundary under known variance

For this case we suppose ¢ = 1 without loss of generality.

4.1.1 Lower bounds

We first present the lower bounds on the detection error, i.e., the indistinguishabil-
ity conditions. We assume that & = p'=#, 8 € (0,1). Indistinguishability conditions
consist of two joint conditions on the radius r = r,,. The first one is

r2 = o(n~Y?). (4.1)

np

The second condition differs according to whether 8 < 1/2or f > 1/2. If § < 1/2
(i.e. p= O(k?*)), which corresponds to moderate sparsity, we require that

— o(VF/n) (42)

The case 3 > 1/2 (i.e. k* = o(p)) corresponds to high sparsity. We define z,, by
Tnp = Tnpy/klog(p)/n. Then, we require that

lim Sup(xn,p - QO(B)) < 07 (43)

where ¢(f3) is defined in ([Lg). Clearly, condition (f.3) implies 77, = O(klog(p)/n),
which is stronger than ([.2) when g > 1/2.

Theorem 4.1 Assume Al, B1, k = p'=? and either B2 or B3. We also require
that 1y, satisfies ({-1) and either ({-3) (for 5 € (0,1/2]) or {.3) (for B € (1/2,1)).

Then, asymptotic distinguishability is impossible, i.e., Yy pr(rnp) — 1.



Remark 4.1 This theorem can be extended to non-random design matrix X. In-
spection of the proof shows that, instead of B1, we only need the assumption: For
some B, , tending to oo slowly enough,

N X X" < Bugn™p?, m=2,3,4. (4.4)

1<<i<p

Indeed, B1 is used in the proofs only to assure that ([.4) holds true with Px-
probability tending to 1 (this is deduced from assumption B1 and (5.4)).

Also instead of B2 and B3, we can assume that there exists 1, , — 0 such that

r2 max |(Xj, X)) <k, max ||| X;]]? —n| < namn. (4.5)

"P1<j<i<p 1<j<p

Under B2, B3, relations ([-J) hold with Px-probability tending to 1, see Corollary

71
The result of the theorem remains valid for non-random matrices X satisfying

¥34) and [{.3).

4.1.2 Upper bounds

In order to construct a test procedure that achieves the detection boundary, we
combine several tests.

First, we study the widest non-sparse case k = p, i.e., we consider O,(r) = {0 €
IR? : ||#]| > r}. Consider the statistic

n

to = (20) 123 (V2 — 1), (46)

i=1

which is the Hp-centered and normalized version of the classical y2-statistic
>or, Y2, The corresponding tests ¢ and ¢° are of the form:

0 0
wa = ]Ito>ua7 w = ]:[t0>Tnp

where a € (0, 1), u, is the (1 — a)-quantile of the standard Gaussian distribution
and 7),, is any sequence satisfying 7,,, — 00.

Theorem 4.2 For all a € (0,1), we have:
(i) Type I errors satisfy a(v2) = a+ o(1) and a(y°) = o(1).
(i1) Type II errors. Assume A2 and B1 and consider a radius ry, such that
4

nry, — 00. Then, we have B(VY,0,(ry,)) — 0. If T, is chosen such that

limsup Tp,,n~2r 2 < 1, then B(4°,0,(rny)) — 0.

np

Recall that we can replace B1 by (B) under A2. If nr,, — oo, then one can take
T,.» such that v, ,(¥°, ©,(r,,)) — 0 under A2, B1. This upper bound corresponds
to the part (f.]]) of the detection boundary.



We now introduce a test ¥} that achieves the second boundary ([£2). Consider
the following kernel

p
K(Zi, Zx) = p PYYe Y Xij X,

j=1
The U-statistic t; based on the kernel K is defined by
t=N"" 3" K(Z.,Z,), N=n(n-1)/2.
1<i<k<n

Note that the U-statistic t; can be viewed as the Hy-centered and normalized
version of the statistic Xf) =mnY P_, 07 based on the estimators §; = n~* Y " | V; X;:

J=1"J
P p n
VPR R D R
j=1 1<i<k<n J=1 i=1

Indeed, up to a normalization, the first sum is the U-statistic ¢;, and moving off
the second sum corresponds to centering.
Given a € (0,1), we consider the test ¥} = 1}, <, -

Theorem 4.3 Assume A2 and B1. For all € (0,1) we have:

(i) Type I error satisfies: a(l) = a+ o(1).

(ii) Type II errors. Assume that p = o(n®) and consider a radius 1, such that
n’r’flp/\/]_) — 00. Then, B(¥},0,(r,,)) — 0.

Remark 4.2 Combining the tests 1/12/2 and wéﬂ we obtain the test V) =
max(wg/Q,wi/Q) of asymptotic level not more than «. Moreover, it achieves
Bk, 0,(rnp)) = 0 for any radius ry, satisfying

VP

9 1
T > SN =

NG

We can omit the condition p = o(n?) since the test ¢°,, achieves the optimal
rate for p > n. Combining this bound with Theorem 4.1, we conclude that
simultaneously achieves the optimal detection rate for all B € (0,1/2].

We now turn to testing in the highly-sparse case § € (1/2,1). Here we use a
version of "Higher Criticism Tests” (HC-tests, cf. [§]). Set

yi =YV, X)/||lY]l, 1<i<p.

Let ¢; = P(JN(0,1)| > |y;]) be the p-value of the i-th component and let g(;) denote
these quantities sorted in increasing order. We define the HC-statistic by

VP[P — qw)

max ———————— (4.7)

tro = .
b <1/2 \/qe) (1 = qe))
Given a constant a > 0, the HC-test ¢/7¢ rejects Hy when the statistic ¢z¢ is larger

than (1 + a)y/2loglogp.



Remark 4.3 The cutoff 1/2 in the definition ([.7) of tuc can be replaced by any
ce (0,1).

Theorem 4.4 Assume A3 (X;; are i.i.d. standard Gaussian).
(i) Type I error satisfies a(C) = o(1).
(ii) Type II error. Consider k = p'=% with 3 € (1/2,1) and assume that

klog(p) = o(n). Take a radius r,, = xn,\/klog(p)/n such that liminf(x,, —
©(B)) > 0. Then, we have B(7° Ok(r,,)) — 0.

Remark 4.4 If klog(p) = o(n), the HC-test asymptotically detects any k-sparse
signal whose rescaled intensity r,,+/n/(klog(p)) is above the detection boundary

©(B).

Remark 4.5 Assume A3. Combining the tests ¥° and ", we obtain the test
oY = max (Y2, wHC) of asymptotic level not more than . Moreover, it achieves
Bk, Ok(rnp)) — 0 for any radius r,,, satisfying

1
liminfa,, > ©(B) or 12, > —.

NG

We can omit the condition klog(p) = o(n) since the test Y0 achieves the optimal
rate for klog(p) > v/n. Combining this bound with Theorem [[.1, we conclude that
oY simultaneously achieves the optimal detection rate for all B € (1/2,1).

In conclusion, under Assumption A3, the test max(¢? /2 (0 /2 1Y) simultane-
ously achieves the optimal detection rate for all 8 € (0, 1). The detection boundary

is of the order of magnitude
[k logp 1

Furthermore, we establish the sharp detection boundary (i.e., with exact asymp-
totic constant) of the form

klogp

r=en —

for 8> 1/2 and klog(p) = p*~?log(p) = o(/n).

4.2 Detection boundary under unknown variance
4.2.1 Detection problem

Since the variance of the noise is now assumed to be unknown, the tests ) under
study should not require the knowledge of o?. The type I error probability is now
taken uniformly over o > 0:

o () = sup Eo () .

>0

9



The type II error probability over an alternative © C RP? is
B¢, 0) = sup OB(@/},@U, 0)= sup Ep,(1—1). (4.9)

0cO,0> 0€0,0>0

Similarly to the setting with known variance, we consider the sum of the two errors:

T, 0) = oY) + B (1), 0).

Finally, the minimax total error probability in the hypothesis testing problem with
unknown variance is

Ypr(T) = igf Y (Y, Ok(r))

4.2.2 Lower bounds
Take r,, = 2, \/klog(p)/n. As in the case of known variance, we consider the

condition

limsup(z,, — ¢(5)) < 0. (4.10)

Theorem 4.5 Fiz some [ > 1/2 and assume A3. If Condition ([{.10) holds and
if klog(p) = o(n), then distinguishability is impossible, i.e., ;" 1 (Tnp) — 1 .

If klog(p)/n — oo, then for any radius r > 0, distinguishability is impossible,
i.e. yﬁg,k(r) — 1.

The detection boundary stated in Theorem [£. does not depend on the unknown

o?. This is due to the definition (fJ) of the type II error probability 5 (1), ©.(r))
that considers alternatives of the form o6 with 6 € ©(r).

4.2.3 Upper bounds

The HC-test ¢¢ defined in (f7) still achieves the optimal detection rate when
the variance is unknown as shown by the next proposition.

Proposition 4.6 Assume A3 (X;; are i.i.d. standard Gaussian).
(i) Type I error satisfies a" (b)) = o(1).
(ii) Type II error. Consider k = p'=# with 3 € (1/2,1) and assume that

klog(p) = o(n). Take a radius rn,, = xn,\/klog(p)/n such that liminf(x,, —
©(B)) > 0. Then, we have B (Y1 O(rny)) — 0.

