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stationary increments

Zakhar Kabluchko

Institut fiir Mathematische Stochastik, Georg-August-Universitit Gottingen,
Goldschmidtstr. 7, D-37077 Géttingen, Germany

Abstract

Let {X(t),t € R} be a Gaussian process with stationary increments, zero mean and
a.s. continuous paths, whose variogram «(t) behaves like c|t|%, ¢ > 0, a € (0,2),
as t — 0. We show that the continuity modulus of X has asymptotically Gumbel
distribution. In the case a = 2, a non-Gumbel limiting distribution is obtained.
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1 Introduction

Let {X (t),t € R} be a stochastic process. The continuity modulus {w,,n > 0}
of X on the interval [0, 1] is defined as

w, = sup (X(t+ %) — X(¢)).

te[0,1]

If X is a standard Brownian motion, then a classical theorem of Lévy says

that
lim w,/y/2n"tlogn =1 a.s.

A more precise result on the lim sup behavior of w,, is the integral test of Chung
et al. (1959); for the liminf behavior see Révész (1982). Lévy’s continuity
modulus was generalized from Brownian motion to Gaussian processes with
stationary increments in Marcus (1968), Marcus (1970), Sirao and Watanabe
(1968), Sirao and Watanabe (1970).
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Here, we are interested in the properties of the distribution of w, as n — oco.
To formulate our result we assume that

(A) {X(t),t € R} is a Gaussian process with stationary increments, zero mean
and a.s. continuous paths.

Recall that X is said to have stationary increments if the law of the process
{X(t+ty) — X(ty),t € R} does not depend on the choice of t5 € R. We
denote by v(t) = E[(X () — X (0))?] the so-called variogram of X. Note that a
stationary Gaussian process with zero mean and covariance 7(t) has stationary
increments, the variogram being v(t) = 2(r(0) — r(t)).

We suppose that there exist o € (0,2) and ¢ > 0 such that

(A1) ~(t) = c|t|* + o(|t|*) as t — 0.
(A2) v is two times differentiable on (0,1) and 7"(t) < Kt*=2 for some K > 0
and all ¢t € (0,1).

Note that the above conditions are satisfied for the fractional Brownian motion
having v(t) = |t|*, as well as for the generalized Ornstein-Uhlenbeck process
and the generalized Cauchy model, the latter two being stationary Gaussian
processes having the covariance functions rou(t) = e 1%, rcauamy(t) = (1 +
|t]%)~# and variograms vou(t) = 2(1 — e "), yoaueny (t) = 2(1 — (1 + [t|*)7),
where a € (0,2), § > 0. Another example is given by ~(t) = log(1 + |¢|%),
a€(0,2).

For 7 € R and a constant G, > 0 whose exact value will be not important for
us, define

2 —«

Un(7) = (2logn)? + (2logn) 3 ( loglogn + log G, + 7). (1)

«

Theorem 1 Suppose that conditions (A), (A1), (A2) are satisfied. Then for
each 7 € R we have

Jim Plo, < \/y(1/n)un(7)] = exp(—e™7).

The above theorem is valid for a € (0,2). For & = 2 the situation is quite
different.

Theorem 2 Suppose that X satisfies (A). Suppose further that v has a Lip-
schitz continuous second derivative and set ¢ = ~v"(0). Then there is a station-
ary Gaussian process & with zero mean and covariance E[£(0)£(t)] = +"(¢)/c.
Further, for every 7 € R we have

Jim Plw, </v(1/n)7] =P[sup (t) <7].

te[0,1]



2 Extremes of Gaussian processes

Our proofs are based on results about extremes of Gaussian processes. First,
we recall a fundamental theorem due to Pickands (1969a), Pickands (1969b),
see also Theorem 12.3.5 of Leadbetter et al. (1983).

Theorem 3 Let {X(t),t € R} be a stationary Gaussian process with zero
mean, covariance function r(t) = E[X(0)X (¢)] and a.s. continuous paths. Sup-
pose that for some a € (0,2] the following conditions hold

(B1) r(t) =1 — [t|* + o(|t|*) as t — 0.
(B2) r(t)=11iff t =0.
(B3) r(t) = o(1/loglt]) ast — co.