In conclusion, in the setting with unknown variance we prove that the sharp
detection boundary (i.e., with exact asymptotic constant) of the form

klogp

©(B)

holds for 8 > 1/2 and klog(p) = p~?log(p) = o(n), i.e., for a larger zone of values
(p,n) than for the case of known variance. However, this extension corresponds
to (p,n) for which the rate itself is strictly slower than under the known variance.
Indeed, if the variance o2 is known, as shown in Section f.], the detection bound-
ary is of the order ([.§). Thus, there is an asymptotic difference in the order of
magnitude of the two detection boundaries for klog(p) > /n.

n

10



5 Proofs of the lower bounds

5.1 The prior

Take ¢ € (0,1), h = ck/p, b = 7,p/cVE, a = by/n. Note that the condition
r2, = o(1/y/n) is equivalent to b*k*n = o(1).
Let us consider a random vector § = (¢;) with coordinates

0; =be;, where ¢; € (0,+1,—1) iid,
such that
Prob(e; =0)=1—h, Prob(e; =+1) = Prob(e; = —1) = h/2.

This introduces a prior probability measure 7; on 6; and the product prior measure
™= H§:1 m; on 6. The corresponding expectation and variance operators will be
denoted by F, and Var,.

Lemma 5.1 Let k — oo. Then
(0 € Ry, ||0]] >r) — 1.

Proof. Observe that

P P
161> =0 <k m(6) =) Il
j=1 j=1

We have
E-(0]?) = b°ph =1%/c,  E(m(0)) = ph = ck,

and
Var([|0]]°) < phb* = */(kc*),  Var(m(0)) < ph = ck.

Applying the Chebyshev inequality, we get with C' = ¢! > 1,

Var,(/10])

(I < %) = m(EI01) = 101 > r*(C = 1)) < s

— 0,
and similarly, 7(m(0) > k) — 0. O

Lemma p.]] implies that, in order to obtain asymptotic lower bounds for the
minimax problem, we only have to study the Bayesian problem which corresponds
to the prior 7, see for instance [[[§, Proposition 2.9. Consider the mixture

P.(d7) = E,Py(dZ) — / Py(dZ)r(d6)

RP

and the likelihood ratio

L(2) = G(2).

11



In order to prove the lower bounds we only need to check that
L.(Z) — 1 in By — probability. (5.1)

Consider x = limsupz,,. If 8 < 1/2, then = 0 since nb*> = O(1). For
B > 1/2, we take ¢ € (0,1) such that z. = /¢ < ¢(8), which is possible as
x < p(B). We will use the short notation x and a for x. and a. = by/n = a/c. We
set

= bIX0L = COYIX 2= ap/Vioglp), Ty = a;/2 + log(h™)/ay,

. P .
which corresponds to he %41 = 1.

5.2 Study of the likelihood ratio L,
First observe that by ([.7)

P.(dZ) = Px(dX)E, (BX(dY)), L.(Z)=E, (gi ? (Y)) .

Note that conditional measure P;* corresponds to observation of the Gaussian
vector N (v, I,,) where v = 7% | 0;X;, I, is the n x n identity matrix, and the
likelihood ratio under the expectation is

dPQX 9 —A(X,0)
Tre () = ep(lel/2 4 (0,Y)) = go(2)e=>
where
p
90(Z) = [ [ exp (=071 X,11°/2 + 0;(X;,Y)), AX,0)=2 Y 60;6(X;, X
=1 1<j<i<p
(5.2)
Put ,
AZ) = =[]0 = h+ he P52 cosh (b(X;,Y))) -
7=1

We define 1, = e " IXI/2 cosh (b( X

;,Y)) — 1. Take now ¢ > 0 and introduce the
set

Sy = {0 € R? : |A(X,0)] < 5}

We can write
L.(Z) = / 9o(2)e 201 (dh) > e7° / 90(Z)m(dB) = e ON(Z)m5(Zx),
RP Ty

where 7, = H§:1 7z, is the random probability measure on IR? with the density

o021 12/246,(X;.Y)

d o(Z2) dry ;
- H WZJ . Tig) = . 0; € {0, +b},

o ¥ A(Z) dry 1+ hn;

12



i.e., the measure 7z ; is supported at the points {0, b, —b} and

1—h hs . hedi™
(0) = ——— (D) = 22 h — ’
ﬂ-ZJ( ) 1+h77]’ ﬂ-Z,j( ) 92 ) Z.j 1+h’l7]
where we set
+ 2 / edj el
Proposition 5.1 In Py-probability,
mz(Xx) — 1. (5.3)

Proof of Proposition B.1] is given in Section p.3.

Proposition 5.2 In Fy-probability,
ANZ)— 1. (5.4)
Proof of Proposition is given in Section p.4.
Propositions p.1] and f.9 imply that, for any 6 > 0,
PoZ:Lo(Z)>1—6) — 1.
Since EgL, =1 and L,(Z) > 0, this yields L, — 1 in Py-probability. This yields

indistinguishability in the problem. O

5.3 Proof of Proposition
5.3.1 Replacing the measure 75 by 7,
Let us consider the random measure 7; = H§=1 7z, where 7z ; is supported at

the points {0, b, —b} and

- - -
- dz; 4z, . dz.;
Tzg(0) = 1= 5 = 5% Fay(E) = 5%

where X )

and observe that the event A;—L implies qi ;<1 /2, i.e, the measures 74 ; are cor-
rectly defined. We define the event A = A, = Nf_ (A NAJ).

Lemma 5.2
PO(An,p) — 1.

13



Proof. Denote A® the complement of the event A. Since y; ~ N(0,1) under F,
we have

ZPX Y+ BX((A —22@

By Corollary [ we get a; = b||X;|| ~ by/n uniformly in 1 < j < p in Px-
probability. By () this implies Y7, ®(~T}) = o(1) in Px-probability. O

We can replace the measure 7z by 7z in (5.J). This follows from the following
lemma

Lemma 5.3 In Fy-probability,
Eﬁz|dﬂ'z/dﬁ'z — ]_| — 0. (55)

Proof. Applying the equality Fx,(dnz/d7z) = 1 and the inequality 1 + z < €%,
we get

(Eﬁz|dﬂ'z/dﬁ'z — 1|)2 S Eﬁz<dﬂ'z/dﬁ'z — 1)2 = Eﬁ—Z(dﬂ-Z/dﬁ-Z)2 -1

I
E“@

<.
Il
—

(1 + Eﬁz’j (dﬂ'ZJ‘/dﬁ'ZJ‘ — ]_)2) -1

<
Il
—_

I
'E“

< exp (Z 72, dﬂ'Z,j/dﬁ'Z,j — 1)2> — 1.

Consequently, we only have to prove that in F,-probability,

p
H(Z) =Y Es, (dnz;/diz; —1)* = 0.

j=1
Since H(Z) > 0, the last relation follows from

EX(H) — 0, in Px-probability
by Markov inequality. Observe that

E- (h'},j - q},j)Q i (h'g,j - qg,j>2 n (hJZr,j + hé,j - qJZr,j - qg,j)Q'
2(]2]' QQE,J‘ 2(2 - q—Z’—,j - qE,j)

TZ,j

(dﬂ'zvj/dﬁ'zd‘—l)Q =

By Lemma p.7, it is sufficient to study these terms under the event A which cor-
responds to max;<;<p qucj < 1/2. Under this event, we have hfj = q}cj/Aj, Aj =
1+ q}’ ; + 4z, — h, and direct calculation gives

(h},j - q;j)2 n (hg,j - q57j)2 n (hZ] + hg] QZ])2 _ (Q}L,j + QE,J‘)A?
2(]2]‘ 2(12,]‘ 2(2 - QZ,]‘ QZ,j) A?(Q - qJZr,j - qgg)’

14



where ) B
A= qJer +4z,— h = h(edj Iy + e Iy- - 2)/2.
§ § J J
Since max<j<, quﬁj < 1/2, we only have to control the sum 7 A7,
h2
ESMLA2 < 3( GO(T; — 205) + ¢ — 4D(T; — a5) +2) .

CASE 1: nb* = O(1). By corollary [[1, (a;/(y/nb) — 1) = op,(1). Consequently,
O(T; — 20;) = 1= opy (p~°).

HAiA§
j=1

since 17, = o(y/p/n).

CASE 2: limsup nb* = co. This implies that k? = o(p) and therefore ph? = o(1).

h2 h2 bZ
< B sinh(nb2 (10, (1)) /2) +op, (1) = 25

Eg( _'_OPX(l) = 0PX<1) )

2
be _ %e"bQ(H‘OPx(l)) + 0(1) _ p—(Qﬁ—1)+x2+0PX(1) + 0(1) .

ﬂAiA§
j=1

Since = < ¢(f) < /20 — 1 for 5 > 1/2, this allows to conclude. O

5.3.2 Study of F;,A?

By Lemma p.3, the relation (53) follows from 7(X) — 1, in P-probability. Thus,
we only need to check that in Py-probability, Ez, A? — 0 for A = A(X, ) defined
by (b.2). By Markov inequality, the last relation follows from
EX(E;z,A?))) — 0, in Px-probability.
Let us introduce the events &, ,. Taking a positive family n =7, , — 0, we set
X = {(1X,1P=n) <mn}, X7 = {log®)[(X;, X)) <nn}, Xop= [ (A7NAY).
1<j<i<p

It follows from Corollary [7.] that, under assumptions B2 or B3 we can take n =
Nnp — 0 such that Px(AX,,) — 1. We have

p
B A% = b4E7~TZ ( Z 9j19j20j39j4 (Xj1> Xj2)(Xj3> Xj4)> = 245 + 6A3 + 24A,,
J1,32,J3,34=1
where
Ay = VY B (€6) (X, X)) (5.6)
1<j1<j2=<p
Az = b Z Ez, (Eilejzejs) (XjU Xj2)<Xj17 Xj3)7 (57)
1<51<j2<y3<p
Ay = b Z Ez, <€j1€j2€j3€j4) (Xj17Xj2)<Xj37 Xj4)' (58)
1<71<52<73<ja<p

15



5.3.3 Expectation over 7z and over Ej

Let us define the variables 7 in {1, —1}. The expectations over 7, are of the form

(ot
g ) (gF +
B (@) - GrOIGIG) 1y (5.9
ni,m2 k=1
T 3
T, T T
Ex, (€§1€j25j3) = (4, +;,)(4, 8(1]2)((1]3 9is) = Z %Hq}f&lo)
1,712,573
1 4
B, (1€5E05E5) = —6H GG =1 D 7717727737)41_[61 (5.11)
k=1 771777277737774

Let us take the expectation Ej over Y of each of these expressions. We define
the vector V- = b>"," m.X,,. Here, Eif refers to the expectation of Y over the

Gaussian measure N (V, I,,). We derive that

e h™ m m e

k=1

hm 2y
= Srep [0 Y mn(X. X, ))E ( aIVIE YVHH{YnkXJk>< NEAD:
1<r<s<m k=1
h’m 2 X -
= gmexp|b > nn( X, X, )> Ey <HH{(Y,nkxjk><Tjk||Xjk||}>
1<r<s<m k=1

= 5. €XpP b2 Z 77r775<X]r7X )) le,...,jm(n),

1<r<s<m

=

X
Pj .. .in(n) = Ey Wy v x5, )<, 15, ||}>

£
Il
—_

[

=
S
s

=

(Y +Vime X5,)<Tj, 11X, ||}>

T
I

[

&S]
S
=

£
Il
—_

H{(Ykajk )<Tj, X, II(mGXjk)}>

[

=
S
s

H{nky;kdjk<v,nkxjk>/||xjk||}> :

T
I

Let us define

ma ) = Y (X X)Xl 2= m
szl,s;ék

16
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Then, Pj, ;. (n) writes as

le ----- .]m(n) = PO)( ('Zl < 7}1 - ajl - bm]l (n) ) Zm < CZ—.‘]m - ajm - bm]m(ﬁ)) °

We have

X h2

Ej H(f’“ = exp (mmb*(X;,, X5)) P (), (5.12)
X h3 2

EO Hq]: = gexp b Z nsnr<X]s7X ) le,jz,j?)(n)u (513)

1<s<r<3

X h4 2

Eq HQEk = Eexp b Z nsnT(staX ) Pj17j27j3,j4(77)' (5'14)

1<s<r<4

5.3.4 Evaluation of probabilities P;, _; (n)

By definition of (z1, ..., z,) we have

mms(XW Xj.)
| X

Eé(zk:(), Eé(zg:l, Eé(zkzséfrks(n): , 1 <k<s<m.

Denote T~]k =T}, — a;,. Observe that

le ----- jm(77> = 1- Z (I)<_T]k - bmjk (77))
( Z Tks (1) < Je bmjk (77)7 _Tjs - bmjs (ﬁ))) ) (515)

where we set, for the Gaussian random vector (zy, 29) with Ez, = 0, Bz = 1,k =
1,2, Ez129 =7,

Pr(tl,tg) = P(21 <ty,29 < tQ) = P(Zl > —11,29 > —tg)

The control of P;, _; (n) then depends on the sequence x,,,.

.....

CASE 1: z = 0. Under the event X, ,, we have max;a; = o(y/log(p)) and
T;,./+/1og(p) = oo. Under the event &, we have

blmgi(n)| <Y (X5, X/ 1K1 < o(bv/n/ log(p)) = o(1/\/log(p

s#k
It follows that

max &(=T;, — bmj, (n)) = o(p™®), Va>0.

J
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We conclude

P . =1- <Z<I> bmjk(n))> =1—-o(p™®), Ya>0. (516)
CASE 2: z > 0. We have under the event X, ,,, b|m;,(n)| = o(by/n/ log(p)) = o(1)

and Tj.b = O(log(p)/+/n). Hence, Typblm;(n)| = o(1). Applying Lemma -3, we
bound the first term in (5.19)

Z(I) bm]k(ﬁ)) = Z(D _bzm]k k)

k=1
b 830 (m ()T, 8(-T,)
k=1
Let us define
Ry = Y 0(=T5,) = o((ph) ™), (5.17)

by (7)) and (73) since z < ¢(B) < v2(1 — /1 — ). Applying again ([7-]) and
[732), we get

b(X X )O(=T) 11Xl = O [T (X,, X5)@(= T )0
= O[T (=TIl | = oflrisl /(0h)
B (X, X, T3, @~ Tt = O(T8)@(=T5, )1, = olr./ (vh).
It follows that

Y o(=Tj, —bmj(m)) = Rm— > olrl/(ph)+ > o(ri./(ph))
k=1

1<k<s<m 1<k<s<m

— Z 0 (14 |res| 4 775)/ (ph)) -

1<k<s<m

Let us turn to the second term in (5.18). If 7, > log(p), then
Py (~Ti = by ().~ — b (1)) < @(=T5, — by, (n) = ol ((ph) )

If T;, < log(p), we have T}, 7s = o(1) under the event X,,. By Lemma and
previous evaluations, we get

Prks(n) <_j}k - bm]k (7]>7 _j}s - bm]s (n))
= (T, — by, (1) ©(=T5, — bny, (1m)O (L + 1%, + |ris]) = 0 ((ph)?).
Finally, we obtain

P jmm) = 1=Rn+o ( > \msl/ph> +o((ph)™?) (5.18)

1<k<s<m

= 1+o((ph)™). (5.19)
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5.3.5 Evaluation of A,

We have b? maxi<;j, <j,<p |(Xj,, Xj,)| = o(1) under the event X, ,. Since P, ;,(n) =

O(1), we get from (p.19) )
Ey (H qj:> =0(h?).
k=1

By Assumption B1, we have

sup EX(Xj17Xj2)2 - O(n) .
J1#j2

It then follows from (b.6) and (p.9) that A, is of the order
B (X, X,) = PR < nk*bt = 0
1<j1<j2<p

in Px-probability.

5.3.6 Evaluation of A;

Let us turn to As. Consider 7 as independent random variables taking values in
{—1,1} with probabilities 1/2. By (p.10) and (5.13), we can write

h3
Ex, (65,95.05) = < En (772773 exp <52 > Usﬁr(stijr)> Pj\ jasj (ﬁ)) -

1<s<r<3

Under the event X, , it follows from (.16), (5.19), and the definition of X, , that

Py jogs(n) =1+ o((ph)™") and > > nane(X;,, X;,) = o(1).

1<s<r<3
It follows that
2 h3 2 2 1
Efrz (9j19j29j3) - §E77 1273 €XP b Z ﬁsﬁr(stanr) +o (h P ) :
1<s<r<3

By Taylor expansion of the exponential function, the expectation over 7 is of the
form, for ¢y, = V*(Xj,, X;,),

Ey (nans (14 mimeciz + mnscrs + manscas + O (cly + ¢l + ¢33)))

= v’ (X,,, Xj,) + O <b4 > (stanr)2> :

1<s<r<3
Under the event &, ,,, we derive from (p.7) that

Ay < h? (O(Hy) + b5 O(Hy)) + bo( Hsh?p™),
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where

H, = Z |<Xj17ij)H<Xj17Xj3)“<Xj27Xj3>|7
1<51<g2<s<p
Hy = > D 1G X, X)X, X5,)%,
1<71<g2<jz3<p 1<s<r<3
Hz = Z |(Xj17Xj2)||(Xj17Xj3)|'
1<1<g2<j3<p
Since

3

|<Xj17Xj2>||<Xj17Xj )H(Xjrvxjs) < |(Xj17Xj2)|3+‘(levXjS)P—i_|(Xjr7st) )
|(Xj17 Xj2)||(Xj1> Xj )|(XJ2> Xj3)2 < (lev Xj2)4 + (Xj1> Xj3)4 + (Xj2> Xj3)47
|(Xj1>Xj )||(Xj17 Xj3)| < (lev Xj2)2 + (leana)Qa

we derive from (B.0)
ExH, = O(p*n®?), ExH,=O0(p’n?), ExH, =O0(p’n).
Applying Markov’s inequality yields
H, = Op, (p*n®?), Hy= Op,(p°n?), H, = Op,(p’n).
Combining these bounds, we obtain
Az = Op, (1°R*p*n®%) + Op, (B*K3p>n?) + b op, (B*h2p*n).
Since b*k*n = o(1), hp < k, b= 0(1), we get Az = op, (1).

5.3.7 Evaluation of A,

Let us evaluate the item Ay. Similarly to Az, we can write
Es, (0;,05,0;,0;,) = ' E, (771772773774 exp <52 > (X, Xa;)) levjz,javjzl(n)>5-20)
1<s<r<4

Under the event &, , we have

b? Z nsnr(stanr)ZO(l)'

1<s<r<4

CASE 1: z > 0. By (B.1§), we have

Py jajsia(m) =1—Ri+o ( > \Tsr\/hp> +o((ph)™?).

1<s<r<4

20



Applying a Taylor expansion of the exponential term in (5.20) yields

En (7]17]2773774 €xXp (b2 Z 773777’<X]57X )) le,j27j3,j4<77>>

1<s<r<4

= Ly (711772773774 (1 +00 > ne(XG,, X, )) (1 —R4)) +0(]01]) + O([02)

1<s<r<4

= O(|61]) + O(|62]),

51 - O<b4 Z staX ))

1<s<r<4

by = ( Imsl/ph> +o((ph)~?) .