Then, with u,(7) defined by (1),

lim P[sup X (f) < u,(7)] = exp(—e™7).

n=00 e (0,n)

Pickands’ theorem was generalized in various directions. Here, we need the
following result about extremes of sequences of stationary Gaussian processes
due to Seleznjev (1991).

Theorem 4 For n > 0 let {£,(t),t € R} be a stationary Gaussian process
with zero mean, covariance function r,(t), and a.s. continuous paths. Suppose
that

(C1) rp(t) = 1= cult|* 4+ en(t)|t]|*, where ¢, and e,(t) satisfy lim, o ¢, = 1 and,
uniformly in n, limy_oe,(t) = 0.

(C2)  for every e > 0 we have sup{r,(t) : n > 0,t € [e,n]} < 1.

(C3)  for every e > 0 there is T(g) > 0 such that r,(t)logt < € for every n > 0,
te[T(e),n].

Let u, (1) be defined by (1). Then

lim P[sup &,(t) < u,(7)] = exp(—e™7).

e elon)

3 Proofs of Theorem 1 and Theorem 2

Before proving Theorem 1 in its full generality, we consider an instructive
special case. Suppose that X is a fractional Brownian motion with index « €
(0,2), in which case y(t) = |t|*. For n > 0 define a stationary Gaussian process



{&n(t),t € R} by t
()= n’l nl 9
&n(t) ) (2)
Note that the law of &,, does not depend on n due to the self-similarity property
of the fractional Brownian motion. The covariance function of &,(t) is given
by r(t) = (|1 —t|*+[1+¢|*) —[t|* and can be easily seen to satisfy conditions
(B1), (B2), (B3). Thus, by Pickands’ Theorem 3,

lim Plw, < /7(1/n)u,(7)] = lim P[sup &,(t) < u,(7)] = exp(—e™7),

n—00 n=0 Ye(o,n]
which proves Theorem 1 if X is a fractional Brownian motion.

Proof of Theorem 1. We suppose that X is a Gaussian process satisfying (A),
(A1), (A2). Define &, as above by (2) and note that this time the law of ¢,
may depend on n. We show that the sequence &, satisfies the conditions of
Theorem 4. Note that &, is stationary with E[&,(¢)] = 0, E[£,(¢)?] = 1. Using
the identity

1
EIX (1)X (1) = 3 (EIX (1)) + EIX (12)°) — (11 — 1))
together with (2), it is easy to see that the covariance function r,(t) =

E[$n(0)8n(t)] is given by

1 1—-1t 1+1¢ t

= 5 (1/m) V() H( ) =2

ra(t) )| - (3)
Using (A1), we may write y(£) = ¢[£]|* + [1]|*)(L), where lim,_,d(s) = 0.
Then

Ta(t) =1 — ¢t + en(8)[t],
where ¢, = ¢/(n*y(1/n)) and

1 1—1 1+t 1 d(t/n)
(t) = — o2y = 2
en(t) VIR N==) +7(—=) = 2v(>) o (1)
Note that by (Al) we have lim, .. ¢, = 1. To show that lim; .ge,(¢t) = 0
uniformly in n, we may assume that ¢ € (0,1/2). By the mean value theorem
for the second order difference quotient, there is s = s(n,t) in the interval

[£L, X4 such that

B S VPN M U VL)
B/l ey (Un) T 2 (Um) T e (in)

Now, by (Al), n*y(1/n) remains bounded away from zero as n — oco. Fur-
thermore, we have s > 1/(2n) and thus, by (A2),

enlt)

V(" <" (5)(1/(28)° 77 < 2K,



It follows that lim; ,oe,(t) = 0 uniformly in n, which shows that condition
(C1) of Theorem 4 is satisfied. We show that (C3) holds. Fix ¢ > 0. We may
assume that ¢ > 1. By the mean value theorem for the second order difference
quotient, we have, for some s = s(n, t) in [&2, 2],
1 t+1 t—1 t ¥'(s)
W) = ) 2y ()| =
ra(t) /) H=—=)+7(—=) =) 32y (1)