CASE 2: z =0. By (510), P}, jojsjs(n) = 1 —0o(p~?). Arguing as in Case 1, we
get

En (7]17]27737746Xp (b2 Z nsnr<X]s7X )) le,jQ,js,j4<77>>

1<s<r<4
— O<b4 > (XX, )>+0(p2).
1<s<r<4

All in all, we obtain that under the event &, ,,

O(H2b4h4/p2)a T = 07

Ay < R*WO(HY) +
‘= (H) {0(H3b4h3/np + 02 /p?), x>0,

where

H, = Z ‘( J1o )||( VER )| Z (stvx)

1<j1<j2<js<ja<p 1<s<r<4

Hy = Z |( Jio )||( VER )|7
1<j1<72<y3<ja<p

Hz = Z |( Jio )||( VER )| Z |(X]5’X )|
1<j1<j2<y3<ja<p 1<s<r<4

We combine the classical upper bounds,

(X X 1 (K X)X, X5 ) <0 (X, Xn) o (X, X)' + (X5, XY
| (X0, X)X X))l < (X, j) +(XJ3,X )%,
(X0 X)X, X)X X5l <0 1, X)) P A [ (X, X3P + (X, X517
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with (B.§) and obtain
Ex(H) =0(p'n?), Ex(H)=O0(p'n), Ex(H)=0@pn*?).
Applying Markov’s inequality yields
Hy = Op, (p*n?), Hy = Op, (p*n), Hs = Op, (p*n*?).
Since b*k*n = o(1), hp < k, we get
KV Hy = O(R'p'b*n®) = op (1), Hob'h*/p® = Op, (b*h*p*n) = op, (1).

If z > 0, we also have to upper bound the term Hs. Since 77 = o(1//n) (cf
(E1)) and since x > 0, we derive that k = o(y/n). Then, we get

H3b4h3/np = Opx(b6p3h3n3/2/n62) = op, (1),

Therefore we obtain Ay = op, (1). The proposition follows. O

5.4 Proof of Proposition
We will prove that there exists a family of events Z,, such that Py(Z,,) — 1 and

log(A(Z)) = ilog (1 +(h/2) (ed? tel 2)) ~0, Z€2Z,,

We take Z,, = {(X,Y) : |yi| <Tj, 1<j<p, X €AX,,} where &, , was defined
in Section p.3.2 It follows from Lemma [.9 and Section that Py(Z,,) — L.

Under the events Z,, we can replace the quantities (h/2)edj[ /2 by qf =
(h/2)e“lji Iy <7;, cf. Section p.31]. Let us consider

p
L=> log(l+A)), Aj=(qf +q —h).

J=1

Under the event A = A, , = (/_,(Aj + A;) defined in Section f.30], we have
uniformly in 1 < 7 < p,

h
q;r + q]f = 5670”?/2 COSh(ajy;-) < heia?ﬂ C05h<ajTj>
= (14e2915)/2 ~1/2,

as h — 0. Consequently, we have

Z A1+ O(A,), ZAJ, Ay =) AL

J=1 J=1
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Thus, we need to show that A; — 0 and that Ay — 0 in Fy-probability. It was
stated in the proof of Lemma [ that Egf Ay = op,(1). Markov’s inequality then
allows to derive that Ay = op,(1). In order to prove the first relation, we shall
show that Ej*A; — 0 and that Varé( Ay — 0 in Py-probability. Observe that

p p
EfA =hY (B(T; —a;) = 1) = —h Y _&(=T; +4q;).
j=1 j=1

By (1) and ([.2) we have

p

hY ®(=Tj+a;) < Y ®(-T;) =o(1).

J=1 J=1

We have Vary A; < B + A, with B = D i<j<i<p AjA; and A; = A; — EXA;. We
need to check that, in Py probability, o

EX(B) = Y EX(AA)—o.
1<5<i<p

Note that o
Ef (A;A) = By — Cy,

where
Bu=Ey ((¢f +a)) " +q)), Cu=h®T;—a))®(T} — ) .

We consider independent random variables 7,7, taking values —1 and 1 with
probabilities 1/2. We write (compare with (p.13))

Bji = h*Ey [exp (mmb?(X;, X)) Pu(n)] ,  Cyu=h*P); .
Here we set

P)y=0(T)®(T) =1~ &(-1;) - o(-L) + o(-T))2(-T)). =T — a.
We obtain the new decomposition
Bji — Cj = W*(Un + Vir) (5.21)
where
Up = E, [(exp ((mmb*(X;, X)) — 1) Pu(m)],  Vi=E, (Pun) — P .

Let us recall some notations introduced in Section p.3.4. rj;(n) = mnarj,

(X;, X1) mn2(X;, Xi) mna(X;, Xi)
T = e, M) = e, my(n) =
TG ’ 12Xl ! | Xzl
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Moreover, z; and z; stand for standard Gaussian variables with Cov(z;, 2;) = ().
Then, P;j,;(n) is written as

Pi(n) = FB(z <~T~j —bmy(n), 21 < le bmy;(n))
= 1= ®(=Tj + bmji(n)) — ©(=T; + bmy;(n))
+P (2 < =T + bmj(n), 2 < =T; + bmy;(n)) -

CASE 1: z = 0. The evaluations of the terms Vj; in (5.21)) are similar to the ones
in Section p.3.4. We get

PY=1-o(p™®), Pun)=1=o0(p?), |Puln) —P)l=o(p?.

We derive that 7?7, . Vji = o(h?).

CASE 2: z > 0. We have (compare with (p.17) and (5.19))
O(~T)®(-T) = of

POX<ZJ < _er + bmjl(n)v 7 <=1+ bmz;(ﬁ)) = 0((ph)72)7
O(=T; +bmj(n)) = (=T;) +mmabryi + o(r5,/ (ph)) .

Taking the expectation over 7, we get

Ey (Pja(n)) — Py = o(r5/ (hp)) + o((ph) ).

in Px-probability. Therefore

WY Vi=O(Hhp™ ") +o(l), H= > 1}

1<j<i<p 1<j<I<p

Under &, we have 75 ~ n~*(X;, X;)*. Since Ex[(X;, X;)?] = O(n) for j # I

(Assumption B1), we get
Hen™ Y (X5, X)) =0p, (n7'p?) .

1<j<I<p

This leads to h* Y7, ., Vi = Opy(ph/n) + o(1). Since r; , = o(1/y/n) (Eq.
E1) and since z > 0, we derive that & = o(y/n). Consequently, we have
ph/n = O(k/n) = o(1).

Let us turn to the terms Uj;. They are handled as in Section p.3.3. We have

Ui = E, ((mmb*(X;, X))+ O0(b4(X;,X1)%) (1+ o((ph)™))
O (b*(X;, X0)%) + O (B[(X;, X0)|/ (ph)) -
Then, we get
WS U= 0 () + 0 (WP /p)

1<j<i<p
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where

H1 = Z (Xj,Xl)Q, HQ = Z |(X]7Xl)| S pH11/2

1<j<I<p 1<j<i<p

Arguing as for H, we get
Hy = OPX (an), Hy = OPX (p2n1/2)'

It follows that

N By = Op (Ph0'0) + Opy (phh*n*/2) = 0p, (1),

1<5<i<p

since p?h?b*n < k?b*n — 0 by (). The proposition follows. O

5.5 Proof of Theorem .5

An in the proof of Theorem [I.]], we consider x = limsup z,,, and we take ¢ € (0, 1)
such that z. = z/c < ¢(B). We also define b = x.+/log(p)/n. We first consider the
case where klog(p)/n — 0.

We use a different prior 7 than for Theorem [L.1. Let us note M(k,p) the
collection of subsets of {1,...,p} of size k. We consider a random vector 6 = (6;)
with coordinates 6; = be; where ¢; € (0,1). The set of non-zero coefficient of € is
drawn uniformly in M(k, p). This introduces a prior probability = on 6.

Consider the mixture

Pw(dZ)ZEnPe,m(dZ)ZA Py iz (dZ)m(df)

and the likelihood ratio
dP,

Z) .
dPQ’l ( )
As in the proof of Theorem (1], we shall prove that L.(Z) converges to 1 in B,

probability. This will enforce that " [ [2e\/klog(p)/v/1 — kb — 1. Since kb?
converges to 0, this will complete the proof.

L(2) =

The likelihood ratio has the form L.(Z) = 3=, vy M (K, p)| 7' Lin(Z) and

RV IE Y50 X)
2(1 — kb?) 1 — kb2

L.(Z) = (1- k:bZ)_"/2 exp (—

3 ﬁ(xi,xj)] . (5.22)

,JEM

X exp [—

Definition 5.1 Considerd € (0,1), a positive integer s and a n X p matriz A. We
say that A satisfies a d-restricted isometry property of order s if for all 6 € RE,

(1 =)ol < [[A8]l < (1 + )|l -
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Let us define the events €); and )y by

Q) 1 7 X/\/n satisfies a 5,(1172) restricted isometry of order 2k”

Q1 "For any 1 <i <p, (Y, X;/[|Xi[]) < /2log(p)(1 +5£L2,3))” ’

where 0} = 16/k log(p)/n and 53 = log™/? (p). Applying a deviation inequality
due to Davidson and Szarek (Theorem 2.13 in [f]]), we derive that Px () = o(1).
By the Gaussian concentration inequality, we have Py(€25) = o(1). Then, we take

Q=0 N,

Lemma 5.4 We have Ey [L2(Z)1lg] <1+ o(1).

Lemma 5.5 We have Ey [L,(Z) o] = o(1).

Since Ey [L.(Z)] = 1, we get the desired result by combining these two lemmas.

Let us turn to the case klog(p)/n — co. We consider b > 0 defined by

kb? klog(p)
- B

Lemma 5.6 We have
Ey [Lfr(Z)] =1+0(1).

This lemma implies that for r = /(28 — 1)klog(p)/n — oo, we have v4%  (r) — 1.
]

In the proof of the following lemmas, o(1) stands for a positive quantity which
depends only on (k,p,n) and tends to 0 as (n,p) tend to infinity.

5.5.1 Proof of Lemma .4

In order to upper bound Ey [L2(Z)1lg], we first upper bound Eg (L, (Z) Ly, (Z)1g)
for any my,my € M(k,p). We define Wy, Wy, W3 by , Wi = >
Wy = ZiemQ\ml Xg,and Wy =37 X;. We note S = [mq Nmyl.

i€mi\ma Xi’

ER2[Y |2 (Y, 2W5 + Wy + W)
L ()L (Z) = (1 —kb*)™ — '
an( ) mz( ) ( kb ) exXp ( 1— ka 1— k;bZ )

2

b
X exp [-m(”Wl"‘Wg”Q‘i‘ "W2+W3|’2):| .

Let us take the expectation of L,,, (Z)L,,(Z) with respect to (W7, W3).

2 Q2 2 2
ES/’W3[Lm1(Z)Lm2(Z)] — (1 _ SbQ)—n exp |:_HY” Sb + 2b<Y, WB) . b ”WBH :|

1—5b 1 — Sb? 1 — Sb?
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When S = 0, we have E}"*[Ly,, (Z)Lm,(Z)] = 1. Let us now consider the case
S > 0. On the event €2, we have

W, o pSvasy ~ X YT
i€miNmg <%

since X/4/n satisfies a 5,(117},—restricted isometry of order 2k. Then, we can upper
bound the expectation with respect to Y.

W 2,47 —n/2 b*||Ws1?
Ey P UqLy, (Z) Ly (Z)] < (1 —8%%) exp | ————

14 Sb?
x @ |/25Tog(p)(1 + o(1)) — 26 Wa| (1 = o(1))] -

Moreover on €2, we have \/1 — 65 < |Wsll/vnS < \/1+ 6. Since klog(p)/n

goes to 0, we get
Eo[lloLn, (Z)Lys(Z)] < exp [22510g(p)(1+ 0(1))] @ | /STog(p) (V2 = 22+ 0(1))]

For any 2 < 0, we have ®(z) < e~*"/2. Hence, we get ®(z) < e *>/? for any z € R.
It follows that

Eolllg Ly, (2)Lny(Z)] < exp [Slog(p) {22 — (1= v2)2 +o(D)}] (5.23)
Hence, we get
Eo[lgL2(2)] < Eg [pS{xz—u—mcmom}}

where S follows a hypergeometric distribution with parameters p, k and k/p. We
know from Aldous (p.173) [] that S has the same distribution as the random
variable E(U|B,) where U is binomial random variable of parameters k, k/p and
B, some suitable o-algebra. By a convexity argument, we then obtain

k k
EI0L2(2)] < [H—(pwf—ﬂ—ﬂwww_l)]
p

2
S exp |:k_p$g_(1_\/§$c)2+0(1):|
p

< exp |:p172ﬁ+mgf(lf\/§xc)27+o(l)]

Since 7, < ©(3), one can check that 1 — 28+ 22 — (1 — v/2z.)? is negative and we
conclude that Eo[loL2(Z)] <1+o0(1). O
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5.5.2 Proof of Lemma .5

By symmetry, it is sufficient to prove that Ey(L,,(Z)1ge) = o(1). Let us decom-
pose Eo(Ly(Z)ge) = Eg(Lim(Z)ag) + Eo(Lm(Z)Taeuq,). Since By (L (Z)) = 1,
Px almost surely, we have Ey(L,,(Z)1gs) = Px(Q25) = o(1). Let us turn to
Eo(Ly(Z)Igeuq,). For any 1 < i < p, we define the event Q% by (Y, X;/[|X,]|) >

21og(p)(1+ 61)-
p
Eo(Lin(Z)Tgc00,) < By [Ln(Z) 1o, Moo
i=1

The value of these expectations depends on i through the property "¢ € m” or
7i ¢ m”. Let us assume for instance that 1 € m and 2 ¢ m. Then, we get

Fo(Lon(2) Woe0,) < kEo [Ln(Z) 0, Tow] + pBo [Lm(2)To, g ] . (5.24)

First, we upper bound Ey[L,,(Z) 1o, Lo ]. Taking the expectation of L,,(Z) with
respect to (X;)iem leads to B} ™*[L,.(Z)] = 1. Hence, we get

Eo[ Ly (Z2) g, M) < PO(Q(Q)) <ple” log(p) — o(p’l) ) (5.25)

Let turn to Eo[L,,(Z) g, Tgm)]. We first take the expectation of L,,(Z) condition-
ally to X; and Y:

v Y ||? b2 || X, ]2 Y, X1)b
E3/7X1 [Lm(Z)] _ (1 o b2>7n/2 exp [_ || || _ || 1|| ( > 1) :|

20—0%) 2(1—02)  1—10°

Then, we take the expectation with respect to Y

X 2log(p) 2 | X1([b
Egt [ Ln(Z)Ign] <1 - @ [ T o)) — Jioel|

Moreover, on 5 we have || X1|| < v/n(1+ o(1))
B [Ln(2)Tatncs) < ® [VIOB) (o — V2 +0(1))] < Cexp [~ log(p)(VE - 2. — o(1)?/2
for (n,p) large enough, since z. < ¢(B3) < V2.

kS L (Z)Tgyg,] < p~ (V2o /201550l = o(1) | (5.26)

since 2, < v/2(1—+/1— ) < (). Combining (5-24), (5-29), and (5.26) completes

the proof. O
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5.5.3 Proof of Lemma .G

Arguing as in the proof of Lemma [.4, we get

By Ly (Z) Ly (Z)] = (1= S%") ™2 exp i
O T 14 Sb?

Taking the expectation with respect to W3 leads to

Bl ()] = (1= S < oxp [ 510

As in the proof of Lemma [.4, we upper bound the term Ey[L2(Z)] by Jensen’s

inequality:.
13 oo () 1] <o [yon (55 )
< exp [p" P exp {(8 —1/2)log(p)}] =1+ 0(1) ,

since b satisfies kb%/(1 — kb*) = (28 — 1)klog(p)/n. O

Eo[L7(Z)]

IN

6 Proofs of the upper bounds

6.1 Tests based on the statistic ¢
Recall that

n

to = (2n) 23 (V2 - 1),

i=1
Under Hy, the statistics Y; = & ~ N(0,1) are iid. This implies
Eo(to) = 1, Varg(tg) = 1. By the Central Limit Theorem, to — & ~ N(0,1) as
n — oo in Py-probability. This yields Theorem (i).

Let us consider the type II errors. We need to show that, if nr* — oo, then
SUPgeo, () Fo(to < uq) — 0. We will prove that, uniformly over 6 € ©,(r),

Egto — 00, Vargty = o(Egto)?). (6.1)

Indeed, if (6.1) is true, we derive that for n, p large enough,

Fy(to S ua) = Py(Epto —to > Egto — ua) < Fy(|Eglo — to| > Epto — ua)
Vary(to)
—— =901 6.2
< el o). (62

by Chebychev’s inequality. In order to check (B.I]), we use the identities
Egto = EX (Eg(to), Vargto = VarX(Eg)Xto) + Ex(val'g(to).
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Under P;*, 0 € O4(r), we have Y ~ N, (v, I,,), where

p
X)=>0,%, ol = Ze?ux 2+2 3" 06X
j=1

1<j<i<p

It follows that
E) (to) = (2n)?|v||*,  Vary (to) = 1+ 2n""|v|>.

Since Ex(||X;|I*) = n, Ex((X;,X))) =0, j # I, we get the first convergence in
(B-1):

Egty = (2n) ' Ex (|[v]|*) = (n/2) ”2202 (n/2)"216]* = (n/2)/*r* = cc.

Let us turn to the variance term

Ex(Varyty) = 1+2n "Ex(||v]®) = 1+2[0]*> = o(Egty),
Varx (Ej (to) = (2n)"Varx(|[o]*).

By A2, the random variables X;; are independent in (¢,5), i=1,..,n, j=1,..,p.
Consequently, the random variables (X}, X;,) with {j1,l1} # {ja,la} are uncorre-
lated. Moreover, || X}, || and (X}, X;) are uncorrelated as long as (j,1) # (j1,j1)-
We have

Varx || X;||> = Varx (X7)n, Ex(X;,X))* =n, j#1,

where Vary (X)) < Ex(X};) < oo by B1. Then, we get

p
nWVary|o]> = 07 0Vary | X;|17 + 47t Y 0207 Ex(X;, X))

j=1 1<j<I<p

< SUP[EX (X)] 294+4||9||4 (o) +4)0*
7j=1
= 0(n||0||4) = ((Egto)z) . as n||0||4 > nrt = oo.

Therefore we get the second relation (B.1]).

Note that if nr* — oo, then in the inequality (), we can replace u, by
a sequence T, — oo such that limsup Tnpr*anl/ 2 < 1, for instance by T}, =
nt/2r2 /2. Then, the corresponding test ¢° satisfies (1%, ©,(r)) — 0. Theorem []

follows. O

6.2 Tests based on the statistic ¢;

First observe that under Hy, the statistic ¢ is a degenerate U-statistic of the second
order, i.e., for Z, = (X©)Y,), s = 1,2,3 one has E; K(Z, Z;) = 0, which yields
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Eot; = 0. By Assumption A1,

p p
Eoti = Eo(K*(Z1,Z2)) = p ' Bo(Y?YF) > Y Ex (X1, X0, X11Xa)

j=1 1=1

= ‘1ZEX (X3X5) =1

Set
G(Z1,Zs) = Ez, (K(Zy, Z3)K(Z2, Z3)) , Go = Eo(G*(Z1, Z)), G4 = Eo(K*(Z1, Z2)),

where E, denotes the expectation over Zs under F,. In order to establish the
asymptotic normality of ¢; we only need to check the two following conditions, see
[4] Lemma 3.4,

Gy =o0(1), G4=o(n?). (6.3)

We have by Assumption A1,

p p
G(Z,,Zy) = p 'Ey (KE%QZZXMX&‘XQJX&)

j=1 1=1

p P
= p‘lYlYQ Z Z X1j X Ex (X3 X3)

j=1 =1

p
= p V1Y, ZleX2j = p71/2K<Zla Z3).
j=1
Since Eo(K?(Zy, Z3)) = 1, we get the first convergence in ([.3). Next by A2,

p p p p

Eo(KY(Zy,7Z5)) = p 2Eo(Y}'Yy) Z Z Z Z Ex (X1 X0, X1 X0 X1, Xor X15X0s)

j—1 =1 r=1 s=1

- WYY Y

j=1 1=1 r=1 s=1
since Fo(Y]'Yy!) = E2(Y}*) =9, where we set

Ex(X}), j=l=r=s,
HjlrséEX(leXquers) =4q1, j=l#r=sorj=r#l=sorj=s#r=I,

0, otherwise.