First suppose that ¢ € [§,n]. Then s > 1/3 for large n, and, by (A2), v"(s) is
bounded from above. Further, since by (A1) v(1/n)n® is bounded away from
0, we obtain that for some constants C7, Co

Ol CQ £
<
(7(1/n)n®)n2-a = p2-o S logt’

ra(t) <

where the last inequality holds if n is sufficiently large. Now take some large
To and suppose that ¢ € [Ty, 2]. By (A2), we have 7"(s) < C3(t/n)* 2. Thus,

Cgta_Q Cg 9 9 g
() < = 1072 < O < ——
ra(t) < 2n2y(1/n)n*=2  2vy(1/n)ne = logt

where the last inequality holds if T} is sufficiently large. This proves (C3). We
show that (C2) holds. Fix e > 0 and let 6 > 0. We may suppose that ¢t € [e, Ty,
since otherwise (C2) follows from the above proof of (C3). If n > Ny is big
enough, then it follows from (A1) that with c, =c—0 and ¢* =c+§

c(t/n) < y(t/n) < c*(t/n)".

Analogous inequalities hold also for (1), (%) and (1). Thus, by (3),

1 t+1¢ t— 1]« te
ra(t) < <C*| +1i +c*| | —2c*a>

2c,n"« ne ne n

C*
T+t*+ |1 —1¢]*) —t~.
(117 4+ 1= 1)

Note that sup,er. 7 5(11+8* 4|1 —t|*) —t* < 1. Thus, for sufficiently small 4,

we have Sup;er. 1] %(|1+t|”‘+|1—t|a)—t°‘ < 1 and hence sup;¢(. 1] 5>, Tn(t) <
1. This proves (C2).
Applying Theorem 4 to the sequence &,,, we obtain

lim Plw, < \/7(1/n)u,(7)] = lim P[sup &,(t) < u,(7)] = exp(—e™7).

n— oo n—o0 t€[0,n]
This finishes the proof of Theorem 1. |

Proof of Theorem 2. Let the assumptions of Theorem 2 be satisfied. Then, in



particular, v(t) = ct?/2 + o(t?) as t — 0. For n > 0 define a process &, by

X(t+ 1) = X(1)
£,(t) = n . 4
w v(1/n) W

Analogously to (3), the covariance function of &, is given by

r®) = o [+ 1) (= 2) - 200)]

21 )
Thus, for some s = s(n,t) € [t — %,t+ %],

) A
ra(t) = 2n2~(1/n) c '

It follows that 4”(-)/c is a covariance function of some stationary Gaussian
process . Since 7" is supposed to be Lipschitz continuous, we may choose
a version of the process & with continuous sample paths. We also take & to
have zero mean. Then it follows that the finite-dimensional distributions of &,
converge to those of &.

Now we show that the sequence of processes {&,(t),t € [0,1]},~0 converges
to the process {£(¢),t € [0,1]} in the sense of weak convergence on C0,1],
the space of continuous functions on [0,1]. We need only to show that the
sequence &, is tight. Using the usual mean value theorem twice, we obtain for
some s1 = s1(n,t) € [t — 1,¢] and sy = s5(n,t) € [t,t + 2]

_ "(s2) =7"(s1)

~ 2my(1/n)

/

) = gy [0+ 4= ) =270

Using the Lipschitz continuity of 4”, we obtain for some L, C > 0
r(t) < Llsz — s1]/(2ny(1/n)) < L/ (n*y(1/n)) < C.
It follows that for any ¢,s € [0, 1]
E[(&a(t) — €a(5))?] = 2 = 2ra(t — 5) = 2(ra(0) — ra(t — 5)) < 20t — s].
Together with the fact that &,(0) is standard Gaussian for every n, this implies

the tightness of the family &,, see e.g. Corollary 11.7 of Ledoux and Talagrand
(1991). Tt follows that &, converges to & weakly on C[0,1] and hence

Tim Plo, < y/5(1/n)7] = lim B sup &(t) < 7] = Pl sup &(1) < 7]

o0 el0,1] t€[0,1]

This finishes the proof of Theorem 2. |
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