As a consequence, we get

Eo(K*(Zy, 7)) < 9p b3 + 27,
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where by 2 sup; E(X7). By B1, the second convergence in (f-3) holds true. Thus,
Theorem [£.3 (i) follows.

Let us now evaluate the type II errors under Fp. Recall that by (L),
P
Yi=&tuv, v=)» 0;X; &~N(01) iid
j=1

Observe that EpY;X;; = 0; and set

p
Ko(Z1,25) = p'* Y _(ViXy; = 0;)(YaXa; — 0;).

j=1
Consider the representation
K(Zy, Zy) = Ko(Z1, Za) + 0(Z1) + 0(Z2) + h(0)

where
p

p
0(Z)=p 'Yy (YiXy =00, h®)=p ) 6}
j=1

J=1

Observe that the kernel Ky(Z1, Z5) is symmetric and degenerate under P, i.e.,
EJ Ko(Zy, Zy) = E* Ko(Z1, Z5) = 0.

The terms Ky(Z1, Zs), 6(Z1), and 6(Zs) are centered and uncorrelated under P.
As a consequence, we derive that

Ey(K(Z1,25)) = p~'/?|0)%, :
Varyg(K(Z1,Zs)) = Varg(Ky(Z1,Zs)) + Varg(d(Z1)) + Varg(6(Zs)) . (6.5)

Let us compute the variances. Let d;; be the Kronecker function. Using the repre-
sentation

p p
Ko(Z1,Z5) = p71/2 Z <£1X1j + Z 0, (X1, X1, — 5rj)>

=1 r—1
p
X (szzj + Z 0s(Xos Xoj — 5sj)> ;
s=1
we derive that
p » D
Ef(Ko(Z1,22)) = p ') 0,0(X1r X1 = 0rj) (X6 X2j — 0s5),
=1 r=1 s=1
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Denoting H,; = (X1, X1; — 0,j)(X2sX2; — d5;) observe that

p p p p

VarXEg (KG(Z1>ZQ p_l Z ZZZH 050,60 EX HTSJHuvl)
1 1=1

=1 r=1 s= u=1 v=1

Note that
EX<Hrstuvl) - Drulesvjla

where (we omit the first index i = 1,2 in Xj;)

Drujl - EX ((X X 5rj)<Xqu - 5ul>)7
stjl - EX ((XSX] - 5sj)<Xle - 5vl)) .

Observe that

1, r=l#u=j or r=u#j=I,
Drujl: b4_17 T:U:j:l,
0, otherwise.
We obtain
p p p p p p
Vaere (Kg(Zl, Z2 p_l Z Z Z 0 0 0 0 Dru]lDSU]l
j=1 r=1 s=1 [=1 u=1 v=1
by — 1) & 20, — 1 1
_ b 1)” Zeﬁ + = > Geiv- > 6
p = p 1<r,s<p, r#s 1<j,r,s<p, j#r,j#s

294 ]+ O|( 292 = 0(]|6]|H).

We now compute Ex[Vary (Ky(Z1, Z5))].

Vary (Ko(Z1,2Z5)) = p* Z X1 X0 X1 Xy

1<jl<p

P p» p D
+ p! Z Z Z Z X1, X10,05( X0y Xoj — 04r)(Xos Xoy — g1)

7=1 I=1 r=1 s=1

p p p p
+ p_l Z Z Z Z XQjXQZQT‘HS(XlT‘le - 5jr)(X15X11 — 551) .

7j=1 =1 r=1 s=1
Let us take the expectation with respect to X. By Assumption A2, we have

p p p
Ex[Var} (Ko(Z1, Z2))] = 1+2p7' ) > > 0,0, Ex[(Xar Xaj — 00) (Xaa Xoj —

j=1 r=1 s=1

p
< 1+42) b6 =1+0(]6%) = O+ |I6]")

r=1
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Since
Varg(Ky(Zy, Zy)) = ExVary (Ko(Zy, Z5)) + Varx E; (Ko(Z1, Z5)),
we get
Varg(Ky(Z1, Z2)) = O(1 +[|0]|). (6.6)

Similarly for i = 1,2, we compute the variance of §(Z;).

p p
0(Z)=p*) 0 (&Xz‘j + ) 0(Xi X — 5jl)> ,
j=1 =1

and we have (we omit the index i = 1, 2)

p p
EFX(5(2)) = p )0 0,6(X; X — 65),
j=1 1=1
p p
Vary (6(2)) = p' ) D 0,6X,X,,  ExVary (5(2)) =p '|0]%,

j=1 I=1
p P P p

Vary By (6(2)) = p > > > > 0,06,0.Ds
Jj=1 =1 r=1 s=1

where Dj,;; was previously defined and upper bounded. This yields
p
Varx By (0(2)) = p~" <(b4 -1 60+ 2||9||4> = O([|0]*/p)- (6.7)
j=1

Combining (4), (F-3), (6-4), and (B1) we obtain, for 7?np~*/? — oo and
p = o(n?),

Ee(tl) = \/NE9<K(Zl,Zz)) = \/Nh(@) ~ n(2p)7l/2”¢9”2 > \/Lz_p,,j — 00,

Varg(ty) = Varg(Ky(Z1, Z,)) + %Vare@(Zl)) =O(L+[10]") + O(lo]l*/p)

= o((Ee(tr))?).

Applying Chebyshev’s inequality as in the proof of Theorem (.3 allows to conclude.
O

6.3 Higher Criticism Tests
6.3.1 Type I errors

The variables X, ..., X,,Y are independent under Py and (X;,a)/|lal| ~ N(0,1)
for any a € IR, a # 0 under A3. Thus we have

Po(yr <tiyeyp <tp) = Ey(By (X0, V)/IIY] < tr, oo, (X, V)Y I < 1)
= By (D(t)...(L,)) = B(ty)...B(t,) = Polys < t)...Po(yp < L)
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It follows that y; = (X;,Y)/||Y] ~ N(0,1) and yi, ..., y, are i.i.d. under Py. As
a consequence, the random variables ¢; are independent uniformly distributed on
(0,1) under Fy. We denote by F,(t) the empirical distribution of (¢;)1<i<p:

1 p
Fy(t) = » Z Ig<i -
=1

Then, the normalized uniform empirical process is defined by
F,(t)—t .
Vil —1t)

Arguing as in Donoho and Jin [{§], we observe that tyc = sup,<;,, Wy(t). It is
stated in [R6], Chapter 16 that

Wy (1) = v/p

SUPg<i<i/2 Wp(t)

v2loglogp

This proves the result. O

—pl, p—o0.

6.3.2 Type II errors

We define H,, = (1 + a)y/2loglog p. Consider some § € (1/2,1) and assume that
klog(p)/n — 0. It is sufficient to prove that for any d, > 0 arbitrarily small the
radius

Tnp = (@(B) + do)v/k log(p)/n (6.8)

satisfies

B(Q/JHCa Ok (1np)) — 0. (6.9)

For any 6 € Oy, we set [|0] 2 sup, |0;|. In order to prove the convergence
(6.9), we consider a partition of Oy (r,,):

- 4k 1o
6w 2 Our)n {0 € on, o7 > B

~ A ~ . 4log(p
S e e

O (1) = O(rap) N[O (rp))° N[O (1) -

The sets C:)S)(rnp) and C:),(f) (rnp) contain the parameters 6 whose Iy or [, norms are
large, while the set (:),(f) (rnp) contains the remaining parameters.

Proposition 6.1 Consider the set of parameters (:)l(:l) defined by

5(4) A 10]3 - 3log(p)
62 oeon s> T
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Let us introduce the statistic tn.. and the corresponding test ™ defined by

A

- max A
tmax = (Pq)) % — (pg))V? < tge ,  PTE

- thmax>an .
We have (™, (:)24)) — 0.

It follows that B(¢H¢, C:)l(f)) — 0. Observe that

. 161 _4klog(p)/n
O (rnp) C {9 €O T 7 T dklog(p)jn [

Since k||0]%, > ||0||* and since klog(p)/n converges to 0, it follows that
é,il)(rnp) C C:),(f) for n large enough. Thus, we get (¢, é,il)(rnp)) — 0.

Let us turn to (:)f) (rnp). For any 6 € (:)f) (rnp), we have

10112, 4log(p)/n
1+ |0]]2 = 1+ 4klog(p)/n

This quantity is larger than 3log(p)/n for n large enough. We get
B O (1) = 0.

Proposition 6.2 Let us set T, = y/log(p) and v > 0 such that

2 1/2,3/4
[0, Beq/aa 610
V2, Be(3/41).
We consider the statistic L(u) and the corresponding test " defined by
57, — 2B(~uTy)

A
M= )

Then, B(yr, C:),(:’) (rnp)) — 0. Moreover, we have L(u) < tyc, for p large enough.

L
77Z) = HL(U)ZHW .

It follows from Proposition .2 that 8(y¢, (:),(f) (rnp)) — 0 converges to 0, which
completes the proof. O

6.3.3 Proof of Proposition B.]]

It follows directly from the definition ([.7) that ty.x < tye. Consider the test
' ™2 defined by

V= s e (6.11)

If @' max — 1 it follows that guy < 20(—,/2.5log(p)) < 2p~"/*. Hence, we have
tmax > PY8/V/2 — \/2p~'/8. For p large enough, this implies that ™ = 1.

36



Consequently, we only have to prove that B(¢" ™, (:)1(64)) — 0.

Consider 0 € C:),(f). By symmetry, we may assume that ||0||.. = [01]. We use the
following decomposition

Y llyr = 021X ]* + (Y = 61X, X3)

The random variables ||Y'[|?/(1 + ||0]|*) and || X1]|* have a x? distribution with n
degrees of freedom. Since Y — #;X; is independent of X;, the random variable
(Y —0,X,, XI/HX1H> is normal with mean 0 and variance

1+ Zz#l i
With probability larger than 1 — O(n~" V log™*(p)), we obtain

IYIIP/n < (14161 + o(n™"*)]
(1—o(n ™) <[XilP/n < (14o0(n~')
(V= 6:X0, X)l/I1X0]| < (14 67)*\/2log(log(p)) -
i#1

Thus, we get

vnlo:| 1/
> V1 - M - 0(y/1og1

|y1| = (1+ ||0||2)1/2[ O(’I’L ] ( og Og(p)) )

with probability larger than 1 — O(n~' v log~'(p)). Since 0 € (:),24), we have
nl61?/(1 + ||6]]*) > 3log(p) and the test 1/ . rejects with probability going to

one. It follows that ((z) ™2 @ ) —0. O

max

6.3.4 Proof of Proposition .2

Connection between tyc and L(u). Set §,= Z@ 1 Ly iz, Observe that
sy < P(IN(0,1)| > uT,) < 1/2 for p large enough. If follows that

VPu/p = 20(—uTy)] _ VPLBu/P — )]
20(—uT,) o 4(3.)

L(u) = S tHC .

Power of . Under P, [|Y]|?/(1 + ||0]|?) has a x? distribution with n degrees
of freedom. For any 0 € (:),(:’)(rnp) we have [|0|* < 4k:log( )/n = o(l). As a
consequence, we have ||Y||? —n| < 4klog(p) +4+/nlog(n) = o(n) with probability
larger than 1 —O(1/n) uniformly over all 0 € @(3 (Tnp)- Con51der the event Z,,; =
{IIV||*> = n| < H,}, where H, = 4klog(p) + 44/nlog(n) = o(n). It is sufficient to
prove that

sup  Pp(Znp1 N{L(u) < Hyp}) — 0. (6.12)
066 (rnp)

Consider 0 € C:),(:’)(rnp). We can assume that 0y41 = ... = 6, = 0. Then
Y = Z?Zl 0;X; + & does not depend on Xj1,...,X,. Arguing as for the type I
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error, we derive that yi41,...,y, are independent standard Gaussian variables and
do not depend on (y1, ..., yx). We can write L(u) = Ly(u) + Lo(u), where

S (Mg 5uryy — 20(—uT,))

Li(u) = 2p®(—uT)) )
Lo(u) = Z?zk-ﬁ-l (H{\yj\>qu} - 2<I>(—qu))
; N 2p®(—uT),) '
We find
By(Lau) =0, Varo(Ia(w)) = ZEE SRl <1
which yields,
Fu(|Ea(w)] > Hop) = 0. o1

In order to study the term Lj(u), we will find a statistic L;(u) such that
Py[Ly(u) < Li(u)] = 1+ o(1) uniformly over @,23)(7“”1,). For such a L;(u), we
will have

Py[L(u) < H,p] < Py[L1(u) < 2H,,] + o(1) < Py[L1(u) < 2H,,] +o(1).  (6.14)
Construction of L;(u). Observe that under P,

yi = (GllEll +n; + 25) /Y]

k
Ay = 600X+ (IXIP —n) 6, j=1,.k,
I#j

where
g5 = (X5, 9)/1Ell-

We only need to consider Z € Z,,5 = {||¢]|* — n| < n?/3} since Py(Z,,2) — 1. Set
Zps = Znp1 N Zppo. Thus, for § = 6,, — 0 one has

{lyjl > uT,} N Zops D {7 V2G11E + 0720 + n'/?0,)| > uT,(1 +0)}N Zups
o {sgn(0,)9;(1 — 8) > uT,(1+5) — n*"?|0;] + [S;)} N Znps
(6.15)

where Sj = n*1/2Aj.

Lemma 6.1 For any T > 0 going to infinity and such that T = o(y/n), we have
~ 1
log(Px (IS5| > T161)) < =3 T*(1 +o(1)) ,

uniformly over € (:)23) (Tnp)-
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Taking 7' = /4 log(p), we obtain
Px (IS > T)0])) = o(p™").
We recall that ||0]]? < 4klog(p)/n = o(1) since 6 € C:),(:’) (rnp). Hence, we get

Px | max |S;| > o(y/log(p))| = o(1), uniformly over § € (:),(f) (Tnp)-

1<j<k

Combining this bound with (B.I7), we obtain that there exists an event Z,, 4 of
probability tending to one and a sequence d = 9d,, — 0 such that

{lyjl > uTy} N Zupa O {sgn(0;)g; > uT,(1+6) — (1= 6)n'210,]} N Zupa - (6.16)

Observe that the random variables g; are independent standard normal.
Setting @ = u(1 + ), p; = (1 — &)n'/2|0;] we define
k
3 (Zj:l Ly, > am,—p, — 2<I>(—qu))
Ll(u) = .
2p®(—uT),)

By (610Q), Li(u) satisfies Py[Ly(u) < Ly(u)] = 1 — o(1) uniformly over (:)g’) (Tnp)-
In view of (6.14), in order to complete the proof it suffices to show that

Py[Ly(u) < 2H,,] = o(1) uniformly over (:)g’) (Tnp)- (6.17)

Control of Py[L;(u) < 2H,,]. In order to evaluate this probability, recall that
9; ~ N(0,1) i.i.d. under Py. Thus,

i (5, @(=iT, + y) — 20(—uT;))

Ey(Li(u)) = 2pP(—uT),) |
~ b O(—aTy, + py
Varg(Ly(u)) < EZFépéﬁ—uﬂjp)

By Chebyshev’s inequality, we get
Py(Ly(u) < 2Hyy) = Py(Eg(Li(u)) = Li(u) > Ey(Ly(u)) — 2H,)
Varg(Lq(u))
(Eo(Li(u)) — 2Hpy)?
Lemma 6.2 There exists n > 0 such that, for n,p large enough,

k ~ ~
L D(—=uT, + p; -
inf 2 Oy 0) inf  Ey(Ly(u)) > p". (6.18)
06 (1) 2p®(—uTy) 06 (1)

In the sequel, we denote by A, a log-sequence, i.e., a sequence such that A, =
(log(p))°r, |c,| = O(1) as p — co. Since u € [0,v/2], we have p®(—uT),) > A,.
Combining this bound with Lemma p.J yields

Vary(Li(u) = O (A, Ey(La(w) )
Since H,, = o(p"), this implies ((.17) and then (£.12). O
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6.3.5 Proof of Lemma [B.1]

Let us bound the deviations of Sj by computing the exponential moments of A;.
For any h such that h2||0||*> < 1/4, we have

Ex(exp(hd;)) = Ex,Ey (exp(hA;))

= FEx, (eXp (h0;(1X,]1* = n) Ex’ exp (hZ@l(Xj,Xl)>>

1#]
2 h2 2 2
= Bx, | exp [ h0(126G]7 = n) + S 1126
I#j
- o (oo 1w
I#j

as 2h0; + h? Y 0? < 1. Taking h such that h?klog(p) = o(n) enforces h?||0||* =
o(1). Using the Taylor expansion of the logarithm

—hz — %log(l — 2hx — h%y?) = %h2(2x2 + 49 (1 4 0(1)), h*(22* + %) = o(1),
we get
Ex(exp(hds)) = Ex(exp(vih,)) = exp (gfﬂ(ze? 3y o<1>>>

I#j
< exp [nh2||0||2(1 + 0(1))} (6.19)

as h%)|0]]> = o(1). Take some T > 0. Applying a standard technique based on
Markov’s inequality yields

Y

- | TS, T?
Px(S; >T|0||) < Ex |exp <2||9J|| —7>

2(|61l

- | TS, T
Px(=S; >T|0||) < Ex |exp <— 4 +7>

We get from (B.19) that

~ 1
log(Px(]S;] > T)|¢])) < —ZTQ(I +0(1)) if T?=o0(n)and T — oc.

O

6.3.6 Proof of Lemma .2

Recall that we consider r,, = (¢(5) + o)/ k log(p)/n with arbitrarily small §, > 0
(see (B.9)). Recalling that T, = \/log(p), we apply the results of Section [.§ for
§ =06np >0, 9y, =0(1), and

T=uTl, = (1+4+d6u, v=(1-=90(pB)+d) <a, ty=vl, R=2T,
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since for ¢; = p; one has

k
Z 2n Z 02 > = kt2.
j=1

By the choice of u, and v, the relations (['-4) hold true for p large enough (see
Remark [71)). Applying Lemmas [(.4 and [.5], we get

k

inf > @(—aT, + fy) = kS(—aT, + o).
9€®k(rnp) j=1

We recall that A, denotes any log-sequence. Since ®(—t71),) = App*tg/ 2 for t > 0,
we have

it By(L(w) = PO th) Z20(uTy) k(AT +to)

0€6y,(rnp) 2p®(—uT),) 2p®(—uT),)
_ k®(—(4 —v)T,) — 4 pl/Q—ﬁ—(ﬂ—v)i/2+u2/4.
2p®(—uT),) !

In order to obtain (f.1§), we have to check that there exists n > 0 such that, for

n, p large enough,
G- w2
2 T x =T
Let 8 € (1/2,3/4]. Recalling that ¢?(3) =28 — 1 > 0 and (B.1() we see, that
for 0 = 0, = o(1) and &y € (0, ¢(B)), one can find n = n(f, d) > 0 such that

G = _902;6) o (90(6)2_ 50)2 —l—(pQ(ﬁ)—l—O(l)

= (00— B+ 0(1) > n+ o).

Gé%_ﬁ_

Let us now consider 3 € (3/4,1]. Recalling that ¢(8) = v2(1 — /1 —3)
and (6.10), we see that for 6 = d,, = 0(1) and dy € (0,+/2 —25), one can find

n =mn(p,0d) > 0 such that

(V2 VB VIR) &) 1

1
G = ;-f- .

2
— (\/1— 50/\/_) +o(1)
- M50—50+o<1)2n+0<1)-

The relation (6.1§) follows. O
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6.4 Proof of Proposition .G

-----

consequence, Fy (%) = Ey;. This last quantity has been shown to converge to
0 in Theorem [£4. Hence, we get a*"(¢7) = o(1).

Let us turn to the type II error probability. We consider the model Y; =
_10;Xij + & where Var(¢;) = 0. Dividing this equation by o, we obtain the

model:
p

Y/ = (0;/0) Xy + &,

j=1
where Var(¢!) = 1. The statistic ¢y is exactly the same for the data Z = (Y, X)
and Z' = (Y, X). Consequently, we obtain Fp,,(1 — %) = Ey (1 — ). Tt
remains to use the bound on Ey (1 — %) from Theorem [[4. O

7 Appendix: Technical results

7.1 Thresholds
Take the thresholds T" = Tj satisfying

7= % loeh)
2 a;

Define a; = z;y/log(p), 7; = T;//log(p), and h = p=?. Then, we have

T :Ij/2+ﬁ/ﬂfj

If for some 6y > 0, z;+dy < @2(f) 2 V2(1—+/T=3) < ¢(B) , then there exists
01 > 0 such that 7; > V2 + §,. For such a xj, we derive that

pTI®(=T;) = o(1), ¥r>0. (7.1)

In particular, if z; = o(1), then 7, — oo and ([.J]) holds.

For any 6 > 0, we have
O(—T;) < h®(-T; 4+ a;) for 7, >x;+90. (7.2)
This holds if 7; < ¢a(3) < /2.

7.2 Norms ||X||| and scalar products (X, X))

Clearly,
BOX, 1) =n, E(XG.X)=0, Var(X;,X)=n.

By Assumption B1, there exists D > 0 such that sup, Var(X}, X;) < nD and
sup; Var(|| X;||*) < nD.
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Lemma 7.1 Let U; be a random variable distributed as Xi;.
(1) Assume that there exists ho > 0 such that sup,<;<;<, E(e"Vi") < oo for any
|h| < ho. Then, for any sequence t = t, such that t = o(y/n) and t\/n — oo,

P(IX,]1? = nl > tv/n) < exp[—t*/(2D)(1 + o(1))],
and
P(|(X;, X)|| > tv/n) < exp[—t?/(2D)(1 + o(1))],

(2) Assume that E(|X|™) < oo, for some m > 2. Then there ezists C,, < oo
such that

P(|||X;]1? = n| > tv/n) < Cut ™2, P(|(X;,X))| > t/n) < Cot ™.
Proof follows from the standard arguments based on the moment inequalities and
exponential inequalities. If EZ = 0, Var(Z) =1, E(e"?) < oo, then log(Ee"?) =
h*/2(1 + o(1)) as h — 0. Hence, we take h = t/\/n = o(1) for the study of the
exponential moments of S, = > " | Z;.

Corollary 7.1
(1) Let log(p) = o(n) and the assumptions Lemma[714 (1) hold true. Then, for any
B > 2, one has

Px(max ||[X;]2 = n| > \/BDnlog(p) ) = o(L),

1<j<p
Px( max |(X;,X;)| > v/2BDnlog(p)) = o(1).
1<<i<p

(2) Let p = o(n™*) and the assumptions Lemma [T (2) hold true. Then, for any
sequence v, going to infinity, one has

Py(max [|X;]* = n| > vap*™v,) = o(1),

1<j<p

Px( max |(X;, X))| > vnp*™v,) = o(1).

1<j<i<p

(3) Under assumptions (1) or (2) uniformly in 1 < j < 1 < p in Px-probability,
one has a; ~a=by/n, x;~x, ie., foranyd >0,

Px(max |(a;/bv/n) 1] > 6) = 0,  Px(max |(z;/z) —1| > §) = 0.

7.3 Expansion of ®(t)

Let ®(t) be the standard Gaussian cdf and ¢(t) be the standard Gaussian pdf.
Lemma 7.2 Let 6 — 0, td = O(1). Then
D(t 4 0) = B(t) + 69(t) + O (3*(|t| + 1)o(t)) -

Proof follows from the Taylor expansion and the properties of ¢(¢). O

Observe that for any b € IR there exists C' = C'(b) > 0 such that (|t|+1)p(—t) <
C(b)®(—t) as t < b. It follows from Lemma [(-] that as § — 0, t6 = O(1), t < B
for some B € IR, then

O(—t + ) = O(—t)(1 + O(6%)) + 66(t).
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7.4 Tails of correlated vectors
Lemma 7.3 Let (X,Y) be the Gaussian random two-dimensional vector,
EX =FEY =0, Var(X) = Var(Y) =1, Cov(X,Y) =r.
Let t; <ty — o0, rt; = 0o(1). Then
P(X > 1,Y > ty) = O(—t1)®(—t2) (1 + O(r?)) + ro(t1)d(t2)-
Proof. Observe that the conditional distribution £(Y|X = z) is Gaussian

N (m(z),0%(z)) with m(z) = rz, o*(x) =1 — 7. Therefore

P(X > t,Y > t5) = /too P(Y > 1] X = 2)dd(z) = /tooq) (%) dd(z).

Setting h = |r|~!, observe that

[ (T Y avte) < o) = o (Pa(-n)e(-1).

It is sufficient to study the integral over the interval A = [t;,h]. For x € A, we

have
—to + 12

V1—r?

Applying Lemma [7.3, we have
—ty + 12
/ACI) (7*1 — ) dd(z)
= O(—ty) (P(—ty) — D(—h)) (1 + O(TQ)) + rgf)(tg)/ xd®(z)

A
= O(—t1)P(—t2) (1 + OF?)) + ro(t1)o(t2),
since [, 2d®(x) = ¢(t1) — ¢(h) = d(t1) + o(r*®(—ty)). O

= —ty+0(z), 8(x) =rz+ 0@t +|rPz]) = O1).

7.5 A minimization problem

Let f(t) be a function defined on the interval ¢ € [0, R]. Consider the minimization
problem

k k
Fi(to) = ianf(tj) subject to Zt; > kty, t; €[0,R). (7.3)

j=1 j=1
Lemma 7.4 Assume that there exists A > 0 such that

Jnf (£ = M) = F(ta) = M

44



Proof. We have, for any (1, ..., t;) such that ¢; € [0, R}, Z] L 15 > ki,
k k k k
S F) = > ft) = A (Z 12— ktﬁ) > (fty) = M) + kAt
=1 j=1 =1 j=1

> k(f(to) = M) + kMG =kf(to). DO
We apply Lemma [74 to the function f(z) = ®(=T + z). Let ¢(x) = &'(x)
stand for the standard Gaussian pdf.

Lemma 7.5 Let f(t) = ®(—T +t). Suppose
1/2
to > 0, T>t0+3, T<R§<t7°) . (7.4)
to (=T + o)
Take N = ¢(=T + to)/2ty. Then the assumptions of Lemma are fulfilled, i.e.,

inf (f(t) = M) = f(to) = M2,

0<i<R
Proof. Denote g(t) = ®(—T +t) — At®. By the choice of A\ we have ¢'(ty) = 0. Let
us consider the second derivative,

9"(t) = (T =t)p(=T + ) =2 = (T = )(=T + 1) = ¢(=T + to) /to-
Observe that the function —x¢(z) is positive for z < 0, increases for x € (—oo, —1)
and decreases for x € (—1,1); lim, , o ¢(x) = 0 = 0¢(0),

g"(to) = (T =ty — tg)(=T +to) > 0.
Consequently, there exist two points ¢1, ¢, such that ¢; < tg <ty < T,
gd"(t)=4¢"(t2) =0, ¢"(t)<0 as t<t; and > ts.

The function g(t) is therefore convex on [ty, 2], concave on (—oo, t1] and on [tz, 00),
and t( is the point of a local minimum of g(¢). By the concavity, this yields that the
global minimum of g(¢) at ¢t € [0, R] is achieved either at t = t, or at the ends of the
interval [0, R]. Therefore we only need to show that ¢g(0) > g(ty) and g(R) > g(to)-

In order to verify the first inequality, observe that g(0) > 0. Recalling the well
known inequality:

B(—y) < iaﬁ(—y), Vg >0,

we get

glto) = (=T +to) — tod(=T +10)/2 < 6(=T + o) (T%t) _ g) <0,

because T > to + 2t, .
The second inequality follows from the relation

R2¢(—T +to) - to — R*¢(=T + to)

9(R) = 9(=T + ) - =5 5

> 0,

in view of the assumption on R. O
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Remark 7.1 Observe that if 0 < v < u < b and

T = qu, ty = ’UTp, R = pr s

where T}, is large enough, then assumptions ([.4) hold.
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